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ABSTRACT

A STUDY ON THE TWO COMPONENT PERIODIC SHALLOW WATER
SYSTEMS

Caixia Chen, Ph.D.

The University of Texas at Arlington, 2012

Supervising Professor: Yue Liu

In this dissertation we study the generalized periodic two-component Camassa-
Holm system and the generalized periodic two-component Dullin-Gottwald-Holm sys-
tem, which can be derived from the Euler equation with nonzero constant vorticity in
shallow water waves moving over a linear shear flow. The precise blow-up scenarios
of strong solutions and several results of blow-up solutions with certain initial profiles
are described in detail. The exact blow-up rates are also determined. Finally, the

sufficient conditions for global solutions are established.
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CHAPTER 1
BACKGROUND

1.1 Early Developments

In this section we note the historical development of nonlinear shallow wa-
ter wave theory following Ablowitz and Clarkson [1]. Over one hundred and fifty
years ago, while conducting experiments to determine the most efficient design for
canal boats, a young Scottish engineer named John Scott Russell (1808-1882) made
a remarkable scientific discovery. As he described it in his “Report on Waves”. In
Russell’s own words: “I was observing the motion of a boat which was rapidly drawn
along a narrow channel by a pair of horses, when the boat suddenly stopped - not so
the mass of water in the channel which it had put in motion; it accumulated round
the prow of the vessel in a state of violent agitation, then suddenly leaving it behind,
rolled forward with great velocity, assuming the form of a large solitary elevation, a
rounded, smooth and well-defined heap of water, which continued its course along
the channel apparently without change of form or diminution of speed. I followed it
on horseback, and overtook it still rolling on at a rate of some eight or nine miles an
hour, preserving its original figure some thirty feet long and a foot to a foot and a
half in height. Its height gradually diminished, and after a chase of one or two miles
I lost it in the windings of the channel. Such, in the month of August 1834, was
my first chance interview with that singular and beautiful phenomenon which I have
called the Wave of Translation”.

Scott Russell was convinced that he had observed an important phenomenon,

and he built an experimental tank in his garden to continue his studies of what he



Figure 1.1. Soliton on the Scott Russell Aqueduct on the Union Canal.

dubbed the ‘Wave of Translation’ (see Figure 1.1). Unfortunately the implications
which so excited him (he described the day he made his original observations as the
happiest of his life) were ill-understood and largely ignored by his contemporaries,
and Scott Russell was remembered instead for his considerable successes in ship hull
design, and for conducting the first experimental study of the ‘Doppler shift’ of sound
frequency as a train passes.

Especially, two results of Russell’s are of importance to motivate the develop-
ment of the nonlinear partial differential equations for modeling fluids, etc. i.e. one
is that he observed solitary waves and hence deduced their existence. The other one

is that he found the speed of propagation c of the solitary wave in a channel of depth



h to be ¢ = \/m , where « is the amplitude of the wave ad g the force due to
gravity.

The ‘Wave of Translation’ itself was regarded as a curiosity until the 1960s when
scientists began to use modern digital computers to study non-linear wave propaga-
tion. Then an explosion of activity occurred when it was discovered that many
phenomena in physics, electronics and biology can be described by the mathematical
and physical theory of the ‘soliton’, as Scott Russell’s wave is now known. This work
has continued and currently includes modeling high temperature superconductors and
energy transport in DNA | as well as in the development of new mathematical tech-

niques and concepts underpinning further developments.

1.2 Recent Developments
1.2.1 The Camassa-Holm Equation

In 1993, Camassa and Holm [7] proposed the following new equation (CH) for

shallow water waves:
Up — Upgr + 3UUy = 2UpUpy + Ullgyy. (1.1)

The Camassa-Holm equation is a well-known integrable equation describing the
unidirectional propagation of shallow water waves over a flat bottom [7, 21, 32, 34], as
well as water waves moving over an underlying shear flow [35]. The CH equation (1.1)
also arises in the study of a certain non-Newtonian fluids [6] and also models finite
length, small amplitude radial deformation waves in cylindrical hyperelastic rods [24].
The CH equation (1.1) was first obtained by Fokas and Fuchssteiner [27, 28] as a bi-

Hamiltonian generalized of KdV. The novelty of Camassa and Holm’s work was the



physical derivation of (1.1) and the discovery that the solitary wave solutions to this
equation are solitons.

The CH equation (1.1) has caught a lot of attention in recent years due to
two remarkable features. The first is the presence of solutions in the form of peaked
solitary waves or “peakons” [2, 7, 39]: u(t,z) = ce”1*= ¢ # 0, which are smooth
except at the crest, where they are continuous, but have a jump discontinuity in
the first derivative. The peakons replicate a feature that is characteristic for the
waves of great height waves of the largest amplitude that are exact solutions of the
governing equations for water waves [11, 19, 51]. These peakons are shown to be stable
(22, 23, 39]. It is worth mentioning that recently it was point out by Lakshmanan
[38] that the Camassa-Holm equation could be relevant to the modeling of tsunami
waves (see also the discussion in Constantin and Johnson [15] and Segur [46]).

Another remarkable property of the CH equation is the presence of breaking
waves (see Figure 1.2. i.e., the solution remains bounded while its slope becomes
unbounded in finite time [7, 12, 13, 14, 17, 43, 52]). In [3] and [4], the authors show
that the solutions can be uniquely continued after breaking as either global conserva-
tive or global dissipative weak solution. It is noted that the KdV equation does not
have wave-breaking phenomena [37, 48]. Wave breaking is one of the most intriguing
long-standing problems of water wave theory [52]. As mentioned by Whitham [52],
it is intriguing to know which mathematical models for shallow water waves exhibit
both phenomena of soliton interaction and wave breaking. It is found that the CH
equation could be the first such equation and has the potential to become the new
master equation for shallow water wave theory, modeling the soliton interaction of
peaked traveling waves, wave breaking, admitting solutions as permanent waves, and

being integrable Hammiltonian systems.
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Figure 1.2. An example of wave breaking with velocity ¢ > 0.

1.2.2  The Two-component Camassa-Holm System
The Camassa-Holm equation also admits many integrable multi-component

generalizations. The most popular one is

my — Aug +umy + 2uz,m + pp, =0, m = u — Uy, 12)

pt + (up), = 0.
Notice that the CH equation can be obtained via the obvious reduction p = 0 and
A = 0. System (1.2) was derived in 1996 [45] (also see [47]). Recently, Constantin-
Ivanov [18] and Ivanov [33] established a rigorous justification of the derivation of
system (1.2). Mathematical properties of the system have been also studied further
in many works, for example [8, 26, 29, 30, 41]. Chen, Liu, and Zhang [8] established
a reciprocal transformation between the two-component Camassa-Holm system and
the first negative flow of the AKNS hierarchy. Escher, Lechtenfeld, and Yin [26]
investigated local well-posedness for the two-component Camassa-Holm system with
initial data (ug, po—1) € H*(R) x H*"1(R) with s > 2 by applying Kato’s theory [36]
and provided some precise blow-up scenarios for strong solutions to the system. The

local well-posedness is improved by Gui and Liu [30] to the Besov spaces (especially
5



in the Sobolev space H*(R) x H*"!(R) with s > 3/2), and they showed that the finite
time blowup is determined by either the slope of the first component u or the slope
of the second component p. The blow-up criterion is made more precise in [41] where
the authors showed that the wave breaking in finite time only depends on the slope
u. In other words, the wave breaking in v must occur before that in p. This blow-up
criterion is further improved in [29] to the lowest Sobolev space H*(R) x H* *(R)

with s > 3/2.

1.2.3 The Dullin-Gottwald-Holm Equation
In 2001, Dullin, Gottwald and Holm [25] studied the following 141 quadratically

nonlinear equation
my + Colly + UMy + 2muy + Yz, =0, x € R, ¢ >0, (1.3)

where m = u — o?u,, is a momentum variable. This equation was derived using
asymptotic expansions directly in the Hamiltonian for Euler’s equation in the shallow
water regime, and it is completely integrable with a bi-Hamiltonian as well as a Lax
pair in [25].

Using the notation m = u — a®u,,, Eq.(1.3) can be written as
Uy — QP Upgy + 2Wp + 3y + VUgge = O (2Uplpy + Ulyey), T ER, t>0, (1.4)

where w and « are two positive constants. Formally, when a? = 0, Eq.(1.4) becomes

the Korteweg-de Vries (KdV) equation
U + 20Uy + 3uty + YUgee  €R, > 0.
While when v = 0, Eq.(1.3) turns into the Camassa-Holm equation [7, 21, 27]

Uy + 20y — Uy + 3y = 0 (QUpllyy + Ullgey), T ER, ¢ >0. (1.5)
6



Recently, many papers were devoted to the study of the Dullin-Gottwald-Holm
(DGH) equation. Gui [49] studied the well-posedness of the Cauchy problem and
the scattering problem for the DGH equation. Moreover, the issue of passing to the
limit as the dispersive parameter tends to zero for the solution of DGH equation was
investigated, and the scattering data of the scattering problem for the equation were
explicitly expressed in [49]. And in [54], Yin investigated the local well-posedness,
global existence and some blow-up phenomena for the DGH eqaution. Octavian G.
Mustafa [44] investigated the low regularity conditions need for the Cauchy problem
of the DGH equation via the semigroup approach of quasilinear hyperbolic equations
of evolution and the viscosity method. Li and Olver [40] studied the well-posedness,
blow-up and the low regular solutions for an integrable nonlinearly dispersive model
wave equation. In [20], Adrian Constantin and Jonathan Lenells presented a simple
algorithm for the inverse scattering approach to the Camassa-Holm equation. Y. Liu
[42] investigated the problems of the existence of global solutions and the formation of
singularites for the DGH equation. And the second author et al. [50] studied the limit
behavior of the solution to a class of nonlinear dispersive wave equations, which can
be seen as some extension of DGH equation. More recently, Christov and Hakkaev
[10] computed the Poisson brackets for the scattering data of the DGH equation, and

then, the action-angle variables were expressed in terms of the scattering data.



CHAPTER 2
GENERALIZED PERIODIC TWO-COMPONENT CH SYSTEM

2.1 Introduction

In this section, we are concerned with the Cauchy problem of the generalized

periodic two-component Camassa-Holm system

(

— Auy 4+ o(2muy + umy) + 3(1 — o)uu, + pp. =0, t >0, z € R,
pe+ (up)e =0, t>0, z €R,
u(0,z) = ug(x), r eR,
(0.2) = u(2) o)
p(0,2) = po(), reR,
u(t,z + 1) = u(t, x), t>0, zeR,
p(t,x 4+ 1) = p(t,x), t>0, zeR,
where m = u — ug,,, or equivalently, in terms of v and p,
Up — Uzg — Aty + 3utty — 0(2Uplyy + UWlger) + ppe =0, t>0, z €R,
pr + (up), =0, t>0, z €R,
u(0, ) = ug(x), reR,
(0, 2) = uo(x) 22)
p(0,z) = po(x), z eR,
u(t,z + 1) = u(t,x), t>0, zeR,
p(t,z+1) = p(t,x), t>0, zeR

The generalized two-component Camassa-Holm system was recently derived in
9], following Ivanov’s modeling approach [33]. Here wu(t,z) describes the horizontal
velocity of the fluid, p(t,x) is in connection with the horizontal deviation of the

surface from equilibrium, and A > 0 characterizes a linear underlying shear flow, all

8



measured in dimensionless units [9]. We see the appearance of a new free parameter

0. When o = 1, it recovers the standard two-component Camassa-Holm system [45].
Notation. Throughout this chapter, we identity all spaces of periodic functions with

function spaces over the unit circle S in R?, i.e. S = R/Z. The norm of the Lebesgue

space LP(S),1 < p < oo, is denoted by || - ||z» and the Sobolev space H*(S),s € R,

by | -

notations of function spaces if there is no ambiguity.

ms. Since all space of functions are over S, for simplicity, we drop S in our

2.2 Preliminaries

In this section, we briefly give the needed results to pursue our goal. We first
present the local well-posedness for the Cauchy problem of system (2.2) in H*(S) x
H*7Y(S),s > 3/2, with S = R/Z.

Denote the Fourier transform of a function f in the torus S by f(k) with the fre-
quency k € Z. Then we have (1 — 92)~Lf)(k) = (1 + &) f(k) = G- f = (G = )(k),
where G(x) = %W,x € R, [z] stands for the integer part of z € R, and
G(k) = (14 k)L Hence (1—0?)"'f =G« f = /SG(x —y)f(y)dy for all f € L*(S)

and G« m = u. Our system (2.2) can be written in the following “transport” type

U + ouu, = —0,G * (—Au+ 35%u + ul + 1p?), t>0, z €R,

p + (up)z =0, t>0, z€R,

u(0,z) = up(x), zr € R, 23
p(0,2) = po(z), r € R,
u(t,z + 1) = u(t,x), t>0, zeR,
p(t,x+1) = p(t,x), t>0, xR



Applying the transport equation theory combined with the method of the Besov
spaces, one may follow the similar argument as in [30] to obtain the following local
well-posedness result for the system (2.2).
Theorem 2.2.1. If (ug, po) € H*(S) x H*7X(S),s > 3/2, then there exists a maz-
imal time T = T(||(uo, po)||gsxzs-1) > 0 and a unique solution (u,p) of (2.2) in
C([0,T); H(S) x H*=1(S)) N CH([0,T); H*~H(S) x H*72(8)) with (u, p)|i—o0 = (uo, po)-
Moreover, the solution depends continuously on the initial data, and T is independent
of s.

