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ABSTRACT

QUANTUM MODELING OF DARK MATTER

IN GALACTIC HALOS

SHANE CHARLES SPIVEY, Ph.D.

The University of Texas at Arlington, 2012

Supervising Professor: Zdzislaw Musielak

Eighty years after its initial discovery, the nature of dark matter remains a

mystery. Contrary to observational evidence, simulations of dark matter halos predict

cuspy density profiles and an abundant population of dwarf galaxies. Increasingly

refined measurements of the dark matter halos in galaxies reveal a large variety of

halo shapes and sizes, and so far no universal profile has been able to incorporate

them all. Among the numerous dark matter candidates, models of so-called quantum

cold dark matter (QCDM) have the unique potential to address the many disparities

between theory and observation.

QCDM postulates that dark matter is composed primarily of extraordinarily

light (as small as m ∼ 10−24eV ) bosonic particles. Such a small mass suggests a

Compton wavelength on the order of parsecs, motivating the use of quantum me-

chanics on a galactic scale. Since dark matter by definition has no electromagnetic

interaction, QCDM particles are bound to the lowest energy state of the galactic

halo by a collectively-produced gravitational potential in the Schrödinger equation.
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Thus in the first approximation a QCDM halo has the properties of a Bose-Einstein

condensate, and the entire halo can be described by a single wave function.

In this dissertation, previous models of QCDM are reconsidered and compared

to the most recent observational evidence. A comprehensive model for QCDM is then

developed for a closed gravitational Schrödinger-Poisson system using the Hartree

approximation. It is shown that the ground state solution to this system is well-

approximated by an Einasto density profile with a shape parameter n ≈ 0.56, which

is a smooth-cored distribution.

The model is then expanded to include the influence of galactic baryonic matter

distributions and the effects of a scattering potential, as well as excited and mixed-

state dark matter halos. The addition of a black hole to the galactic potential is

shown to produce a more concentrated halo with a cuspier core. The inclusion of

a small-scale luminous matter distribution also concentrates the halo, while a large-

scale distribution diffuses it; in either case the smooth core of the halo is preserved.

The addition of a scattering term produces a rounder and more diffuse density profile;

adding a sufficiently large black hole in combination with this term results in an even

cuspier profile than the black hole alone. As a result of these additions, the model

can be applied to a much larger range of halo shapes and sizes. Including excited

states expands this range even further.

A comprehensive analysis of the theoretical framework is also presented, in-

cluding a fully analytic power series solution to the gravitational Schrödinger-Poisson

system. Finally, the Einasto density profile used as a fit for both simulated and ob-

served dark matter halos is examined in depth, with emphasis on its significance to

the models presented herein.

vi



TABLE OF CONTENTS

ACKNOWLEDGEMENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

LIST OF ILLUSTRATIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix

LIST OF TABLES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xiii

Chapter Page

1. INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1 Brief History of Dark Matter Research . . . . . . . . . . . . . . . . . 1

1.2 Evidence for Dark Matter . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2.1 Galactic Rotation Curves . . . . . . . . . . . . . . . . . . . . 3

1.2.2 Gravitational Lensing . . . . . . . . . . . . . . . . . . . . . . . 4

1.3 Dark Matter Candidates . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.3.1 Hot Dark Matter . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.3.2 Cold Dark Matter . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.3.3 Quantum Cold Dark Matter . . . . . . . . . . . . . . . . . . . 10

1.4 Density Profiles of Galactic Halos . . . . . . . . . . . . . . . . . . . . 11

1.5 Objectives of This Dissertation . . . . . . . . . . . . . . . . . . . . . 12

2. DARK MATTER IN THE QUANTUM REGIME . . . . . . . . . . . . . . 14

2.1 Quantum Models of Cold Dark Matter . . . . . . . . . . . . . . . . . 14

2.2 Analysis Using Established Density Profiles . . . . . . . . . . . . . . 15

2.2.1 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.3 Self-consistent Schrödinger-Poisson Model . . . . . . . . . . . . . . . 22

2.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

vii



3. ADDITION OF EXTERNAL POTENTIALS . . . . . . . . . . . . . . . . 26

3.1 The Central Supermassive Black Hole . . . . . . . . . . . . . . . . . . 27

3.2 Distributions of Luminous Matter . . . . . . . . . . . . . . . . . . . . 32

3.3 The Gross-Pitaevskii Equation . . . . . . . . . . . . . . . . . . . . . . 39

3.3.1 Addition of a Black Hole . . . . . . . . . . . . . . . . . . . . . 45

3.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

4. INCLUSION OF EXCITED STATES . . . . . . . . . . . . . . . . . . . . . 49

4.1 Single-State Halos . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

4.2 Mixed-State Halos . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

4.3 Effects of Nonlinearity on the Eigenstates . . . . . . . . . . . . . . . . 57

4.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

5. THEORETICAL FRAMEWORK . . . . . . . . . . . . . . . . . . . . . . . 60

5.1 The Schrödinger-Poisson System . . . . . . . . . . . . . . . . . . . . . 60

5.1.1 Boundary Conditions . . . . . . . . . . . . . . . . . . . . . . . 60

5.1.2 Symmetry and Degeneracy . . . . . . . . . . . . . . . . . . . . 61

5.1.3 Compton Wavelength and the Uncertainty Principle . . . . . . 63

5.1.4 The Hartree Approximation . . . . . . . . . . . . . . . . . . . 63

5.1.5 Power Series Solution . . . . . . . . . . . . . . . . . . . . . . . 64

5.2 The Einasto Profile . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

5.2.1 Einasto in the Schrödinger-Poisson System . . . . . . . . . . . 68

5.2.2 The Generalized Normal Distribution . . . . . . . . . . . . . . 72

5.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

6. CONCLUSIONS AND FUTURE WORK . . . . . . . . . . . . . . . . . . . 75

Appendix

A. COMPUTER CODE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

BIOGRAPHICAL STATEMENT . . . . . . . . . . . . . . . . . . . . . . . . . 107

viii



LIST OF ILLUSTRATIONS

Figure Page

1.1 Radial velocity curves for several real galaxies (Bohmer and Harko
2007) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.2 Galaxy Cluster Abell 1689 in the visible range only (left) and with the
dark matter distribution superimposed in blue (right). The dark matter
data was inferred from weak gravitational lensing studies (NASA
Image) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.3 The Bullet Cluster with dark matter in blue and the hot gases in red.
The figure on the right includes a contour map of the total mass. The
stellar and dark matter passed though the collision together, while the
interacting hot gases lag behind (NASA Image) . . . . . . . . . . . . . 6

2.1 Einasto density profiles (solid) and the resulting probability densities
(dashed) corresponding to the ground state for n = 1 (left) and n = 2/3
(right). Each density ρ is plotted in terms of its core value ρ0, with r
being measured in terms of the halo median r1/2 (Spivey et al.
2012) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.2 Einasto density profiles (solid) and the resulting probability densities
(dashed) corresponding to the ground state for n = 0.5 (left) and n =
0.56 (right). Each density ρ is plotted in terms of its core value ρ0, with
r being measured in terms of the halo median r1/2 (Spivey et al.
2012) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.3 Density profiles (solid) and the resulting probability densities (dashed)
corresponding to the ground state for the modified isothermal profile
(left) and the NFW profile (right). Each density ρ is plotted in terms
of its core value ρ0, with r being measured in terms of the halo median
r1/2 (Spivey et al. 2012) . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.4 Ground state probability density for the self-consistent Schrödinger-
Poisson system (dashed) and the Einasto density profile for n = 0.56
(solid). Each density ρ is plotted in terms of its core value ρ0, with r
being measured in terms of the halo median r1/2 (Spivey et al.
2012) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3.1 Density profiles for an S/P halo with black hole mass ratios MBH

M
of 10−5

(upper left), 10−2 (upper right), 10−1 (lower left), and 1 (lower right)

ix



in terms of the scale radius r0. These graphs are scale-independent,
meaning they are applicable for any set of parameters satisfying Eq.
2.7. For a halo of 1011 solar masses, a particle mass of 10−24 eV, and a
scale radius of 8.5 kpc, the density here is measured in units of 1.4 ∗ 108

solar masses/kpc3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

3.2 Comparison of the density profiles of a constant-mass S/P halo with
black hole mass ratios MBH

M
of 1 (blue), 10−1 (purple), 10−2 (red), and

10−5 (orange). The left panel shows the normalized probability density
of a single particle, with r given in terms of the arbitrary scale radius r0.
In the right panel these densities have been scaled to an initial value of 1
to emphasize the differences in the halo shapes. There is little difference
between MBH

M
= 10−2 and MBH

M
= 10−5, reflecting the fact that at these

ratios the black hole potential is dwarfed by that of the DM. The larger
MBH

M
becomes, the more the density resembles an electron in the ground

state of the hydrogen atom . . . . . . . . . . . . . . . . . . . . . . . . 30

3.3 Comparison of the radial velocity curves (left panel) and the galactic
potential (right panel) for a constant-mass S/P halo with black hole
mass ratios MBH

M
of 1 (blue), 10−1 (purple), 10−2 (red), and 10−5

(orange) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3.4 Comparison of the density profiles for an S/P halo with a galaxy mass-
to-light ratio of 90% (top two panels), 75% (middle two panels), and 50%
(bottom two panels), and a luminous Einasto n = 1 matter distribution
with median of 2r0 (blue), 4r0 (purple), 8r0 (red), 16r0 (orange), and
32r0 (yellow). The left panels show the normalized probability density
of a single particle, with r given in terms of the arbitrary scale radius r0.
In the right panels these densities have been scaled to an initial value
of 1 to emphasize the differences in the halo shapes . . . . . . . . . . . 34

3.5 Comparison of the radial velocity curves (left panels) and the galactic
potentials (right panels) for an S/P halo with a galaxy mass-to-light
ratio of 90% (top two panels), 75% (middle two panels), and 50% (bot-
tom two panels), and a luminous Einasto n = 1 matter distribution with
median of 2r0 (blue), 4r0 (purple), 8r0 (red), 16r0 (orange), and 32r0

(yellow) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.6 Comparison of the density profiles of an S/P halo with B = 1 and
C = 0 (blue); 1 (purple); 10 (red); 102 (orange); 103 (yellow); and 104

(green). The left panel shows the normalized probability density of a
single particle. In the right panel the densities have been scaled to an
initial value of 1 to emphasize the differences in the halo shapes . . . . 41

3.7 Comparison of the radial velocity curves (left panel) and the galactic
potential (right panel) for a an S/P halo with B = 1 and C = 0 (blue);

x



1 (purple); 10 (red); 102 (orange); 103 (yellow); and 104 (green) . . . . 42

3.8 Comparison of the density profiles of an S/P halo with B = 10 and C =
0 (blue); 1 (purple); 10 (red); 102 (orange); and 103 (yellow). The left
panel shows the normalized probability density of a single particle. In
the right panel the densities have been scaled to an initial value of 1 to
emphasize the differences in the halo shapes . . . . . . . . . . . . . . . 43

3.9 Comparison of the radial velocity curves (left panel) and the galactic
potential (right panel) for a an S/P halo with B = 10 and C = 0 (blue);
1 (purple); 10 (red); 102 (orange); and 103 (yellow) . . . . . . . . . . . 44

3.10 Comparison of the density profiles of an S/P halo with B = 1, C =
10000, and black hole mass ratios MBH

M
of 10−3 (blue), 10−2 (purple),

10−1 (red). The left panel shows the normalized probability density of
a single particle. In the right panel the densities have been scaled to an
initial value of 1 to emphasize the differences in the halo shapes . . . . 46

3.11 Comparison of the radial velocity curves (left panel) and the galactic
potential (right panel) for a an S/P halo with B = 1, C = 10000, and
black hole mass ratios MBH

M
of 10−3 (blue), 10−2 (purple), 10−1 (red) . 47

4.1 Density profiles for an S/P halo in the 1st excited state (left panel) and
second excited state (right panel) . . . . . . . . . . . . . . . . . . . . . 51

4.2 Galactic potentials for an S/P halo in the 1st excited state (upper left
panel) and second excited state (upper right panel); galactic rotation
curves for an S/P halo in the 1st excited state (lower left panel) and
second excited state (lower right panel) . . . . . . . . . . . . . . . . . 52

4.3 Wave functions for a single particle with state n = 1 (left column), 2
(middle column), and 3 (right column), embedded in a parent halo of
state N = 1 (top row), 2 (middle row), and 3 (bottom row) . . . . . . 53

4.4 (Left panel): Wave functions for a particle in a halo half in the ground
state (blue) and half in the first excited state (red). (Right panel): The
combined halo density function . . . . . . . . . . . . . . . . . . . . . . 55

5.1 Graph showing the approximation of power series expansion of the S/P
solution as more and more terms are added (50 total). The leftmost
blue line contains only the first term; the leftmost red line the first two
terms; etc., out to a total of 50 terms . . . . . . . . . . . . . . . . . . . 66

5.2 Comparison of the unnormalized (left panel) and normalized (right
panel) Einasto wave functions for r0 = 1 and n = 1/2 (blue); 1 (purple);
2 (red); 3 (orange); 4 (yellow); and 6 (green) . . . . . . . . . . . . . . . 69

xi



5.3 Comparison of the unnormalized linear probability density u2 (left
panel) and the resulting logarithmic mass functions (right panel) for
r0 = 1 and n = 1/2 (blue); 1 (purple); 2 (red); 3 (orange); 4 (yellow);
and 6 (green) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

5.4 Comparison of the radial velocity curves for the unnormalized (left
panel) and normalized (right panel) Einasto wave functions for r0 = 1
and n = 1/2 (blue); 1 (purple); 2 (red); 3 (orange); 4 (yellow); and 6
(green) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

5.5 Comparison of the potentials produced by the Poisson equation (left
panel) and the Schrödinger equation (right panel) for the Einasto wave
functions with r0 = 1 and n = 1/2 (blue); 1 (purple); 2 (red); 3 (orange);
4 (yellow); and 6 (green) . . . . . . . . . . . . . . . . . . . . . . . . . . 72

xii



LIST OF TABLES

Table Page

3.1 Central mass densities and median radii for S/P halos with supermas-
sive black holes and a particle mass of 10−24 eV. Columns from left to
right: halo mass in 1012 solar masses; black hole mass ratio MBH

M
; central

density in 108 solar masses/kpc3; and median in kpc. . . . . . . . . . . 28

3.2 Central mass densities and median radii for an S/P halo of 1011 solar
masses with a luminous Einasto n = 1 matter distribution, assuming
a particle mass of 10−24 eV. Columns from left to right: Galaxy DM
fraction; median of the LM distribution in kpc; DM halo central density
in 106 solar masses/kpc3; and DM halo median in kpc. . . . . . . . . . 36

3.3 Central mass densities and median radii for an S/P halo of B×1011 so-
lar masses and a Gross-Pitaevskii scattering term C, assuming a particle
mass of 10−24 eV. Columns from left to right: Poisson parameter B; scat-
tering parameter C; DM halo central density in 106 solar masses/kpc3;
and DM halo median in kpc. . . . . . . . . . . . . . . . . . . . . . . . 45

4.1 R0
2 (left) and ξ1/2 (right) for the solutions in Figure 4.3 . . . . . . . . 54

5.1 Characteristic mass densities, radii, and Einasto indices for fits to the
dark matter halos of five galaxies based on velocity curve data from the
THINGS galaxy survey. Columns from left to right: Galaxy designation;
characteristic density in 103 solar masses/kpc3; characteristic radius in
kpc; and Einasto index. Source: Chemin et al. (2011) . . . . . . . . . 68

xiii



CHAPTER 1

INTRODUCTION

1.1 Brief History of Dark Matter Research

The first observational evidence for the existence of dark matter was found

in the 1930s by astronomer Fritz Zwicky (Zwicky 1937). Zwicky was observing the

rotations of galaxies inside the Coma cluster and noticed a peculiarity. Most of the

ordinary matter in a galaxy is contained within its stars, and the light emitted by those

stars can be used by astronomers to estimate the amount of such matter in a galaxy.

More light means more stars, and more stars means more mass. If the locations and

masses of galaxies inside a cluster are known, the virial theorem tells us how fast they

should be rotating about the center of the cluster. What Zwicky discovered is that

the galaxies were rotating at velocities not predicted by their calculated masses. He

noted that in order to account for the discrepancy the galaxies must contain far more

mass than what was actually observed. He dubbed this mysterious mass ’dark matter’

because of its apparent lack of electromagnetic interaction. Since this dark matter

did not emit light of any kind, its presence could only be inferred by its gravitational

effects (Zwicky 1937; 1939; 1940; 1953).

Independent observational evidence for the existence of dark matter was found

by astronomer Vera Rubin, who measured the rotation speeds of stars inside galaxies

(Rubin et al. 1970). Using the virial theorem, the orbital speed of a star about

the galactic center is determined by its radius of orbit and the mass profile of the

galaxy. Based on the optically observed masses of the galaxies studied, stars located

at the edge of a galaxy should have orbited with smaller velocities than those located
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closer to the galaxy’s center. What Rubin found instead was that the stars moved

with approximately the same speed regardless of their orbital radius. To compensate

for this difference, Rubin calculated that as much as 90% of the matter in galaxies

must be unaccounted for. Connecting this idea with Zwicky’s earlier discovery, she

concluded that this missing mass could in fact be dark matter (Rubin et al. 1970;

Rubin et al. 1980).

