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ABSTRACT

SPIN COUPLING BY CONDUCTION ELECTRONS
EXPLORED BY DOUBLE TIME

GREEN'S FUNCTIONS

William Decker, M.S.
The University of Texas at Arlington, 2012

Supervising Professor: Nail Fazleev

The impurities containing unfilled d or f shells may have localized magnetic moments in
nonmagnetic metals, semiconductors, and superconductors under certain conditions. These
localized moments interact with each other through the spin polarization field of conduction
electrons. The indirect coupling between magnetic impurities is referred to as the Ruderman-
Kittel-Kasuya-Yosida (RKKY) interaction which is important in describing the magnetic and
thermodynamic properties of magnetic nanostructures. The interaction may be expressed as a
long range oscillatory function. | explored the properties of the indirect exchange interaction
between localized moments in different dimensions using the s-d model and the Green’s
functions method. An effective Hamiltonian for the indirect interaction is obtained in terms of a
Green’s function using a canonical transformation applied to the s-d exchange model. The
equation of motion for the Green’s function has been solved by using a Hartree-Fock
approximation to truncate higher order Green’s functions. The asymptotic form of the indirect
spin-spin interaction for large distances R for both polarized and unpolarized conduction

electrons has been explored using the theory of generalized functions. The Green's function
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technique is justified as the three dimensional Hamiltonian is modified by a screened Coulomb

potential that is Yukawa-like in nature.
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CHAPTER 1
INDIRECT INTERACTION BETWEEN LOCALIZED MOMENTS
The introduction of an impurity to a periodic lattice creates many interesting and
practical problems that can be explored. In principle, the impurity destroys the periodicity of the
lattice and the wave vector is no longer a constant of motion, but this does not mean that all
periodic properties of the lattice have been destroyed.
1.1 Introduction
The periodic properties of a pure substance used to model the properties of an impure
substance in a variety of ways. A simple way is to modify the independent electron’s wave

function with a term to represent the scattering between an electron and a nonmagnetic impurity

[11.

() = e+ g (®)

The variation of the electron density is calculated as

Ap(®) = g — 1 = gDe ¥ + cc + | g X)|?

with

ikr

() = f,.(0)

r



outside of the central charge.

The asymptotic behavior of the electronic density variation is proportional to

cos(kpr + @r)
r3 '

Ap(X) x

The independent electron interacting with an impurity leads to long-range oscillatory
charge density variations that fall off as r=3. This effect shows up experimentally in the nuclear
magnetic resonances of a material with dilute impurities. For example, the nuclear magnetic
resonance of a Cu-base alloy experiences attenuation of its resonance line. The broadening
occurs due to the interaction of the quadrupole moment of the Cu nuclei with the gradients in
the electric field. The gradients in the electric field are caused by the screening charge
surrounding the impurity [2].

The effect of a magnetic impurity on the spin polarization density of conduction
electrons is similar to the effect of a charged impurity on charge density described above. The
exchange interaction between a conduction electron and a magnetic impurity causes spin
polarization in the conduction electrons. As above, the polarization exhibits a long range
oscillatory behavior and couples the original impurity with another magnetic impurity. This
indirect interaction between localized magnetic moments via the conduction electrons is known
as Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction.

1.2 Derivation of the s-d model Exchange Interaction

The s-d model assumes that there are two types of electrons: s electrons that are non-
localized over the entire crystal and d electrons that are localized at impurity sites. The model
uses the exchange interaction between these types of electrons as a basis for exploring

magnetism. Namely,



Hex =SSy

where S, and S, are spin vectors associated with the intrinsic magnetic moment of each particle
and J; is the matrix element representing the strength of the exchange interaction between
particles 1 and 1. Keeping in mind the properties of the dot product, it can be seen that Jy >0
favors antiparallel spins and J,; < 0 favors parallel spins.

It should be noted that the exchange interaction is a direct consequence of electron-
electron interaction and arises because of the overlap of electronic wave functions along with
the anti-symmetric nature of their wave functions [3]. The conduction electron Hamiltonian in a

metal of volume Q and with N atoms takes the form

_ T
H, = Z ExAys ks
ks

where a;{s and ay are the usual second quantized creation and annihilation operators of the
electron with wave vector k and spin s. The coefficient &, is the energy of a single electron
moving in a general potential such as that caused by a crystal field or an external magnetic
field. The Bloch function associated with a particular electron momentum state is labeled as
¢ (r) and its spin state is labeled as y.({), where T is the generalized spin coordinate. For an
impurity atom located at R,, the localized orbital is ¢;(r—R,) and a,s operator is the
annihilation operator of the localized electron at site R,and spin s.

Therefore, the field operator is expanded in terms of one-electron wave functions for

both the conduction electron and the localized electron as



l{l(r’ () = Z ¢k(r) Xs (()aks + Z ¢L(r - Rn))(s (Oans 11
ks ns

v =) ¢\ @al,+ Y ¢, - Rx@al 12
ks ns
Using 1.1 and 1.2, the two body interaction term is written as

f f 01y dr,d2, A2, W (ry, 3P (0, L)V (o) ¥ (0, 3)W (11, 1) 13

with V(r;,) representing the interaction potential between two electrons and r;, = |r; — 1,].
Only terms that represent the scattering between a conduction electron and a localized
electron will be considered. In other words, only terms that are proportional to §,,,,; will be kept.

Inserting the definitions of 1.1 and 1.2 into 1.3 along with some rearranging of terms yields

1
= Z(aLam + aLakl)(aITam + allanl) [(knlk'n) — i(knlnk')]
iden

- Z[(aLam - ayai)(afam = aj,an)
kk'n 14

t t t t '
+al e al an + af aral ay, | (knjnk’)



The electron-electron interaction Hamiltonian produces two types of integrals, (kn|k"n)

and (kn|nKk"). The first integral is known as the Coulomb integral and is defined as

(kn|k'n) = ffd3r1 d3rz¢f2(r1)¢fi(rz — Ry)V(ri2) ¢ (r; — Ry) dpe(ry),

which has the classical interpretation as the electrostatic interaction between two electrons.
The Exchange integral does not have a direct classical interpretation and can be
thought of as a correction to the Coulomb integral due to the anti-symmetric nature of the

electron wave functions,

(kn|nk’) = f j d*r; d*rp () @ (1, — Ry)V(ry2) ¢ (r; — Ry) e (1).
Next, the Bloch functions are expanded in terms of Wannier functions

BilE) = N2 Y e w(r — Ry)

i
and the exchange integral is rewritten as
(kn|nk’) = %e[i(k"k)"‘"]](k, K. 15

The coupling constant in 1.5 is defined as



J(k,K) = Z e[i(kv'Rj_k.Ri)] f d’ry d*r, w*(r; — Ri)d’f(rz)V(ru)‘;bL(rl)W*(rz - R]-) 1.6

ij

and is taken to be dependent on the absolute difference between k and k'. Equation 1.6 can be
reduced to an atomic exchange integral by assuming that the lead term, i =j = 0, is dominant
enough to be able to discard the rest of the terms in the series. It is also convenient to assume
that J(k, k") is a constant, but for the rest of this section it will be taken in its most general form.
Assuming that there is only a single unpaired orbital electron located on a particular

impurity leads to the following second quantized operator definitions
Lot ¢ t ¢
2 (amanT - anlanl) =Snz;  Api@nl =S4 ApyQnr = Sp- 1.7

with S, being the spin operator of the localized electron located at n and having spin 1/2.