Now, we consider the following two associated Lagrangian scales of the gener-

alized two component system (2.2)

Bél—u(t ¢), 0<t<T,

(2.4)
¢(0,2) =2z, z€R,
and
%:aut,q, 0<t<T,
2 (t,4.) (2.5)

¢(0,z) = x, r € R,
where u € C'([0,T), H*™') is the first component of the solution (u, p) to (2.2). Notice
that when o = 1, the two characteristics ¢;(¢, ) and ¢»(¢, z) are the same.
Lemma 2.2.1. [9, 18, 26] Let (u, p) be the solution of system (2.2) with initial data
(ug, po) € H*(S) x H*"Y(S),s > 3/2, and T the mazimal time of existence. Then
Eq.(2.4) has a unique solution ¢ € C'([0,T) x R,R), and Eq.(2.5) has a unique
solution gz € C1([0, T) xR, R). These two solutions satisfy q;(t,z+1) = ¢;(t, z)+1,i =

1,2. Moreover, the map ¢,(t,-) and gs(t,-) are increasing diffeomorphisms of R with

q1(t,x) = exp /uqulrx >d7'>0, (t,z) € [0,T) x R,
0

and

Gt x) = exp(/ auqung))>dT>O, (t,z) € 10,T) x R.
0

10



The above Lemmas indicate that ¢;(¢,) : R — R and ¢»(t,:) : R — R are
diffeomorphisms of the line for each ¢ € [0,7T). Hence, the L* norm of any function
v(t,-) € L>(S),T € [0,t) is preserved under the family of diffeomorphisms ¢, (¢, -) and

q2(t,-) with ¢ € [0,T), that is

[0t M=) = [0t s )leee) = [0t a2t ))li=e, te[0,T). (2.6)

Similarly, we have

info(t, v) = info(t, qi(t, 2)) = mfo(t, eo(t. ), ¢ €[0,7), (2.7)
supv(t, z) = supv(t, ¢1(t, x)) = supv(t, g2(t, x)), t€[0,7T). (2.8)
€S €S €S

Lemma 2.2.2. [26] Let (u, p) be the solution of system (2.2) with initial data (ug, po) €

H5(S) x H*X(S),s > 3/2, and T the mazimal time of existence. Then we have

p(t, q(t, ))q.(t, x) = po(z), (t,z) €[0,T) xR. (2.9)

Moreover if there exists xy € S such that po(zo) = 0, then p(t,q(t,x¢)) = 0 for all
tel0,7).

We may use the following proposition derived in [29] to study the regularity
property of solution to (2.2).
Proposition 2.2.1. Let 0 < s < 1. Suppose that fo € H® g € L'([0,T]; H®),
and v,v, € LY([0,T]; L) and that f € L>([0,T]; H*) (" C([0,T]; S") solves the one-

dimensional linear transport equation

ft +,Ufaf =9,
f0,2) = fo(x).

Then f € C([0,T]; H®). More precisely, there exists a constant C depending only on

(2.10)

s such that the following estimate holds:

w+ ¢ [ oo

edr + /Ot £ (7)) Hsv’(T)dT). (2.11)

11

us < || fol
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Hence,
t
we+C [ lo(o)
0

where V(1) = [5([[o(r)[|ze + l[ve(T) | 1) dr.

17 ()]

e < VO (|1 o)

HsdT>, (2.12)

The above proposition was proved using the Littlewood-Palay analysis for the
transport equation and the Moser-type estimates. Using this result and performing
the same argument as in [29], we can obtain the following blow-up criterion.
Theorem 2.2.2. Let (u, p) be the solution of system (2.2) with initial data (ug, po) €

H*(S) x H*X(S),s > 3/2, and T the mazimal time of existence. Then
T
T <oo= / |t (7) || e dT = 0. (2.13)
0

We then give several useful conservation laws of strong solutions to (2.2)
Lemma 2.2.3. Let (u,p) be the solution of system (2.2) with initial data (ug, po) €

H*(S) x H*"X(S),s > 3/2, and T the mazimal time of existence. Then for all t €

/S u(t, 2)de = /S (2,
/S ot ) /S po(2)da.

Proof. Integrating the first equation of (2.3) by parts, in view of the periodicity of u

[0,T), we have

and G, we get

d — 1
7 Sudx = — /Sauuxdx — /S(’J?IG * (—Au + ; 5 T2 + %ui + §p2)dx =0.

On the other hand, integrating the second equation of (2.3) by parts, in view of the

periodicity of w and p, we get

d
— dr = — dr = 0.
ai P /S (up)ode
This completes the proof of the lemma. m

12



Lemma 2.2.4. Let (u, p) be the solution of system (2.2) with initial data (ug, py) €
H5(S) x H*7X(S),s > 3/2, and T the maximal time of existence. Then for all t €
[0,T"), we have
Jta) o) + P to)ds = [ (ito) + idlo,0) + i)
s S

Proof. Multiplying the first equation of (2.2) by 2u and integrating by parts, we have

d d

g J et e = G [ ) ()

Multiplying the second equation of (2.2) by 2p and integrating by parts, we get

d d
pr Spg(t,x) = dt/um(t x)p?(t, x)dx.

Adding the above two equalities, we obtain

d

y (u?(t, z) +ui(t, ) + p*(t,x))dz = 0.
s

This completes the proof of the lemma. O

Lemma 2.2.5. [16] Let T > 0 and v € C*([0,T); H*(R)). Then for every t € [0,T),

there exists at least one point &(t) € R with

m(t) = inf[o, (1, 2)] = v, (t, (1))

z€R
The function m(t) is absolutely continuous on (0,T") with

dm(t)
— o = va(t.ED) ae on (0.7).

Lemma 2.2.6. [53] For every f € H'(S), we have

9 e+1
<
;g[%ﬁ]f () < e = )Hf”Hl(S
where the constant 2(6:_11) s sharp.

13



By the conservation law stated in Lemma 2.2.4 and Lemma 2.2.6, we have the
following corollary.
Corollary 2.2.1. Let (u, p) be the solution of system (2.3) with initial data (ug, py) €
H5(S) x H*X(S),s > 3/2, and T the maximal time of existence. Then for all t €

[0,T), we have

9 e+1 9 e+1 9
[, )70 < m“u(t, Mine) < m”(uo,po)ﬂmxm-

Lemma 2.2.7. [81] If f € H?(S) is such that [ f(x)dx = 9, then for every e > 0,

we have

max f*(z) < 6;12 /Sffdwr Eifaé
2.3 Wave-breaking Phenomenon

In this section, we investigate the wave-breaking phenomena of strong solution
to system (2.3). First, we give the wave-breaking criterion for o # 0.
Theorem 2.3.1 (Waving-breaking criterion ). Let o # 0 and (u, p) be the solution of
(2.2) with initial data (ug, po) € H*(S) x H*7Y(S),s > 3/2, and T the mazimal time

of existence, then the solution blows up in finite time if and only if

lim inf{inf = —00. 2.14
ptegoust 2} = —oo 240

To prove this wave-breaking criterion, we use the following lemma to show that
indeed ou, is uniformly bounded from above.
Lemma 2.3.1. Let 0 # 0 and (u, p) be the solution of (2.2) with initial data (uo, po) €
H*(S) x H*7X(S),s > 3/2, and T the mazimal time of existence. Then

2 02
supuy (t, ) <||uoz| L + 14/ Hpo””%. (2.15)
€S

14
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(2) If o <0, then
Cy
V=

ingux(t, x)> — ||up x|l Lo — (2.16)

S

The constants above are defined as follows.

Co =||(uo, po)l| 711 125

c, :C,O\/(—l—ksinhl)A2 [|3—0|(e—|—1) cosh(1/2)(|13 —a|+o]) 1

4sinh?(1/2) 2(e — 1) 2sinh(1/2) 2]
B (—1+sinh1)A%  cosh(1/2)(4 — o)
C _CO\/ Lsmb’(1/2) T 2sub(1/2) for o <0.

(2.17)

Proof. The local well-posedness theorem and a density argument imply that it suffices
to prove the desired estimates for s > 3. Thus, we take s = 3 in the proof. Also,

we assume that uy # 0. Otherwise, the results become trivial. Note that if G(x) :=

et v € R, then (1—02)7'f = G« f for all f € LX(S) and G xm = u.

Hence, we can rewrite the first equation in (2.3) as

3—o0
2

1
U + out, = —0,G * <—Au + + %ui + §p2) : (2.18)

Differentiating the above with respect to  and using the identity
—0?G * f = f— Gx* f, we obtain

1 3 — 3 —
utfl—auum—l—%ui:AagG*u+§p2+Tau2—G*( g

9 0 o 1,
— —o°). (2.1
5 u—|—2u$+2,0)( 9)

(1) When o > 0, using Lemma 2.2.5 and the fact that

suplv, (t, 7)) = —inf[—v, (¢, 2)],

z€S z€eS

we can consider m(t) and 7(t) as follows:

n(t) €S and m(t) :=u,(t,n(t)) =sup(u,(t,z)), te0,T). (2.20)

z€eS

15



Hence,

Uge(t,n(t)) =0, a.e. t€]0,7T). (2.21)

Take the trajectory ¢;(¢,z) defined in (2.4). Then we know that ¢;(¢,-) : R - R is a

diffeomorphism for every ¢ € [0,7"). Therefore, there exists x;(t) € R such that

q(t,z1(t)) =n(t), te€][0,T). (2.22)
Now, let

E=p(t,q(t,z1)), te€][0,T). (2.23)

Therefore, along the trajectory ¢;(¢, 1), equation (2.19) and the second equation of
(2.2) become

1_
ml(t) - - gm2 + _52 + f(t> q1<t7$l))>
2 2 (2.24)
gl(t) = - fma
for t € [0,7T), where ’ denotes the derivative with respect to ¢ and f(t, ¢ (¢, z1)) is
given by
9 3—0 , 3—0 5 0 4 1,
f=A0;G*u+ u”— G ( 5 u+§ux+§p). (2.25)

We first derive the upper and lower bounds for f for later use in getting the wave-

breaking result. Using that 092G * u = G * 0,u, we have

3 — 3 — 1
ft,x) = T + A0, G * 0,u — G * ( Tt + %ui) - §G*p2
3 — 3 —
< T2 + A|Gy % ug| + |G * ( 5 Tu? + %uiﬂ,

cosh(z—[z]—1/2)

for any x € S and t € [0,T). Applying Young’s inequality and G = emh(i/D)

leads to

2(=1+sinh1)

AlG, * uy| < A||Golp2||uzlzz = A\/

. |2
2sinh(3) (2.26)

(—1+sinh1)A4% 1 9
— + ~lluallz2,
8sinh“(1/2) 4
16




3 — o
@0 C2 2+ 22 < 16l u+§@m1
B cosh(1/2) 2 0.2
- QSinh(l/Q)H —u Ul (2.27)
cosh(1/2)|3 — o] a2 cosh(1/2)|a\ o
4sinh(1/2) 2 smn(iy2) el
and
e+1 e+1
lut, I Zoe(s) < e = >H u(t, ine < ﬁ!\(%,po)llmm (2.28)

Therefore, we obtain the upper bound of f for any x € S and t € [0,7),

|3 — o] (—1 + sinh 1) A? )
t < oo n x
cosh(1/2)|3 — o] cosh(1/2)|o|
: Jullzz + — o lua 72
4sinh(1/2) 4sinh(1/2)
3—olle+1 —1+sinh1)A4% 1
3—olle+1) ( )

2 2
| (uo, + + =g
— 4(6 ) ||( 0 IOO>||I‘[1><L2 8Slnh2<1/2) 4” HL2

cosh(1/2)|3 — o cosh(1/2)|o| 999
Tsmb(12) 1z g gy el (2:29)
< (—1 + sinh 1) A? [|3—0’|(6+1)
~  8sinh®*(1/2) 4(e —1)
cosh(1/2)(|3 — o + ]0\)
TR L
1
Now, we turn to the lower bound of f. Similar as before, we get
3— 3
F< B s A s+ 1o BT 4 D) 4 6
13 —0cl(e+1) 9 (—1 + sinh 1)A2 5
— 4(6_ 1) ”(u07p0)||H1><L2 8Slnh2(1/2) 4Hum||L2
cosh(1/2)|3 — o], o  cosh(1/2)|o] cosh(1/2)
rsnn(12) Nl + gy el + g gy el (2:30)
(—1 + sinh 1) A? [|3 —ol(e+1)
8sinh?(1/2) 4(e —1)
cosh(1/2)(|3 —o|+|o|+1) 1 )
LS e L)

17



When o < 0, we have a finer estimate

- 1
S A w416 (ST 4 Td)| 4 5GP
(—1+sinh1)A4% 1 , cosh(1/2)(3—0a),
< — 2 2
ssmn2(2) " altele t —rgmaymy
cosh(1/2)o 5 cosh(1/2) .
_coshl/eo, COSMA/A). 2.31
Tsinh(1y2) el + rgna Il (231)
(—1 + sinh 1) A? Cosh(1/2)(4—a)||(u )2
8sinh?(1/2) 4sinh(1/2) 0 POl L2
1
- 5(73.

Combining (2.29) and (2.30), we obtain
(=1 +sinh1)4%  []3—o0l(e+1)

<
< 8sinh?(1/2) 4(e —1) (2.32)
cosh(1/2)(|3 —o| +|o| + 1) +1 o p0) .
4sinh(1/2) A IR0 PO L
Since now s > 3, we have u € C3(S). Therefore,
infu,(t,x) <0, supu,(t,z) >0, tel0,T). (2.33)

€S z€S

Hence, m(t) > 0 for t € [0,7). From the second equation of (2.24), we obtain that

£(t) = £(0)e o, (2.34)

Hence,

[p(t, qu(t, 21))| = [€()] < [£(0)] < [lpollze=-

_ 1 +CF
Py(t) = m(t)  Jua, .~ -/ 12LE= L

Note that Py (t) is a C*— differentiable function in [0,7) and satisfies

Now define

P1(0) < m(0) — ||uo, 2| < 0.