Additional strong evidence for the existence of dark matter was given by NASA’s

WMAP (e.g. Bennett et al. 2003; Spergel et. al 2003; Komatsu et al. 2011) and by

some gravitational lensing measurements (e.g., Ellis 2010). Using the WMAP data,

the total amount of dark matter in the Universe was established. The actual value

is ΩM = 0.27 ± 0.04 and it includes both the visible and invisible (dark) matter,

with the former being only a very small fraction of the latter (e.g., Komatsu et al.

2011). Astronomical data seemed to also imply that more than 80% of dark matter

is non-baryonic cold dark matter of unknown identity. Since the remaining energy

content is the so-called dark energy, ΩΛ = 0.73± 0.04, the astronomical observations

clearly show that most mass in the Universe is in the form of cold dark matter (Livio

2004).

For decades, researchers have proposed numerous models in an attempt to ex-

plain dark matter and describe its properties. These models include an alternative

to dark matter proposed in 1983 by Mordehai Milgrom (Milgrom 1983). Milgrom’s

theory, called Modified Newtonian Dynamics (MOND), attempts to reconcile the

galactic rotation curve problem by modifying Newton’s law of gravity. Later studies

of gravitational lensing in galaxy clusters seemed to rule out MOND as a viable theory

(Markevitch et al. 2004), though others have disputed that claim (Angus et al. 2006;

Bekenstein 2006; Milgrom 2011). In the decades since Milgrom’s initital proposal the

evidence against it has continued to mount (e.g., Aguirre et al. 2001; Clowe et al.
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2006; Famaey et al. 2007; Wojtak et al. 2011). Today, the near consensus among

astronomers is that most of the dark matter in the universe is nonrelativistic, or cold,

(e.g., Copi et al. 1995; Bergstrom 2000; Garrett and Duda 2011), but the search for

the exact nature of the elementary dark matter particle is still ongoing (e.g., Bertone

et al. 2005).

1.2 Evidence for Dark Matter

The two primary bodies of evidence for dark matter come from studies of the

rotation curves in galaxies and the gravitational lensing of clusters.

1.2.1 Galactic Rotation Curves

The most important evidence for dark matter in galaxies comes from the anal-

ysis of stellar orbital velocities (Bertone et al. 2005). According to Newtonian dy-

namics, the velocity of an object in a nearly circular orbit is

v2 =
GM(r)

r
, (1.1)

where r is radius of the orbit, M(r) is the total mass contained within that radius,

and G is the universal gravitational constant. If the mass density profile ρ(r) of the

system is known, then the total mass M(r) can be found by

M(r) =

∫ r

0

r′
2
ρ(r′)dr′. (1.2)

The graph of v(r) is often called the galactic rotation curve (or sometimes

velocity curve). If only the mass of the baryonic matter in a galaxy is considered,

the Newtonian equations suggest that the rotation curves in most galaxies should

decrease with increasing distance from the galactic center. Instead, what astronomers

have found is that most galaxies have relatively flat rotation curves, meaning that

stars at the fringes of a galaxy orbit at nearly the same velocity as stars closer in

3



Figure 1.1. Radial velocity curves for several real galaxies (Bohmer and Harko 2007).

(e.g., Rubin et al. 1980; de Blok and Bosma 2002; Battaglia et al. 2005; Brown et

al. 2007; Read et al. 2007; Chemin et al. 2011).

Figure 1.1 shows rotation curves for several real galaxies. The dashed curves

represent the Newtonian values where only the baryonic matter in each system is

included in the mass calculation. The dots are the actual observed velocity values

of stars in these systems. The solid lines represent the Newtonian values after a

simulated dark matter halo has been added to the system. These plots demonstrate

that observed rotation curves can be accounted for by assuming a halo of dark matter

exists in each galaxy (Bohmer and Harko 2007).

1.2.2 Gravitational Lensing

Another strong piece of evidence for dark matter comes from studies of gravita-

tional lensing. According to Einstein’s Theory of General Relativity, massive systems

such as galaxy clusters exert a gravitational force on photons, bending their paths in

4



Figure 1.2. Galaxy Cluster Abell 1689 in the visible range only (left) and with the
dark matter distribution superimposed in blue (right). The dark matter data was
inferred from weak gravitational lensing studies (NASA Image).

a predictable way. This bending of light rays causes a distortion in the background

image similar to that created by a lens (Einstein 1936; Schneider and Weiss 1988).

By observing these distortions, astronomers can determine the approximate amount

and distribution of mass that should be found in a particular galaxy cluster. Just

as with rotation curves, gravitational lensing studies have shown that there is much

more mass in galaxies than is indicated by their luminosity (Blandford and Narayan

1992; Bartelmann and Narayan 1995; Ellis 2010).

The bending of the light ray is greater the closer it passes to the source mass.

If the light source and the observer are mutually aligned with the lensing object,

the light will appear as a ring around the mass (called an Einstein Ring). In less

symmetric cases, the observer may see multiple arcs or distorted images of original

light source. These are examples of so-called strong lensing, where the distortion is

readily apparent. Smaller distortions are referred to as weak lensing.
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Figure 1.3. The Bullet Cluster with dark matter in blue and the hot gases in red.
The figure on the right includes a contour map of the total mass. The stellar and
dark matter passed though the collision together, while the interacting hot gases lag
behind (NASA Image).

Weak lensing studies have been used to create maps of dark matter in galaxy

clusters (e.g., Bartelmann and Narayan 1995; Taylor et al. 2004; Massey et al. 2007).

When light from distant source galaxies passes through the cluster, these galaxies ap-

pear stretched in a direction perpendicular to the center of the cluster’s gravitational

field (see Figure 1.2). By analyzing the amount and orientation of this stretching over

a large number of source galaxies, astronomers can determine the mass distribution

inside the cluster.

One particularly dramatic piece of evidence for dark matter using gravitational

lensing is the so-called Bullet Cluster (Figure 1.3), which is actually two clusters in the

process of merging (Tucker et al. 1998). Galaxy clusters typically contain hundreds

of galaxies disbursed within a large intergalactic medium of ionized gas and dark

matter. The stellar content of a cluster is sparsely distributed within its galaxies.

Because the stars are electrically neutral and spread so thinly, two clusters can pass

through one another with almost no interaction between their stars, leaving their

stellar distributions unperturbed. On the other hand, the more uniformly distributed

ionized gases (shown in red in Figure 1.3) have a much closer approach distance and
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interact electromagnetically. Observations of the Bullet Cluster from the Chandra

X-ray observatory (Markevitch et al. 2004; Clowe et al. 2006) confirm that while the

stellar matter from each cluster passed through undisturbed, the hot gases collided

and lagged behind. Gravitational lensing indicates that the dark matter content

(shown in blue in Figure 1.3) followed the stellar component, reconfirming that it too

is electrically neutral. It also suggests that dark matter is more bound to the matter

in galaxies rather than to the intergalactic medium.

1.3 Dark Matter Candidates

1.3.1 Hot Dark Matter

Hot dark matter refers to particles which travel at ultrarelativistic velocities.

The most common hot dark matter candidate is the neutrino (Dolgov 2002). Neu-

trinos have a very small mass (less than a millionth of an electron) and have no

electromagnetic interaction, making them very difficult to detect. It’s likely that hot

dark matter makes up only a tiny percentage of the total dark matter content of the

universe (Bertone et al. 2005). Dark matter particles moving at relativistic speeds

cannot slow down enough to bind gravitationally to one another at a small scale.

Dark matter’s role in small scale structure formation is key to understanding how

galaxies first formed after the Big Bang (Demiaski et al. 2011).

A subcategory exists for so-called warm dark matter particles which would

travel at lower relativistic velocities. No observed candidates exist in this range, but

there is one postulated particle known as the sterile neutrino (Bertone et al. 2005;

Sugita et al. 2008).
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1.3.2 Cold Dark Matter

Cold dark matter (CDM) particles move at subrelativistic speeds, permitting

small scale structure. Under the CDM paradigm, small clumps of dark matter even-

tually undergo gravitational collapse and then bind with more objects in a contin-

uous hierarchical process, creating more and more massive structures over time. In

contrast, hot dark matter models require top-down structure formation, where super-

clusters form first and split into smaller structures over time (White and Frenk 1991;

Demiaski et al. 2011; Wang et al. 2011). The current consensus among cosmologists

is that only CDM theory can explain current observations, including both large-scale

structure of the universe and gravitational lensing in galaxy clusters (Copi et al. 1995;

Bertone et al. 2005; Garrett and Duda 2011).

Some of the first proposed CDM candidates were Massive Compact Halo Ob-

jects, or MaCHOs. These are large astrophysical objects such as black holes, neutron

stars, and white dwarfs, all of which are thought to populate the galactic halo. Since

these objects give off little or no light, they are a baryonic form of dark matter. Ma-

CHOs appear to make up only a small percentage of the dark matter in individual

galaxies (Tisserand et al. 2007).

A more recently postulated source of large-scale dark matter called RAMBOs

(Robust Associations of Massive Baryonic Objects) would consist of a star cluster

made of brown or white dwarfs. Like MaCHOs, RAMBOs give off little or no light

and could be long-lived and dynamically stable, but there would not be enough of

them to account for the majority of dark matter (Moore and Silk 1995).

More promising are the particle candidates which often arise naturally as ex-

tensions to the Standard Model of particle physics (Ellis and Olive 2010). One such

particle is the axion (Asztalos et al. 2001; Sikivie 2008), initially proposed as a so-

lution to the strong CP problem of Quantum Chromodynamics. Axions would have
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very low mass, less than 1 eV, and have self-interaction characteristics that would

make them a viable candidate for dark matter. Axions have so far not been detected

(Rosenberg and Bibber 2000; Sikivie 2008).

One of the most popular candidates is the Weakly Interacting Massive Parti-

cle, or WIMP. WIMPS interact only with gravity and the weak nuclear force and

have an expected mass on the order of GeV, making them not much heavier than

a proton (Bertone et al. 2005; Barbier et al. 2005; Garrett and Duda 2011). A

number of experiments are currently searching for evidence of WIMPs . Some look

for neutrino emissions caused by WIMP annihilations in the Sun, such as Japan’s

Super-Kamiokande detector, or from the galactic center (Bertone et al. 2005; Fer-

nengo 2008). Some more direct detection methods include the Cryogenic Dark Matter

Search (Ahmed et al. 2011), which looks for WIMPs colliding with a crystal matrix;

the Canadian PICASSO project (Archambault et al. 2009), which uses a principle

similar to a bubble chamber; and the Italian WARP (Acosta-Kane et al. 2008), which

looks for scintillating light pulses caused by WIMPs passing through liquid Argon.

WIMPs have not yet been definitively observed (Bertone and Merritt 2005; Fornengo

2008).

A leading WIMP candidate is the neutralino, a particle predicted by the super-

symmetry extension of the Standard Model. Like a neutrino, it would interact via

the gravitational and weak forces, but it’s mass should be in the range of 10-1000

GeV. The neutrino-nucleon weak interaction scale is high enough that it is expected

to have a measurable interaction with target materials used in WIMP detectors (Feng

2010).

As successful as CDM theory has been, not all of its predictions are borne out

by observations. There are two main problems to be overcome in CDM theory (Copi
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et al. 1995; Bergstrom 2000; Bertone et al. 2005; Navarro et al. 2010; Garrett and

Duda 2011; Ferrero et al. 2011):

• CDM simulations predict far more dwarf satellite galaxies than have been ob-

served so far. One possible solution to this is that most of the missing dwarf

galaxies are actually low surface brightness (LSB) galaxies, where the mass to

light ratio is in the neighborhood of 1000 or more. Such galaxies are made up

almost entirely of dark matter, making them nearly invisible (Hayashi et al.

2004). Eight such galaxies were found orbiting the Milky Way by astronomers

at the Keck Observatory in 2007 (Simon and Geha 2007). Another possibility is

that most dwarf satellites end up being tidally stripped by their parent galaxies

(Kazantzidis et al. 2003).

• CDM simulations produce dark matter halos whose density profiles are highly

peaked or ’cuspy’ at the core. The exact nature of core behavior is unknown,

but observations of galactic rotation curves suggest less sharply peaked central

density profiles in most large halos, and much flatter cores for smaller galaxies

(de Blok 2010). Unless either the simulations or the observations are wrong,

this problem can only be reconciled by a modification to the theory (Mcgaugh

et al. 2003).

Resolving these problems is the next important hurdle in the study of CDM.

1.3.3 Quantum Cold Dark Matter

The CDM predictions of highly cusped halo profiles and an abundance of low

mass halos continue to plague an otherwise successful model. Different ideas have been

put forward to resolve these discrepancies (e.g., Hu et al. 2000; Cheng et al. 2002;

Albuquerque et al. 2003; Navarro et al. 2010, and references therein). One possible

solution is to postulate the existence of an extraordinarily light particle (ELBP) with
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a mass on the order of 10−24 eV (Sin 1994) or 10−22 eV (Hu et al. 2000). As originally

noted by Sin (1994), such a small mass has a Compton wavelength on a galactic scale

of 10 pc or more. In this context, a quantum mechanical treatment is necessary.

For this reason, ELBPs are sometimes called ’fuzzy’ cold dark matter (FCDM) or

quantum cold dark matter (QCDM). In a quantum treatment the wave functions of

the individual particles in such a dark matter halo are overlapping. If the particles

are bosons, it has been postulated that such a configuration constitutes an enormous

Bose-Einstein condensate on the scale of the entire galaxy (e.g., Bohmer and Harko

2007). Formation of large-scale structures with the ELBPs was investigated by Woo

and Chiueh (2009).

1.4 Density Profiles of Galactic Halos

Observational evidence suggests that dark matter halos are approximately spher-

ical (Burkett 1995; Ackermann et al. 2011; Chemin et al. 2011; Salvador-Sole et al.

2011). Several groups (e.g., Klypin et al. 2002; Xue et al. 2008; McMillan 2011)

have studied the dark matter halo of the Milky Way, which is a large spiral galaxy,

and found an overall mass in the range of 1012 solar masses and a virial radius on the

order of 200 − 300 kpc. Large elliptical galaxies have both hot gas halos and dark

matter halos, with the former being bound to the galaxies by the latter (e.g., Baes and

Dejonghe 2001). Dark matter halos of dwarf galaxies, which are either spiral, elliptic

or irregular, are in general much denser than those observed around large galaxies

(e.g. Ferrero et al. 2011). There is now evidence of a special kind of dwarf galaxy

called an ultrafaint or low surface brightness (LSB) galaxy that contains very few

stars at all. Such galaxies are almost completely dominated by dark matter. Several

LSB dwarf galaxies were recently discovered around the Milky Way and Andromeda
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(Belokurov et al. 2010; Collins et al. 2010). Stellar and halo masses of some Local

Group galaxies were recently given by Li and White (2008).

Density profiles of dark matter galactic halos are typically deduced from N-body

numerical simulations in which the dark matter particles are treated classically (e.g.,

Navarro et al. 2010; Ludlow et al. 2011). Depending on the specific assumptions

used in those simulations, different density profiles can be produced. Examples of

such profiles include: the Einasto profile (Einasto and Haud 1989; Merritt et al.

2005; Einasto 2011), the Navarro-Frenk-White (NFW) profile (Navarro et al. 1996,

2010), and the modified isothermal profile (Burkert 1995; Bergstrom et al. 1998). All

three profiles have two scale parameters which can be modified to accommodate halo

size, but only the Einasto profile contains an additional shape parameter n, making

it adaptable to different halo types.

Chemin et al. (2011) recently fit a number of observed galactic halos to Einasto

profiles with different n values. Their results indicate that the values of n may range

from 0.1 to more than 10. Although there is a great deal of variation, larger halos

typically have larger values of n, while dwarf galaxies tend to have the smallest

n values. For the latter, the inner profiles are shallow and core-dominated, which

indicates that n < 1. According to Navarro et al. (2010), the Einasto profile with

n varying from one galaxy to another represents the best overall fit for the density

profiles of dark matter halos. Another conclusion of the Navarro et al. paper is that

these profiles are not universal, which means that different halos cannot be rescaled

to look the same.

1.5 Objectives of This Dissertation

The main objective of this dissertation is to reconsider the QCDM model orig-

inally introduced by Sin (1994) and later modified by Hu et al. (2000), to test its
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validity by imposing astronomical constraints (Spivey et al. 2012), and to explore

ways to expand its applicability. Since the model is based on the Schrödinger equa-

tion with a gravitational potential term, this equation will be solved on a galactic scale

by using established astronomical data for the Milky Way and a dwarf galaxy. The

results are compared to the obtained solutions for different Einasto density profiles

in order to find the value of the index n that is consistent with both the astronomical

data and the QCDM model.

Since both the Sin and Hu et al. models are formally considered, their respec-

tive values for masses of the ELBPs, namely, 10−24 eV and 10−22 eV, will be used in

these computations; note that the latter value was also used in the numerical sim-

ulation performed by Woo and Chiueh (2009). The results of these computations

demonstrate that the models reproduce well the Einasto profile with an index of

n ≈ 0.56; essentially, the same result is obtained by a self-consistent model, which

is also considered here. One important result is that the Sin and Hu et al. models

cannot account for the total mass and size of the dark matter halos of two different

galaxies, such as the Milky Way and a dwarf galaxy. This clearly shows the limitation

of the QCDM models when restricted to a single bosonic particle mass. The results

presented in this dissertation will establish the conditions under which the current

QCDM models are valid and provide several possible improvements to the models

that could potentially overcome these shortcomings.