Inserting the 1.7 definitions into the exchange part of the Hamiltonian yields
1 .
= Ne[l(k ~k)Rw] J(k — k’D[(aLak’T - altlak’l)snz + a]tTak’lSn— + a]tlak'TSn+]-

By using similar definitions to 1-7 for the conduction electron spin operators and

definition of the dot product between spins,
S-0=8tc"+S"0% +S,0,.

the final form of the exchange interaction between conduction electrons and localized d

electrons becomes



1 .,
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It should be noted that the analysis of the contact hyperfine interaction between an

electron and a nucleus will also lead to a similar exchange interaction term.

1.2.1 Canonical Transformation of the Anderson Model
Another model that describes the interaction of a conduction electron with a localized electron is

the Anderson model,

_ t t t t T t
H= Z &y s &1 Z a;sais +Uajara;ar + Z Mk(aksaLs + aLsaks)
ks ks

N
:H0+HM.

The H, term represents the single particle operators and Hy,;, the term proportional to M,
represents a mixing or hopping term. There is a canonical transformation that can transform the
Anderson model into a Hamiltonian with exchange terms like equation 1.8 [4]. A byproduct of
this derivation is that the transformed Hamiltonian has a much richer display of all the different
types of interactions that can occur in a system of interacting localized moments and conduction
electrons.

The overall plan is to find a canonical transformation to the Anderson Model that will

eliminate terms which are linear in M.



=eSHe™s

)

1.9

1 1
= Hy + Hy + [S, Hyl + [S, Hyl + > [S,[S, Hol] + > [S,[S, Hyl] +

Equation 1.9 is arrived at by expanding the exponential terms and rearranging the terms into a

series of commutation relations. The required condition so that the terms linear in My vanish is
HM = [Ho,S]. 1.10

After some minor manipulation of the terms, equation 1.9 becomes

1

s
Il

All terms 0(M?) are taken to vanish and only with terms that are 0(M?) are left. The

transformation factor S is calculated by using 1.10 and the Heisenberg equation of motion,

S(t)
dt

[HOJ S(t)] - l

Solving the resulting differential equation gives [4]

1—n_ n
S = Z M, ( 4 fL n US Z )(azsaks — a,isaLs)



Although S has some rather unwieldy commutation relations, it does satisfy the condition stated

in equation 1.10. To simplify the final form of the Hamiltonian, an effective exchange constant is

defined as:

Z=MMr<1+1—1—1>
Mo = TRTNE, -8 - & & +U-§ §+U-&)

From here, the second term of H in terms of L, is calculated to be

1 —
— t t t
E [S’ HM] - Z Lygs [n—saksak's + Aps Ay’ _sAL—sALs — Skk’nsn—s
kk's

My
n
§ =8k °

1
+ 1 (a,t_sa,t,SaL_SaLs + h.c. )] + 2 Z
K

Vet e (g )
— ) A,.4 '
kel TR E, - & & — &

kk's

The first two terms in 1.11 represent a scattering only event and a scattering with spin-flip event,
the same exchange interaction term that we found in the s-d interaction Hamiltonian. The s-d
model represents a subset of the interactions contained within the Anderson Model. Also of

note, is that taking even higher order commutator terms from 1.9 will result in even more types

of interactions.

1.3 Spin Polarization

In analogy with polarized light, an ensemble of electrons is considered to be polarized
if the up and down states are not equally populated in a sample. This build up of spin density

will lead to a change in the magnetic field felt within the sample. Spin-polarized electrons play



an important role in the development of spintronics and uncovering the magnetic properties of a
material [6].
1.3.1 Introduction to Spin Polarization Formalism

The observable spin obeys similar commutation relations to the angular momentum of

an electron in atomic orbit. Namely,
[Sl,S]] = ihEiijk 1.12

where ¢;;,is the Levi-Civita symbol and |,j,k represent Cartesian coordinates and €,,, = 1. By

defining S = ga and requiring that ¢, be diagonal, the Pauli matrices are defined as

a
An arbitrary state y = (a;) as a linear superposition in terms of the eigenfunctions of o,.

() = a1 () + = ()

1) and ((1)) have eigenvalues of 1 and -1 respectively. Assuming (x|y) = 1 allows the

Here, (0

0

1) state.

interpretation of |a,|?and |a,|? as the probabilities of finding y in either ((1)) or (

Since operators that can be measured simultaneously must commute, 1.12 reveals that
all the components of electronic spin cannot be measured simultaneously. However, the S?
operator does commute with each individual spin direction and a precise measurement on that
quantity and one of the particular components of spin can be made. For a s = 1/2 particle, the

eigenvalue of §% is s(s + 1)h? = 3h2/4.

10



Now, there is a definite way to interpret the statement “the spin of the electron is in the z
direction”. It means that the z-component of the spin is #/2, but s, and s, are undefined with the

constraint that
se2 +sy% =3h*/4 -5, = h?/2

This concept can be pictured as a conical shell with a height of #/2 and a hypotenuse of

J3/4h.

Moving on from the basic review of spin, the polarization of an electron shall be defined
a
along a particular axis and in an arbitrary state, y = (a;). First, let é = (ex, ey, ez) be a unit

vector in the 6, ¢ direction of a unit sphere with the following component definitions
ex =sinfcos¢ e, =sinfsing e, =cosb.

Now, the eigenvalue equation that relates to the projection of the Pauli Spin Matrices in

the direction of é must be solved,
(6-é—My=0.

After performing the dot product calculations and applying some simple trigonometric identities,

the following is arrived at
a;(cosf — 1) + a,sinfe™® =0

a; sin@ e —a,(cosf + 1) = 0.

11



The condition for a nontrivial solution to this system of equations requires that the

determinant vanishes.
—cos?0 + A% —sin?6 =0

yields
Using these eigenvalues, the a; coefficients are solved for
a; = cosg a, = singei‘¢> fori=1
a, = sing a, = cosgei‘¢> for 1=—1.