We will show that

Pty <0, telo,T). (2.35)



If not, then suppose there is a tg € [0,7) such that P;(¢y) > 0. Define
tl = max{t < to : Pl(t) = O}

Then P;(t;) = 0 and P| > 0, or equivalently,

2 2
_ ~+C
(1) =l e+ 12LE= L

m/(t1> - Z 0

On the other hand, we have

m'(t) = —%m%tl) + %52@1) + ftiq(tr, )

o 2.+C?12 1 1
< =2 gl + 4 W= 2 Ly 4 L
2 o 2 2

<0,

which is a contradiction. Therefore, P;(t) <0, for ¢ € [0,T), and we obtain (2.15).
(2) To derive a lower bound for u, in the case of ¢ < 0, we consider the

functions m(t) and £(t) € S as in Lemma 2.2.5

m(t) = u,(t,£(t)) = inf (u.(t,x)), te€]0,7T). (2.36)

€S
Hence,

Upe (8, E(1)) =0, ae. t€][0,7). (2.37)

Similar as before, we take the characteristic ¢; (¢, ) defined in (2.4) and choose xs(t) €
R such that

qi(t,z2(t) =&(t) te€][0,T). (2.38)
Let

C = p(tv Ch(t»xQ))v S [OvT) (239)
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Hence, along the trajectory ¢;(t, z2), equation (2.19) and the second equation of (2.2)

become .
o
m/(t> = §m2 + §C2 + f(ta ql(tu 562)),
(2.40)
¢'(t) = — ¢m.
We now define
Cy
(1) = ) = gl + ==
Then Pa(t) is also C'— differentiable in [0,7") and satisfies
P2(0) 2 m(O) + ||U07x||Loo Z 0.
We now claim that
Py(t) >0, tel0,T). (2.41)

If not, then suppose there is a ty € [0,7) such that Py(ty) < 0. Define
ty = maX{t < 1?0 : Pg(t) = 0}

Then Py(ty) = 0 and Pj(t2) < 0, or equivalently,

C
m(ta) = —||uozl|ze — — and m'(ty) < 0.

V=0

On the other hand, we have

i (12) = = 2 (82) + 5C*(0) + £ (b2, a(t2, )
C 1
> —5 (lwoallie + —Z) = 56

> 0.

Again, this is a contradiction. Therefore, Py(t) > 0, for ¢ € [0,7"). This in turn

implies that (2.16) holds. This completes the proof of Lemma 2.3.1. O

It is found that if ou, is bounded from below, we may obtain the following

estimates for ||p||ze(s).
20



Proposition 2.3.1. Let 0 # 0 and (u, p) be the solution of (2.2) with initial data
(ug, po) € H*(S) x H*X(S),s > 3/2, and T the maximal time of existence. If there
1s an M > 0, such that

inf  ou, > —M, (2.42)
(t,z)€[0,T) xS

then

1. If o > 0, then
lp(t, Mz < llpoll e/ (2.43)

2. If 0 <0, then
lp(t, Lo < llpollzoe™. (2.44)
Where N = |Jug ||z~ + (Ca/v/—0) and Cy is given in (2.17).

Proof. (1) For o > 0, we define for any give = € S

U(t) = ux(ta ql<t7 .17)), P)/(t) = ,O(t, Ql(ta [L’)), (2'45)

with ¢ (¢, z1(t)) = z, for some z1(t) € R,t € [0,T). Then the p equation of system
(2.2) becomes
vy = —~U. (2.46)

Thus,
(1) = () TV (247)
From the assumption (2.42) and o > 0, we see

U(t) > —%, te|0,7).

Hence,

p(t, qu(t, 21))] = [y(8)] < [7(0)]e™ o VO™ < || gy o™/,

21



which together with (2.6), leads to (2.43).

(2) For 0 < 0, we perform a similar argument as before. Using (2.45), (2.47)
and the lower bound (2.16), we have

ot au(t,x0)] = Iy (D] < [7(0)]e™ o VDT < | po| ™.
Combining the above estimate with (2.6), which implies that (2.44) holds. O
Proof of Theorem 2.3.1. Assume that T' < oo and (2.14) is not valid. Then there is
some positive number M > 0 such that
ou.(t,x) > —M, V(t,z)€[0,T) xS.

It follows from Lemma 2.3.1 that |u, (¢, z)| < C, where

2
HsxHs—1

C = C(Aa M7 0'7|(U07p0)|

). Therefore, Theorem 2.2.2 in turn implies that
the maximal existence time T" = oo, which contradicts the assumption that 7" < oco.
Conversely, the Sobolev embedding theorem H*(S) < L*(S) with s > 1/2 implies
that if (2.14) holds, the corresponding solution blows up in finite time. This completes
the proof of Theorem 2.3.1. n

Now, we give the following series of theorems that provide some cases that wave
breaks in finite time.
Theorem 2.3.2. Let 0 # 0 and (u, p) be the solution of (2.2) with the initial data

(ug, po) € H*(S) x HY(S),s > 3/2, and T the mazimal time of existence.

1. When o > 0, assume that there is some xog € S such that

po(zo) =0, wpz(zo) = gigreﬂéuo,x(m),

and

UQ@(%’Q) < —%, (248)
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where C is defined in (2.17). Then the corresponding solution to system (2.2)

blows up in the following sense: there exists a Ty with

2

0<Ty <— 7
UUO,x(xO> + \/—0'3/201110@(‘130)

(2.49)

respectively, such that

lim inf{infou,(t,z)} = —oc.
t—T  w€S

. When o < 0, assume that there are some xo € S such that

U,Q,x(ilfg) > —%, (250)

where Cy is defined in (2.17). Then the corresponding solution to the system

(2.2) blows up in finite time in the following sense: there exists a Ty with

2
UUo,m(fo) - \/(—0)3/202%@(1’0)’

0< Ty < — (251)

such that

lim inf{supou,(t,z)} = oo.
t—=T, zeS

Proof. (1) When o > 0, similar to the proof of Lemma 2.3.1, it suffices to consider

s > 3. So in the following of this section s = 3 is taken for simplicity of notation. We

consider along the trajectory q;(t,z2) defined in (2.4) and (2.38). In this way, we can

write the transport equation of p in (2.2) along the trajectory of ¢ (¢, z2) as

WL _ i1 ety 1) (2:52)

Form the assumption of the theorem, we see

m(0) = ur(0,€(0)) = infuo o () = (o).
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Hence, we can choose £(0) = xy and then py(£(0) = po(zo) = 0. Thus, from (2.52) we
see that

p(t,&(t)) =0, te|0,7). (2.53)

Differentiating equation (2.18) with respect to z, evaluating the result at x = £(¢)

and using (2.37) and (2.53), we deduce from Lemma 2.2.5 that

m!(t) = —%mz(t) +f(t qu(t, T9)). (2.54)

Using the upper bound of f in (2.29), we see that

m/(t) < —§m2(t) + %C’f, tel0,7).

By assumption (2.48), m(0) = ug.(x0) < —C1/v/0, we see that m/(0) < 0 and m(t)
is strictly decreasing over [0,7"). Set

C? 1
L <(0,2).

5— 1
2 ugw(wo)a 2

DN | —

Using that m(t) < m(0) = ug.(zo) < 0, we obtain

mﬁ)ﬁ—%m%ﬂ+%0§§—&mﬁ@% t€[0,7).

Integrating on both sides, we obtain

uOCE(xO)
1) < ’ - — R S —
m( ) - 1-'- 50’&0733(1'0)75 o0 a8 50”&0733(.%0)
Hence,
1
T —— ——
= douga(zo)’

which proves (2.49).
(2) Similarly as in (1), we consider the function m(t)and n(t) as defined in (2.20).

Then we have

(1) = = Sm(0) + 57 (6 n(0) + (6t 02)) >~ 27(0) + F (bt o). (255)

2 2
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Using the lower bound of f as in (2.31), we have
_/ o _ 2 1 2

By assumption (2.50), m(0) = ug(xo) > Cs/+/—0, we see that m’(0) > 0 and m(t)

is strictly increasing over [0,7"). Set

Therefore,
x 1
m(t) > to.0 (o) — o0 as t— ——-—r.
1 4 Ooug (o)t Qo ()
Hence,
1
T<-——
= Oougu(zo)’
which proves (2.51). O

The following theorem provides another condition for blowup of u,.
Theorem 2.3.3. Let 0 > 0 and (u, p) be the solution of (2.2) with the initial data
(ug, po) € H*(S) x H*X(S),s > 3/2, and T the mazimal time of existence. Assume
that fg uodr = 5. If there is some o € S such that po(xo) = 0, ug (7o) = i}relguow(a:),

and for any € > 0

Uny(x(]) < —% (256)

Then the corresponding solution to system (2.2) blows up in the following sense: there

exists a T, with
2

OUQ,x (xo) + \/—03/203UO’95<$0)’
25
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respectively, such that

lim inf{infou,(t,z)} = —oc.
t—T  w€S

The constant above is defined as follows

(=1 +sinh1)A% |3 —o]|(e + 2)a?
Cs =

4sinh*(1/2) 4e
I3 —cl(e+2) cosh(1/2)(|3 — o]+ |o]) 9 3
+ 24 2 sinh(1/2) 5] o, o)l 1)

Proof. By Lemma 2.2.3, we have fS u(t, x)dr = fS ug(w)dr = %. Using Lemma 2.2.7

and the above conservation law, we have

fullm <\ SN0 0 By + e 259
Similarly as the proof of Theorem 2.3.2(1), we can also get
ml(t) = —Sm?(t) + f(t (b 22)). (2.59)
Using (2.58), we obtain a new upper bound of f
f= 5 UUQ—I—AaxG*axu—G*(g_UquLg i)—%G*pQ
< 3_0u2+A|Gx*u$| + |G*( 5 Uu2+ gui)|
< B + S + il

cosh(1/2)|3—0|”uH 2 cosh(1/2)|a|Hu 2
4sinh(1/2) L7 4sinh(1/2) "
|3 — 0](64—2) 9 |3 —o|(e+2)a? (—1+sinh1)A?
< e — 1 2
= ||( 07p0)||H X L + 86 881nh2(1/2)
cosh(1/2)|3 — 0| cosh(1/2)|o|
Tyl = anazy e Tnnryzy) el
(—1+sinh1)A% |3 —ol|(e +2)ad

(2.60)

8sinl(1/2) 5
3 —0ol(e+2) cosh(1/2)(|3_(7’+’(7|)
' 48 4sinh(1/2) H(U0>PO)HH1X 12
1
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By assumption (2.56), m(0) = ug(ro) < —Cs/+y/0, we see that m/(0) < 0 and m(t)

is strictly decreasing over [0, T

).

1 1 C? 1
f=-—-— 3 .

2 2up.(xo)0 < <O’ 2)

Using that m(t) < m(0) = ug(zo) < 0, we obtain

m/(t) < —%mQ(t) + %C’g < —dom?(t), te€[0,7).

Integrating on both sides, we obtain

m(t) < to(20) — —00 as t— ———.
— 1+ 50'1,60733(.1’0)15 50'1,607;,3(.10)
Hence,
1
T<——
= doug (o)’
which proves (2.57). This complies the proof of Theorem 2.3.3. ]

Next, we give a blow-up result if ug is odd and pq is even.
Theorem 2.3.4. Let 0 < 0 < 3 and (u, p) be the solution of (2.2) with the initial data
(ug, po) € H*(S) x H*"X(S),s > 3/2, and T the mazximal time of existence. Assume
that ug is odd, py is even, ug, < 0, and po(0) = 0. Then the corresponding solution
to the system (2.2) blows up in finite time. More precisely, there exists a Ty with
0< Ty <—(2/oug,(0)) such that

lim inf{infou,(t,z)} = —oc.
t—Ty  *€S

Proof. Similar to the proof of Lemma 2.3.1, it suffices to consider s > 3. Since uy is
odd and py is even, the corresponding solution (u(t,x), p(t, z)) satisfies that u(t,z) is
odd and p(t, x) is even with respect to = for given 0 < ¢ < T Hence, u(t,0) = 0 and

pz(t,0) = 0. Thanks to the transport equation of p in (2.2), we have
pi(t,0) + p(t,0)u(t,0) =0,

p(0,0) = 0.
27



Thus, p(t,0) = 0. Evaluating (2.19) at (¢,0) and denoting M (¢) = wu,(t,0), we obtain
3—o

1
W+ a2+ 2p)(10).  (2.61)

M(t) + %M?(t) — A(D2G * u)(t,0) — G * ( S+ 5

Notice that u(t, z) is odd and G(x) is even, so
A(9?G *u)(t,0) = 0.

Using 0 < 0 < 3,

M(t) + ZMA(t) < 0.

2
Hence,
M(t) < M(0) =up.(0) <0, for tel0,T),
and
1 + 1 < t
M@t) M) — 27
and then
2M (0) 2
L) =ME) < —— 2 5 o0, 2.62
ua(t,0) = M) < 5= ray = 7% 7 o) (2.62)

which indicates that the maximal existence time 7" < —2(2/0u(,(0)) and hence it

completes the proof of the theorem. O

2.4 Blow-up Rate

We now address the question of the blow-up rate of the slope to a breaking
wave for system (2.2) .
Theorem 2.4.1. Let 0 # 0. If T < oo is the blow-up time of the solution (u,p)
to (2.2) with the initial data (ug, po) € H*(S) x H*X(S),s > 3/2, satisfying the

assumption of Theorem 2.3.2, then

tl_i)IJI}_ [(irelgux(t,a:»(T - t)] = —;, for o >0. (2.63)
tl_ig}, [(iléguz(t,x))(T - t)] = —;, for o <O. (2.64)
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Proof. We may again assume s = 3 to prove the theorem. Now, let’s consider the

first case. Let o > 0. From (2.54) we have

ml(t) = =Sm?(t) + f(t (b 22)).