In the next chapter, the QCDM models are explored and tested for their com-

patibility with commonly used halo density profiles for a range of established astro-

nomical values. In addition, a self-consistent QCDM model is similarly explored. In

Chapter 3 the model is expanded to include external potentials.
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CHAPTER 2

DARK MATTER IN THE QUANTUM REGIME

2.1 Quantum Models of Cold Dark Matter

In the QCDM models considered by Sin (1994) and Hu et al. (2000), the dark

matter (DM) particles are identical bosons (ELBPs) with spin zero and masses small

enough to motivate their description by non-relativistic quantum theory. As men-

tioned in the previous chapter, one primary difference between the models is the

assumed mass of the ELBPs. According to Sin (1994), this mass should be on the

order of 10−24 eV, while Hu et al. assumed a mass on the order of 10−22 eV.

Both models are based on the assumption that the particles interact with each

other only gravitationally and that they are represented by scalar wave functions

which are solutions to a Schrödinger equation with a gravitational potential term.

The Schrödinger equation is solved on a galactic scale, and the ELBPs form a galactic

DM halo, which is assumed to be spherical. Any contribution of the galactic visible

matter is neglected because it is small when compared to the DM halo. Clearly, the

models are simple, and yet they do appear to resolve the classic CDM problems of

overly cuspy halo profiles and an abundance of low mass halos (Sin 1994; Hu et al.

2000).

The compatibility of these models with commonly used halo density profiles

for a range of established astronomical values has been explored by Spivey et al.

(2012). The paper also presents a self-consistent Schrödinger-Poisson model. The

main results of this paper are now presented and discussed.
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The ELBPs are described by a scalar wave function ψ, which obeys the standard

time-independent Schrödinger equation

Eψ = − ~2

2m
∇2ψ + V (r)ψ , (2.1)

where ~ is the Planck constant, m is the mass of the bosonic particles and V (r) is a

potential to be specified.

The gravitational potential created by a distribution of mass is given by the

Poisson equation. Then for a particle of mass m in a radially symmetric halo of dark

matter,

∇2V (r) = 4πGmρDM , (2.2)

where G is the gravitational constant, ρDM = M |ψ|2 is the density of the dark matter

halo, and M is a the total mass of the halo. The effects of incorporating the galaxy’s

visible (luminous) matter ρLM into the potential will be examined in Chapter 3.

Because ρLM << ρDM for most galaxies, it is neglected in this chapter. In the approach

presented by Hu et al., ρdark = m2|ψ|2/2 and ρvisible is also neglected.

The physical problem represented by Eqs. (2.1) and (2.2) is that of an ensemble

of mutually interacting particles in a potential well of their own making. The particles’

behavior in the well is described by solutions to a nonlinear Schrödinger equation.

2.2 Analysis Using Established Density Profiles

In order to test the range of validity for the DM models described in Sec. 2.1,

real astronomical data can be used to constrain the physical parameters of the system,

and the results can be compared with some empirically obtained halo density profiles.

Such profiles are typically obtained from N-body numerical simulations (e.g., Navarro

et al. 2010). However, recent results from Chemin et al. (2011) show that they can

also be established by direct observations of galactic rotation curves. This section will
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examine three of the most commonly used density profiles: the Navarro-Frenk-White

(NFW) profile, the modified isothermal (ISO) profile, and the Einasto profile, with

particular emphasis on the latter.

Developed by Navarro, Frenk and White (Navarro et al. 1996, 2010) as a best-

fit model for their dark matter simulations, the NFW profile is one of the oldest

and most commonly used density profiles for modeling dark matter halos (Bertone

et al. 2005). It is given by ρ(r) = ρcritδc/[(
r
Rs

(1 + r
Rs

)2)], where Rs = rvir/c, ρcrit

is the critical density of the universe, and δc is the characteristic overdensity, which

depends on the concentration parameter c. For spiral galaxies, N-body simulations

suggest a c about 12 (Merritt et al. 2006).

Several studies have also been made modeling dark matter halos using the ISO

profile (Burkert 1995; Bergstrom et al. 1998), which is smooth-cored in contrast to

the cuspy NFW profile. It is given by ρ(r) = ρ0/(1 + ( r
Rs

)2), where ρ0 = ρ(r = 0),

and the scale radius is defined by ρ(r = Rs) = ρ0/2.

The Einasto profile comes from Sérsic’s Law (Sérsic 1963), which describes

how the intensity of a galaxy changes with the distance from its center. Recently,

the Einasto profile has been more frequently used as a mass density profile in DM

simulations, with much success (Einasto and Haud 1989; Haud and Einasto 1989;

Merritt et al. 2006; Navarro et al. 2010). The profile is given by

ρ(r) = ρ1/2 e
−dn[(r/r1/2)1/n−1] , (2.3)

where r1/2 is the median of the halo or the radius that encloses half the total mass,

ρ1/2 is the density at r1/2, dn is a unitless parameter which depends only on n, and

n > 0 is a real number. The parameter n describes the steepness of the curve.

Ground state solutions of the time-independent Schrödinger equation can be

found by starting with a state function ψ and separating the independent variables
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by writing ψ(r, θ, φ) = R(r)Yl
m(θ, φ). The ground state solution occurs when the

angular function is Y0
0(θ, φ) = 1√

4π
, and the resulting radial Schrödinger equation

can be written as

∇2R(x) =

[
2G

~2
ρ0m

2rs
4V (x)− rs2 2mE

~2

]
R(x), (2.4)

where rs is some suitable scale radius, x = r/rs, and V (x) is the potential from Eq.

(2.2), stripped of all constants.

By assuming that one of the given density profiles already represents the distri-

bution of quantum DM particles, this distribution can be used in Eq. (2.2) to generate

the gravitational interaction of a DM particle with the average potential produced

by all other DM particles. Because the interaction between a pair of DM particles is

extremely weak, it is a good first approximation to neglect other many body effects.

With the assumption that this Hartree approximation (Merzbacher 1997) is valid for

the DM many body problem, the Schrödinger equation with the given potential V (x)

can be solved and the resulting probability densities can be directly compared to the

NFW, ISO, and Einasto density profiles.

2.2.1 Results

As an example, take the Einasto profile with n = 1 (see Eq. 2.3), which yields

ρ(x) = ρ0e
−x , (2.5)

where x = d1(r/r1/2), ρ0 = ρ1/2 e
d1 and d1 ≈ 2.67457. The potential V (x) resulting

from the above density profile is

VEin(x) =
e−x(x+ 2)− 2

x
. (2.6)

Solving Eq. (2.4) with this potential, the resulting probability density can be

compared with the Einasto profile given by Eq. (2.5). The results are plotted in the
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Figure 2.1. Einasto density profiles (solid) and the resulting probability densities
(dashed) corresponding to the ground state for n = 1 (left) and n = 2/3 (right).
Each density ρ is plotted in terms of its core value ρ0, with r being measured in terms
of the halo median r1/2 (Spivey et al. 2012).

left panel of Figure 2.1, and it can be seen that the probability density produced by

the Schrödinger equation is not a good fit for the Einasto profile with n = 1.

Next, a similar computation is performed with a value of n = 2/3. Obtaining

the potential V (x) for this density profile and solving the Schrödinger equation with

it yields the results in the right panel of Figure 2.1, which shows that the agreement

is better but not yet good enough. The desired value of n is the one that best fits the

probability densities computed from the Schrödinger equation to the Einasto density

profile. Based on the results presented in the left and right panels of Figure 2.2, the

best fit is obtained for n ≈ 0.56 (Spivey et al. 2012). For comparison, the results for

the same analysis with the NFW and ISO profiles are shown in Figure 2.3.

The potential produced by a finite density distribution via the Poisson equation

must be a continuous function with a continuous derivative. It is therefore subject

to the boundary condition V ′(0) = 0, which means the resulting potential will have a

’smooth’ or shallow region near the origin. As a result, solutions to the Schrödinger

equation for such potentials will tend to also have a shallow region very near the core.

This behavior is further examined in Chapter 5.
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Figure 2.2. Einasto density profiles (solid) and the resulting probability densities
(dashed) corresponding to the ground state for n = 0.5 (left) and n = 0.56 (right).
Each density ρ is plotted in terms of its core value ρ0, with r being measured in terms
of the halo median r1/2 (Spivey et al. 2012).

The effect is most evident when examining the NFW input and output densities

in Figure 2.3. The NFW profile has a singularity at the origin, giving it infinite density

there. When used as a fit for simulations, it is always resolved to a nonzero inner

radius to avoid this problem (Navarro et al. 1996). Despite its highly peaked core,

the wave function produced by its potential still has a flat core with a finite value

(Spivey et al. 2012).

Both the NFW and ISO profiles also have mass functions that diverge as r →∞.

In order to retain a finite mass, a radius must be selected as a cutoff point where the

halo is considered to be virialized. Typically, a virial radius of rv = r200 is selected,

where r200 is the radius at which ρDM equals 200 times the critical density of the

universe (Navarro et al. 1996; Bergstrom et al. 1998; Merritt et al. 2006).

The Einasto profile, by contrast, is well-behaved at both the origin and infinity.

While the NFW and ISO profiles take the form of broken power laws, the Einasto den-

sity profile decays as an exponential of power of r, ensuring a finite mass and density

over all space. This suggests the Einasto profile is a more natural fit for a quantum

probability density, which can never be infinite and must always be normalizeable to
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Figure 2.3. Density profiles (solid) and the resulting probability densities (dashed)
corresponding to the ground state for the modified isothermal profile (left) and the
NFW profile (right). Each density ρ is plotted in terms of its core value ρ0, with r
being measured in terms of the halo median r1/2 (Spivey et al. 2012).

1. In addition, observational evidence (Chemin et al. 2011) and recent simulations

(Navarro et al. 2010) have singled out the Einasto profile as the best overall fit for

the density profiles of dark matter halos.

In all the results shown in Figures 2.1 and 2.2, the plotted probability densities

and the Einasto density profiles scale with the physical parameters of the system,

mass and radius, which means that they are scale independent and therefore valid

for both QCDM models considered here. It is important to note that the probability

densities shown by dashed lines in Figures 2.1 and 2.2 represent ground states and

that these states were found for masses given by the Sin and Hu et al. models.

In every case, the solutions to the Schrödinger equations yield a direct relation-

ship between the halo parameters: total halo mass M and median radius r1/2, and

the mass m of ELBPs. The relationship is given by

Mr1/2 m
2 = cn, (2.7)

where cn is a constant value which varies slightly for each n (Spivey et al. 2012).
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If the bulk of a halo is comprised of a single type of particle with a given mass m,

the above relations would imply that the median of any halo is inversely proportional

to its mass. This contradicts most simulations, which are based on a distribution of

classical particles. However, recent observations of galaxy cluster A 1689 (Navarro et

al., 2010) reveal a halo far more centrally concentrated than simulations predict. This

data comes from observations of gravitational lensing, which give an actual picture

of the halo. Data for galaxy halos is based on rotation curves, so halo shapes on

the galactic scale are inferred rather than seen. Moreover, it should be noted that

the median of a galactic halo does not reflect its overall radius of influence, which

depends on both the shape and density parameters. An arbitrary cutoff point can be

selected when the density dips below a certain value, but since the impact of such a

cutoff on these results would be insignificant, it is not considered here.

Now, Hu et al. (2000) assumed a 10−22 eV particle using a method designed

to eliminate the cuspy halo core. Sin (1994) suggested a mass of 10−24 eV, with

the caveat that the particle cannot be in the ground state. Figure 2.2 shows that a

stable ground state solution exists for a halo resembling an Einasto density profile.

Estimated values for halo mass M and median r1/2 for the Milky Way and a dwarf

galaxy (based on observations or numerical simulations of their galactic dark matter

halos) can be found in the literature. These values can be plugged into Eq. (2.7) to

determine the range of validity for the established values of m.

For the Milky Way galaxy, Klypin et al. (2002) have limited the practical range

of the halo mass M to be between 0.5 × 1012 and 2 × 1012 solar masses. According

to numerical simulations, the virial radius of such a halo is on the order of 200 to

300 kpc. Since the Einasto profile decays exponentially out to infinity, it uses the

halo median r1/2 as its scale radius. The above limitations on the virial radius give

an overall median spread of around 50− 200 kpc, which will be used as the practical
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boundaries for the Einasto profile of the Milky Way. Using the relationship given

by Eq. (2.7) and taking M = 1.0 × 1012 solar masses, the median is found to be

r1/2 = 3.4 kpc and the viral radius 18 kpc for m = 1.0 × 10−24 eV; note that the

values of r1/2 and virial radius are an order of magnitude below the observationally

established values. Attempting to take the same M but with m = 1.0 × 10−22 eV

yields a vanishingly small median of r1/2 < 1 parsec (Spivey et al. 2012). The desired

median range is found when m = (1.3− 2.6)× 10−25 eV, which is a much lower mass

than that considered by Sin (1994) and Hu et al. (2000).

Next consider an elliptical dwarf galaxy with mass on the order of M = 109

solar masses and a median in the range of r1/2 = (0.1 − 10) kpc (Graham et al.

2006). Using Eq. (2.7) with M = 1.0 × 109 solar masses results in r1/2 = 0.34 kpc

for m = 1.0× 10−22 eV; similar analysis performed for m = 1.0× 10−24 eV puts r1/2

four orders of magnitude larger, well outside the range of likely values for this or any

other dwarf galaxy (Spivey et al. 2012).

The results presented above have important implications as they clearly show

that the QCDM models with a given mass developed by Sin (1994) and Hu et al.

(2000) cannot explain DM halos of different galaxies. The best these models can do

is predict the total mass and size of the DM halo for a particular galaxy by tuning

the value of mass for the ELBPs. Changing the particle mass to fit each individual

halo would contradict the very basic assumptions made in the models. This is an

important limitation, and it suggests a more complicated picture may be needed.

2.3 Self-consistent Schrödinger-Poisson Model

A second method is to proceed as in the previous section but without the

assumption that the density must be described by a known density profile. Instead,

the mass density in Eq. (2.2) can be replaced directly with ρDM = M |ψ|2. Eqs.
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Figure 2.4. Ground state probability density for the self-consistent Schrödinger- Pois-
son system (dashed) and the Einasto density profile for n = 0.56 (solid). Each density
ρ is plotted in terms of its core value ρ0, with r being measured in terms of the halo
median r1/2 (Spivey et al. 2012).

(2.1) and (2.2) can then be solved as a set of coupled nonlinear differential equations.

The ground state solution to this Schrödinger-Poisson system is shown in Figure 2.4.

Fitting this solution to an Einasto distribution gives n ≈ 0.56, and Figure 2.4 shows

the excellent agreement between these densities (Spivey et al. 2012).

As before, the result is independent of the halo parameters of mass and median,

as well as the particle mass. For both methods, the product of these values is fixed

for the ground state, so that an increase in one results in a decrease of one or both

of the others. If the particle mass is to remain invariant, then there is an inverse

relationship between the mass of a halo and its median.

This interesting result reflects the fact that the ideal solution to the problem

of what density distribution reproduces itself is limited by its own geometry. A mass

density entered in the gravitational Poisson equation will produce a unique poten-

tial, and that potential will produce a unique set of orthogonal eigenstates via the

Schrödinger equation within the Hartree approximation. Of these, only the ground

state has been considered thus far.
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It should be noted that in this chapter the term ground state has been in

reference to the nodeless solution, in analogy with known linear quantum systems

such as the hydrogen atom. In fact, any change at all to the potential produces a

technically different complete set of solutions, but each set produces one solution with

no nodes. The assumption that the nodeless solution refers to the lowest energy, or

ground, state is explored in Chapter 4. The possibility of halo wave functions with

nodes, as well as halos with a mix of states, is also discussed in that chapter.

The halo parameters depend in part on the selected particle mass. For example,

a 10−24 eV particle as proposed by Sin (1994) fits reasonably well with a halo of mass

1011 Msun and median on the order of 30 kpc, while a 10−22 eV particle, as suggested

by Hu et al. (2000) might better describe a 108 Msun mass halo with a median on

the order of 3 kpc. As already discussed in Sec. 2.2, the fact that ELBPs of different

masses are needed to account for DM halos of different galaxies is a major problem

of both QCDM theories (Spivey et al. 2012).

2.4 Summary

In this chapter, two previously developed QCDM models were reconsidered

against the most recent observational data on dark matter halos. The models are

based on the Hartree approximation and on the assumption that the particles interact

with each other only gravitationally. Moreover, contributions of the galactic visible

matter are neglected. Despite their simplicity, the models do produce halos with

flatter central densities than those created by simulations, somewhat alleviating the

cuspy core problem of CDM. In addition, QCDM models can provide an elegant

explanation the existence of stable, dark matter-dominated halos. Many such halos

are now known to populate the fringes of the Local Group (Belokurov et al. 2010;

Collins et al. 2010).
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To determine the validity of the models, several halo density profiles were com-

puted for a gravitational Schrödinger-Poisson system. Using the models’ predicted

particles masses of 10−24 eV and 10−22 eV and halo physical parameters deduced from

observational data, the resulting density profiles were compared to known density pro-

files used to model real dark matter halos. The results demonstrate the following:

• The QCDM models produce an Einasto density profile with n ≈ 0.56. This

makes the model most appropriate for dwarf galaxies, which can be fit to Einasto

profiles with n < 1 (Chemin et al. 2011).