The above spin functions represent the states where the spin in the direction 8, ¢ has
eigenvalues + h/2. It is easily seen that the 1 = —1 solution is the same as the A = 1 in the —¢
direction, which can be found by just shifting the angles 6, ¢ — m — 6, ¢ + m. Therefore, only
one set of solutions is considered since the other set can be found just by shifting them by r.

These equations give the mathematical framework to consider the polarization of

electrons. Defining the polarization as the expectation value of the Pauli spin operators,
a
P = (xlolx) = (ai,a3)0 (4)

and using the 1.13 definitions for o and 1.14 for the coefficients. The expressions for the

polarization in different directions are found to be

12



a
P, = (aj,a3)o, (a:) = aja, + asa, =sinf cos¢
P, = i(aya; —aja,) = sinfsin¢
P, = lai|? — |az|?® = cos 6.

If the polarization is normalized by dividing through by (x|x), the magnitude of the

polarization for different directions becomes

aja, +aya;

o layl? + lagl?

_ iaza; — ajap)
Y lal? 4 ag)?

gl layf?
lal? + la?

z

Finally, the methods of Statistical Mechanics must be used to consider an ensemble of
electrons with more than one spin state. In this case, the polarization of the system is
considered to be the average of the polarization vectors for each individual spin state. Assuming
the states y™ are normalized, the polarization averaged over the different ensembles of spin

states becomes

13



P=) whP = (rlalx™). 115
n n

n Nn

N

Where the weighting factor, w™, takes into account the proportion of each spin state compared
to the overall mixture with N™ being the number of electrons in state y™.

The density matrix, p, shall be defined in the usual manner.

ay s ()
p= ) wrlr" = ) wh (ai‘) (", ad™")
n n

N et g al
- w m)x n n|2
a,” a; laz |

n
Now, the polarization rewritten in terms of the density operator is

P =Tr{po}.
The density matrix can also be expressed in terms of the components of polarization.

1(1+PZ P, —iP,

P=2\p.+iB, 1-P,

2 )_E( +P-o)

14



If the polarization of the ensembile is taken to be only in the z-direction, then the density

matrix is diagonalized as

1
__(IJ(;P 1813)'

Given that the probability of obtaining the eigenvalue of 2/2 from a measurement in the
z direction for a particular nth subsystem is |a?*|?. Then the total probability of all the
subsystems is Y, w"|al'|2. This probability can also be rewritten as the ratio of N; to the total
number of particles in the system. From these definitions, it is possible to make a connection

between fraction of particles in the spin-up state and the polarization of the system.

> whlapp? = AL ST
! Ny +N, 2
n

The same process can be done for eigenvalue — /2 to get

Nl =an|an|2=l(1_P)
N; + N, 2 2 '
n

From these two equations, the unidirectional polarization is simply

Ny — N,
P = .
N; + N,

15



1.3.2 Spin Polarization due To s-d Interaction
In this section, how the polarization of the conduction electrons arises out of the s-d
interaction is demonstrated using perturbation theory. Beginning with the exchange interaction

derived as equation 1.8, the dot product is expanded to give

1 . .
Hya= =5 > expli(k' = k) - Rl 1 = k)| (@hr = afyes)Sn + afyaunSa- + af,airSie]
kk'n

The first order perturbation to the energy can be found by identifying the diagonal

elements of the interaction (i.e. k = k):

_é(nT - nl)z Snz

where n; and n,; are the total number of electrons for spin T and !.

The first thing to notice about the first order perturbation to the energy is that the
interaction energy of the system is lowered as the polarization, (n; — n,), increases. Therefore,
the system of conduction electrons tends to be spin-polarized. However, the diagonal terms are
independent of the distance from the impurity and the polarization is uniform due to the first
order effect.

The first order correction to the Fermi energy is

+ h 2 T
Ef_zﬁ(ki) +NZ Sz 1.17
n

16



with k. being the maximum wave vector of an electron with spins T and . Ef and E; are the
corrections to the Fermi energy associated with spin T and | , respectively.

Next, the maximum wave vector for the unpolarized electron is defined as k and putting

it in terms of the polarized wave vectors

Placing 1.18 into the first order correction of the Fermi energy, 1.17, yields

with E; being the unperturbed Fermi energy.

Now, the total number of electrons is related to the unpolarized wave vector, k, by

and related to the polarized n, by

By requiring that Efr and E; are equal to each other, (4k/k) can be solved for

17



Placing this into our equation for n., an expression is obtained that describes the

polarization of the electrons,

BnZ

I+

1.20

At first glance, the uniform polarization in 1.20 is a surprising result because the Friedel
theorem states that the perturbing potential due to impurities is screened out except in the
immediate neighborhood of the impurity [1,7]. This suggests that off-diagonal terms might have
a first order contribution to the polarization.

Starting with the first-order correction to the perturbed wave function of the conduction

electron,
¢k_¢0+z k|j{s d|k 0'
yields
2m JUk—k .
¢ki= gi_ﬁ 12 (| |)Z i(k— k)Rn{ S ¢k+ S+¢k+}

18



In this case, +/— refers to spin-up/spin-down particles, the prime on the summation indicates
that the k = k' is excluded, and the wave functions are represented by plane waves in the

above equation.

The spin density at T = 0 can be found by calculating the wave function density over

the Fermi sea.

kp
P = > bisbis
s k

Using the expression for the perturbed wave function and the 1° order uniform

polarization term,

p+(r)——{niﬁN 11(0)2 } SN zzkfgf "DZ ik )R 1 g=ilkk ) Ru) 52

Making the replacement of k — k' = g and then integrating over k yields (see 1.24 for details

and also note [8] as a different integral that yields the same results)

19



1
ps(r) = V{ tor 1](0)252}

2m vV ' 4Kz — 2kp +q
+ -1 Z F | F | Z iq-(r—-Ry) —iq-(r—Ry) z,
teten ) )@ {kF * 4-q R s {e e }si

The expression is rewritten as
-1 z4 iq-(r—Ry) —iq:(r-Rp)\ ¢z
ps(0) =5y J(O)ZSn_BE . ZI(q)f(q)Z{e +e }sk
with

1.21

4k2 — 2kp +q
=1 “n | |
fl@=1+ 2k, 2k =

The term J(0) is omitted from the summation but is equal to the second term of p..(r)
because f(0) = 2. After absorbing the second term into the summation over g, the expression

takes the form,

3n N~

ps(r) = Ei ——Z J(@Ff (@) Tnfei@ TR0 4 e=iaC=Rn)} g2

8Ef V

with the sum now going over all values of q. It should also be emphasized that the equation for
p+(r) includes the diagonal terms calculated in 1.20 which were absorbed into the summation

over q. Therefore, the calculation of p, (1) represent the complete modification of the first order

20



energy perturbation. By assuming that J(q) = J, the integration over g can be performed which

yields

n (Bn)’N? ;
v E; 727'[](0) F(2kg|r — Ry1) SF

n

and

F(x) = (1/x*)(x cos x — sin x).