Using (2.32) and denote

(=1 +sinh1)A% |3 —o|(e+1) cosh(3)(|3—o|+ o] +1) 1

- n 2 1 2.
~ 8sinh?(1/2) Tae-n ° 4sinh(}) +7 | o, po)llzr
(2.65)
We know
—%m2(t) - K <m/(t) < —%mQ(t) + K. (2.66)

Choose 0 < ¢ < /2. Since m(t) — —oo as t — T, we can find ¢y € (0,T") such that

/ K

Since m(t) is absolutely continuous on [0,7"). It is then inferred from the above

differential inequality that m(t) is strictly decreasing on [ty,T) and hence

M20’K+—< M to,

Then (2.66) implies that

o d/ 1 o
. Bl (R el e. T).
2 °s dt(m(ﬂ) < 2 & ae teloT)

Integrating the above relation on (¢, T') with ¢ € [to, T') and noticing that m(t) — —oo

as t — T, we obtain

(C - —1) <~ < (S +e)T —1).

<
m(t) (2
Since € € (0,0/2) is arbitrary, in view of the definition of m(t), the above inequality
implies (2.63).
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Next, we consider the second case. Let o < 0. From (2.55) we have

ml(t) > —%m%) _ K,

where K is defined in (2.65). Since m(t) — oo ast — T, we can choose a ty € (0,7)

such that

m(t) > vV—20K.

Therefore, we have that m(t) is strictly increasing on [tg, T') and
m(t) > m(ty) > vV—20K > 0.
Using the transport equation for p, we have that

Pt (1)) = —m(t)p(t, n(t)).
Hence,
plt (1)) = plto,n(te))e S ™t € [t T).
Then
p(t,n(t)) < p*(to,n(to)), t€ [to,T).
Therefore, using (2.55) again, we have

o _, 1

2 2

Now let

Then

ST(0) — 5t m(t0)) — K < m(e) <~ 2m(0) + 50t (i) + K.

(2.67)



Hence, (2.67) implies that

2_5<1<L)<Z+8 ae. telt,T)
2 di\m(t)) 27 T b

Integrating the above relation on (¢,7") with ¢ € [¢t;,T) and noticing that m(t) — oo

as t — T, we obtain

(% —e)(T—1) < _#t) < (%+5)(T—t).

Since € € (0, —0/2) is arbitrary, in view of the definition of m(t), the above inequality

implies (2.64). O

2.5 Global Existence

In this section, we provide a sufficient condition for the global solution of system
(2.2) in the case when 0 < 0 < 2 and 0 = 0.
Theorem 2.5.1. Let 0 < 0 < 2 and (u, p) be the solution of (2.2) with the initial

data (ug, po) € H*(S) x H"X(S),s > 3/2, and T the maximal time of existence. If

infpy(x) > 0, (2.68)

z€S

then T = +o00 and the solution (u, p) is global.

We need the following lemma to prove the above theorem.
Lemma 2.5.1. Let 0 < 0 < 2 and (u, p) be the solution of (2.2) with the initial data
(ug, po) € H*(S) x H*"X(S),s > 3/2, and T the mazimal time of existence. Assume
that infpo(x) > 0.

x€S
1. If 0 <o <1, then

1
infu,(t ‘<—C Cat 2.69
ves (t,2)| = inf,es po() e (2.69)
1 52> Cat
supux(t,x)’ < ——C5 e, (2.70)
z€S

inf,cs péj’ (x)
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2. If 1 <o <2, then

. 1 - Cat
1n£ux(t,a:)‘ < ——F—CF e, (2.71)
o€ inf s 03" (2)

1
supu,(t, x ‘ < (e 2.72
erS) ( ) inf,es 00(33) ° ( )

The constants Cy and C5 are defined by

Ci=1+

(—1 +sinh 1) A? []3—0\(6—1—1) cosh(3)(|3 — o] + |o] + 1)

8sinh?(1/2) (e —1) 4sinh(3) (2.73)

1
+ 7)o, po) sz
Cs = 1+ [[uow i« + llooal 3 (2.74)

Proof. Similar as before, a density argument indicates that it suffices to prove the

desired results for s > 3. Thus, we have

infu,(t,x) <0, supu.(t,z) >0, tel0,T).

zeS TES

(1) First we will derive an estimate for |inf,esu,(t,z)|. Define m(t) and
&(t) as in (2.36), and consider along the characteristics ¢;(¢,z1(t)) as in (2.4) and
(2.22). Thus, from (2.33),

m(t) <0 for te€[0,T). (2.75)

Let ((t) = p(t,£(t)) and evaluate (2.19) and the second equation of the system (3.2)

at (¢,£(t)). We have

(1) = = ZmA(t) + 5C ) + £t (e, ),
(2.76)
'(t) = —=¢m,

for t € [0,7) where f is defined in (2.25). The second equation above implies that

¢(t) and ¢(0) are of the same sign.
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Now, we want to construct a Lyapunov function for our system, as in [15]. Since
here we have a free parameter o, we could not find a uniform Lyapunov function.
Instead, we will split the case 0 < o < 1 and the case 1 < o < 2. From the
assumption of the theorem, we know that ¢(0) = p(0,£(0)) > 0.

When 0 < ¢ < 1, we define the following Lyapunov function

wn(0) = O)¢(e) - S (14 m0), (2.77)
which is always positive for ¢t € [0,7"). Differentiating w;(¢) and using (2.76), we
obtain 0 5

wh(0) = €O = (14w + Zc(opmne
_ 24(2”” [1 Som? % + f(t ()] (2.78)
< O m) It + 5] < Cono),

¢
where we have used (2.75) and the bound (2.32) for f. Hence,

wi(t) < wi(0)e™ = [¢*(0) + 1+ m?(0)]e!

(2.79)
< (14 JuoallZee + [lpollFee) e = Cre™.
Recalling that ((t) and ((0) are of the same sign, we have
¢(0)C(t) < wi(t) and [C(O)[|m(t)] < wit).
Then from (2.79), we have
infu, (¢ :c)‘ = |m(t)| < () < ! Cse“t, for te0,T)
zes ° = ¢(0) T infuespo(x) O o
which proves (2.69).
If 1 <o < 2, we may define the Lyapunov function to be
2(t) + 1+ m2(t
ws(t) = () &) (2.80)

¢ (t)
33



Differentiating ws(t) and using (2.76), we obtain

wy(t) = 20T L 4 f gy rm)
b2 2 (2.81)

< SRt + 5 < Cualt).

Thus,

wa(t) < wa(0)e™" = [¢*(0) + 1+ m*(0)]e™!
(2.82)

< (1+ fluoallz + llpollie)e™" = Cse.
Applying Young’s inequality ab < a?/p + b?/q to (2.80) with

2 2
p=— and q= ,
o 2—0
we have
walt) _ (e makkat [(1 +m?)? ]2/@ %)
CO—(O) 0(22 2
O 0oy,  2—or(l+m ) 2/(2—0)
L [ s ]
> (1+m?)3" > jm(t)[>.
Therefore,
t 1 S oyt
mfuztx’_[ 0] S—C "e2o te|0,7),

infoes py 7 ()
which proves (2.71).

(2) Next we try to control | sup,.s u,(t,z)|. Similarly as before, we consider

m(t),n(t), q1(t, x2(t)) as in (2.20) and (2.38). Then (2.76) becomes

m(t) = —%m“’(t) + %52(75) + f(t, q(t, 22)),
(2.83)
C_/(t) = _C_ma

for t € [0, T), where ((t) = p(t,n(t)). From (2.33), we have

m(t) >0, tel0,T). (2.84)
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When 0 < ¢ < 1, the corresponding Lyapunov function is

Fo o) (D) + 1+ m2(t)

wy(t) =¢7(0 2.85
1( ) ( ) Ca(t) ( )
Then from (2.81) and (2.84), we see that
’LI)/I (t) S C42I)1(t), then W1 (t) S C5604t.
Hence, by the similar argument as before, we obtain
w (t) .
}1 > |m(t)]*7.
¢7(0)
Therefore,
U %g 1 - 4t
supux(t,x)‘ < [Eual(t)} < —LC%Q‘”@?%?, tel0,7T),
z€S ¢2(0) inf,es p5 7 ()
which proves (2.70).
When 1 < o < 2, consider the Lyapunov function
. C(0
(1) = C0)C(0) = 3 (14 m0). (2.56)

From (2.78) and (2.84), it follows that w)(t) < Cyw;(t). This in turn implies that
’U_Jl(t) < C5€C4t.

Thus, we have

= ﬁ)1(75) 1 Cat
Suuxt,a:‘:mt < — - Cse™", te[0,T),
zeg ( ) | ( )| C(O) inf,es po(x) ° [ )
which proves (2.72). O

Proof of Theorem 2.5.1. Assume on the contrary that T" < oo and the solution blows

up in finite time. It then follows Theorem 2.2.2 that

T
/ i (t, )| peddt = 0. (2.87)
0
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However, from the assumption of the theorem and Lemma 2.5.1, we have
lug(t, )] < oo,

for all (t,z) € [0,T) x S, a contradiction to (2.87). Thus, 7' = 400, and the solution

(u, p) is global. O]

We are now in a position to consider the case o = 0.
Theorem 2.5.2. Let 0 = 0. If (ug, po) € H*(S) x H*"X(S), s > 3/2, then there exists
a unique solution (u,p) of system (2.2) with the initial data (ug, py). Moreover, the
solution depends continuously on the initial data. Then T = +oo and the solution
(u, p) is global.

When ¢ = 0, we can rewrite system (2.3) as

( 3 1
up = —0,G * (—Au + §u2 + §p2),

Pt T UPy = —Ugp,

u(0, ) = ug(x), (2.88)

p(0,z) = po(x),

u(t,z+ 1) = u(t,x),

| otz + 1) = p(t, z).
To prove Theorem 2.5.2 of global well-posedness of solutions, we need the fol-

lowing estimates for wu,.
Lemma 2.5.2. Let 0 = 0 and (u, p) be the solution of (2.88) with the initial data

(ug, po) € H*(S) x H*7Y(S),s > 3/2, and T the mazimal time of existence. Then

1
supu (t, ) < supug () + §(supp(2)(:v) + C)t, (2.89)
x€S €S z€S
1
. > . —{(; 2 . 2
infu,(t, 2) > infuo.(2) + 5 (infps(e) — C7)t, (2.90)
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where the constants Cg and C; are defined as follows

(=1 +sinh1)A2  3(e+1)+1 ,
- 1 29 291
’ \/ 4sinh?(1/2) o= 1) Mo o)l (2.91)
(=1 +4sinh1)A%  3cosh(1/2) + 1 ,
- g 2.92
! \/ 4sinh?(1/2) 4sinh(1/2) [ (o, po) 1511 (2.92)

Proof. The local well-posedness theorem and a density argument implies that it suf-
fices to prove the desired estimates for s > 3. Thus, we take s = 3 in the proof. Also

we may assume that

up # 0, (2.93)

otherwise the results become trivial. Since now s = 3, we have u € C}(S). Therefore

infu,(t,x) <0, supu,(t,z) >0, tel0,7T). (2.94)

ze8 z€S
Differentiating the first equation of (2.88) with respect to = and using the iden-
tity —02G x f = f — G % f we obtain

1 3 3 1
Uy = —p* + ~u® + AD?G xu — G * (zu? + =p?). (2.95)
2 2 2 2
Using Lemma 2.2.5 and the fact that
suplug(t, x)] = —inf v, (¢, )],
zeS €S
we can consider m(t) and £(t) as follows
m(t) := ug(t, £(t)) = sup(ug(t,z)), t€[0,7T). (2.96)
x€eS
Hence
Uge (1, E(1)) =0, ace. t€0,T). (2.97)

Take the trajectory ¢(,z) defined in (2.4). Then we know that ¢(¢,-) : R — R is a

diffeomorphism for every ¢t € [0,7). Therefore, there exists x;(t) € S such that

gtz (1)) = £(t), te€0,7). (2.98)
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Now let

C(t) = p(t,q(t, 1)), t€0,7). (2.99)
Therefore along this trajectory ¢(t,z1), equation (2.95) and the second equation of
(2.88) become
(1) = 5+ f(tqft 7).
¢'(t) = =Cm,
for t € [0,T), where " denotes the derivative with respect to ¢t and f(t,q(t,z1)) is

(2.100)

given by
2 3 39, 1,
sz@xG*u—i—éu —G*(gu + 50 ). (2.101)

We first derive the upper and lower bounds for f for later use in getting the
wave-breaking result. Using that 02G * v = 0,G * O, u, we have

1
f= qu + A0,G * 0,u — G * (;u2) — §G * p? < gu2 + A|G, * uy).

Using (2.26) and (2.28), we obtain the upper bound of f

3 (—1 + sinh 1)A2 1
< St )| corey + + = ||uy|?
£ 5 St My + g * gl
3(e+1) 5 (=1 +sinh1)4? 1 )
< : 1y 1,2 + —|Juz |72 2.102
< e o polra + 5 s+ sl (2102
(—1+sinh1)A%  3(e+1)+1 9 1 _,
< , g2 = =C2.
881nh2(1/2) 4(6 _ 1) H(uo pO)HH x L2 2 6

Now we turn to the lower bound of f. Similarly as before, we get

3 1
—f SAGy x| + |G x|+ 5 G p?
(—1+sinh1)4% 1 o 3cosh(1/2)
3 + lluallze + ==
8sinh“(1/2) 4 4sinh(1/2)
(—1+sinh1)A2 /3 cosh(1/2) + 1 ) 1,
8 sinh?(1/2) ( 4sinh(1/2) H(uo"’(’)”HIX”) =30

Combining (2.102) and (2.103), we obtain

cosh(1/2)

2 22
Jullts + Ty Pl (2103

(—1+sinh1)A%  3cosh(1/2) + 1
8sinh?(1/2) 4sinh(1/2)
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From (2.94) we know m(t) > 0 for ¢t € [0,7). From the second equation of
(2.100) we obtain that
() = C(0)e Jomndr. (2.105)

Hence

|o(t,q(t, 21)) = [C(1)] < [C(0)].
Therefore, we have

() = 580 + £ < 560) + 508 < 5 (sup e + C2).