• The models cannot account for the variety of halo shapes actually observed.

Like the NFW and modified isothermal profiles, the ground state QCDM density

does not change its shape based on the mass or size of the halo. Since larger

galaxies can be fit to Einasto distributions with higher n values, this limits the

scope of these models.

• The QCDM models also cannot account for the size and total mass of observed

halos without invoking a different particle mass for each halo.

Considering the successful application of the Einasto profile in describing both

observed and simulated dark matter halos, the fact that a QCDM model can pro-

duce such a profile suggests it is worthy of further examination. In Chapter 3, the

Schrödinger-Poisson system developed here is expanded to include the effects of other

types of potentials on the halo, including the addition of a black hole and a distribu-

tion of visible matter.
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CHAPTER 3

ADDITION OF EXTERNAL POTENTIALS

In the previous chapter, a simple model for a Schrödinger-Poisson system (here-

after referred to as the S/P system) was developed, and the fundamental ground state

solution to that model was computed. The solution (hereafter referred to as the S/P

only solution) has a form very similar to an Einasto profile with index n ≈ 0.56,

regardless of the physical parameters of the system. In particular, the mass of the

particle and the mass and radius of the halo do not alter the shape of the solution,

only its scale. Furthermore, these parameters are linked in such a way that, for a

given particle mass, the radius of the halo actually decreases with increasing halo

mass. This poses two problems which will now be addressed.

First, observations of real DM halos are well-described by Einasto profiles over

a wide range of index values (0.1 . n . 10, e.g. Chemin et al. 2011). Larger halos

tend to have more peaked inner slopes associated with larger indices (n ≥ 1), while

smaller galaxies are more like likely be ’cored,’ having shallow inner slopes (n < 1).

The S/P only solution is a cored density profile, suggesting it is most appropriate for

a small galaxy. Since no external contributions to the potential have been considered

so far, it may be best applied to LSB galaxies, where the dark matter content can be

& 99%.

In addition, observed halos with larger mass tend to be larger in size, while

the S/P only halo follows the reverse of this correlation. It is not surprising that a

solution to the Schrödinger equation should behave this way. Increasing the halo mass

in S/P system is equivalent to increasing the charge of the nucleus in a hydrogenic
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atom or the size of the force constant in a harmonic oscillator. The latter cases are

well known and result in more localized wave functions with higher central densities

and smaller radii (Merzbacher 1997).

It is clear that the model presented in the previous chapter is insufficient to

account for the variety of shapes and sizes observed in DM halos. One assumption

that was made to simplify the model was to neglect the contributions of the baryonic

matter content to the galactic potential. As a first step toward refining the model,

two types of baryonic matter can be added to the system: the distribution of the

galaxy’s stellar content and the supermassive black hole presumed to occupy the

galactic center.

3.1 The Central Supermassive Black Hole

Most massive galaxies are known to have a supermassive black hole at the center

(Schödel et al. 2003; Ghez et al. 2003; Graham and Driver 2007). The potential

created by a black hole can be modeled simply in the Schrödinger equation as a point

source (like the nucleus of an atom). The interaction potential is thus

V (r) = −GmMBH

r
, (3.1)

where MBH is the mass of the black hole. This potential can be added directly to the

Schrödinger equation,

Eψ = − ~2

2m
∇2ψ + (VDM(r)− GmMBH

r
)ψ , (3.2)

where VDM(r) is the Poisson potential Eq. (2.2) produced by the halo itself. As in

Section 2.3, the system is now described by a set of coupled differential equations,

(2.2) and (3.2).

The ground state solution for a Coulomb-like potential is an inverse exponential

function in r, which corresponds to an Einasto profile with index n = 1. Such a profile
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MHalo MBH/MHalo ρ0 r1/2

0 7.61× 10−6 340.
10−5 7.61× 10−6 340.

1010 10−2 8.58× 10−6 330.
10−1 1.99× 10−5 263.

1 1.25× 10−4 172.
0 .0761 34.0

10−5 .0761 34.0
1011 10−2 .0858 33.0

10−1 .199 26.3
1 1.25 17.2
0 7.61× 102 3.40

10−5 7.61× 102 3.40
1012 10−2 8.58× 102 3.30

10−1 1.99× 103 2.63
1 1.25× 104 .172

Table 3.1. Central mass densities and median radii for S/P halos with supermassive
black holes and a particle mass of 10−24 eV. Columns from left to right: halo mass in
1012 solar masses; black hole mass ratio MBH

M
; central density in 108 solar masses/kpc3;

and median in kpc.

has a finite negative derivative at r = 0, giving it a slight cusp. The S/P only solution

obtained in the previous chapter resembles an Einasto profile with n ≈ 0.56, whose

derivative is 0 at the core. A system containing both types of potentials can therefore

be expected to land somewhere in between these profiles.

Figure 3.1 gives a sampling of solutions with different black hole-to-galaxy mass

ratios MBH

M
, and it’s clear that a more massive black hole produces a smaller, more

concentrated dark matter halo. These plots are not unique to a specific halo mass.

The condition connecting the physical parameters of the halo (Eq. 2.7) still holds

even with the addition of a black hole, though the constant now depends only on the

mass ratio MBH

M
. This relationship becomes clear when looking at the solutions under

a range of different parameters. Table 3.1 lists the core density and median radii for
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Figure 3.1. Density profiles for an S/P halo with black hole mass ratios MBH

M
of 10−5

[upper left], 10−2 [upper right], 10−1 [lower left], and 1 [lower right] in terms of the
scale radius r0. These graphs are scale-independent, meaning they are applicable for
any set of parameters satisfying Eq. 2.7. For a halo of 1011 solar masses, a particle
mass of 10−24 eV, and a scale radius of 8.5 kpc, the density here is measured in units
of 1.4 ∗ 108 solar masses/kpc3.

various of halo and black hole masses. The difference in these values is small for halos

more than a few orders of magnitude larger than their black holes.

Figure 3.2 permits a direct comparison between the halo densities. In the left

panel, the densities are plotted to scale. For halos with MBH

M
of 10−5 (orange) and

10−2 (red), the black hole produces only a small perturbation. For a galaxy with a

black hole equal in mass to its halo (blue), the increase in density becomes apparent.

In the right panel of Figure 3.2 the densities are plotted to a uniform height, allowing

for a better comparison of shape. Bearing only a small black hole, the orange and red
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Figure 3.2. Comparison of the density profiles of a constant-mass S/P halo with
black hole mass ratios MBH

M
of 1 [blue], 10−1 [purple], 10−2 [red], and 10−5 [orange].

The left panel shows the normalized probability density of a single particle, with r
given in terms of the arbitrary scale radius r0. In the right panel these densities have
been scaled to an initial value of 1 to emphasize the differences in the halo shapes.
There is little difference between MBH

M
= 10−2 and MBH

M
= 10−5, reflecting the fact

that at these ratios the black hole potential is dwarfed by that of the DM. The larger
MBH

M
becomes, the more the density resembles an electron in the ground state of the

hydrogen atom.
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Figure 3.3. Comparison of the radial velocity curves [left panel] and the galactic
potential [right panel] for a constant-mass S/P halo with black hole mass ratios MBH

M

of 1 [blue], 10−1 [purple], 10−2 [red], and 10−5 [orange].
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halos have a rounded shape and a flat cores. The blue halo is quite peaked, owing to

the influence of the large point source potential in its center.

A comparison of the rotation curves and galactic potentials is given in Figure

3.3. The plots are scale-independent, meaning they hold for any fixed values of

particle mass and halo mass. The left panel shows the radial velocity of an orbiting

body within the host galaxy. The right panel shows the galactic potential. Moving

from orange to blue, the effect of an increasing black hole mass is visible as a widening

singularity at the origin. The shape of the potential in Figure 3.3 helps inform the

shape of the density in Figure 3.2. A shallow, flat potential produces a rounded, flat

wave function, while a singular potential produces a sharp, cuspy wave function.

There is a weak correlation between a galaxy’s mass and the mass of the black

hole at its core (Graham and Driver 2007). In general, larger galaxies are often host

to more massive black holes, but the ratio between halo mass M and black hole

mass MBH varies greatly. Recent models have estimated the mass of the Milky Way

to be 1.26 ± 0.24 × 1012 solar masses (McMillan 2011), and the black hole in its

center has been measured at 4.1 ± 0.6 × 106 solar masses (Ghez et al. 2008), giving

MBH

M
≈ 3.1 × 10−5. The largest known black holes on record are in two elliptical

galaxies, NGC 3842 and NGC 4889. McConnell et al. (2011) have estimated the

masses of the black holes at the centers of these galaxies to be around 9.7 × 109

solar masses and 2.1 × 1010 solar masses, respectively. The models provided in this

study produce an average estimated galaxy mass of 8.1× 1011 solar masses for NGC

3842, giving it a black hole-to-galaxy mass ratio of MBH

M
≈ 1

83
. NGC 4889’s estimated

mass of 1.6 × 1012 solar masses gives it a ratio of MBH

M
≈ 1

75
. Many dwarf galaxies,

meanwhile, are thought to have no central black hole at all (Graham and Driver

2007).
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It is apparent from Figures 3.1-3.3 that in order to significantly change the

shape of the S/P halo, a large MBH

M
is needed. At MBH

M
in the range of NGC 3842 and

NGC 4889, there is a small but noticeable change in the halo shape. For values of

black hole mass approaching 10% of total halo mass, the profile does indeed begin to

look more cuspy. When the black hole mass exceeds the halo mass, the wave function

approaches an Einasto value of n ≈ 1. In this extreme, the black hole potential

greatly overshadows the contribution of the halo itself, and so the system resembles

that of a hydrogenic atom on a galactic scale.

Clearly a black hole can have an effect on the overall halo shape. If the black

hole strength were unconstrained, it could expand the family of S/P solutions to

Einasto indices of 0.56 . n . 1, but for known values of black hole and halo mass

the effect is not dramatic enough to explain the differences in observed halo types.

3.2 Distributions of Luminous Matter

Stars comprise the majority of the visible matter content within galaxies (Kut-

ner 2003). Most large spiral galaxies consist of a central galactic bulge of stars; a

flat disc of stars, gas, and dust; and a roughly spherical halo of hot gas, old stars,

globular clusters, and dark matter. Most of the luminous mass is contained within

the disk and the bulge. Elliptical galaxies range in shape from nearly spherical to

highly elongated and typically have little discernible structure and a comparatively

sparse interstellar medium (Kormendy et al. 2009).

Like their dark matter halos, the stellar components of most spiral and elliptical

galaxies are well-fit by an Einasto profile (van der Wel 2007). Large ellipticals often

have stellar densities with Einasto indices in the range of n ≈ 4, while many dwarf

elliptical galaxies have an n ≈ 1 distribution. The disk portion of spiral galaxies also

typically have an n ≈ 1 distribution (Sérsic 1963).
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The gravitational potential created by a luminous matter (LM) distribution can

be derived from the Poisson equation,

∇2V (r) = 4πGρLM . (3.3)

If the LM density is known, Eq. (3.3) can be solved beforehand and added

directly to the Schrödinger equation. This method can be used to observe the effects

of specific types of LM distributions on the DM halo. The potential for an spherical

Einasto distribution with n = 1 is given by Eq. (2.6). Then the Schrödinger equation

becomes

Eψ = − ~2

2m
∇2ψ + [VDM(r) + VLM(r)]ψ , (3.4)

and the system is described by solving Eqs. 2.2 and (3.4). The mass and median of

the LM density are additional free parameters.

Figure 3.4 shows a sampling of the resulting DM density profiles. As with

the plots from the previous section, the left panels show the normalized probability

density of a single particle in terms of the arbitrary scale radius r0; the right panels

show the same densities scaled to an initial value of 1. The plots are divided into three

rows based on the supplied DM fraction. The top row contains profiles for a galaxy

with a typical DM content of 90%. Colors are used to distinguish LM distributions

with different median values. Blue indicates an LM distribution with a median of

2 times the scale radius. This represents a galaxy where the stellar matter is more

tightly packed around the galactic nucleus. It can be seen that the result of this

configuration is a more concentrated DM halo, with a larger central density value.

The yellow curve is for a stellar distribution with 32 times the scale radius, indicating

that the stars spread more thinly and out to a larger distance. The effect is a more

diffuse DM halo.
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Figure 3.4. Comparison of the density profiles for an S/P halo with a galaxy mass-
to-light ratio of 90% [top two panels], 75% [middle two panels], and 50% [bottom
two panels], and a luminous Einasto n = 1 matter distribution with median of 2r0

[blue], 4r0 [purple], 8r0 [red], 16r0 [orange], and 32r0 [yellow]. The left panels show
the normalized probability density of a single particle, with r given in terms of the
arbitrary scale radius r0. In the right panels these densities have been scaled to an
initial value of 1 to emphasize the differences in the halo shapes.
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Figure 3.5. Comparison of the radial velocity curves [left panels] and the galactic
potentials [right panels] for an S/P halo with a galaxy mass-to-light ratio of 90% [top
two panels], 75% [middle two panels], and 50% [bottom two panels], and a luminous
Einasto n = 1 matter distribution with median of 2r0 [blue], 4r0 [purple], 8r0 [red],
16r0 [orange], and 32r0 [yellow].
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DM% r1/2,(LM) ρ0 r1/2,(DM)

8.5 16.3 27.4
17 12.1 29.7

90% 34 8.87 32.7
68 7.65 34.5
136 7.65 34.7
8.5 35.3 21.0
17 18.5 25.4

75% 34 9.85 31.1
68 6.68 35.7
136 6.74 36.1
8.5 93.3 14.8
17 33.9 20.3

50% 34 11.0 28.7
68 4.64 38.6
136 4.01 42.2

Table 3.2. Central mass densities and median radii for an S/P halo of 1011 solar
masses with a luminous Einasto n = 1 matter distribution, assuming a particle mass
of 10−24 eV. Columns from left to right: Galaxy DM fraction; median of the LM
distribution in kpc; DM halo central density in 106 solar masses/kpc3; and DM halo
median in kpc.

The bottom panels show the DM profiles for a galaxy made of 50% DM and

50% LM. In such a galaxy the DM halo is more susceptible than usual to the effects

of the LM. As before, the more compact LM distributions result in larger central

DM halo densities, but the difference between LM median 2r0 and 32r0 is much more

dramatic.

Table 3.2 shows the central mass densities and median radii for these cases given

a DM halo of 1011 solar masses and a particle mass of 10−24 eV. These values can be

compared to the ′100%′ DM halo case for a 1011 solar mass halo found in Table 3.1,

where the core density is 7.61× 106 solar masses and the median is 34.0 kpc. Unlike

the black hole, which always has the effect of creating a tighter and sharper halo, the
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LM distributions can either increase or decrease the DM halo size depending on their

total mass and size.

For the 90% DM galaxy, a large and diffuse LM distribution increases both the

median and the central mass density of the DM halo by a very small amount. For a

more compact LM distribution at 8.5 kpc, the DM median is reduced by about 20%

and ρ0 is more than doubled.

In the 50% DM galaxy, the large LM distributions lengthen the DM halo con-

siderably. This represents a greater share of the LM being located on the fringes of

the galaxy, which tends to draw more of the DM away from its core. In the 8.5 kpc

LM case, the DM median is reduced by more than half and ρ0 is increased by an

order of magnitude, similar to the case of a black hole.

In Accordance with Gauss’s Law, the potential at a point outside of a distri-

bution of matter with radius r is the same as it would be if all that matter were

concentrated in a single point at the center. As the LM median becomes a smaller

fraction of the halo median, more of the DM is located outside the LM region. For

points outside the LM, the LM acts as a point source potential, drawing in the sur-

rounding DM and lowering its median.

A galaxy with a black hole mass equal to its DM halo mass (see Table 3.1) can

be seen as the limiting case of the 50% DM galaxy as the LM median approaches

zero. The 8.5 kpc LM case produces a DM core density on the order of that produced

by a black hole of the same mass. It also produces an even smaller median, which

seems paradoxical. However, an examination of the halo shapes quickly explains this

phenomenon. The black hole potential results in a halo with a cuspy shape much

closer to an Einasto n ≈ 1 profile. With the LM potential, the halo retains the flat,

smooth core associated with a smaller Einasto index. When integrating to find the

total mass of the halo over all space, the density is multiplied by r2 to account for
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the total area of the shell of radius r over which that mass is distributed. As a result,

a cuspy density profile like Einsato n ≥ 1 requires a larger volume to accommodate

the same amount of mass than a smooth-cored density profile which approaches zero

much more quickly (like Einsato n < 1). In other words, for a given halo mass, a

cuspy profile will always have a larger median than a smooth-cored profile.

Figure 3.3 provides a comparison of the velocity curves and galactic potentials.