The polarization is defined to be the difference the up and down spin densities as noted

in section 1.3.1. This simple calculation at long distances gives

9mn?  cos(2kgr)
pL— P 4, 0 (kpr)?

F(x)

0.006 |

0.004

0.002 |

~

- 0.002 |

©0.004 |

£ 0.006 |-

Figure 1.1-Plot of F(x) Range Function
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The final expression for the spin density reveals that the uniform polarization term is
modified by a long range oscillatory term that depends upon the distance from the impurity as
R73. It is also noted how elongated the oscillations are by comparing the order of magnitude of
the y-axis to the x-axis and how rapidly the polarization vanishes as r — . Therefore, the
polarization of the conduction electrons is confined to the neighborhood of the impurity much in
line with the expectations from Friedel's theorem.

1.3.3 RKKY Interaction

So far, the system being dealt with has consisted of a sea of conduction electrons and a
magnetic impurity. If there were a second impurity in the system, it will be perturbed by the spin
the polarization of the conduction electrons produced by the first impurity and first will be
perturbed in the same way by second. The system has become two magnetic moments that are
indirectly coupled by the conduction electrons. The second order interaction between two spins

can be written as

" (ks|H . |K's'WKK's'|H 4| ks
H”(r)zzkk,( | Sdl )( | Sdl )'

Ek — Eg!
ss! k k

with &, = k?/2m, the prime on the summation again means that the k = k' is excluded from the
sum, and assuming that J(|k — k') =].
Beginning with the summation over the spins and using a standard relation, allows the

second order spin summation to be rewritten as

Z(U-Sn)(o'-Sm)=Sn-5m+ia-5nx5m=5n-5m.

N

The last part of equality uses the fact that the trace of any component of ¢ must vanish.
From here, the integrations are very similar to ones already calculated which yield

22



4] mk
H'(r)=S,-Sy, %F(Zkﬂ). 1.22

Once again,
F(x) = (1/x*)(x cos x — sin x).

The oscillatory nature of the indirect exchange interaction causes a variety of polarized spin

structures in magnetic crystals, even including spirals!

1.3.4 RKKY Interaction In 2D and 1D

So far, only crystals in three dimensions have been considered. However, an
understanding of the RKKY polarization effects in lower dimensions is essential to
understanding polarization effects of nanostructures. First, the susceptibility associated with the
exchange energy of a crystal is calculated.

Beginning with definition of the local magnetic field at the site R; which is labeled as H;.

This magnetic field induces a localized magnetic moment at R; in the form of

i

23



Here, m; is the localized magnetic at R; induced by H; with a magnetic susceptibility of y;;.
Assuming isotropic conditions and translational invariance imposes the conditions that y;; is a
scalar and y;;(R;;) = xij(Ry)-

The energy of the system is calculated by
1 1
i ij

AS;
2up

Here, H; = and focusing only on the exchange term between two magnetic moments, the

exchange energy becomes

AZ
Epx = _4—‘u123Xij(Rij)sj -5

Now, E will be written in terms of y(g) through the use of Fourier transforms. Starting

with this definition of the transform,

H = LZ e-iaRi gy
i \/N . q

E can be rewritten as

1
E= _EZXU(RU)HJ “H;
]
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1 . .
_ —i(qRi+q' R} gy .
__WE:E:XU(RU)e (@Rt R)H, - Hy

qq' i

1 i ’- . —] ’- T
- _ﬁzzle‘i(f?u)e ara'YRig=a"RyH - H,.

qqr i i—j

Taking the sum over the i index yields and applying the §,_, to the summation gives

1 .
- _EZZXU'(RU) e "RiH, - H_g.

q i-j

Finally, defining x(q) = X xi;(R;;) e“®¥ allows for
1
E==3) x(@H, H.,
q
Next , x(g") is calculated by assuming a magnetic field of the form
H — 1 H iq'R; —iq'-R]- o
i = \/_N q(e +e )X.

The energy due to the magnetic moment of an electron interacting with a magnetic field is given

by

1
Egx = _ZZ Gstpsi - H;.
7
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Using the fact that g, = 2 for an electron and s{* = %(a}au + aLaiT), the exchange energy is

found to be
1 . -
- __ T, t,. iq-R; —iq"'R;
Egx N Ei ugH, (aja; + alla”)(e +e 1).

Now a Fourier transform must be applied to the creation and annihilation operators. Defining the

transforms for a! and q; as

Next, the exchange energy can be rewritten as

Epy = ——Z Z uBHq(a,t,Takle‘(k'k’)'Ri + al,iame‘(k'k')'Ri)(e‘q'Ri +e RJ)
NVN T Kk

= == D sy (af e KR oK 6 qppelK O
i kk’

+ altflakTei(k_k _q’).Ri)

1
= — mz .uBHq (al,TaklNSHq‘k' + a,t,TaklNé‘k_q‘kf + al;lakTNSHq,kr + a,t,lakTNé‘k_q,kf)
kk!
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= Z “BHq(ak+q1akl +al_ P T ak+qlakT +af_ qlakT)
kk’

Now, second order perturbation theory is applied to Egy. First, it must be kept in mind

that

Y lnlatsqaelm)]* = mlafacqln)nlalqadm) = (mlafaqal. alm)
n n

= (ml @@l qafarm) = ) (mlapqal.,|n)nlafar|m).
n

Then, the second order perturbed term is written as

—ZuBHZ fl 1—f(k+CI)]+f(k)[1—f(k—Q)]

€k+q ~ €k €k—q ~ €k

H!I =

Next, replacing k — k — q in the first term yields

—2upH o f(K) — f(k — q)

HII -
N €x—q — €k

From this equation, the susceptibility can be identified as

202 k) — f(k —
1) o (Ohd (Gl s
€

— €

27



The new magnetic susceptibility will first be explored in three dimensions by taking the
Fourier transform of y(q) to be compared with the original calculation of the RKKY interaction,
equation 1.20. The integral in 1.23 is a very well studied function called the Lindhard function
and finds many applications with respect to response functions [9].