Integrating the above over [0,t], we prove (2.91).
To obtain a lower bound for inf,cs u, (¢, x), we use the similar idea. Consider

the function m(t) and £(¢) as in Lemma 2.2.5
m(t) == u.(t,&(t)) = irelg(ux(t,a:)), tel0,T). (2.106)
Hence
Uz (6,€(t)) =0, a.e. t€[0,7T). (2.107)

Again take the trajectory ¢(t,z) defined in (2.4) and choose z(t) € S such that
q(t, za(t)) = £(t) ¢ €0,T). (2.108)

Now let

C(t) =p(t,q(t,z2)), tel0,T). (2.109)

Hence along this trajectory ¢(t, z5), equation (2.95) and the second equation of (2.88)

become .
m'(t) = 5(’2 + f(t,q(t, x2)),

¢(t) = ~Cm.

(2.110)

39



Since m(t) > 0, we have from the second equation of the above that

|p(t; q(t, 22)) = |C(8)] = [C(0)].

Then

1 1 1
Y — 20200) — 202> 2 (inf 2 2>.
m'(t) 2(’ (0) 207 > 2(;Ié£p0(l‘)+07
Integrating the above over [0, ], we obtain (5.90). This completes the proof of the

Lemma 2.5.2. O

Proof of Theorem 2.5.2. Similarly as the proof of Lemma 2.5.1, assume on the con-
trary that 7" < oo and the solution blows up in finite time. It then follows Theorem

2.2.2 that

T
/ [ (£, 2) || oo dt = 00 (2.111)
0

However, from the assumption of the theorem and Lemma 2.5.2, we have
lug(t, )| < oo,

for all (¢,z) € [0,T) xS, a contradiction to (2.111). Thus, T' = 400, and the solution

(u, p) is global. O
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CHAPTER 3
GENERALIZED PERIODIC TWO-COMPONENT DGH SYSTEM

3.1 Introduction

In this section, we are concerned with the Cauchy problem of the generalized

periodic two-component Dullin-Gottwald-Holm (DGH) system

(

— Aug + o (2mu, + umy) + 3(1 — o)uty + Yger + ppe =0, t>0, z €R,
pe+ (up)e =0, t>0, zeR,
u(0,x) = up(x), x € R,
p(0,2) = po(), z €R,

u(t,z + 1) = u(t,x), t>0, zeR,
p(tm—l—)—p(tw) t>0, zeR,
(3.1)

where m = u — u,,, and o is a real parameter. It is a model from the shallow water
theory with nonzero constant vorticity, where u(t,x) is the horizontal velocity and
p(t,z) is related to the free surface elevation from equilibrium. The scalar A > 0
characterizes a linear underlying shear flow and hence the system in (3.1) models

wave-current interactions. The real dimensionless constant ¢ is a parameter which
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provides the competition, or balance, in fluid convection between nonlinear steepening

and amplification due to stretching. System (3.1) can be written in terms of v and p,

( Up — Upgr — Aty + Uty — 0(2Uptpy + Ulpey) + YUges + ppe =0, t>0, x € R,
pe+ (up)z =0, t>0, z€R,
u(0,x) = up(x), z € R,

p(0, ) = po(), z € R,

u(t,z+ 1) = u(t,x), t>0, zeR,

\p(ta:—l—)—p(tac) t>0, reR
(3.2)

System (3.2) has the following two Hamiltonians:

1
Hl :E /<U2 + Ui + pQ)d.fE,
S

1
H, =3 /(u3 + auui — Au® — 73 + 2up + upQ)dx.
S

Notation. Throughout this chapter, we identity all spaces of periodic functions with
function spaces over the unit circle S in R?, i.e. S = R/Z. The norm of the Lebesegue
space LP(S),1 < p < oo, is denoted by || - ||z» and the Sobolev space H*(S),s € R,
by | - |

notations of function spaces if there is no ambiguity.

us. Since all space of functions are over S, for simplicity, we drop S in our

3.2 Derivation of the Model

In this section, we will follow Ivanov’s approach in [33] to derive system (3.1).
Consider the motion of an inviscid incompressible fluid with a constant density p

governed by Euler’s equations:
Uy + (0 V)T == VP +g,
V-v=0,
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Figure 3.1. A fundamental shallow water wave model.

where U(x,y,z,t) is the velocity of the fluid at the point (z,y,z) at the time t,
P(z,y, z,t) is the pressure, and (0,0, —g) is the gravity acceleration.
Using the shallow water approximation and non-dimensionalization, the above

equations can be written as

)
g + e(uuy, + wu,) = —py,

62 (wy + e(uw, +ww,)) = —p,,
Uy +w, = 0,

w="mn+eun, p=mn on z=1+e¢en,

w=0 on z=0,
\

where now v = (u,0,w), p(z, z,t) is the pressure variable measuring the deviation
from the hydrostatic pressure distribution, n(t, x) is the deviation from the mean level
z = h of the water surface, and e = # and ¢ = % are the two dimensionless parameters
with a being the typical amplitude of the water and A being the typical wavelength
of the wave (see Figure 3.1.).

Let us consider waves in the presence of a shear flow. In such case the horizontal

velocity of the flow will be u+U(z), where u = U(2),0 <2< h,w=0,p=0,n=0
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is an exact solution of the governing equation (3.3) and this solution represents an
arbitrary underlying shear flow. Taking the simplest case : U(z) = Az where A > 0
is a constant.

In the case of constant vorticity w = A, one obtains at the order of O(g, §?) the

following equations for ug and 7, where uq is the leading order approximation for «

1 A
<u0 - 52_u0xw> + EUupUor + Ne — 52_“0@‘1::5 = 0, (34)
2 t 3
and
A, 51
ne + An, + [(1 + en)ug + e ) G oaas = 0. (3.5)

Let both the parameters € and 0 go to 0, one obtains from (3.4)-(3.5) the system
of linear equations
Uot + Nz 207
N + Ana: + ugpe =0,
hence,

This equation has a traveling wave solution n = n(x — ct) with a velocity ¢ satisfying
A —Ac—1=0.

This gives the same solution for ¢ that follows the Burns condition [5].

Introducing a new variable
p=1+ean+e*pn’ + 6° poes,

for some constants a, § and p satisfying

~6(c— A)’
A
Oz:1+—c—|—é,
2«
44
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equation (3.4) and (3.5) become

my + Amx - Aqu + 52(% - m)UOxzx

el — S gy, 4 22— (), (3.7)

Ex

pr+ Apy + ag(pug), = 0.

where m = uy — %52u0m. At the order of O(1), we may break ugug, as
UgUoy = $(2mug, + ugmy) + (1 — 3s)ugug, + O(8),

for any s € S. Thus, the first equation of the system (3.7) can be written at the order
O(g,6?) as

2
2
i 602)3(2mu0x + upmy)

1
m: + Amz — AUOx — 6—52U0xrm + 5(1 —
C

a?+28 ,

+e(1 — ) (1 = 3s)uguo, + =0.

Using the scaling : uy — ais, x — dx, t — 0t, then system (3.7) becomes

my + Amy, — Aug, — éu%m + é(l — @&)s(?muw + upmy,)
+1(1 = 2262)(1 - 3s)uug, + ppa = 0,
pt + Apz + (pug) = 0.

Now if we choose

1 a? 4+ 283

—(1-—2E) =

3a( o <)
and denote 0 = 3s and v = —6%:, then we arrive at

my + Amx - AUO;B + U(zmu()z + Uomx) + 3(]— - O')U()U()m + YUOzzz + PPz = 07

pt + Apz + (puo) = 0.
(3.8)
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Thus, the constants «, 3, pu and c satisfy

1 +02
o = R
3(1=¢%) 3’
A
B=a’—a(l+5),
o«
a 6(c — A)’
c“c—Ac—1=0

With a further Galilean transformation x — x — At, t — t, as used in (3.8),
we can drop the terms Am, and Ap, in (3.8) and hence get the generalized periodic

two-component DGH system (3.1).

3.3 Preliminaries

In this section, we briefly give the needed results to pursue our goal. We first
present the local well-posedness for the Cauchy problem of system (3.2) in H*(S) x
H*7(S),s > 3/2, with S = R/Z.

Let G(r) := e e R, Then (1—92)7'f = G« f for all f € L*(S)

and G * m = u. Our system (3.2) can be written in the following “transport” type

¢

U+ (ou — Y)up = —0,G x [352u? + Su2 + (v — A)u+ 3p?], t>0, z €R,
pe + (up)e =0, t>0, z€R,
) u(0, ) = up(x), z € R,
p(0,2) = po(), z €R,
u(t,z+ 1) = u(t,x), t>0, reR,
\p(t:c—i— 1) = p(t, x), t>0, xR
(3.9)

Applying the transport equation theory combined with the method of the Besov
spaces, one may follow the similar argument as in [29] to obtain the following local

well-posedness result for the system (3.2).
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Theorem 3.3.1. If (ug, po) € H*(S) x H*7'(S),s > 3/2, then there erists a maz-
imal time T = T(||(uo, po)||gsxms—1) > 0 and a unique solution (u,p) of (3.2) in
C([0,T); H3(S) x H*=X(S)) N CH([0,T); H*~H(S) x H*72(8)) with (u, p)|i—0 = (uo, po)-
Moreover, the solution depends continuously on the initial data, and T is independent
of s.

Now, we consider the following two associated Lagrangian scales of the gener-

alized two component system (3.2)

%:u(t,ql), 0<t<T, (3.10)

@(0,x) =2z, z€R,

and

%2 = oult,q) —7, 0<t<T,

(3.11)
¢2(0,7) = x, r € R,

where u € C*([0,T), H*™!) is the first component of the solution (u, p) to (3.2).

Lemma 3.3.1. [9, 14, 26] Let (u, p) be the solution of system (3.2) with initial data
(ug, po) € H*(S) x H*"Y(S),s > 3/2, and T the mazimal time of existence. Then
Eq.(3.10) has a unique solution ¢ € C1([0,T) x R,R), and Eq.(3.11) has a unique
solution gz € C1([0, T) xR, R). These two solutions satisfy q;(t,x+1) = ¢;(t, x)+1,i =

1,2. Moreover, the map q,(t,-) and q2(t,-) are increasing diffeomorphisms of R with

qa(t, ) = exp (/Ot o (7 (7, x))) dr>0, (t7)€[0,T) xR,

and
t
Qz(t,x) = exp (/ oug (T, qa(T, x))) dr >0, (t,x)€[0,T)xR.
0

The above Lemmas indicate that ¢i(¢,-) : R — R and ¢»(t,:) : R — R are

diffeomorphisms of the line for each ¢ € [0,7). Hence, the L* norm of any function

47



v(t,-) € L>(S),T € [0,t) is preserved under the family of diffeomorphisms ¢, (t, -) and

¢ (t,-) with t € [0,T), that is

[0t ) lzoe) = 1ot a1t D) = vt @2t )lee, t€0,T).  (3.12)

Similarly, we have

irelgv(t,x) = ilégv(t,ch(t,iﬂ)) = iléév(t,qQ(tﬁ)), te0,7). (3.13)
supv(t, z) = supv(t, ¢1(t, x)) = supv(t, g2(t, x)), t€10,7T). (3.14)
€S x€S x€eS

Lemma 3.3.2. [26] Let (u, p) be the solution of system (3.2) with initial data (uo, po) €

H5(S) x H*X(S),s > 3/2, and T the mazimal time of existence. Then we have
p(t,q(t, 2))ga(t, 2) = po(x), (t,2) € [0,T) x R. (3.15)

Moreover if there exists xy € S such that po(zo) = 0, then p(t,q(t,x¢)) = 0 for all
tel0,7).

We may use the following proposition derived in [29] to study the regularity
property of solution to system (3.2).
Proposition 3.3.1. Let 0 < s < 1. Suppose that fo € H® g € LY([0,T]; H*),
and v,v, € LY([0,T]; L) and that f € L>([0,T]; H*) (" C([0,T];S") solves the one-

dimensional linear transport equation

ft +Uf$ =9,
f0,2) = fo(x).

(3.16)

Then f € C([0,T]; H%). More precisely, there exists a constant C depending only on

s such that the following estimate holds:

w+ ¢ [ oo

mm+AHﬂﬂ
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us < || fol




Hence,
t
10! m+CAMW

where V (t fo [v(T) Lo + [Jva ()] oo )dT.

e < VO (|1 o)

)l HSdT>, (3.18)

The above proposition was proved using the Littlewood-Palay analysis for the
transport equation and the Moser-type estimates. Using this result and performing
the same argument as in [29], we can obtain the following blow-up criterion.
Theorem 3.3.2. Let (u, p) be the solution of system (3.2) with initial data (ug, po) €

H*(S) x H*X(S),s > 3/2, and T the mazimal time of existence. Then
T
T <o0= / |t (7)|| Lo dT = 00. (3.19)
0

We then give several useful conservation laws of strong solutions to system (3.2).
Lemma 3.3.3. Let (u,p) be the solution of system (3.2) with initial data (ug, po) €

H*(S) x H*"X(S),s > 3/2, and T the mazimal time of existence. Then for all t €

/S u(t, 2)de = /S (2,
/S ot ) /S po(2)da.

Proof. Integrating the first equation of (3.9) by parts, in view of the periodicity of u

[0,T), we have

and G, we get
d 1
pr udx =— /S(au — Y uzdr — /SGIG * [3 5 u® + g —(y=Au+ EpQ]dx =0.

On the other hand, integrating the second equation of (3.12) by parts, in view of the

periodicity of w and p, we get

d
p pdx /S(up)xda; = 0.