As before, the plots are scale-independent. As expected, the radial velocity curves

depicted in the left panels show a greater divergence for a lower DM fraction. The

right panels show the interesting effects of the LM on the galactic potential. The first

obvious change is the appearance of potential well displaced from the origin. The

smaller values of LM median produce deeper wells closer to the origin, suggesting there

is a correlation between the LM median and the minimum potential. For galaxies

with smaller DM fractions, the wells are much more pronounced as a function of LM

median, while in the galaxies with 90% DM and large LM medians there is no visible

well at all. These wells have the effect of drawing more DM to the core of the halo,

but because they occur away from the origin, they don’t result in the cuspy cores

associated with black holes.

Overall, the DM distributions don’t show a large variance from the S/P only

halo. As with the black hole, the most noticeable difference occurs when the LM mass

approaches the DM mass, or when the galaxy’s mass-to-light ratio approaches half.

Even then, the radius of the LM distribution must be significantly smaller than that

of the DM halo in order to have much effect. The black hole produces a steeper inner

slope in the DM distribution precisely because all of its mass is at the core. An LM

distribution spread out over a larger area produces a more gently sloping potential,

damping its overall impact on the DM halo shape.
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The stellar mass distribution is an important part of the DM picture, most

notably because of the reliance on rotation curve data for constraining DM profiles.

Any complete picture of the galactic potential must certainly include contributions

from the LM, but its effect in many cases is small enough to ignore in a first-order

calculation. Where is stands to have the most effect is in those galaxies with the

lowest mass-to-light ratios.

3.3 The Gross-Pitaevskii Equation

Under the assumption that the interaction between a pair of DM particles is

extremely weak, analysis in this dissertation has thus far been limited to finding solu-

tions to a gravitational Schrödinger-Poisson system using the Hartree approximation

and neglecting many-body effects. Because the particles are assumed to be bosons,

there is no Pauli exclusion principle to restrict the number of particles allowed in each

state.

The distribution of quantum states in a system of indistinguishable bosons

in thermal equilibrium is governed by Bose-Einstein statistics, where the expected

number of particles in each energy state is given by

ni =
di

e
(εi−µ)
kbT − 1

, (3.5)

where di and εi are the degeneracy and the energy, respectively, of the ith state; µ

is the chemical potential; T is the absolute temperature; and kb is the Boltzmann

constant (Merzbacher 1997). Most of these quantities are unknown, but in the limit

that T → 0, all of the particles will collapse into the lowest energy state. In this sense,

the model presented in Chapter 2 can be thought of as the T → 0 approximation

of the gravitational Schrödinger-Poisson system. A more detailed analysis of the

implications of Eq. (3.5) is provided in Chapter 4.

39



A gas of weakly interacting bosons cooled to temperatures near absolute zero is

known as a Bose-Einstein Condensate (BEC) (Pathria 1996). Because all or nearly all

of the particles in a BEC are in the ground state, they can be described by the same

wave function. This means that quantum effects become visible on a macroscopic

scale. BECs have been vigorously researched since their discovery. The first man-

made BEC was created in 1995 using rubidium-87 atoms (Anderson et al. 1995).

Since then, BECs have been made from sodium-23 (Davis et al. 1995) and lithium-7

(Bradley et al. 1995), among others. BECs have even been observed in photons

(Klaers et al 2010).

The governing equation used to describe a BEC is the Gross-Pitaevskii equation,

µψ = − ~2

2m
∇2ψ +

[
V (r) + g|ψ|2

]
ψ , (3.6)

where V (r) is an external potential; g = 4π~2as
m

is the coupling constant; and as is

the scattering length (Pitaevskii and Stringari 2004). ψ is the single particle wave

function, and ∫ ∞
−∞

ψ∗ψ dV = N , (3.7)

where N is the total number of particles.

The Gross-Pitaevskii equation is simply the Schrödinger equation with a non-

linear scattering term g|ψ|2 added to the potential. The scattering length as is in-

terpreted to be the distance at which the fine structure of the interaction potential

becomes important. To take a classical example, the scattering length of a billiard ball

is simply the radius of the ball. For more complex potentials, the scattering length is

often found empirically. In the limit that as → 0 the scattering term disappears and

the Schrödinger equation is recovered.

Since the primary dark matter model considered in this dissertation consists of

bosons condensed to the same ground state, it could easily be interpreted as a BEC.
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Figure 3.6. Comparison of the density profiles of an S/P halo with B = 1 and C = 0
[blue]; 1 [purple]; 10 [red]; 102 [orange]; 103 [yellow]; and 104 [green]. The left panel
shows the normalized probability density of a single particle. In the right panel the
densities have been scaled to an initial value of 1 to emphasize the differences in the
halo shapes.

It is reasonable to consider, then, whether there is any scattering between particles

and how such behavior might affect the halo structure. If the potential V (r) in

Eq. (3.7) is taken to be the dark matter Poisson potential from Eq. (2.2), then the

Gross-Pitaevskii equation can be used in place of the Schrödinger equation to form

an S/P system with an added potential term. This system of equations is doubly

nonlinear; both the repulsive scattering term and the Laplacian of the attractive

Poisson potential are proportional to ψ2.

The scattering length as serves as an additional free parameter. In order to

compare the relative strengths of the S/P potential and the new scattering term, it

will be helpful to rewrite the equations entirely in terms of dimensionless variables.

Let ξ = r/r0 be the measure of distance, where r0 is an arbitrary scaling parameter,

and let the dependent variables beR(ξ) = (mr0
3

M
) R(ξ) and VDM(ξ) = (2mr02

~2 ) VDM(ξ).

Then Eqs. (3.7), (2.2), and (3.8) become

∇2R(ξ) =
[
B V(ξ) + C R(ξ)2 −D

]
R(ξ) , (3.8)

∇2VDM(ξ) = R(ξ)2 , and (3.9)
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Figure 3.7. Comparison of the radial velocity curves (left panel) and the galactic
potential (right panel) for a an S/P halo with B = 1 and C = 0 [blue]; 1 [purple]; 10
[red]; 102 [orange]; 103 [yellow]; and 104 [green].

∫ ∞
0

ξ2 R(ξ)2 dξ = 1 , (3.10)

respectively, where B = 2G
~2 m

2Mr0 and C = 2as
mr0

M (referred to hereafter as the Pois-

son and scattering parameters, respectively) determine the relative strengths of the

potential terms, and D = 2mr02

~2 µ is the energy parameter.

Figure 3.4 gives the ground state densities for B = 1 over a range of C values.

The standard S/P only solution is recovered in the case of C = 0 [blue]. The most

noticeable effect of the added scattering term is spread of the distributions. In the

case of C = 105, the halo is stretched by more than an order of magnitude, and its

shape is significantly altered. The other smooth-cored profiles encountered so far have

a distinct rounded inner section with negative second derivative. This is sometimes

referred to as the ’core’ of a density profile (not to be confused with the ’core density,’

which is the density at r = 0). Outside this core, the second derivative is positive,

and the density decays to zero as r → ∞. For the C = 105 case, the ’core’ takes up

almost the entire halo, causing it to resemble a bubble or spheroid.

One of the consequences of the sizeable cores produced in halos with large C

is shown in the galaxy’s rotation curves (Figure 3.7, left panel). The larger core

42



0 1 2 3 4 5
0.0

0.5

1.0

1.5

2.0

Ξ

R
2

0 5 10 15 20 25 30 35
0.0

0.2

0.4

0.6

0.8

1.0

Ξ

R
2
�R

02

Figure 3.8. Comparison of the density profiles of an S/P halo with B = 10 and C =
0 [blue]; 1 [purple]; 10 [red]; 102 [orange]; and 103 [yellow]. The left panel shows the
normalized probability density of a single particle. In the right panel the densities
have been scaled to an initial value of 1 to emphasize the differences in the halo
shapes.

causes the velocity curve to increase over a longer range. The potential for these

halos (Figure 3.7, right panel) is also much shallower.

Figures 3.8 and 3.9 show the same details as Figures 3.6 and 3.7 for B = 10.

The central mass density and median halo values are provided in Table 3.3. As noted

in the graphs, the largest C values increase the halo median by more than order of

magnitude while lowering the central density by several orders.

Since the scattering term in the potential is repulsive, it serves to spread out the

distribution rather than concentrating it. Its proportionality to the density prevents

too much occupation of a given region of space. As a result, there is an upper limit

on the value of C in order for a bound state to be possible. Analyzing the results for

B values ranging from 10−4 to 103, the upper limit for a bound state is on the order

of B C ∼ 105. Since the product of B and C is 4G
~2asmM2 , this formula can be used to

find the upper bound on the scattering length as. Taking a typical large galaxy halo

mass of 1012 solar masses and a particle mass of 10−24 eV, this gives an upper bound
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Figure 3.9. Comparison of the radial velocity curves (left panel) and the galactic
potential (right panel) for a an S/P halo with B = 10 and C = 0 [blue]; 1 [purple]; 10
[red]; 102 [orange]; and 103 [yellow].

on the scattering length of around 5.8×10−89m, or 54 orders of magnitude lower than

the Planck length.

Since the Planck length is the lower limit of distance measurement in quan-

tum mechanics, this result can’t be taken as physical. There are several possible

interpretations. The simplest is that DM particles of this nature have no scattering

properties. If they do scatter, it may be that the Gross-Pitaevskii equation does not

apply to them. If it does apply to them, it may mean that the scattering term requires

a different interpretation than the one assumed for typical Bose-Einstein condensates.

Though the Pauli Exclusion principle does not apply to bosons, other exclu-

sionary principles do exist in nature. General Relativity places an upper limit on

the amount of mass that can be contained within a given volume defined by the

Schwarzschild radius (Cheng 2010). Since the Compton wavelength for these parti-

cles has an astronomical scale and the wave functions are heavily overlapping, there is

a small but ever-present probability of a handful of particles being localized to within

a radius smaller than the what the Schwarzschild limit would allow. Any mechanism

which would act to prevent these particle from simultaneously being in a given region
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B C ρ0 r1/2

0 7.61 34.0
1 6.37 35.9

1 10 2.47 48.2
102 .231 101.
103 9.89× 10−3 278.
104 3.39× 10−4 840.
0 7.61× 104 3.40
1 2.46× 104 4.82

10 10 2.31× 103 10.1
102 98.9 27.8
103 3.39 84.0

Table 3.3. Central mass densities and median radii for an S/P halo of B × 1011 solar
masses and a Gross-Pitaevskii scattering term C, assuming a particle mass of 10−24

eV. Columns from left to right: Poisson parameter B; scattering parameter C; DM
halo central density in 106 solar masses/kpc3; and DM halo median in kpc.

would constitute a type of exclusion, and would result in a scattering of particles.

Currently there is no commonly accepted theory which unifies General Relativity

and quantum mechanics, and the exact nature of this hypothetical scattering and its

computational form are beyond the scope of this dissertation.

Like the other modifications to the potential, a Gross-Pitaevskii scattering term

alone is not enough to incorporate all observed DM halo types into the same model,

but its inclusion does widen the spectrum of possible halo shapes and behaviors.

3.3.1 Addition of a Black Hole

In this section the effects of the repulsive Gross-Pitaevskii nonlinearity and the

attractive black hole singularity are studied in combination by inserting a black hole

potential into Eq. (3.8).

Figure 3.10 gives the ground state densities for a halo with B = 1 and C = 10000

and black holes of three different mass ratios MBH

M
; Figure 3.11 shows the radial
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Figure 3.10. Comparison of the density profiles of an S/P halo with B = 1, C = 10000,
and black hole mass ratios MBH

M
of 10−3 [blue], 10−2 [purple], 10−1 [red]. The left panel

shows the normalized probability density of a single particle. In the right panel the
densities have been scaled to an initial value of 1 to emphasize the differences in the
halo shapes.

velocity curves and potential wells. This trio of unusual shapes has several noteworthy

qualities. For MBH

M
= 10−3 [blue], the halo is mostly unchanged from the no-black hole

case. For MBH

M
= 10−2 [purple], the density very near the origin is cuspy and linear.

A noticeable hump occurs not far from the origin, and thereafter the halo takes

on the rounded shape and negative second derivative associated with the previous

C = 10000 halos. For MBH

M
= 10−1 [red], there is a pronounced cusp at the origin

followed by a sharp bend. The second derivative stays positive, a characteristic shared

with Einasto profiles n ≥ 1. Strangely, this curve is well approximated by an Einasto

profile with n = 2 out to arounf ξ ∼ 150. Thereafter the density continues on an

almost linear path before entering exponential decay. The Einasto n = 2 function

decays as the exponential of the square root of r, meaning it takes longer than an

ordinary exponential function to approach zero.

This behavior appears to be even more pronounced for higher black hole mass

ratios and for higher values of C. In both cases, however, the halo is so loosely bound

that a ground state is difficult to find within the normal limits of numerical precision.
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Figure 3.11. Comparison of the radial velocity curves (left panel) and the galactic
potential (right panel) for a an S/P halo with B = 1, C = 10000, and black hole mass
ratios MBH

M
of 10−3 [blue], 10−2 [purple], 10−1 [red].

Determining what if any bound states can occur at these extreme values will require

a high degree of precision and computing power, and it is left as an avenue for future

study.

3.4 Summary

Stable ground state solutions to the Schrödinger-Poisson system with additional

potentials were computed and their properties compared to known halo types.

The addition of a black hole to the S/P system provided a more peaked distri-

bution associated with simulated DM halos and with observed halos in large galaxies.

The black hole also had the effect of drawing the mass of the halo inward, creating a

larger core density and smaller median. The galactic rotation curve achieved a higher

maximum at a closer radius than the no-black hole case, while the galactic potential

gained a singularity that began to dominate the halo at small radii. The effects of

the black hole were most noticeable when its mass was within an order of magnitude

of the halo mass.
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Adding a luminous matter distribution preserved the smooth-cored profile of

the S/P only solution. LM distributions with smaller radii had the effect of drawing

the mass in toward the core, while large-radius LM profiles actually pulled mass

away from the core, spreading out the halo. The galactic rotation curve achieved its

sharpest peak when the LM had the smallest radius and a mass comparable to the

DM. The galactic potentials gained a visible well, with smaller values of LM median

producing deeper wells closer to the origin, suppressing the appearance of a cusp.

A Gross-Pitaevskii scattering term created a rounder halo, with the strongest

terms resulting in an almost parabolic appearance. The halos were spread out over

a larger area, with smaller core densities. The addition of a black hole created some

unusual halo shapes, and for certain values began to emulate the properties of Einasto

profiles with n > 1.

Each added potential expanded the gravitational S/P model to incorporate a

larger range of DM halo types, creating both cuspy and smooth-cored profiles as well

as extending the possible range of central density and median radius values permitted.

Tables 3.1 - 3.3 demonstrate how a large variation can occur in these parameters even

when the particle mass is held constant. This is in contrast to the S/P only model,

where the halo parameters were limited in scope by Eq. (2.7). Chapter 4 will examine

the possibility of incorporating excited states into the model as a means of further

expanding its range.
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CHAPTER 4

INCLUSION OF EXCITED STATES

All the QDM models considered in this dissertation and the references therein

have assumed that the particles are bosons. If a DM halo on the order of 106 ∼ 1013

solar masses is to be made up of particles on the order of 10−24 eV, then the population

of the halo can reach or exceed 10100 particles.

If one considers for reference that the hydrogen atom permits a total of 2n2

electrons per energy state n (Merzbacher 1997), a quick calculation shows that even

just 1018 particles will require more than 106 excited states. It’s easy to imagine

that a system of 10100 fermions would require an extreme and unprecedented number

of energy levels. By contrast, the largest atoms contain fewer than 120 electrons,

requiring at most 5 or 6 energy levels. Even these are notoriously complex and

difficult to model. It’s safe to say that no existing computer could model a system of

10100 fermions.

Of course, if one started with the assumption that the particles were fermions,

the range of masses approximated in such a model would be different. A higher parti-

cle mass would mean fewer particles required to make up the halo, and subsequently

fewer excited states to be considered. However, raising the mass by more than a few

orders of magnitude lowers the Compton wavelength to significantly below the parsec

scale while still requiring an enormous particle population. This makes a fermionic

QDM model an unlikely prospect.

Even for bosons, it’s sensible to consider the implications of DM halos with

excited states. For the low temperatures assumed in a BEC, the realistic assumption
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is that most of the particles are in the ground state. However, in any real-world

application, with T never quite reaching absolute zero, there will always be some

percentage of occupied excited states (Pathria 1996).

The occupation numbers for the energy states of a bosonic system was given

by Eq. (3.5). The equation depends in part on temperature, and a typical BEC will

have nearly all its particles in the ground state with a handful in the first excited

state. If this idea is extended to the QDM model, a problem quickly arises. The

wave function used in the Schrödinger and Poisson equations described a particle in a

single state. If multiple states are considered within the same halo, then both states

will contribute to the overall potential. This potential will be different from the one

that would occur if all the particles were in the ground state. In moving from the

ground state to the first excited state, the particles have changed the very potential

in which they were bound. In addition, both the ground and excited states must

satisfy the overall potential they create. This requires solving an extra Schrödinger

equation for the excited state.

Adding even a small percentage of excited particles seems to have magnified

the nonlinearity of the S/P system. In order to establish how this problem might be

approached, the next few sections will proceed in steps of increasing complexity, be-

ginning with simplifying assumptions and extrapolating the results to acquire actual

solutions.