The general conversion formula of a summation into an integral in d dimensions is
1 1V,
_Z _,__df dk,
N - N (2m)4

where d is the dimension under consideration. The assumptions for the calculation are that

V; =1, T = 0 and the standard energy term

k2
- 2m

After converting the summation to an integral, the susceptibility becomes

()_Z,ul%ij"szkoZ”d Jld[ t 1!
AV =N e ), 0 ¢_1Mq2—ﬂmu q* + 2kqul

Taking the angular integrals yields

Uiz m kal q+ 2k
N w2 J, qnq—Zk

x(q) = |dk

After integrating up to k, the expression for the three dimensional susceptibility is
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0 1 2 3 4 qwithky =1
Figure 1.2-Three Dimensional Susceptibility
The logarithmic singularity is a first derivative singularity at g = 2k that is called a Kohn
anomaly in both dielectric and magnetic response functions. Generally, Kohn anomalies are
related to the Fermi surface and can result in important physical effects such as subtle kinks in
a dispersion curve. The similarity of 1.24 to 1.21 should also be noted as it shows how the
Lindhard function can arise naturally in a physical problem.

Next, the Fourier transform of y(q) is taken and then compared to the results in 1.20.

2u: 1

x() = F—(Zn)ﬁ

fd3k d3klf(k) _f(k - Q)ei(kr_k).R
€ —

k—-q — €k
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) = 2.2 2m 8 J"‘F rdk fmk’dk’ sin(kr) sin(k'r)
) = 2l 7 Gy ? )| : P

F

The integral on k' can be extended down to 0 because it will not affect the final result. This
allows us to perform a contour integration which leaves the integral (with coefficients set to

unity)
kp
j dk sin(kr) cos(kr).
0

Using the trigonometric identity,
2sinx cos x = sin 2x,

leaves a simple integral to calculate which gives

, m 1 [sin(2kpr) — 2kpr cos(2kgr)

x(r) = ZMBFF o

We see from the above equation that we recovered the RKKY effect for the three

dimensional case, namely

cos X

x(r)~ o

Similar calculations for the two and one dimensional Fourier transform yield
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sinx

x(r)~ v

cos X

x(r)~

What is immediately noticeable about reducing the dimensionality of the system is that
the strength of the RKKY effect goes up noticeably. The reason for this difference lies in the
singularity of y(q) for each dimension. The stronger the singularity at k = 2k, in y(q), the
slower the RKKY effect falls off with distance [10]. The effect stems entirely from the nature of
the Fourier transform. A function with stronger singularities will tend to have a broader spectrum
in the transformed variable's space. To examine this more carefully, the magnetic
susceptibilities are calculated for the one dimensional and two dimensional cases and then their
singularities are explored.

Beginning with the one-dimensional case, the summation in 1.21 is converted into the

one-dimensional integral,

2up 2m [kF

1 1
2@ =5 _kpdk [(k—q)z—k2+(k+q)2—k2 '

This integral is calculated to be

2up m q + 2kp

=—0-—1
x(9) N 2nq n q — 2kg
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Figure 1.3-One Dimensional Susceptibility

The magnetic susceptibility in one dimension has a singularity at ¢ = 0 in the actual
function. Therefore, the one dimensional singularity is expected to be stronger than the three-
dimensional case where the singularity was in the first derivative.

Moving to the calculation of the two-dimensional case of the susceptibility, summation

in 1.21 becomes

= k dk an L L
x(@) = T(Z )? f f g [q(q — 2k cos @) q(q + 2k cos @)I

Using the standard integral
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NI

T
1 T — a<l
fom—{wl—az :

0 a>1

the integrals for both cases are calculated to be

2
Ugm
x(@) =47 — q < 2k

4k?

7 q = 2kg

2
Hpm
=4-2_(1-
x(q@) N 7

x@)
x(0)
30

25 F

0 1 2 3 4 5
Figure 1.4-Two Dimensional Susceptibility

qwithky =1

The singularity in the two dimensional case comes from the kink where the square root
part of the piecemeal function meets the constant function. Once again the singularity is in the

function and not the derivative of the function as it was in the three dimensional case.
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Therefore, we expect once again for the two-dimensional case to have a longer range than the
three-dimensional case which is born out in the comparison between the magnetic
susceptibilities in real space. However, the singularity in the two-dimensional case is due to a
discontinuity in the function. For this reason, it is expected that the RKKY effect in two
dimensions will have weaker range than in one-dimension as is borne out by direct calculation

of the transform of the susceptibility from momentum space to real space.

34



CHAPTER 2

GREEN’S FUNCTIONS

2.1 Introduction

The methods of quantum field theory have found uses in statistical physics due to the
fact that both fields deal with basic problems that are essentially the same. Both methods
investigate systems that infinite in volume and therefore have an infinite number of degrees of
freedom. These methods also both describe themselves in terms of a second-quantized
Hamiltonian, which gives the interaction of a particle with a quantized field and a large system of
interacting particles common mathematical ground.

The application of perturbation theory to a system with a large number of interacting
particles is fraught with many difficulties. Typical calculations in statistical mechanics analyze
the asymptotic properties of the system in the thermodynamic limit, the number of particles
N — oo while V /N remains constant (V is the volume of the system). However, the application of
perturbation theory directly to a large system of interacting particles can lead to terms
proportional in V, which become divergent in the thermodynamic limit. Also, a statistical
mechanical system can have a very dense energy spectrum where the distance between the
energy levels tends to zero as V —» . The application of perturbation theory to the system of
particles leads to a situation where the perturbation energy is much larger than the distance
between the energy levels. Therefore, these perturbations can lead to large changes in the
wave function and the energy of the system [11].

A convenient way to eliminate these difficulties is through the use of Green’s Function

techniques. For example, the use of Green’s functions can find expansions for the energy that
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are not proportional to arbitrary powers of volume. In this way, the technique allows for the
application of perturbation theory to systems of a large number of particles indirectly. Therefore,
many of the complications mentioned above are avoided using the Green'’s function method.

2.2 A Beginner’s Guide to Green’s Functions

Green'’s functions are a generalization of the correlation function and are intimately
connected with the calculation of observed quantities. This section will focus on what is called

double time Green'’s functions. The three types of double time Green’s functions are defined as

Ge(t,t) = ((A®)|B () = —{TA()B(t)) 2.1
G, (t,t) = (AIB())), = —i0(t — t)([A(D), B(t)],) 22
Ga(t, ) = (A [B(E)))a = 0(t'— (A, B(t)];)- 23

In 2.1, 2.2, and 2.3 the (...) operator is taken to be the statistical average over the grand
canonical ensemble and Q is taken to be the partition function for the grand ensemble as shown

below.

(..)=Q7'Tr(e P ..)

Q = Tr(e P*)

H is the Hamiltonian defined in the grand canonical ensemble in the usual manner as
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J = H — uN.
This relation has H as the time independent Hamiltonian operator, N as the operator of the total
number of particles, and u as the chemical potential of the system. The use of the grand
canonical ensembile lifts the restriction that number of particles or quantized fields must be
constant in the system.