This completes the proof of the lemma. m
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Lemma 3.3.4. Let (u, p) be the solution of system (3.2) with initial data (ug, py) €
H5(S) x H*7X(S),s > 3/2, and T the maximal time of existence. Then for all t €
[0,T"), we have
Jta) o) + P to)ds = [ (ito) + idlo,0) + i)
s S

Proof. Multiplying the first equation of (3.2) by 2u and integrating by parts, we have

d d

g J et e = G [ ) ()

Multiplying the second equation of (3.2) by 2p and integrating by parts, we get

d d
pr Spg(t,x) = dt/um(t x)p?(t, x)dx.

Adding the above two equalities, we obtain

d

y (u?(t, z) +ui(t, ) + p*(t,x))dz = 0.
s

This completes the proof of the lemma. O

Lemma 3.3.5. [16] Let T > 0 and v € C*([0,T); H*(R)). Then for every t € [0,T),

there exists at least one point &(t) € R with

m(t) = inf[o, (1, 2)] = v, (t, (1))

z€R
The function m(t) is absolutely continuous on (0,T") with

dm(t)
— o = va(t.ED) ae on (0.7).

Lemma 3.3.6. [53] For every f € H'(S), we have

9 e+1
<
;g[%ﬁ]f () < e = )Hf”Hl(S
where the constant 2(6:_11) s sharp.
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By the conservation law stated in Lemma 3.3.4 and Lemma 3.3.6, we have the
following corollary.
Corollary 3.3.1. Let (u, p) be the solution of system (3.9) with initial data (ug, py) €
H5(S) x H*X(S),s > 3/2, and T the maximal time of existence. Then for all t €

[0,T), we have

9 e+1 9 e+1 9
[, )70 < m“u(t, Mine) < m”(uo,po)ﬂmxm-

Lemma 3.3.7. [31] If f € H?(S) is such that [, f(z)dz = %, then for every e > 0,

we have

max f*(z) < 8;42 /Sfﬁdx + &;2@3
3.4  Wave-breaking Phenomenon

In this section, we investigate the wave-breaking phenomena of strong solution
to system (3.2). First, we give the wave-breaking criterion for o # 0.
Theorem 3.4.1 (Waving-breaking criterion ). Let o # 0 and (u, p) be the solution of
(3.2) with initial data (ug, po) € H*(S) x H*7Y(S),s > 3/2, and T the mazimal time

of existence, then the solution blows up in finite time if and only if

liminf{infou,(t,z)} = —oc. (3.20)

t—T— "zES

To prove this wave-breaking criterion, we use the following lemma to show that
indeed ou, is uniformly bounded from above.
Lemma 3.4.1. Let 0 # 0 and (u, p) be the solution of (3.2) with initial data (uo, po) €

H*(S) x H*7X(S),s > 3/2, and T the mazimal time of existence. Then

2 02
supuy (t, ) <||uoz| L + 14/ Hpo””%. (3.21)
€S
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(2) If o <0, then
Cio
V=

ingux(t, x)> — ||up x|l Lo — (3.22)

S

The constants above are defined as follows.

Cs =||(uo, po)lI31 <2+

(=1 +sinh 1)y — AJ]? 13—0c|(e+1) cosh(1/2)(|3—0c|+|o]) 1
Cy =Cs

4 sinh?(1/2) 2(e — 1) 2sinh(1/2) 2]’
B (=1 +sinh 1)|y — A>  cosh(1/2)(4 — o)
Cro _CB\/ 4sinh?(1/2) 2sinh(1/2) for o <0.

(3.23)

Proof. The local well-posedness theorem and a density argument imply that it suffices
to prove the desired estimates for s > 3. Thus, we take s = 3 in the proof. Also,

we assume that uy # 0. Otherwise, the results become trivial. Note that if G(x) :=
et 2 v € R, then (1—0)7'f = Gx f for all f € LX(S) and G xm = u.
Hence, we can rewrite the first equation in (3.9) as
3—0o o , 1,
g+ (ou — y)uy = —0,G * 5t t (v —A)u+ 37 (3.24)
Differentiating the above with respect to  and using the identity

—0?G * f = f — G * f, we obtain

1 — — 1
ot (U= ttgat 202 = 22+ 2= T2 (= A)3RGru— G (C T T 4 57,

2 2 2 2 2
(3.25)

(1) When ¢ > 0, using Lemma 3.3.5 and the fact that
sup(vg(t, x)] = —inf[—v, (¢, )],
z€S zeS
we can consider m(t) and 7(t) as follows:

n(t) €S and m(t) :=u.(t,n(t)) = sup(u.(t,x)), te[0,7T). (3.26)

€S
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Hence,

Uge(t,n(t)) =0, a.e. t€]0,7T). (3.27)

Take the trajectory ¢i(t, ) defined in (3.10). Then we know that ¢;(¢,-) : R — R is

a diffeomorphism for every ¢ € [0,7"). Therefore, there exists x4 (t) € R such that

q(t,z1(t) =n(t), te€][0,T). (3.28)
Now, let

E=p(t,q1(t,x1)), te€0,T). (3.29)
Therefore, along the trajectory ¢;(¢,z1), equation (3.25) and the second equation of

(3.2) become

o 1
m,(t) = - §m2 + 552 + f(t7 QI(tvxl))7
(3.30)
5/(t) = - gma
for t € [0,7"), where ' denotes the derivative with respect to ¢t and f(t, ¢ (¢, 1)) is
given by
- — 1
f= ; 5 Tu? (v — A)OXG xu— G * (3 5 Tu? + %ui + §p2). (3.31)

We first derive the upper and lower bounds for f for later use in getting the wave-

breaking result. Using that 0>G * u = dG * O,u, we have

3 — 3 — 1
ft,x) = JuQ—(V—A)GxG*&Cu—G*( Uu2+%ui)—§G*p2
3 — 3 —
< 0u2+|7—A||Gx*um|—|—|G*( Uzﬂ%—%ui)],
for any x € S and t € [0,T). Applying Young’s inequality and G = %,
leads to
\/%(—1 + sinh 1)
v = AllGo x ua| < by = All|Gallz2lJuallze = Iy — Al7— - lluallz2
sinh(3) (3.32)

< (—1+sinh 1)y — AJ?
8sinh*(1/2)

1
+ 7l
23



3 — o

e 002+ Zd)] < 6o u+§@m1

B cosh(1/2) 2 0.2
N QSinh(l/Q)H —u + el (3.:33)

cosh(1/2)|3 — o] cosh(1/2)|o|
Tsmb(1/2) I Iz: + Tsmn(1/2) el
and
e+1 e+1

lut, Moo s) < e = )H ult, )l < ﬁH(UOaPO)HHle (3.34)

Therefore, we obtain the upper bound of f for any x € S and t € [0,7),

|3—U|||u” (—1+sinh 1)y — AJ]? L 2.
2 L= 8sinh*(1/2) g lE
cosh(1/2)|3 — a]H 2 cosh(1/2)|0'\ o
4sinh(1/2) 2t 4sinh(1/2) "N
|3 —ol(e+1) 9 (=1 +sinh 1)y — A|2
v o, + — Uy
— 4(6 ) ||( 0 p0)||H1><L2 8Slnh2<1/2) H ||L2

ft,z) <

h(1/2)|3 — h(1/2
colUBB O, 4 BRI, (339
4sinh(1/2) 4sinh(1/2)
(=1 +sinh 1)y — AJ?
8sinh?(1/2)
|3 —ol(e+1) cosh(l/Z)(B—a]—i—]aD ]H(U )l
4(e —1) 4sinh(1/2) A INTO PO L2
1
Now, we turn to the lower bound of f. Similar as before, we get
3 — 3
< By G w16 G 4 D) G
13 —ol(e+1) 5 (—1—i—sinh1)|7—A|2
- 7 + — x
< P po s+ o
cosh(1/2)|3 — 0o cosh(1/2)|o cosh(1/2
L2802, 4 ORI, o PR g, (330
4sinh(1/2) 4sinh(1/2) 4sinh(1/2)
< (=1 +sinh 1)}y — AJ?
8sinh?(1/2)
3—0cl(e+1) cosh(1/2)(|3 =]+ |o|+1) l] o, p0) 2
4(e —1) 4sinh(1/2) A JINT0 PO L2
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When o < 0, we have a finer estimate

~f < |7—A||Gx*ux|+|G*(3;0
< (=1 +sinh 1)y — AJ? N 1
- 8sinh?(1/2) 4

- el 5
< Loy A s

1
W+ D)+ 5G
cosh(1/2)(3 — o)
4sinh(1/2)

[z |72 + |z

lua]|72 +

1
Combining (3.35) and (3.36), we obtain
(=1 +sinh 1)y — AJ?
8sinh?(1/2)

3—ol(e+1)  cosh(1/2)(|3—a|+|o] +1) 1 2
[ d(e —1) 4sinh(1/2) +Z | (o, po) || 71 12-

|f] <
(3.38)

Since now s > 3, we have u € C}(S). Therefore,

infu,(t,x) <0, supu,(t,z) >0, tel0,T). (3.39)

€S z€S

Hence, m(t) > 0 for t € [0,7). From the second equation of (3.30), we obtain that

E(t) = £(0)e ho T, (3.40)

Hence,

[p(t, qu(t, 21))| = [€()] < [£(0)] < [lpollze=-

_ 700 + C§
Po(t) = (1) — oo — /122020

Note that Py (t) is a C*— differentiable function in [0,7) and satisfies

Now define

P1(0) < m(0) — ||uo, 2| < 0.

We will show that

P(t) <0, for tel0,T). (3.41)
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If not, then suppose there is a tg € [0,7) such that P;(¢y) > 0. Define
tl = max{t < to : Pl(t) = O}

Then P;(t;) = 0 and P| > 0, or equivalently,

2 2
_ «~ + C,
m(ts) =l 4+ 120E= G

m/(t1> == Z 0

On the other hand, we have

m'(t) = —%m%tl) + %52@1) + ftiq(tr, )

o 107 + 092]2 1 2 L
S5 [||U0, 2 + \/ s + 2||,00||L + 549

<0,

which is a contradiction. Therefore, P;(t) <0, for ¢ € [0,T), and we obtain (3.21).
(2) To derive a lower bound for u, in the case of ¢ < 0, we consider the

functions m(t) and £(t) € S as in Lemma 3.3.5

m(t) = u,(t,£(t)) = inf (u.(t,x)), te€]0,7T). (3.42)

€S
Hence,

Upe (8, E(1)) =0, ae. t€][0,7). (3.43)

Similar as before, we take the characteristic ¢;(¢,z) defined in (3.10) and choose
x9(t) € R such that

q(t,z2(t) =&(t) te€][0,T). (3.44)
Let

C = p(tv q1 (t, x?))v S [07 T) (345)
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Hence, along the trajectory g1 (¢, z2), equation (3.25) and the second equation of (3.2)

become .
o
m/(t> = §m2 + §C2 + f(ta ql(t7 562)),
(3.46)
¢'(t) =—(m.
We now define
Cho
2(t) = m(t) — |luoellLe + W
Then Py(t) is also C'— differentiable in [0,7") and satisfies
P2(0) 2 m(O) + ||u0,:p||L°° Z 0.
We now claim that
Py(t) >0, for tel0,T). (3.47)

If not, then suppose there is a tg € [0,7) such that P,(¢y) < 0. Define
ty = maX{t < 1?0 : Pg(t) = 0}
Then Py(ty) = 0 and Pj(t2) < 0, or equivalently,

C
m(ty) = —||uozl pe — \/1_00 and m(t3) <0.

On the other hand, we have

Cio
VvV — 0

Again, this is a contradiction. Therefore, Py(t) > 0, for ¢ € [0,7). This in turn

, o 1 o 1
m'(ty) = —§m2(t2) + §C2(t2) + f(t2, q(t2, ) > —§(||u0,:r||L°° + )? — 50120 > 0.

implies that (3.22) holds. This completes the proof of Lemma 3.4.1. [

It is found that if ou, is bounded from below, we may obtain the following

estimates for ||p|ze(s)-
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Proposition 3.4.1. Let 0 # 0 and (u, p) be the solution of (3.2) with initial data
(ug, po) € H*(S) x H*X(S),s > 3/2, and T the maximal time of existence. If there
1s an M > 0, such that

inf  ou, >—M, (3.48)
(t,z)€[0,T) xS

then

1. If 0 > 0, then
lp(t, Mz < llpoll e/ (3.49)

2. If 0 <0, then

lp(t, Iz < llpoll Looe™. (3.50)
Where N = |Jug z|| 1= + (Cro/v/—0) and Cig is given in (3.23).

Proof. (1) For o > 0, we define for any give = € S
U(t) = us(t, u(t, @), a(t) = pt, qi(t, x)), (3.51)

with ¢ (¢, z1(t)) = z, for some z1(t) € R,t € [0,T). Then the p equation of system
(3.2) becomes
o = —al. (3.52)

Thus,
aft) = a(0)e b Vi, (3.53)

From the assumption (3.48) and o > 0, we see

Hence,

ot (t,2)| = [a(t)] < la(0)le™ BV < gy
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which together with (3.12), leads to (3.49).

(2) For 0 < 0, we perform a similar argument as before. Using (3.51), (3.53)
and the lower bound (3.22), we have

o, (t,21))] = la(®)] < la(0)]e™ o VO < || o™,
Combining the above estimate with (3.12), which implies that (3.50) holds. O
Proof of Theorem 3.4.1. Assume that T' < oo and (3.20) is not valid. Then there is
some positive number M > 0 such that
ou.(t,x) > —M, V(t,z)€[0,T) xS.

It now follows from Lemma 3.4.1 that |u,(t,z)| < C, where

2
HsxHs—1

C = C(Aa M7 0'7|(U07p0)|

). Therefore, Theorem 3.3.2 in turn implies that
the maximal existence time T" = oo, which contradicts the assumption that 7" < oco.
Conversely, the Sobolev embedding theorem H*(S) < L*(S) with s > 1/2 implies
that if (3.20) holds, the corresponding solution blows up in finite time. This completes
the proof of Theorem 3.4.1. n

Now, we give the following series of theorems that provide some cases that wave
breaks in finite time.
Theorem 3.4.2. Let 0 # 0 and (u, p) be the solution of (3.2) with the initial data

(ug, po) € H*(S) x H7Y(S),s > 3/2, and T the mazimal time of existence.