4.1 Single-State Halos

Before considering the full complexities of a mixed state halo, it is instructive

to begin with the case of a halo where all the particles are in the same excited state.

Solutions of this nature are found readily from the models considered in the previous

chapters. Those sections sought ground state solutions by selecting only those wave
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Figure 4.1. Density profiles for an S/P halo in the 1st excited state [left panel] and
second excited state [right panel].

functions that were nodeless. To find the excited states, one merely has to change

the energy until a state with nodes is found.

Figure 4.1 shows the density profiles for two such solutions, namely an S/P

halo entirely in the first (left panel) and second (right panel) excited states. They

are similar in appearance to excited states of the hydrogen atom but with a flat core

instead of a cuspy one.

The fine structure is apparent in the halo potentials (Figure 4.2), having the

same basic shape as the ground state S/P solution but with a characteristic bump

associated with each node. The rotation curves plotted in Figure 4.2 have an even

more dramatic character, producing visible wavelike deviations from the ground state

case. Interestingly, many real galactic rotation curves also exhibit this clear wavelike

form (Karachentsev and Xu 1991; Wozniak and Pfenniger 1996).

The possibility of an entire halo in an excited state would seem to violate the

conditions of Bose-Einstein statistics. However, for a nonlinear problem the question

of energy level occupation becomes more complicated. This question is examined in

Section 4.3.
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Figure 4.2. Galactic potentials for an S/P halo in the 1st excited state [upper left
panel] and second excited state [upper right panel]; galactic rotation curves for an
S/P halo in the 1st excited state [lower left panel] and second excited state [lower
right panel].

4.2 Mixed-State Halos

If the particles are permitted to be in a mix of more than one state, it is

necessary to bring multiple Schrödinger equations into the picture. For a halo with

two different eigenstates, the S/P system contains three equations. A two-state halo

can be treated as two separate halos occupying the same space, each contributing to

the overall potential. Each wave function must satisfy the Schrödinger equation with

the same potential and a different energy. Using the dimensionless variables defined

in chapter 3,

∇2Ri(ξ) = [B V(ξ)−Di]Ri(ξ) and (4.1)

∇2Rj(ξ) = [B V(ξ)−Dj]Rj(ξ) , (4.2)
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Figure 4.3. Wave functions for a single particle with state n = 1 [left column], 2
[middle column], and 3 [right column], embedded in a parent halo of state N = 1 [top
row], 2 [middle row], and 3 [bottom row].

where Ri(ξ) and Rj(ξ) are the single particle radial wave functions of the two individ-

ual eigenstates, and Di and Dj are their respective energy eigenvalues. The potential

given by the Poisson equation, which now depends on both densities, is

∇2V(ξ) = ciRi(ξ)
2 + cjRj(ξ)

2 . (4.3)

where ci and cj represent the fractions of particles in each of those states, and ci+cj =

1. In addition, each particle must satisfy its own normalization condition,∫ ∞
0

ξ2 Ri(ξ)
2 dξ = 1 and

∫ ∞
0

ξ2 Rj(ξ)
2 dξ = 1 . (4.4)

The usual numerical methods can be used to find ground or excited states, only

now the problem contains six initial conditions to specify, (Ri(0),R′i(0),Rj(0),R′j(0),

V(0), and V ′(0)), as well as the two energy eigenvalues. In effect the separate states
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n = 1 n = 2 n = 3 n = 1 n = 2 n = 3
N = 1 .4130 .1726 .07374 N = 1 2.008 5.374 10.44
N = 2 .02497 .01688 .01197 N = 2 5.296 12.05 18.94
N = 3 .005764 .003539 .002945 N = 3 8.713 20.64 31.16

Table 4.1. R0
2 [left] and ξ1/2 [right] for the solutions in Figure 4.3

together form a nonlinear 2-body problem, making numerical solutions a challenge.

With so many unknowns, it is difficult to know where to start.

It will be helpful to narrow down the range of possible initial conditions. For-

tunately, the problem is simpler to solve in some limiting cases. One approach is

put the entire halo into a single state N , and then add a single particle with state

n. Since the second eigenstate contains only a single particle, its contribution to the

potential can be neglected. This breaks the problem into two much simpler steps.

First, the S/P system for the single-state N halo can be solved as in the previous

section. Next, the potential resulting from that solution can be used in a separate

Schrödinger equation, and a solution can be sought with the desired number of nodes

specified by n.

Figure 4.3 shows the resulting single-particle wave functions when the first three

states are considered. On the top row are the first three states (from left to right,

n = 1, 2, and 3) for a single particle embedded in a halo entirely in the ground state

(N = 1). The middle row shows the first three states for a particle in a halo entirely

in the first excited state (N = 2), and the bottom row corresponds to a halo in

N = 3. The result is a 3× 3 grid of single-particle wave functions, and the diagonal

corresponds to the cases where N = n.

Moving down across the grid, the individual states show almost no change in

shape. Their scale, on the other hand, increases according to the scale of the parent
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Figure 4.4. [Left panel]: Wave functions for a particle in a halo half in the ground
state [blue] and half in the first excited state [red]. [Right panel]: The combined halo
density function.

halo. From Figure 4.1 it is apparent central density has decreased from the first to

the second excited state, while the effective radius has increased. These changes are

reflected in Fig. 4.3, where the single-particle states have lower central densities (and

higher effective radii) when embedded in halos of higher states. Likewise, a particle

in the first excited state has a much higher central density when it is embedded in an

N = 1 halo than when it’s part of an N = 2 halo.

Table 4.1 gives the values of R0
2 and median ξ1/2. This table can be used as

a sort of map for locating the appropriate initial conditions for a true mixed state

halo. For example, consider a halo where every particle is either in state 1 or state 2.

If no particles are in state 2, table 4.1 gives an initial density of R0
2 = .4130. If all

but one of the particles is in state 2, then R0
2 = .02497 for the lone state 1 particle.

Based on these two extremes, it is possible to estimate the value of R0
2 for a state

1 particle in a halo with an any ratio states 1 and 2. R0
2 for state 2 can likewise be

estimated.

Using these ranges, a solution can be acquired for a halo half in the ground

state and half in the first excited state. The values of R0
2 are found to be .2204
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and .1134 for states 1 and 2, respectively. The resulting halo density function has a

core density value of .3338 and a median of 4.072. Figure 4.4 contains the plotted

solutions. On the left panel are the individual wave functions for each state, and on

the right is combined halo density function. It is similar in form to the ground state

solution, except for a noticeable tail formation brought about by the contribution of

the n = 2 state.

It can be seen from Table 4.1 that the quantity R0
2 × ξ1/2

3 is nearly constant

for each n value regardless of N. The reason for this is simple. Any solution must

be normalized to an area of 1 to reflect the fact that the particle has 100% chance

of being found somewhere in space. Take the simple example of a two dimensional

rectangle with length l, height h, and constant area 1. In order to preserve both the

area and the shape, if l is increased then h must be decreased by some predictable

amount. In this case l × h = 1, so the height will always be h = 1/l.

A similar situation arises in the wave functions of quantum mechanics. For

example, the potential in a hydrogenic atom is proportional to −Z/r, where Z is the

atomic number. When Z is increased, the wave function gains a larger central density

and a smaller Bohr radius, but its functional form (and thus its shape) remain con-

stant (Merzbacher 1997). The potentials (Figure 4.2) that produce the wave functions

in Figure 4.3 have nearly identical shapes, differentiated only by the number of small

bumps they contain. The resulting wave functions are similar enough in appearance

that when normalized, the product of their height (R0
2) and length (represented in

three dimensions by ξ1/2
3) will be about the same. This relation can be useful in

extrapolating Table 4.1 to values of N > 3.

Even with estimations of some initial conditions, solutions to a nonlinear two

body problem such as this one are difficult to acquire. Still, these results show that

such solutions are permitted by the equations, and their properties offer a glimpse
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into the sorts of scales and shapes made possible even without the addition of external

potentials. As the percentage and depth of excited states is increased, it’s clear that

the effective radius of the halo will increase and that the tail-like formation can be

extended.

4.3 Effects of Nonlinearity on the Eigenstates

The potential of a given halo is a cumulative result of the mutual interaction

all the individual particles. Under the Hartree approximation used in this analysis, if

even one particle changes state, the entire potential changes (if only by an infinitesi-

mally small amount). If the potential changes, so do the energy values of all the states

of the halo. This makes it difficult to compare energy eigenstates, or even determine

what is the ground state in all cases. In a linear system when a particle jumps to a

more excited state, its energy should goes up by a predictable amount. But in doing

so, the particle takes on a less dense wave function, spreading out its density over

a larger volume. In the nonlinear case, this spreading has the effect of lowering the

magnitude of the potential created by that particle’s density function. This in turn

lowers the energy eigenvalues of all the states in the halo.

This has several implications. First, it’s not immediately clear whether one

set of states represents a higher energy state than another. The ground state of the

Helium atom is the one in which both electrons occupy the lowest energy orbital.

If the n = 1 shell and the n = 2 shell each contain one electron, this certainly

represents a more energetic atom. If instead the potential depended strongly on the

wave functions of the individual electrons, it would not be as easy to determine which

of these configurations has lower energy. It’s possible that the ground state for this

hypothetical nonlinear Helium atom could be the one in which one of the electrons

occupies n = 2. For the S/P system, this opens up the possibility that the ground
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state for a DM halo may not always be the one in which all the particles fall into the

apparent n = 1 state. This means that variations between halos, such as total halo

mass and luminous matter distributions, could affect the configuration of the ground

state. This in turn would result in significant variations in halo shape.

Furthermore, since every possible combination of states for a halo represents a

unique potential, there are no excited states for the halo itself. For each halo potential

a (possibly infinite) number of individual eigenstates can be derived (ground state,

first excited state, and so on), even if not all of those states are represented within the

halo. If any of the particles changes state, every particle will be under the influence of

a new potential. Thus there is no degeneracy among the energy levels of the particles,

and each halo is its own ground state.

The possibility of BECs with nodes was explored by Kalas et al. (2010), whose

model consisted of a BEC in an attractive finite well potential. As the depth of the well

was increased, they noted that stable noded solutions occurred at discrete intervals

of well depth, with all other depth values providing no stable noded solutions. This

demonstrates that the inclusion of an external potential can actually induce nodes

in a BEC wave function, and that two otherwise identical potentials with different

magnitudes can result in dramatically different bound state behavior.

4.4 Summary

Stable excited single-state and multi-state solutions to the Schrödinger-Poisson

only system were computed and their properties compared to known halo types.

Placing every particle in the halo into the same excited state resulted in a wave

function with a larger median and smaller core density, as well as a wave-like galactic

rotation curve resembling that of many observed galaxies. Placing single particles

of one state into a halos of particles with another state, a map was created which
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constrained the likely initial conditions for an arbitrary halo composed of two different

states. This map was used to narrow down the initial conditions of a halo half in

ground and half in the first excited state. The density of this halo resembled the S/P

only density but with a noticeable tail formation.

Admitting excited states expanded the gravitational S/P model to incorporate

a larger range of DM halo types even without considering the addition of external

potentials. Table 4.1 and the results from Figure 4.4 show the range of core density

and median values that can occur as a result, even when the particle mass is held

constant. In particular, Figure 4.4 shows the beginnings of a tail formation as a result

of half the halo being in the first excited state.
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CHAPTER 5

THEORETICAL FRAMEWORK

The results obtained in the previous chapters provide a window into the range

of possible forms a quantum dark matter halo might take. It is worthwhile to examine

the theoretical construct considered up to this point, including the assumptions made

and the limitations incurred. This chapter will make a thorough examination of the

S/P system and its limitations, and offer a purely analytical power series solution. In

addition, the Einasto density profile so motivated by recent observations of DM halos

will be examined for its viability as a solution to the Schrödinger equation.

5.1 The Schrödinger-Poisson System

5.1.1 Boundary Conditions

Since the problem involves simultaneously solving two differential equations,

there are two sets of boundary conditions to consider. Solutions to the Schrödinger

equation must be continuous, and so must R′(r) wherever the potential is finite. In

addition, R(r) must be normalizable, which adds the constraint that R(r →∞) = 0.

Common practice is to rewrite the equation in terms of a radial wave function u(r) =

rR(r), so that

u′′(r) =
2m

~2
(V (r)− E)u(r). (5.1)

Eq. (5.1) is a valid description for the wave function at all points except for

r = 0, where R(r → 0) = [u(r)/r]r→0 → ∞. This problem can be handled in most

cases by requiring that u(r) vanish at the origin, so that u(0) = [rR(r)]r→0 = 0

(Merzbacher 1997). In this case, the behavior of R at the origin is constrained to
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R ≈ rk, where k > −1. Even with this requirement Eq. (5.1) still permits some

singular wave functions where −1 < k < 0, but these solutions are normalizable at

the origin. For any lower power of r at R(0), the total probability will be infinite.

This leaves open the question of u(0) 6= 0. Clearly u(0) 6→ ±∞, since such a

solution would not be normalizable. u(0) = const is normalizable, however. In this

case R(r) ≈ 1/r at the origin.

If the considered wave function is finite-valued at the origin, then the potential

must satisfy boundary conditions in the Poisson equation such that V (0) = const and

V ′(0) = 0. This results in a flat, cored potential at the origin. It is easy to see from

this requirement why the S/P only system will always produce a smooth-cored density

profile. In the neighborhood of a local minimum a potential can be approximated as

parabolic, and the wave function in that region can be approximated by a Gaussian

function (Griffiths 2004). It is natural then for the S/P only wave function to have

zero slope at the origin.

When adding external potentials to the picture, some of these boundary condi-

tions become relaxed. Adding a black hole to the Schrödinger equation, for example,

gives the potential a singularity at the origin. That singularity permits the wave

function to have a cusp, while the potential produced by the Poisson equation retains

its smooth core, satisfying the boundary conditions.

5.1.2 Symmetry and Degeneracy

The model considered in this dissertation assumed a spherically symmetric wave

function. This decision is well-motived by observations (Burkett 1995; Ackermann et

al. 2011; Chemin et al. 2011; Salvador-Solé et al. 2011), which indicate approximately

spherical distributions in galactic halos. In reality there will always be fine deviations

due to things like luminous matter distributions and hot gases. These deviations
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should be largest for galaxies with the smallest mass-to-light ratios and in galaxies

where the dark and luminous distributions are most coincidental. Simulations of

galactic DM tend to produce slightly triaxial halos for spiral galaxies due to the

spherical asymmetry of their luminous portions, with the galactic axis being stunted

compared to the others (Jeon et al. 2009). Simulated elliptical galaxies also tend

to have triaxial halos, with the axis lengths being of similar proportion to their

luminous distributions (Knebe and Weibner 2006; Sales et al. 2012). In every case,

the simulated halos do not deviate much from spherical symmetry.

Deviations may also occur as a result of angular momentum. For any spherically

symmetric potential, including the hydrogen atom, the Schrödinger equation can

easily be separated into angular and radial equations and solutions for each equation

can be derived independently of the other. Indeed, the solutions to the angular

equation are the same regardless of the potential; they are the well-known spherical

harmonics. When l = 0, the angular solution is just the constant 1/
√

4π, and so the

entire wave function depends only on the radial component R(r). The solutions lose

their spherical symmetry for l > 0, but as long as the potential remains symmetric,

the equations can be treated separately.

In a nonlinear system, the picture is not as clear-cut. For the S/P system, if

the wave function is not symmetric, neither is the potential. If even a small per-

centage of the particles in the halo have angular momentum l > 0, the potential

derived through the Poisson equation gains a non-radial component. In this case,

the Schrödinger equation is no longer separable into radial and angular components,

turning the problem into a three dimensional nonlinear system of equations. Approx-

imate symmetry is recovered for the halo, however, if the angular position is assumed

to have a random phase factor.
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5.1.3 Compton Wavelength and the Uncertainty Principle

As mentioned in the introduction, the incredibly small mass associated with a

QDM particle implies a Compton wavelength λc = ~/mc relevant on a galactic scale.

A particle with a mass of 10−24 eV, for example, has a Compton wavelength on the

order of 10 pc (Sin 1994). If the solar system has a DM density of ∼ 10−22 kg/m3,

this would put the classical interparticle distance at around 10−15 m (Sin 1994).

In addition, there would be on the order of 1089 particles occupying a sphere with

radius 1
2
λc. Thus both the quantum wave functions and the Compton wavelengths

are heavily overlapping.

A consequence of the uncertainty principle is that the uncertainty in position

must be at least one-half the Compton wavelength. This can be quantified by

σr ≥
1

2
λc , (5.2)

where σr is the standard deviation. This provides an interesting dilemma. For the

S/P system, as the mass of the halo increases, its radius gets smaller. As the halo

becomes more and more compact, σr becomes smaller. At some point either Eq.

(5.2) must be violated, or the halo will no longer obey the Schrödinger equation. On

the other hand, it’s possible either a new term in the potential or a new exclusion

principle could be brought to bear on this problem.

5.1.4 The Hartree Approximation

Due to the large scale of the wave function involved, it may be that the Poisson

equation does not produce a reasonable estimate of the potential. Use of the Hartree

approximation assumes that each individual wave interacts with its neighbors as

if they were point particles. Given that the waves are spread out on a scale of

kiloparsecs, the time it takes for a force mediator to cross from one end of the halo
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to the other is on the order of billions of years. In this case, it may be that local

interactions outweigh contributions from the entire extended halo.