The terms A(t) and B(t") are the Heisenberg representations of the operators A and B,

expressed in the language of second quantization,
A(t) — ei}[tAe_th.
The Heisenberg equation of motion for A(t) is

(dA(D)
o

== 4@, 1]

with A = 1.

The time-ordered operator, T, is defined as
TA@)B(t) =6(t —tHA()B(t) +no(t'—t)B(tHA(t)

and the step function as

(1 t>0
g(t)_{o t<0
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Finally, [4, B], indicates either commutator (1 = 1) or the anticommutator (n = —1)

[A,B], = AB — nBA.

For double time Green’s Functions, the choice of the sign of 7 is taken as a matter of
convenience for a particular problem. Generally, 7 is taken in relation to the commutation
relations for the Boson and Fermion operators as will be discussed later on.

The cyclic properties of the trace can be used along with the definition of the

Heisenberg representation to show that

Ge(t,t) =G.(t —t)

Gr(ttt') = Gr(t - t')

Golt, ) = Gy (t —t).

The Green’s functions do not rely upon a separate time variable for each operator, but
rather on the difference between the two times. This is an advantageous characteristic of
double time Green'’s functions that allows the use of spectral expansions to help with the
solution of the Green'’s function equations [12].

The equation of motion that must be solved can be built by first taking the derivative of

a general double time Green’s function, G, which yields

de(t —t" _dA(t)
T([A(t),B(t')]n> +((i It

A6 d
l——la(( |B)) = |B(t")).

dt
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Using the equation of motion for A in the Heisenberg representation gives

. dG  do(t—t)

i oo =———([A), B} + ([A®), H]|B(t))

da
b = 8 =94, By} + ([AW®), HIIB(D)).

Where the final line uses the relation

6(t) = jt 6(tHdt'. 2.4

It should be noted that the Green’s function that appears on the right hand
side, ({[A(t), H]|B(t")), is generally of higher order than the original one. Constructing another
equation of motion for the new higher order Green’s function will generally lead to terms of even
higher order. Continued construction of the equations of motion will lead be an infinite chain of
coupled equations in most cases of interacting particles and the solution of these equations is
an extremely complicated endeavor. The general approach is to use some sort of approximation
scheme to decouple the equations and reduce the chain to a finite number of equations that can
be solved. However, there is no general prescription for this uncoupling process.
2.2.1 Spectral Representations of Correlation Functions

The Green’s function equations of motion must be supplemented with boundary
conditions by means of spectral theorems. These spectral relations will reveal a relationship
between the Green’s functions and statistical mechanical correlation functions.

After defining correlation functions as
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Fap = (A()B(t)); Fpa = (B(tDA(D)),

the spectral representations can be found to be [13]
FBA(t - t') = f e_iw(t_t’)]((l))dw

Fapp(t—1t) = j e”@t=eq ] (w)dw

Eg
J(w)=0Q! z e AgpBpy 6(w — Eg + Ey).
ap

The method is to expand the statistical averaging brackets in terms of eigenfunctions of the
Hamiltonian and then use the cyclical properties of the trace to rearrange terms. The above

equations use the eigenfunction relationship
Hla) = E,|a).
Also, J(w) is known as the spectral intensity of the correlation function.
2.2.2 Spectral Representations of Retarded and Advanced Green'’s functions

The spectral representation of the retarded and advanced Green’s functions can be

found by starting with the Fourier transform of G, defined as
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G (t—t) = f e(t=t) G_(E)dE

1 [ .
G.(E) = > f e O G (t)dt.

Using the spectral representation of the correlation functions and the definition of the

retarded Green’s function, a new form for the retarded Green’s function is found as

G.(E) = ;—;I dw ](a))[e% -] f dt 6(t)elE-wX,

A relationship between the E and w is found by using the integral form of the step function, 2.4,

and performing a contour integration over the t variable,

G-(E) = %fdw](w) [6%—77] m

A similar calculation of the Fourier component of G, can be done and then combined

with G, to get

1 @ 1
GZ(E) =Efda)](w)[e9 —7]] m 25

All the calculations up to this point have assumed that E is a real number, by
considering E to be a complex quantity the function can be extended analytically into the

complex plane.
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_ (G.(E)ImE >0
GZ(E) B {Ga(E) ImE <0

If a cut is made along the real axis, the new complex function consists of two branches with G,
in the upper half-plane and G,in the lower half-plane.
Now, J(w) can be solved for by taking the difference between these two Green’s

functions.

6, (E) — Ga(E) =%fdw](w)[e%—n]< 1 L)

E—-w+ic E—w-—ic

Applying the §-function representation

O ]

2ni\x —ie x +i¢

to the above gives a relationship between the spectral intensity J(w) and G,.(E).
a

G,.(E) — G,(E) = iJ (w)[e? — n] 2.6

The steps to finding an expression for the double time correlation functions are
1. Solve for the Green’s function by finding a way to truncate the infinite chain of equations
2. Construct the spectral intensity from our retarded and advanced Green’s functions

3. Solve for the correlation function
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Fga(t —t) = f e ] (w)dw

— fe—iw(t—tr)iGa(Ez)_ Gr(E) dow
ed —n

Also, the symbolical identity for the delta function,

1
x it

1
=PV o + ind (x),

shows a connection between the imaginary and real parts of the Green’s functions that have the
form of dispersion relations. In this equation, PV stands for the principal value of the integral.

Using the identity in 2.6 yields

*® Im G, (E
ImG(E)

1
ReGT(E):EPf w—F

— 0o

1 (®ImG,(E)
ReGa(E)=—;PJ ﬁdw

—00

2.2.3 Finding the Green'’s function of a Perfect Quantum Gas
As an example of using Green’s Function techniques, consider a perfect quantum gas
where interactions between particles are negligible compared the kinetic energies. The

Hamiltonian for a non-interacting gas composed entirely of identical fermions or bosons is
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j'[ = Z Tkalak.
k

Here k is the momentum, T, = k?/2m — u , and with u as the chemical potential. The operators
a,ﬁ and a, represent creation and annihilation operators obeying the Fermi-Dirac or Bose-

Einstein commutation relations
[af, a;,]e = afa;, — Ea;,af = 6ff’ and afaf, - Eaf,af = a}-a}-, - Ea;,a; =0.

Bose-Einstein particles have € = 1 and Fermi-Dirac particles use € = —1.
The Green’s function related to the double time correlation function (a}(t)af(t’)) will be

calculated. Using the definitions of the Green’s functions as expressed in 2.1, 2.2, and 2.3, we

introduce the following function
Gr(t — t') = ((ar(D]af (t))).
The equation of motion for G¢(t — t") is calculated as

da!