1. When o > 0, assume that there is some xog € S such that

po(zo) =0, wpz(zo) = gigreﬂéuo,x(m),

and

UQ@(%’Q) < —%, (354)
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where Cy is defined in (3.23). Then the corresponding solution to system (3.2)

blows up in the following sense: there exists a Ty with

2
UUO,x(xO> + \/—0'3/209110@(‘130)7

0<T <— (3.55)

respectively, such that

lim inf{infou,(t,z)} = —oc.
t—T  w€S

. When o < 0, assume that there are some xo € S such that

C
Up (o) > —%, (3.56)

where Cyg is defined in (3.23). Then the corresponding solution to the system

(8.2) blows up in finite time in the following sense: there exists a Ty with

2
UUo,x(ﬁo) - \/(—0)3/2010U0,x($0)

0<Ty < — , (3.57)

such that

lim inf{supou,(t,z)} = oo.
t—=T, zeS

Proof. (1) When o > 0, similar to the proof of Lemma 3.4.1, it suffices to consider

s > 3. So in the following of this section s = 3 is taken for simplicity of notation.

We consider along the trajectory ¢i(t, x2) defined in (3.10) and (3.44). In this way,

we can write the transport equation of p in (3.2) along the trajectory of ¢ (¢, x2) as

w = —p(t,§(t))us(t,€(1)). (3.58)

Form the assumption of the theorem, we see

m(0) = ur(0,€(0)) = infuo o () = (o).
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Hence, we can choose £(0) = xy and then py(£(0) = po(zo) = 0. Thus, from (3.61) we
see that

p(t, (1)) =0, te0,7). (3.59)

Differentiating equation (3.24) with respect to z, evaluating the result at x = £(¢)
and using (3.43) and (3.59), we deduce from Lemma 3.3.5 that

m!(t) = —%mz(t) it 1)), (3.60)

Using the upper bound of f in (3.35), we see that

m/(t) < —§m2(t) + %(192, tel0,7).

By assumption (3.57), m(0) = ug.(x0) < —Co/+/0, we see that m/(0) < 0 and m(t)
is strictly decreasing over [0,7"). Set

C2 1
2 € (0,2).

5— 1
2 ugw(wo)a 2

DN | —

Using that m(t) < m(0) = ug.(zo) < 0, we obtain

mﬁ)ﬁ—%m%ﬂ+%6§§—6mﬁ@% t€[0,7).

Integrating on both sides, we obtain

uOCE(xO)
1) < ’ - — R S —
m( ) - 1-'- 50’&0733(1'0)75 o0 a8 50”&0733(.%0)
Hence,
1
T —— ——
= douga(zo)’

which proves (3.55).
(2) Similarly as in (1), we consider the function m(t)and n(t) as defined in (3.26).

Then we have

g

(1) = = Sm(0) + 57 (6 n(0) + (6t 02)) > 270 + f (b anlt ). (3.61)
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Using the lower bound of f as in (3.40), we have

)

1
m'(t) > —om?(t) — 5Ch, t€[0.T).

By assumption (3.56), m(0) = uo.(x¢) > Cio/v/—0, we see that m’(0) > 0 and m(t)
is strictly increasing over [0,7"). Set

1 C5

2 0uf (o)

Using that m(t) > m(0) = ug(z9) > 0, we obtain

1
m'(t) > —§m2(t) — 50120 > —fom?(t), t€0,7)
Therefore,
" 1
m(t) > to.0 (o) — o0 as t— ——-—r.
1 4 Ooug (o)t Qo ()
Hence,
1
T ————
= Oougu(zo)’
which proves (3.57). O

The following theorem provides another condition for blowup of u,.
Theorem 3.4.3. Let 0 > 0 and (u, p) be the solution of (3.2) with the initial data
(ug, po) € H*(S) x H*X(S),s > 3/2, and T the mazimal time of existence. Assume
that fg uodr = 5. If there is some o € S such that po(xo) = 0, ug (7o) = i}relguow(a:),

and for any € >0

UO@(.’E()) < —% (362)

Then the corresponding solution to system (3.2) blows up in the following sense: there

exists a T, with
2

UuO,a:<IO) + \/—0'3/2011UO¢(I0)’
62
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respectively, such that

%Iilill}}f{:}slelgaum(t x)} = —00.

The constant above is defined as follows

(=1 +sinh1)4% |3 —o|(e + 2)ad
Cn = (

4sinh?(1/2) 4e
I3 —cl(e +2) cosh(1/2)(|3—0|+|0|) 3
[ 24 2sinh(1/2) }H(UO’W)”HW L2> '

Proof. By Lemma 3.3.3, we have [ju(t,z)dx = [;uo(z)de = 2. Using Lemma 3.3.7

and the above conservation law, we have

e+2 e+ 2
HUHLOO(S) S\/ 24 ”(uO’IOO)H%{l(S)XLQ(S)J‘_ 1e a(z). (364)

Similarly as the proof of Theorem 3.4.2(1), we can also get

ml(t) = =Sm(8) + f(t, a1t 22)). (3.65)

Using (3.64), we obtain a new upper bound of f

— 1
f:32a2 (v — A)0,G % Opu — G * ( zau +gui)—§G*p2
< 2200 4y = AlGa e el +1G 2“u2+;’u§)|
|3 cr||| 2 ( 1 +sinh1)|y — A|2 _H 2
-2 = T g’ (1/2) tallzz

cosh(1/2)|3 — o] cosh(1/2)|o|
Tsinh(1/2) [ul[z2 m”%”m
2 : 2
R
LTS cosh(1/2)\3 a]H 2, cosh(1/2)\0|||u 2,
g nh(1/2) 27 gsinh(1/2) "L
< (—1 +sinh 1)|7 A|2 13— ol|(e +2)ad
8sinh?(1/2) 8¢
3—0cl(e+2) cosh(1/2)(]3 —o| + ]a|) ]H(Uo )l
48 4sinh(1/2) PPOIH L2

1
(3.66)
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By assumption (3.62), m(0) = ug .(x¢) < —Ch1/+/0, we see that m/(0) < 0 and m(t)
is strictly decreasing over [0, 7).
1 1 7 1
§=-—-— 1 c(0,-).
2 2wugu(z0)?0 2
Using that m(t) < m(0) = ug(zo) < 0, we obtain

m/(t) < —%mQ(t) + %C’fl < —dom?(t), te€[0,7).

Integrating on both sides, we obtain

m(t) < to(20) — —00 as t— ———.
— 1+ 50'1,60733(.1’0)15 50'1,607;,3(.10)
Hence,
1
T —————
= doug (o)’
which proves (3.63). This complies the proof of Theorem 3.3.3. ]

Next, we give a blow-up result if ug is odd and pq is even.
Theorem 3.4.4. Let 0 < 0 < 3 and (u, p) be the solution of (3.2) with the initial data
(ug, po) € H*(S) x H*"X(S),s > 3/2, and T the mazximal time of existence. Assume
that ug is odd, py is even, ug, < 0, and po(0) = 0. Then the corresponding solution
to the system (3.2) blows up in finite time. More precisely, there exists a Ty with
0< Ty <—(2/oug,(0)) such that

lim inf{infou,(t,z)} = —oc.
t—Ty  *€S

Proof. Similar to the proof of Lemma 3.4.1, it suffices to consider s > 3. Since uy is
odd and py is even, the corresponding solution (u(t,x), p(t, z)) satisfies that u(t,z) is
odd and p(t, x) is even with respect to = for given 0 < ¢ < T Hence, u(t,0) = 0 and

pz(t,0) = 0. Thanks to the transport equation of p in (3.2), we have
pi(t,0) + p(t,0)u(t,0) =0,

p(0,0) = 0.
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Thus, p(t,0) = 0. Evaluating (3.28) at (¢,0) and denoting M (¢) = wu,(t,0), we obtain

3 — 1
T2+ Zu2 + 2 p?)(t,0). (3.67)

M/(t) + ZM(t) = —(y = A)Y(DG* u)(t,0) - Gx (5 S+

Notice that u(t, x) is odd and G(z) is even, so
(v — A)(O*G * u)(t,0) = 0.

Using 0 < 0 < 3,

M(t) + ZMA(t) < 0.

2
Hence,
M(t) < M(0) =up.(0) <0, for tel0,T),
and
! + 1 < t
M@t) M) — 27
and then
2M (0) 2
6,0 =M(t) < ————— —0o0, t —_, .
ua(t:0) = M) < 5= 50 = 7% P o) (3.68)

which indicates that the maximal existence time Ty < —2(2/0ug,(0)) and hence it

completes the proof of the theorem. O

3.5 Blow-up Rate

We now address the question of the blow-up rate of the slope to a breaking
wave for system (3.2) .
Theorem 3.5.1. Let 0 # 0. If T < oo is the blow-up time of the solution (u,p)
to (3.2) with the initial data (ug, po) € H*(S) x H*X(S),s > 3/2, satisfying the

assumption of Theorem 3.4.2, then

tl_i)IJI}_ [(irelgux(t,a:»(T - t)] = —;, for o >0. (3.69)
tl_ig}, [(iléguz(t,x))(T — t)] = —;, for o <0. (3.70)
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Proof. We may again assume s = 3 to prove the theorem. Now, let’s consider the

first case. Let o > 0. From (3.60) we have

m'(t) = =5m*(0) + f(t.ar(t,22).

Using (3.38) and denote

_ (=1+sinh1)]y — AP

8sinh?(1/2)
1 (3.71)
|3 —ol(e+1) +cosh(§)(|3—a|—|—|0|—|—1) + o o) 12
4le—1) 4sinh(1) 4] 1N90 POJH e
We know
—%mz(t) K <m'(t) < —%mz(t) K. (3.72)

Choose 0 < € < /2. Since m(t) — —oo as t — T, we can find ¢y € (0,7") such that

K
m(ty) < —\/20K + —.
£

Since m(t) is absolutely continuous on [0,7'). It is then inferred from the above

differential inequality that m(t) is strictly decreasing on [ty,T") and hence

\/20'K+—< \l to,

2_5<1<L
2 dt \mf(t)

Integrating the above relation on (t,7') with ¢ € [ty,T) and noticing that m(t) — —oo

Then (3.72) implies that

><%+5, a.e. te€ty,T).

as t — T'~, we obtain

(% —e)(T—1) < —% < (%+€)(T—t>~

Since € € (0,0/2) is arbitrary, in view of the definition of m(t), the above inequality

implies (3.69).
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Next, we consider the second case. Let o < 0. From (3.61) we have

ml(t) > —%m%) _ K,

where K is defined in (3.71). Since m(t) — oo ast — T, we can choose a ty € (0,7)

such that

m(t) > vV—20K.

Therefore, we have that m(t) is strictly increasing on [tg, T') and
m(t) > m(ty) > vV—20K > 0.
Using the transport equation for p, we have that

Pt (1)) = —m(t)p(t, n(t)).
Hence,
plt (1)) = plto,n(te))e S ™t € [t T).
Then
p(t,n(t)) < p*(to,n(to)), t€ [to,T).
Therefore, using (3.64) again, we have

o _, 1

2 2

Now let

Then

ST(0) — 5t m(t0)) — K < m(e) <~ 2m(0) + 50t (i) + K.

(3.73)



Hence, (3.76) implies that

2_5<1<L)<Z+8 ae. telt,T)
2 di\m(t)) 27 T b

Integrating the above relation on (¢,7") with ¢ € [¢t;,T) and noticing that m(t) — oo

as t — T, we obtain

(% —e)(T—1) < _#t) < (%+5)(T—t).

Since € € (0, —0/2) is arbitrary, in view of the definition of m(t), the above inequality

implies (3.70. O

3.6 Global Existence

In this section, we provide a sufficient condition for the global solution of system
(3.2) in the case when 0 < 0 < 2 and 0 = 0.
Theorem 3.6.1. Let 0 < 0 < 2 and (u, p) be the solution of (3.2) with the initial

data (ug, po) € H*(S) x H"X(S),s > 3/2, and T the maximal time of existence. If

infpo(z) > 0, (3.74)

z€S

then T = +o00 and the solution (u, p) is global.

We need the following lemma to prove the above theorem.
Lemma 3.6.1. Let 0 < 0 < 2 and (u, p) be the solution of (3.2) with the initial data
(ug, po) € H*(S) x H*"X(S),s > 3/2, and T the mazimal time of existence. Assume
that infpo(x) > 0.

x€S
1. If 0 <o <1, then

1
infu,(t (<—C Crat 3.75
st (t,2)] < inf,es po(z) 3¢ ( )
1 _1 12t
supt, (1, 7)| < ——————C} 7 e, (3.76)
z€S inf,es p5~ 7 (2)
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2. If 1 <o <2, then

1 1 ot

infux(t,x)‘ < —F—Cf e, (3.77)
o<t inf,cs 03" (1)

1 C1ot
infxeg P ((L’) 0136 . (378)

T
€S

The constants C'yo and Ci3 are defined as follows

(=1 +sinh 1)y — AJ?

Cro =1+ 3.79

. 8 sinh?(1/2) (3.79)
3-olletr1) cosh(D)(B—ol+lol+1) 1 :

- 1 3.80

e Asmh(D) + 710 p) iz (3:80)

Proof. Similar as before, a density argument indicates that it suffices to prove the

desired results for s > 3. Thus, we have

infu,(t,x) <0, supu,(t,z) >0, tel0,T).
zeS z€S

(1) First we will derive an estimate for |inf,csu,(t,z)|. Define m(t) and
€(t) as in (3.42), and consider along the characteristics ¢;(t,z1(¢)) as in (3.10) and

(3.28). Thus, from (3.39),
m(t) <0 for te€[0,T). (3.82)

Let ((t) = p(t,£(t)) and evaluate (3.25) and the second equation of the system (3.2)
at (t,€(t)). We have

(1) = = (1) + 50 + F(ta(t, ),
(3.83)
&) = —cm,

for t € [0,7) where f is defined in (3.31). The second equation above implies that

¢(t) and ¢(0) are of the same sign.
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Now, we want to construct a Lyapunov function for our system, as in [15]. Since
here we have a free parameter o, we could not find a uniform Lyapunov function.
Instead, we will split the case 0 < o < 1 and the case 1 < o < 2. From the
assumption of the theorem, we know that ¢(0) = p(0,£(0)) > 0.