5.1.5 Power Series Solution

Though an Einasto profile with n = 0.56 offers a good approximation of the

solution to the S/P only system, an exact solution can be found in the form of a

power series. The equations of the Schrödinger-Poisson system can be written as a

single differential-integral equation in the form

u′′(r) =

[
B
∫ r

∞

1

r′2

(∫ r′

0

u(r′′)2 dr′′

)
dr′ −D

]
u(r). (5.3)

The solution, written in terms of u(r) = rR(r), should satisfy the boundary

conditions

u(0) = 0 , and (5.4)

u(r →∞) = 0 , (5.5)

as well as the normalization condition∫ ∞
0

u(r)2 dr = 1 . (5.6)

Writing the radial function R(r) as a power series,

R(r) = a0 + a1r + a2r
2 + a3r

3 + · · · =
∞∑
n=0

anr
n , (5.7)

u(r) becomes

u(r) = rR(r) = a0r + a1r
2 + a2r

3 + a3r
4 + · · · =

∞∑
n=0

anr
n+1 , (5.8)

with the derivatives

u′(r) = a0 + 2a1r + 3a2r
2 + 4a3r

5 + · · · =
∞∑
n=0

(n+ 1)anr
n and (5.9)
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u′′(r) = 2a1 + 6a2r + 12a3r
2 + · · · =

∞∑
n=0

(n+ 1)(n+ 2)an+1r
n . (5.10)

Anticipating the need in Eq. (5.3), u(r)2 can be written as

u(r)2 =
∞∑
n=0

anr
n+1 ×

∞∑
m=0

amr
m+1

= a0
2r2 + 2a0a1r

3 + (2a0a1 + a1
2)r4 + (2a0a3 + 2a1a2)r5 + · · ·

=
∞∑
n=0

rn+2

[
∞∑
m=0

aman−m

]
. (5.11)

Plugging Eqs. (5.8), (5.10), and (5.11) into Eq. (5.3), the coefficients are found to be

an =
1

n(n+ 1)

(
an−2D + B

n∑
m=0

[
an−m

(m+ 2)(m+ 3)

m∑
q=0

aqam−q

])
(5.12)

for even integer n ≥ 2. The final solution for R(r) is then

R(r) =
∞∑
n=0

r2n (2n− 1)!

(2n+ 1)!

(
an−2D + B

n∑
m=0

[
an−m

(m+ 2)(m+ 3)

m∑
q=0

aqam−q

])
(5.13)

where an<0 = 0.

Figure 5.1 shows the series progression as more and more terms are added, up

to a maximum of 50 terms.

5.2 The Einasto Profile

The NFW density profile is one of the oldest dark matter fitting profiles still

in use (Navarro et al. 1996; Navarro et al. 2010). As mentioned in Chapter 2, its

density approaches infinity as r → 0 and its mass function diverges as r →∞. Still,

it has been very successful in fitting simulated DM halos to a finite inner radius and

an applied cutoff virial radius. In real halos, it performs best in fits of large-scale

galactic halos. Its steep inner slope, however, makes it a poor fit for so-called ’cored’
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Figure 5.1. Graph showing the approximation of power series expansion of the S/P
solution as more and more terms are added (50 total). The leftmost blue line contains
only the first term; the leftmost red line the first two terms; etc., out to a total of 50
terms.

halos, whose densities flatten out toward the origin (Power et al. 2002; Navarro et

al. 2004). The halos of these galaxies are better fit by the modified isothermal profile

(ISO), as shown in (de Blok and Bosma 2002; Kuzio de Naray et al. 2006; de Blok

2010). As with the NFW profile, a cutoff radius must be applied to the ISO profile

in order to avoid a divergent mass at r →∞.

The NFW and ISO density profiles have the form of broken power laws, with pa-

rameters representing the scales in which the density ρ and the radius r are measured.

Such two-parameter models can effectively account for differences in magnitude and

range, but they possess only one unique shape (cuspy profiles for NFW; smooth-cored

profiles for ISO). The Einasto profile is a three-parameter model, having both the two

scaling parameters and an additional shape parameter, n. The third parameter can

produce either a cuspy (n ≥ 1) or smooth-cored (n < 1) density distribution. This

allows the Einasto profile to describe a much larger variety of halos, but at the ex-

pense of being a more general formula. Recent results have singled out the Einasto
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profile as the overall best fit for modeling DM halos (Navarro et al. 2010; Chemin et

al. 2011).

Astronomers have long sought after a universal density profile for dark matter

halos (Merritt et al. 2005; Navarro et al. 2010). Even if a three-parameter model

like the Einasto profile is successful in describing most dark matter halos, it won’t

be considered a universal profile unless physical constraints can reduce the number

of parameters to two (Navarro 2010).

In fitting DM halos to both NFW and ISO profiles, several authors (e.g. Spano

et al. 2008; Donato et al. 2009; Kormendy et al. 2009) have demonstrated a cor-

relation between the model parameters, namely pc ∝ 1/rc, where pc and rc are the

characteristic density and radius of those models. This result suggests the presence

of a hidden constraint on the DM structure formation.

Chemin et al. (2011) took velocity curve data from The HI Nearby Galaxy

Survey survey (THINGS) and fit a number of galaxies to Einasto profiles. They

note that in these fits the characteristic density and radius also have an apparent

correlation, p−2 ∝ 1/r1.6±0.1
−2 , though not all the halos modeled in the survey are well-

constrained by this relation. If such a relation could indeed be established though

observational evidence, it would bring the Einasto profile a step closer to being a

universal description of DM distributions.

The functional form of the Einasto profile adopted by Navarro et al. (2010) and

Chemin et al. (2011) is

ρ(r) = ρ−2 e
−2n((r/r−2)1/n−1) , (5.14)

where r−2 is the radius at which the logarithmic slope equals −2 and ρ−2 is the density

at r−2. This form is partly motivated by the fact that −2 is the slope of the modified

isothermal profile as it approaches infinity. It also has the advantage that for most
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Galaxy ρ−2 r−2 n
NGC2366 5.7± 1.1 3.2± 0.3 1.1± 0.2
NGC5055 1.3± 0.1 22.6± 0.6 0.5± 0.1
NGC3621 0.3± 0.2 39.9± 12.3 6.4± 1.0
NGC2403 1.6± 0.3 15.3± 1.8 4.1± 0.4
NGC3198 2.2± 0.3 13.0± 0.7 2.0± 0.3

Table 5.1. Characteristic mass densities, radii, and Einasto indices for fits to the dark
matter halos of five galaxies based on velocity curve data from the THINGS galaxy
survey. Columns from left to right: Galaxy designation; characteristic density in 103

solar masses/kpc3; characteristic radius in kpc; and Einasto index. Source: Chemin
et al. (2011)

real galaxies the values of ρ−2 and r−2 fall within a magnitude (or at most two) of

one another, regardless of the value of n.

A sampling of the fitting data from Chemin et al. (2011) is provided in Table

5.1. The authors also provided fits to NFW and ISO profiles for these same galaxies.

They note that the Einasto profile provides the best overall fit.

5.2.1 Einasto in the Schrödinger-Poisson System

A natural solution to the S/P system is one in which the potential produced by

a density in the Possion equation is the same potential that gives rise to that density

in the Schrödinger equation. A generalized Einasto wave function can be constructed

taking a simple form,

R(r) ∼ e−(r/r0)1/n , (5.15)

and normalizing it to get

|R(r)| = e
−
(
r
r0

)
1
n√

8−nnr3
0Γ(3n)

, (5.16)
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Figure 5.2. Comparison of the unnormalized (left panel) and normalized (right panel)
Einasto wave functions for r0 = 1 and n = 1/2 [blue]; 1 [purple]; 2 [red]; 3 [orange];
4 [yellow]; and 6 [green].

where Γ is the gamma function. Then letting R0 = 1/
√

8−nnr3
0Γ(3n), the normalized

probability density becomes

|R(r)|2 = R0
2 e−2(r/r0)1/n . (5.17)

The derivative is given by

R′(r) = − R0

nr0

(
r

r0

) 1
n
−1

e
−
(
r
r0

) 1
n

, n 6= 1, (5.18)

or R′(r) = −R0

r0
e
−
(
r
r0

) 1
n

for n = 1. Einasto profiles can be divided into two categories

based on the value of this derivative at zero. Cuspy Einasto profiles have a central

derivative of either −R0/r0 (n = 1) or −∞ (n ≥ 1), while smooth profiles (n < 1)

have a value of 0.

Figure 5.2 shows the unnormalized (left panel) and normalized (right panel)

Einasto wave functions. When normalized, Einasto profiles with larger n values take

on very, very small central probability densities (and very large effective radii). This

correlates well with the fact that higher mass halos tend to be fit better with larger

n. Since more massive halos are also spread out over a larger area, if those halos are

represented by a wave function, that wave function will have a lower overall density.
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Figure 5.3. Comparison of the unnormalized linear probability density u2 (left panel)
and the resulting logarithmic mass functions (right panel) for r0 = 1 and n = 1/2
[blue]; 1 [purple]; 2 [red]; 3 [orange]; 4 [yellow]; and 6 [green].

Figure 5.3 shows the unnormalized linear probability density u2 (left panel) and

the resulting logarithmic mass functions (right panel), which give an idea how quickly

the mass converges as a function of radius. Figure 5.4 shows the velocity curves for

the unnormalized (left panel) and normalized (right panel) Einasto wave functions.

As r approaches the virial radius, the mass function approaches a constant value

and the velocity curve approaches 1/r1/2. The right panel of Figure 5.4 shows how

quickly these curves approach 1/r1/2 for the normalized Einasto functions. From all

these figures it can be seen that the lower values of n virialize more quickly.

For an unspecified n, the potential given by the Poisson equation for an Einasto

density p(r) = MR0
2 e−(r/a)(1/n) is given by

VPois = GmMR0
2nr0

3

Γ
(

3n, 2( r
r0

)
1
n

)
8nr

− Γ(3n)

8nr
− 1

r04n
Γ

(
2n, 2

(
r

r0

) 1
n

) , (5.19)

where the single-argument Γ is the Euler Gamma function and the double-argument

Γ is the incomplete gamma function defined by Γ(a, y) =
∫∞
y
xa−1e−xdx.
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Figure 5.4. Comparison of the radial velocity curves for the unnormalized (left panel)
and normalized (right panel) Einasto wave functions for r0 = 1 and n = 1/2 [blue]; 1
[purple]; 2 [red]; 3 [orange]; 4 [yellow]; and 6 [green].

By rearranging the Schrödinger equation, it is possible to find the potential

which would produce that same Einasto density as a ground state solution:

VSchro =
~2

2m

∇2R

R
+ E . (5.20)

For the Einasto profile this becomes

VSchro =

(
r
a

)2/n

n2r2
−
(
r
a

) 1
n

n2r2
−
(
r
a

) 1
n

nr2
. (5.21)

Figure 5.5 gives the potentials produced by the Poisson equation (left panel) and the

Schrödinger equation (right panel) for various n values. The Einasto profile is not an

exact solution to the S/P system, and the potentials produced from each equation are

quite different in form. However, as discussed in previous chapters, the true galactic

potential will always be a combination of the halo potential and the contributions of

baryonic matter distributions, among other things.

From Figure 5.5 it’s clear that Einasto profiles with n ≥ 1 are produced by

singular potentials. In particular, an Einasto profile with n = 1 is the solution to the

Schrödinger equation with potential ∝ −1/r. An n = 2 profile is the solution when

VSchro =
1

4r
− 3

4r3/2
, (5.22)
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Figure 5.5. Comparison of the potentials produced by the Poisson equation (left
panel) and the Schrödinger equation (right panel) for the Einasto wave functions
with r0 = 1 and n = 1/2 [blue]; 1 [purple]; 2 [red]; 3 [orange]; 4 [yellow]; and 6
[green].

which is even more singular than the one produced by a black hole. For n = 3,

VSchro =
1

9r4/3
− 4

9r5/3
, (5.23)

which is more singular still. In fact, as n → ∞ the potential in the Schrödinger

equation approaches ∝ −1/r2. It is interesting to point out that this is the potential

produced by a point source in four dimensions, and the Einasto profiles could be

thought of as the natural solutions to the Schrödinger equation with a point source

potential in an arbitrary finite positive rational number of dimensions. However,

fractal dimensions are outside the scope of this dissertation.

5.2.2 The Generalized Normal Distribution

The Einasto profile in astrophysics is equivalent in form to the generalized

normal distribution (GND) in statistics (Varanasi and Aazhang 1989; Nadarajah

2005). The special case of n = 0.5 is the well-known Gaussian distribution describing

how a large number of identical random variables given equal weight will distribute

themselves about the mean. In quantum mechanics, the Gaussian is the ground state
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solution to the one-dimensional harmonic oscillator. The associated potential, ∼ r2, is

the same as that created inside a region of constant charge density in three dimensions.

The Einasto profile with n = .56 is very close to Gaussian, and the potential created

by its relatively flat (constant density) core very closely approximates r2 in this inner

region, which helps explain its shape. As n is increased and the flatness of the core

diminishes, the potential it creates no longer reproduces the original density. This

means that a self-interacting Poisson potential alone is not enough to produce Einasto

profiles with general n.

The n parameter is correlated with the statistical property of kurtosis, the

fourth moment of a distribution. A higher n value produces a higher kurtosis, and

a higher kurtosis means a sharper central peak and a thicker tail. Statistically, in

a Gaussian, constituents are given equal weight across the entire range. GND with

a higher kurtosis give more weight to individuals farther from the expected value.

Empirically, GND with higher n values often occur as a result of additional sources of

error, such as in resolving acoustical data from high background noise (Varanasi and

Aazhang 1989). Though GND are commonly used in statistical analysis, the precise

causes of this extra error are not always well-understood.

Several authors (Navarro 2010; Merritt et al. 2006; Gao et al. 2008) have

pointed out that the mass of the halo may be correlated with n, with higher mass

halos having higher n values. It’s possible that the higher degree of kurtosis observed

in large galaxies may be a direct result of the Heisenberg Uncertainty Principle. Given

the enormous particle population, the uncertainty in position may be compounded in

some nonlinear way. The addition of various distributions of baryonic matter could

also have unpredicted effects on the uncertainty.
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5.3 Summary

In this chapter, the assumptions and limitations of the gravitational Schrödinger-

Poisson system were discussed; a power series solution to the problem was presented;

and the Einasto profile was examined as a solution to the Schrödinger equation.

The gravitational Schrödinger-Poisson system with an extremely light bosonic

particle is a complex nonlinear problem which in many ways tests the boundaries

of its constituent equations. Like many nonlinear problems, it is highly susceptible

to the choice of initial conditions, and common first-order assumptions like spherical

symmetry can also have unexpected effects.

Although the S/P only solution is well-represented by an Einasto profile with a

single index (n ≈ 0.56), modifications to the system such as the inclusion of baryonic

matter potentials are able to expand the range of n. In addition, the Einasto family

includes two well-known solutions to the Schrödinger equation, the hydrogenic atom

and the quantum harmonic oscillator, the latter solution doubling as the Gaussian

distribution in statistics. These facts together with Einasto’s success in describing

real galactic DM halos motivate its use as a fitting model for QDM halos.
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CHAPTER 6

CONCLUSIONS AND FUTURE WORK

The QCDM models originally introduced by Sin (1994) and later modified by

Hu et al. (2000) were successful at addressing the long-standing flaws in CDM simu-

lations, the highly cusped profiles they produced and the overabundance of low-mass

halos they predicted. In this dissertation, a comprehensive gravitational Schrödinger-

Poisson system was developed to test the predictions of these models against the

most recent observational evidence. A power series solution to this system was pro-

vided in Chapter 5. Numerical results were presented in Chapter 2, and the following

conclusions were drawn:

• The solutions to the QCDM models are well-approximated by an Einasto profile

with an index of n ≈ 0.56. This smooth-cored profile is a good description for

many smaller dwarf galaxies, which are best-fit by Einasto profiles with n < 1

(Chemin et al. 2011).

• The models cannot account for the variety of observed halo shapes. Like the

NFW and modified isothermal profiles, the ground state QCDM density has

the same shape regardless of the mass or size of the halo. Since real high-mass

galaxies can be fit to Einasto distributions with higher n values, the overall

scope of these models is limited.

• The QCDM models also cannot account for the size and total mass of observed

halos without invoking a different particle mass for each halo.

To expand the applicability of such QCDM models, stable ground state solutions

to the Schrödinger-Poisson system with additional potentials were computed and
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their properties compared to known halo types. In particular, the effects of the

galaxy’s baryonic matter content were considered, as well as the inclusion of a particle

scattering term. With the addition of a supermassive black hole at the galactic center:

• The halo adopted a more peaked distribution associated with simulated DM

halos and with observed halos in large galaxies.

• The DM content of the halo was drawn inward, producing a larger core density

and smaller median radius.

• The galactic rotation curve achieved a higher maximum at a closer radius than

the same galaxy with no black hole.

• The galactic potential gained a singularity that began to dominate the halo at

small radii.

• As the black hole mass was increased, the Einasto index began to approach 1,

expanding the overall range to 0.56 > n > 1.

With the addition of a luminous matter distribution:

• The smooth-cored profile of the S/P only solution was preserved.