G
G = 0= o]+ G

The inhomogeneous term is only non-zero when t = t', therefore both operators in the

commutator have the same time argument and the commutation relations can be applied.
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. dGy ,

To solve the equation of motion, the Fourier transform of the Green’s function is defined

as
Ge(t—t) = f dE e"CEGL(E).

In order to complete the transform, we use the following identity for the transform of the delta

function.

1
St—th= EJ‘ dE e~(t—tNE

The equation of motion in Fourier space then becomes the simple algebraic equation
EG:(E TrGf(E) = !
£ (E) = TGr(E) = 5

This can easily be solved for G, as

1
Gr(E) = —
)= o E-T;

From this equation, it can be seen that the poles of the Green’s function are directly

related to the energy of a particle in state f. In the case of non-interacting particles of the
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current system, the poles are on the real axis and represent the elementary excitation energies
of the system. Taking into consideration interaction of particles will generally lead to
singularities of a more complicated nature than just poles on the real axis or a shifting of the
poles off the real axis and into the complex plane.

Using the solved form of the Green’s Function and 2.6, we can solve for the Spectral

Density Function
@
Gr(w +ie) — Ge(w —ie) = —i (69 — n)]f(w).
This in turn allows us to find an expression for the correlation function

Tf(t — t’) = <a;(t)af(t’)> — f dw ]f(w) e~ lw(t—tr)

—in(t—t’)
Fr(t = t) = (af (Dap(t) = ———
e —n

If t = t', then the correlation function reverts to the familiar occupation number for a

boson or a fermion of a perfect quantum gas.

(a;af) = Tf

et —n
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2.2.4 Using the Green’s Function Method to find Spin Polarization of the s-d Model
The system under consideration shall consist of conduction electrons interacting with
localized magnetic moments through the exchange interaction as derived in section 1.2 and is

placed in an external magnetic field. The Hamiltonian has the form

J)
H= Z Eko Qb Qg — WoS; — o Z (S 0up) Al y Ao
ko kk';aB

The first term represents the non-interacting terms for the electrons in a magnetic field H. The

operator a,‘:C, creates a particle of momentum k and spin equal to éa (where o = +1). The

coefficient on the single particle operator term is defined to be
$ko = (kK?/2m) — €p — pglH|

with k2 /2m being the usual kinetic energy, e being the Fermi energy, and uz|H| representing
the interaction of the electron with a magnetic field of strength |H|. The second term represents
the interaction of the magnetic impurity with the magnetic field and w, = gug|H| and g being the
Lande factor (g = 2 for electrons). The final term represents interaction between the electron
and the impurity in the form of a simple exchange interaction. In this case, ] represents the
strength of the interaction, N is the number of electrons, and ¢ are the Pauli spin matrices.

The retarded Green'’s function used in these calculations is
G (®) = —i8(){[aro (®), al, (0)]) = (ae ) lat, (0))).
The Fourier Transform is defined as
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6o = [ 22 mtutgp, (w)
kkr - o 27T kk/ '

The density of electrons with spin ¢ can be calculated by

o = lim Q d’k ikr d’k’
n?(r =limQ | 7o 5e (2n)3

eikrr J;o; Czi_:f(w) [-2Im G, (w)]

where Q is the volume of the system.

The equations of motion in w-space of the system are found to be

(@~ u0o) 6 (@) + ;—NZ(«al,_as_Aa,tg» +0 (@S 1al,)) = S 27

(w - Stkra) ((ak’U‘S‘Zlaig’)) + ;_NZ[((al,—aS—a'Szlaltg—» +o ((al,aszzlaltg))]

J

+
+_
2N

ollaeal_,al .S_slat,)) — (aweal ,ar _oS_olat, )]
b 2.8
= <SZ)8kkl
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(@ = &g + 0w0) (o S_olat,))

+ 53[5+ D6A@) ~ ey SHal,) ~ 0 (ay-oSS_olal,)
1

+ 0 (@ S,laf,)]

J
+ ﬁz [((ak'.—uazual'ﬁs—d |altu» - «ak’,—aa?,—aal’,—as—d |a}ta>>
L

29

- 20((akf‘_gazr__aalr_JSZ|a,tg))] =0

As an example, 2.7 is worked out explicitly to give a feeling on how these kinds of

calculations are performed.
a)G,‘(’k,(w) = ([ak’a' a;a]i> + <<[ak’,0" H]_laig))

It should be noted in the first line that it has not been decided whether to have a commutator or
anti-commutator in the inhomogeneous term of the differential equation. Below the choice
becomes the anti-commutator to take advantage of the Fermi operator’s anti-commutation
relations.

After inserting the definition of the Hamiltonian, the linearity property of Green’s

functions is used to rewrite the equation of motion.
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J
wa(Tk,(w) = ([ak’a'! alta]+> + << a"""'z ¢io ag‘gala — woS; — ﬁ Z (S ' o-aﬁ) a?‘gallo' |ala'))

lo Lisap

06 (@) = (avgalo] )+ D o Wlawy alya]_lal,) = oo W, 5] _laf,)
lo

J )
- ﬁ Z «[ak’,u ’ (Saag-—ualld to Szajg'al’a’)]_lalta»

Liro

(UG]gk,(O)) = ([ak’a! a]to—]+> + Z flo’ (([ak’_o' ’ az‘gala]_la;‘;g)) - (1)0 (([ak"g :Sz]_laza—))
lo

T oN {«Sﬂ[ak',a ’ a?_g’al'a']_ |alt<r)) +o' «SZ [ak’,a , a:-g’al'a']_ |al1c-a»}

Now, solving the equation of motion is simply calculating commutation relation for

raising and lowering operators. By definition, the inhomogeneous term becomes
s, alta]+ = Sjeri-
The kinetic term is
[ak’,a ’ a;-aala]_ = ak’,aaj-aala - alt)'alaak',a

_ t _ t
= Ayt oA Qe T (5kl ak’.aala)ala
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= 1,01

Since any creation or annihilation electron operator will commute with a localized moment

operator, that term becomes

[ak’,cr 'Sz]_ =0.

The raising and lowering term in the exchange interaction yields

t _ t T
[ak',a'al_g’al'a']_ =0l gy Ay — A Q5! Ay 5

— t _ _ t
- ak',aal_g’al'(r (6k’l66,—6' ak’,aal_g’)al'a’

= 6k'l6¢r,—¢r'al'a"

Finally, the z component term of the exchange interaction is

T _ T _f
[ak’,a ’ alg’al'cr']_ =0 oAy Ay g! — Q1A gl Ayl

t t
A' e Q)1 QY 67 + (sk'laaa' - ak',oalg’)al’o’

= 6y1055a) 5

Now putting the results back in the equation of motion, the equation of motion are found to be
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0GR, (@) = (S} + Z 1o ((aza5kz|a;tg))
lo

] ,
“oN Z {<<6kll6o‘.—o‘"sﬂ'allo"|a;o‘)) to ((6k’16U0’Szal’a|alta>>}'

L'e!