When 0 < ¢ < 1, we define the following Lyapunov function

wn(0) = O)¢(e) - S (14 m0), (3.8)
which is always positive for ¢t € [0,7"). Differentiating w;(¢) and using (3.82), we
obtain 0 5

(1) = <O = 1+ mA) + Zc(opmn
e e S )] (359
< D m [ aa)+ 3] < Canto)

where we have used (3.81) and the bound (3.38) for f. Hence,

wi(t) < wi(0)e%! = [¢2(0) + 1+ m2(0)]e!
(3.86)

< (14 [Juogllzee + o072 = Crze@2.

Recalling that ((t) and ((0) are of the same sign, we have
¢(0)C(t) < wi(t) and [C(O)[|m(t)] < wit).

Then from (3.85), we have

1(t) 1 Ciat
< - Chze 2", or te|0,7T),
¢(0) ~ inf,es po(x) 13 / 0,7)

| o
infu, (t,2)| = |m(t)] <

which proves (3.75).

If 1 <o < 2, we may define the Lyapunov function to be

C2(t) + 1+ m?(t)
¢o(t) ‘
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Differentiating ws(t) and using (3.82), we obtain

uplt) = T2 4 S fanttn)
(3.88)

< SR m )|+ 5 < Coaunl)

Thus,
ws(t) < wy(0)e2 = [¢3(0) + 1 4 m>(0)]e™!

(3.89)
< (14 Juow 2 + lp0l2 e = Cget,

Applying Young’s inequality ab < a?/p + b?/q to (3.86) with

2 2
p=— and q= ,
o 2—0
we have
walt) _ (e makkat [(1 +m?)? ]2/@ %)
CO—(O) 0(22 2
O 0oy,  2—or(l+m ) 2/(2—0)
L [ s ]
> (1+m?)=" > |m(t)|> .
Therefore,
t 1 _1 t
1nfux t v ‘ - [ 0 :| < —LClQ?:Ue(;E’a te [07T>7

inf,es pi~7 ()
which proves (3.77).

(2) Next we try to control | sup,.s u,(t,z)|. Similarly as before, we consider

m(t),n(t), q1(t, x2(t)) as in (3.26) and (3.44). Then (3.82) becomes

m(t) = —%m“’(t) + %52(75) + f(t, q(t, 22)),
(3.90)
C_/(t) = _C_ma

for t € [0, T), where ((t) = p(t,n(t)). From (3.39), we have

m(t) >0, tel0,T). (3.91)
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When 0 < ¢ < 1, the corresponding Lyapunov function is

Fo o) (D) + 1+ m2(t)

wy(t) =¢7(0 3.92
1( ) ( ) Ca(t) ( )
Then from (3.90) and (3.93), we see that
12),1 (t) S mel (t), then w1 (t) S 013601275.
Hence, by the similar argument as before, we obtain
w (t) .
}1 > |m(t)]*7.
¢7(0)
Therefore,
W1 (If) T 1 s Ciat
supux(t,x)‘ < [_U } <—F—Cx7e>>, tel0,T),
z€S ¢7(0) inf,es p5 7 ()
which proves (3.76).
When 1 < o < 2, consider the Lyapunov function
. C(0
(1) = C0)C(0) = 3 (14 m0). (3.99)

From (3.84) and (3.90), it follows that w)(t) < Ciow;(t). This in turn implies that
’U_Jl(t) S Clgecmt.

Thus, we have

U_Jl(t) 1 Chat
suuxt,:v)—mt < = - Cize™, te€0,T),
| = ImONS o) = Sl () o
which proves (3.78). O

Proof of Theorem 3.6.1. Assume on the contrary that T' < oo and the solution blows

up in finite time. It then follows Theorem 3.3.2 that

T
/ i (t, )| peddt = 0. (3.94)
0
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However, from the assumption of the theorem and Lemma 3.6.1, we have
lug(t, )] < oo,

for all (t,z) € [0,T) x S, a contradiction to (3.93). Thus, 7' = 400, and the solution

(u, p) is global. O]

We are now in a position to consider the case o = 0.
Theorem 3.6.2. Let 0 = 0. If (ug, po) € H*(S) x H*X(S), s > 3/2, then there exists
a unique solution (u,p) of system (3.2) with the initial data (ug, py). Moreover, the
solution depends continuously on the initial data. Then T = +oo and the solution
(u, p) is global.

When o = 0, we can rewrite system (3.2) as

(

3 1
U — YUy = —0,G * (§u2 +(y—Au+ §p2),

Pt + UPy = —Ugp,

u(0, ) = up(x), (3.95)

p(0,2) = po(x),

u(t,z+ 1) = u(t, x),

| otz +1) = p(t, ).

To prove Theorem 3.6.2 of global well-posedness of solutions, we need the fol-
lowing estimates for wu,.
Lemma 3.6.2. Let 0 = 0 and (u, p) be the solution of (3.95) with the initial data

(ug, po) € H*(S) x H*7Y(S),s > 3/2, and T the mazimal time of existence. Then

1
supu (t, ) < supug () + §(supp(2)(:v) + C?)t, (3.96)
€S €S €S
1
: > i Lo ca v o
infu, (¢, 2) 2 fuo.(2) + 5 (infps(2) — Cp)t, (3.97)
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where the constants C4 and Ci5 are defined as follows

(—1+sinhl)[y — AP  3(e+1)+1
Cra = 2 o 3.98
H \/ 4sinh?(1/2) Ale —1) | (o, po) 1771 1 ( )
(—1+sinh1)|y — A2 3cosh(1/2) + 1
Cis = ,00) 12 o 3.99
' \/ 4sinh2(1/2) 4sinh(1/2) | (uo PO)HH <L ( )

Proof. The local well-posedness theorem and a density argument implies that it suf-
fices to prove the desired estimates for s > 3. Thus, we take s = 3 in the proof. Also

we may assume that

up # 0, (3.100)

otherwise the results become trivial. Since now s = 3, we have u € C}(S). Therefore

infu,(t,x) <0, supu,(t,z) >0, tel0,7T). (3.101)

ze8 z€S
Differentiating the first equation of (3.97) with respect to = and using the iden-
tity —02G x f = f — G % f we obtain

1 3 3 1
Uty — YUgy = §p2 + §u2 + AD2G xu — G * (§u2 + §p2). (3.102)

Using Lemma 3.3.5 and the fact that
suplug(t, x)] = —inf v, (¢, )],
zeS z€eS

we can consider m(t) and £(t) as follows

m(t) == u.(t,&(t)) = sup(ug(t,z)), t€[0,T). (3.103)

€S
Hence

Uz (8, E(2)) =0, ae. tel0,T). (3.104)
Take the trajectory q(t,x) defined in (3.13). Then we know that ¢(¢,-) : R — R is a

diffeomorphism for every ¢t € [0,7). Therefore, there exists x;(t) € S such that

gtz (1)) = £(t), te€0,7). (3.105)
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Now let

C(t) = plt,q(t,x1)), tel0,7T). (3.106)

Therefore along this trajectory ¢(t,z1), equation (3.101) and the second equation of

(3.94) become
1

m/(t) = 552 + f(tv Q(t,$1)),
(3.107)
C/(t) = _Cma
for t € [0,7T), where ' denotes the derivative with respect to ¢ and f(t,q(t,z1)) is
given by
2 3 9 39,1,
f:AaxG*lu—iu —G*(Eu +§p ). (3.108)

We first derive the upper and lower bounds for f for later use in getting the

wave-breaking result. Using that 92G x u = 9, G * d,u, we have

f= ;u2 + A0,G * 0,u — G * (guz) - %G x p? < qu + A|G, * uy).

Using (3.32) and (3.34), we obtain the upper bound of f

3 (=1 +sinh 1)y — AJ?
< Sult, )3
3(e+1) ) (=14 sinh 1)y — AJ?
< ; 12 T
(=1 +sinh )]y — A?*  3(e+1)+1
8sinh®(1/2) 4(e —1)

1
+ sl

1
+ ZI||ugc||iQ (3.109)

<

1
H(u07 pO)H?{leQ = 50124
Now we turn to the lower bound of f. Similarly as before, we get

3 1
—f < A|Gy xug| + §|G*U2\ + EG*PQ
- (=1 +sinh 1)y — AJ? 3cosh(1/2)
- 8 sinh?(1/2) 4sinh(1/2)
(—1+sinh 1)y — AJ]? 3cosh(1/2) +1 9 1
< = —C%.
8sinh?(1/2) ( 4sinh(1/2) H(uo’m)l'HlX”) 25

cosh(1/2)

2 2

1
+ g llallze +

(3.110)
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Combining (3.108) and (3.109), we obtain

(—1+sinh 1)}y — A]*  3cosh(1/2) + 1
8sinh*(1/2) 4 sinh(1/2)

From (3.100) we know m(t) > 0 for ¢t € [0,7'). From the second equation of

/] < (o, o)l 771 12- (3.111)

(3.106) we obtain that

C(t) = ((0)e™ homrar, (3.112)

Hence

|o(t,q(t,21)) = [C(1)] < [C(0)].
Therefore, we have

1

. 1y 1 1
m/(t) = 5C (1) + F < 5C0) + 50T < 5(2};%(@ +C4).

Integrating the above over [0, t], we prove (3.97).
To obtain a lower bound for inf,cs u,(t,x), we use the similar idea. Consider

the function m(¢) and £(¢) as in Lemma 3.3.5

m(t) == u,(t,£(t)) = inf(u,(t,x)), te€l0,7T). (3.113)

xreS
Hence

Uz (6, () =0, a.e. t€[0,7T). (3.114)

Again take the trajectory ¢(t,z) defined in (3.10) and choose x5(t) € S such that
q(t, z2(t)) = &(t) ¢ €0,T). (3.115)

Now let

C(t) = p(t,q(t, x9)), t€[0,T). (3.116)
Hence along this trajectory q(t, x2), equation (3.101) and the second equation of (3.94)

become .
m'(t) = 5(’2 + f(t,q(t, x2)),
(3.117)
¢(t) = ~¢m.
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Since m(t) > 0, we have from the second equation of the above that

|p(t; q(t, 22)) = |C(8)] = [C(0)].

Then

o 1 1/,
m/(t) = 5¢2(0) = 5C% = 5 (nf pi(@) + O ).

Integrating the above over [0, ], we obtain (3.96). This completes the proof of the
Lemma 3.6.2. [

Proof of Theorem 3.6.2. Similarly as the proof of Lemma 3.6.1, assume on the con-
trary that 7" < oo and the solution blows up in finite time. It then follows Theorem

3.3.2 that

T
/ [ (£, 2) || oo dt = 00 (3.118)
0

However, from the assumption of the theorem and Lemma 3.6.2, we have
lug(t, )| < oo,

for all (¢,z) € [0,T) xS, a contradiction to (3.117). Thus, "= 400, and the solution

(u, p) is global. O
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CHAPTER 4
CONCLUSIONS AND FUTURE WORK

4.1 Conclusions

The goal of the present Chapter 2 is to derive some conditions of blow-up
solutions and determine blow-up rate for the system (2.2). The global existence of
solutions is also studied. Similarly as in [18, 26], we can use the method of Besov
spaces together with the transport equation theory to show that system (2.2) is locally
well posed in H*(S) x H*"'(S) with s > 3/2. For system (2.2) , when o # 1, it
has two different characteristics, which are described in (2.4) and (2.5). Since there
is no uniform characteristics, in order to obtain similar estimates, one needs more
regularity arguments. The way to resolve this issue is to employ the method of
characteristics along a properly chosen ¢; which is showed in (2.4) to capture the
maximum/minimum of u,. Moreover, we use the method of characteristics together
with the use of the conservation laws to get the improved estimate of wu,, which is
always uniformly bounded from above. To study the problem of the global existence
of solutions, we use the method of Lyapunov functions introduced in [18, 8]. We find a
sufficient condition for global solutions which is determined only by a positive profile
of the free surface component p of the system, in the case 0 < ¢ < 2 and ¢ = 0.
However, the case when o < 0 or o > 2 still remain open at this moment.

The goal of the present Chapter 3 is to derive the generalized periodic two-
component DGH system (3.2) by the shallow water theory, then we derive some
conditions of blow-up solutions and determine blow-up rate for the generalized peri-

odic system (3.2). Similarly as in [18, 26], we can use the method of Besov spaces
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together with the transport equation theory to show that system (3.2) is locally well
posed in H*(S) x H*(S) with s > 3/2. Moreover, we use the method of character-
istics together with the use of the conservation laws to get the improved estimate
of u,, which is always uniformly bounded from above. To study the problem of the
global existence of solutions, we use the method of Lyapunov functions introduced in
[18]. We find a sufficient condition for global solutions which is determined only by a

nonzero profile to the free surface component p of the system.

4.2 Future Work

e Specific analysis and numerical simulation of stability of solitary waves of the
generalized periodic two-component Camassa-Holm system and the generalized
periodic two-component Dullin-Gottwald-Holm System.

e Global weak solutions for the generalized periodic two-component Dullin-Gottwald-
Holm System with 0 <o < 2.

e Global existence and global weak solutions for the generalized periodic two-
component Camassa-Holm system and the generalized periodic two-component

Dullin-Gottwald-Holm System as o < 0 or o > 2.
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