• LM distributions with small radii produced a more concentrated halo, with a

larger core density and smaller median radius.

• LM distributions with large radii had a diffusing effect on the halo, giving it a

smaller core density and larger median radius.

• The galactic rotation curve achieved its sharpest peak when the LM had the

smallest radius and a mass comparable to the DM.

• The galactic potentials gained a visible well, with smaller values of LM median

producing deeper wells closer to the origin, suppressing the appearance of a

cusp.

With the addition of a Gross-Pitaevskii scattering term:
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• The halo acquired a more rounded density profile, with the strongest terms

resulting in an almost parabolic appearance.

• The halos were spread out over a larger volume, with smaller core densities.

• The addition of a black hole created some unusual halo shapes, and for certain

values began to emulate the properties of Einasto profiles with n > 1.

Each added potential presented in this dissertation expanded the gravitational S/P

model to incorporate a larger range of DM halo types, creating both cuspy and

smooth-cored profiles as well as extending the possible range of central density and

median radius values permitted.

In addition, stable excited single-state and multi-state solutions to the Schrödinger-

Poisson system were computed, with the following results:

• Placing every particle in the same excited state resulted in a halo with a larger

median and a smaller core density.

• These single-state halos produced wave-like galactic rotation curve resembling

that of many observed galaxies.

• A method was developed to constrain the likely initial conditions for an arbitrary

halo composed of two different states.

• This method was used to narrow down the initial conditions of a halo half in

ground and half in the first excited state. The density of this halo resembled

the S/P only density but with a noticeable tail formation.

Admitting excited states expanded the gravitational S/P model to incorporate a larger

range of DM halo types even without considering the addition of external potentials.

QCDM may well be a viable theory, but it’s far from complete. Despite all the

expansions to the model presented here, none of the results produced approximates

an Einasto profile with the highest n values observed in real galaxies. Further studies

might be able to bridge that gap, however. There are several possibilities worth
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exploring. As discussed in Chapter 3, a high-precision numerical analysis of the S/P

system with both a black hole and a scattering term could yield a solution resembling

an Einasto profile with an even higher n value. Also, an expanded study of excited

and mixed states might prove worthwhile.

In addition, some less orthodox adjustments could be considered. For example,

postulating a different interaction potential between the DM particles can change the

entire picture. Many particles have potentials that change significantly depending

on their proximity, for example. Surprisingly, the Hartree approximation can still

be used in this approach, though in many cases the resulting halo potential is not

analytic.

Since DM particles do not interact electromagnetically, they cannot radiate a

photon to lower their energy level. A tantalizing notion is that they might radiate a

graviton, or perhaps a gravitational wave, but this is unknown. If in fact they have

no effective means of radiating, it is worth exploring a fractal explanation for their

behavior of seeking out equilibrium configurations in the form of exponentials with

fractional powers of r. These ideas are left as possible areas of future study.
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APPENDIX A

COMPUTER CODE
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//Gravitational Schrodinger-Poisson System

//RK4 Method

#include <math.h>

#include <stdio.h>

#include <dirent.h>

#include <dir.h>

//Constants

#define N 2 //number of equations

//Coefficient of Potential Term

#define B 1.0

//Point Charge (SMBH) Potential

#define A1 0.0 //Relative Strength of SMBH Potential

//LM Potential Einasto n = 1

#define G 0.99

#define A2 (1-G)/G //Relative Strength of LM Potential

#define a2re 32.0 //LM median

#define d1 2.674566667 //d(n=1)

//LM Potential Einasto n = 4

#define A3 0.0

//Gross-Pitaevskii Term

#define C 0.0

//Hartree

#define n 1.0

#define A 0.1

//Dependents

#define MIN 0.0 //minimum x

#define MAX 40.0 //maximum x

#define MAXmod 1.0

#define dist (MAX/30000.0) //stepsize

#define initialminslope 0.0 //Min slope

#define initialmaxslope 1.0*2.0 //Max slope
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#define initialminD 0.0 //Min D (related to energy)

#define initialmaxD 1000.0*2.0 //Max D

#define initialV (-B*10)

#define Dthreshold 0.000000000000001 //level of precision for energy calculation

#define areathreshold 0.01

#define manualD 1.0 //Set constant D when using manual mode

#define manualslope 0.5 //Set initial slope when using manual

#define manualcutoff 100.0 //Cutoff x value for output files

#define automated 1 //0 = manual, 1 = automated

//Definition of Equations - This is the SE with Poisson Potential

double f(double x, double y[], int i, double D, double Vofx)

{

if (i == 0)

{

return(y[1]); // RHS of first equation

}

else

{

if (x == 0.0)

{

return(0.0);

}

else

{

// RHS of second equation:

// return(y[0]*(B*Vofx+D)); // SP

// return(y[0]*(D+A*(y[0]*y[0]/x/x)*(1-2/x))); // Hartree

// return(y[0]*(D-A*sqrt(sqrt((y[0]/x)*(y[0]/x))))); // Hartree

// return(y[0]*(B*(Vofx+A*y[0]*y[0]/(x*x))+D)); // Hartree + SIP

// return(y[0]*(0.5*B*((exp(-d1*x/a2re)*(d1*x/a2re+2.0)-2.0)/x)

// +D)); // EIN only

// return(y[0]*(0.5*A2*((exp(-d1*x/a2re)*(d1*x/a2re+2.0)

// -2.0)/x)+B*Vofx+D)); // SIP + EIN n1

/* return(y[0]*

(B*

(Vofx+A2*(exp(-d1*x/a2re)*(1.0+d1*x/a2re)-1.0)/x)

+D
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)); // SIP + EIN n1 Generic

*/

return(y[0]*(2.0*B*(Vofx-A1/x)+D-1.0)); // SP + BH

// return(y[0]*(B*(Vofx-A1/x)+C*y[0]*y[0]/(x*x)+D)); // SP + GP +BH

// return(y[0]*(B*(-A1/x)+C*y[0]*y[0]/(x*x)+D)); // GP + BH

// return(y[0]*(D/1000.0+B*(exp(-2.0*x/1000.0)

// -1)/x)); // Yukawa Approximation

// return(y[0]*(D/1.0+B*(-3.0*sqrt(x)/(x*x)+1.0/x))); // SchrodPot n2

// return(y[0]*(D/1.0+B*(-1.0/x))); // SchrodPot n1

// return(y[0]*(D/1000.0-B*(log(x+1.0)/x))); // PoissPot NFW

// return(y[0]*(D/1000.0+B*(3.0*x*x-6.0*x-1.0)/

// (4.0*x*x*(x+1.0)*(x+1.0)))); // SchrodPot NFW

// return(y[0]*(B*((-A1/x)+(exp(-2.0*sqrt(x))*(15.0+30.0*sqrt(x)+27.0*x

// +14.0*x*sqrt(x)+4.0*x*x)-15.0)/(960.0*x))+D)); //BH plus PoissPot n2

/* return

y[0]*

(

B*

(

(

exp(-2.0*sqrt(sqrt(x)))*

(

155925.0/x+311850.0*sqrt(sqrt(x))/x+311850.0*sqrt(x)/x

+207900.0/sqrt(sqrt(x))+103635.0+40950.0*sqrt(sqrt(x))

+13230.0*sqrt(x)+3540.0*x/sqrt(sqrt(x))+780.0*x

+136.0*x*sqrt(sqrt(x))+16.0*x*sqrt(x)

)

-155925.0/x

)

/638668800.0-A1/x

// /(4.0*x)-A1/x

)

+D/1000000.0

); */

// BH plus PoissPot n4

// return(y[0]*(B*x*x+D-10.0)); // SchrodPot n1/2 (Gaussian)

// return(y[0]*(B*((10.0*exp(-1000.0*x*x*x*x*x*x*x*x*x*x)-1)/x)+D-5));

// BH Pot with BH ’barrier’

}
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}

}

// Runge-Kutta subroutine

void runge4(double x, double y[], double Dr, double Vr)

{

double h=dist/2.0,

t1[N], t2[N], t3[N],

k1[N], k2[N], k3[N],k4[N];

int i;

for (i=0; i<N; i++) t1[i] = y[i]+0.5*(k1[i]=dist*f(x, y, i, Dr, Vr));

for (i=0; i<N; i++) t2[i] = y[i]+0.5*(k2[i]=dist*f(x+h, t1, i, Dr, Vr));

for (i=0; i<N; i++) t3[i] = y[i]+ (k3[i]=dist*f(x+h, t2, i, Dr, Vr));

for (i=0; i<N; i++) k4[i] = dist*f(x + dist, t3, i, Dr, Vr);

for (i=0; i<N; i++) y[i] += (k1[i]+2.0*k2[i]+2.0*k3[i]+k4[i])/6.0;

}

void runeq(double x, double y[], double De, double& Ve, double& I2e)

{

if (x > 0.0)

{

I2e += y[0] * y[0];

Ve += I2e * dist * dist / (x * x);

}

runge4(x, y, De, Ve);

}

//Calculates the area of the aquired solution

void findarea(double x, double y[], double Da, double slopea,

double& areaa, double& cutoffa, double& mediana, double& finalVa)

{

double u = 0.0, I2 = 0.0, halfarea = 0.0, V = initialV;

y[1] = 0.0 + slopea;

y[0] = 0.0;

x = MIN;
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areaa = 0.0;

cutoffa = 0.0;

do

{

runeq(x, y, Da, V, I2);

x += dist;

if ((y[0] > (u*x/(x-dist)) || y[0] < 0)&&(x > dist*20.0))

{

cutoffa = x - dist;

}

else

{

u = y[0];

areaa = areaa + dist * u * u;

}

}

while (y[0] >= 0.0 && cutoffa == 0.0 && x < MAX);

if (areaa <= 0.0) {areaa = 0.001;}

if (cutoffa == 0.0) {cutoffa = MAX;}

finalVa = V;

//Calculate Median

y[1] = 0.0 + slopea;

y[0] = 0.0;

x = MIN;

V = initialV;

I2 = 0.0;

do

{

runeq(x, y, Da, V, I2);

x += dist;

halfarea = halfarea + (dist * y[0] * y[0]);

}

while (halfarea < (areaa/2.0));

mediana = x;

}
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//Shooting Method to Find the Energy (D)

void findD(double x, double y[], double& var2D2, double floor,

double ceiling, double slope)

{

double percentdiff, I2, V;

do

{

y[1] = 0.0 + slope;

y[0] = 0.0;

x = MIN;

I2 = 0.0;

V = initialV;

var2D2 = (ceiling + floor)/2.0;

percentdiff = (ceiling - floor)/var2D2;

do

{

runeq(x, y, var2D2, V, I2);

x += dist;

}

while (x < MAX && y[0] >= 0.0);

if (y[0] < 0.0)

{

floor = var2D2;

}

else

{

if (y[0] > 0.0)

{

ceiling = var2D2;

}

else

{

percentdiff = 0.0;

}

}

}
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while (percentdiff >= Dthreshold);

// var2D2 = ceiling;

}

//Output Data to Files

void outputs(double x, double y[], double nrg, int incnumber, double slope,

double cutoffo, double trueinitVo, double trueDo)

{

char buffer[20];

double expvaluenumer = 0.0, expvaluedenom = 0.0, expvalue = 0.0, halfarea = 0.0;

double I2 = 0.0, V = initialV, dummy = 0.0, mediano = 0.0, areao = 0.0;

y[1] = 0.0 + slope;

y[0] = 0.0;

x = MIN;

sprintf(buffer, "%i", incnumber);

mkdir(buffer);

chdir(buffer);

FILE *output, *output2, *output3, *output4;

output = fopen("uofr.txt","w");

output2 = fopen("psi.txt","w");

output3 = fopen("psi2.txt","w");

output4 = fopen("V.txt","w");

do

{

runeq(x, y, nrg, V, I2);

x += dist;

fprintf(output, "%.16f\t%.16f\n", x, y[0]);

fprintf(output2, "%.16f\t%.16f\n", x, y[0]/x);

fprintf(output3, "%.16f\t%.16f\n", x, y[0]*y[0]/(x*x));

fprintf(output4, "%.16f\t%.16f\n", x, V);

if (x <= cutoffo)

{

expvaluenumer = expvaluenumer + (dist * y[0] * y[0] * x);

expvaluedenom = expvaluedenom + (dist * y[0] * y[0]);

}

}
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while (x < MAX);

fclose(output);

fclose(output2);

fclose(output3);

fclose(output4);

expvalue = expvaluenumer / expvaluedenom;

findarea(x, y, nrg, slope, areao, cutoffo, mediano, dummy);

output = fopen("median.txt","w");

fprintf(output, "%f\n", mediano);

fclose(output);

output = fopen("stats.txt","w");

output2 = fopen("stats-accum.txt","a");

output3 = fopen("show-stats.txt","w");

// fprintf(output, "B-------\tD(est)--\tD(raw)--\tslope---\tarea----

// \tmedian--\tcutoff---\tVi(est)--\n");

// fprintf(output, "B-------\tA-G-----\tLmedian-\tD(raw)--\tslope---

// \tarea----\tmedian--\tcutoff---\tMax-----\n"); //LM

fprintf(output, "A-------\tn(Ein)--\tD(raw)--\tslope---\tarea----\

tmedian--\tcutoff---\tMax-----\n"); //Hartree

// fprintf(output, "%f\t%f\t%f\t%f\t%f\t%f\t%f\t%f\n", B, trueDo, nrg,

// slope, areao, mediano, cutoffo, trueinitVo);

// fprintf(output, "%f\t%f\t%f\t%f\t%f\t%f\t%f\t%f\t%f\n", B, A2, a2re,

// nrg, slope, areao, mediano, cutoffo, MAX); //LM

fprintf(output, "%f\t%f\t%f\t%f\t%f\t%f\t%f\t%f\n", A, n, nrg, slope,

areao, mediano, cutoffo, MAX); //Hartree

fprintf(output2, "%f\t%f\t%f\t%f\t%f\t%f\t%f\t%f\n", B, trueDo, nrg,

slope, areao, mediano, cutoffo, trueinitVo);

fprintf(output3, "%s\n", desc1);

// fprintf(output3, "%s\n", desc2); //SIP+EIN

// fprintf(output3, "B-------\tA-------\tD(est)--\tD(raw)--\

// tslope---\tmedian--\n"); //SIP+SMBH

// fprintf(output3, "B-------\tA-------\tLMmedian\tD(est)--

// \tD(raw)--\tslope---\tmedian--\n"); //SIP+EIN

fprintf(output3, "B-------\tA-BH----\tD(est)--\tD(raw)--\tslope---
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\tmedian--\n"); //SIP+GP

// fprintf(output3, "%f\t%f\t%f\t%f\t%f\t%f\n", B, A1, trueDo,

// nrg, slope, mediano); //SIP+SMBH

// fprintf(output3, "%f\t%f\t%f\t%f\t%f\t%f\t%f\n", B, A2, a2re,

// trueDo, nrg, slope, mediano); //SIP+EIN

fprintf(output3, "%f\t%f\t%f\t%f\t%f\t%f\n", B, A1, trueDo,

nrg, slope, mediano); //SIP+GP

fclose(output);

fclose(output2);

fclose(output3);

chdir("..");

}

int main()

{

double x, y[N], Dincrement, minD, maxD, minslope, maxslope;

double area = 0.0, median = 0.0, finalV = 0.0, trueinitV, trueD;

double cutoff = manualcutoff, slope = manualslope, varD = manualD;

int j, incnum = 0;

chdir("SP");

chdir("BH");

FILE *tester;

// Automated Section

if (automated == 1)

{

minslope = initialminslope;

maxslope = initialmaxslope;

tester = fopen("log.txt","a");

fprintf(tester, "B-------\tD(est)------------\tD(raw)-------------\

tslope-------------\tarea----\tcutoff---\tmedian--\tVi(est)----\n");

printf("B-------\tD(est)------------\tD(raw)-------------\

tslope-------------\tarea----\tcutoff---\tmedian--\n");

do

{

minD = initialminD;
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maxD = initialmaxD;

slope = (minslope + maxslope)/2;

findD(x, y, varD, minD, maxD, slope);

findarea(x, y, varD, slope, area, cutoff, median, finalV);

trueinitV = 1.25*(initialV-finalV);

trueD = varD+(B*initialV);

fprintf(tester, "%f\t%.16f\t%.16f\t%.16f\t%f\t%f\t%f\t%f\n", B,

trueD, varD, slope, area, cutoff, median, trueinitV);

printf("%f\t%.16f\t%.16f\t%.16f\t%f\t%f\t%f\n", B,

trueD, varD, slope, area, cutoff, median);

if (area < 1.0)

{

minslope = slope;

}

else

{

maxslope = slope;

}

}

while (area < (1.0 - areathreshold) || area > (1.0 + areathreshold));

fclose(tester);

}

// Output Data

maxD = varD * (1.0 + Dthreshold);

minD = varD * (1.0 - Dthreshold);

Dincrement = (maxD - minD) / 2.0;

for (varD = minD; varD <= maxD; varD = varD + Dincrement)

{

incnum = incnum + 1;

if (incnum == 2){

outputs(x, y, varD, incnum, slope, cutoff, trueinitV, trueD);

}

}

chdir("..");

chdir("..");

printf("FIN\n");
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return 1;

}
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