After applying our Kronecker symbols to the summations, replacing I' — [, and isolating the

inhomogeneous term on the right hand side, the equation of motion becomes
— &) GY il S r S tn=6
(0 = ko) iy () + N {(( —eQ—g|as)) + o Zala'lakg-))} Kk
l

As mentioned above, construction of the equation of motion for 2.7 led to Green’s
functions of higher order when the commutation of a, , with interaction part of the Hamiltonian
is calculated. Further calculations of the equations of motion of those higher order Green’s
functions (2.8 and 2.9) created even higher order Green’s functions. In this manner, the infinite
chain of coupled equations of motion that results can be seen.

The chain of equations will be truncated by attempting a reasonable approximation that
eliminates all higher order Green’s functions and allows us to solve our original equation of
motion. For this particular problem, only keep terms that are of 0(J) in 2.8 and 2.9 were kept.
This approximation will lead to terms 0(J?2) in our original equation of motion 2.7.

The first order of business is to examine the equations of motion for the Green’s
functions in 2.8 and 2.9 for any terms that are of zero order in J since any other terms will be of
0(J?) when we insert them back into 2.8 and 2.9.

Applying this approximation, yields the following equations to 0(J).
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(@ = §iuo) (agoSelaf)) + 2NZ< DGy = % 210

‘Slo‘)

(@ = g+ 000) (g _g|ak(,>>+2NZ<s S GES

sla')
211
- ZU_Z <<ak’—0'al aal GS |ak0')) =0
L
The terms in 2.10 can be rearranged to give
ApS,|a = SV, — Z S2
(awgS;laf,)) = _Em)[< Do =5 ) (S _Ew)}
The application the Kronecker symbol to the summation in 2.10 finally yields
(S0 ] (S7)
(awoSslal,)) = K 2.12

(= &wo) 2N (0 = &e) (@ — &)’

In 2.11, a commutation relation will be used on the last Green’s function before applying

any approximations

((ak',—aaz—aal’,asz|ala>> = <<(5lk’ - aI—oak',—J)al',USZ|alto>>
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=0y <<al',USZ|alt0'>> + <<a2:—aak’,—aal’,asz|alta)>

6l'k(a?:—o'ak',—o'sz)
w—&ys— fk’,—d + fl,—a

= Sy ay 5S,lat)) + +0().

Also, the expectation value on the inhomogeneous term will be approximated to zeroth order,

(az—gak"—gsz) = 6lk’(Sz>f(El,—a')-

Where f(El,_U) is the Fermi-Dirac distribution function for the system.

The application of these approximations gives

S (SHf (61-s)
w — fl’a - Ek’__g— + fl,—d

+0()

((ak',—aaz—aal',asz|al1;a)) = Oy ((al’.aSZ|a£U>> +

for the higher order Green'’s function in 2.11. By dropping the terms that are 0(J) since they will
be 0(J?) when reinserted into 2.11, the order of the Green’s function is reduced and an
inhomogeneous term has been introduced through the approximation.

Inserting this result back into 2.11 gives

o)
(0 8o+ 000 (raS-alalal) + D (52500
1 o

- ZO'LZ {Slk’ ((al’,a'SZ|al0'>) + 6l'k61k’(52>f(fl'_o) } -

2N NG w = fl o Szk’,—o + fl,—a
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Taking the ((a; ,S,|al,)) term to 0()) gives

51{1
(0) - flcr)

(0= g+ om) Gt oS-alal, ) + 37D 525-)

_ L 8r(Sz) 5l’k5lk’<5z)f(fk’,—a) } _
20 ZN; {Slk ((‘) - El’a) * w — fl’cr - 'fk’,—a + fl,—cr =0

Some algebraic rearranging of terms and keeping in mind that [S,,S_,] = 205, gives the final

expression for 2.11 as

-J/2N
(W= &g + owg) (0 — &

({ap_oS_glat,)) =

S S080) = 205 (w1-0)): 218

Next, both of the equations of motion that have been approximated to 0(J) (now 2.12
and 2.13) are placed in the original Green'’s function for G,/ (w) to develop an equation of

motion that is 0(J?).

—J/2N
+0wo) (@ = k)

(0 = )60 @) = B =50 D o ((5-050) ~ 2005 (61-0))
; -

] (52611 ] 0<Szz )

TN L (0 =&) 2N (@~ &) (0 ~ &)

The expression can be simplified by assuming a constant density of states with this definition,
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PP
= —inp.
= w — &y

After doing some algebraic rearranging, we arrive at the following expression

_ 20(S, -g
J/2N <ﬁ {—iT[P(S—o'So') - Zl (woj fli};(j‘ljaw)o)

(w - Ekla)(w - gka)

}+ o (S,) +%<S§>)

Gipr (@) = Oppr —

Next, applying the identity

1 1_
Ttie = PV;+l7T5(X)

to the remaining summation and convert the remaining summation into an integral. The

application of the identity to the term with the summation yields

1

_ZO'(SZ)deE (PVm

—in§(w + 0w, —f)>f(€)

— —=20(S,)p(g(w + ow,) — inf(w + dw)).

Where

£

9(@) zRepf 4
-D

and D is the cutoff on the integral that is assumed to be of the order of ¢, the Fermi energy.

Putting this result back into the equation for G, (w) gives the result
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8 ]/ZN <0_ <SZ) +]inp{(5—a'50'> + <~2§12i/) + f((l) + O'wo)} + O'(SZ>%Q((,U + 0'(1)0)>
o _ Kk’ _
G () = = 5o @ = Gr) @ — )

The function g(w) can be evaluated in terms of f(= 1/kT) and the cutoff variable to

give

gw)=p [ln;—g+ Re‘l’(%+ f—:)]

where ¥(z) is the digamma function defined as
Y(z) = [d/dz] InT(z).
Based upon the properties of ¥(z), the limiting form of g(w) as Bw > 1 (T — 0)

(w) — lr1M
g pin—p
In the calculation of the spin polarization, the assumption will be that the polarization is due to
some sort of internal crystalline field by letting &, — &, = (k?/2m) — €. Starting with the

definition of electron density

oty = [ LK gur [ LK -ik'-rfm 2 f @) -21m G ()]
n (r) - (27_[)3 e (21_[)3 e . 27T f(w) m kkl(w) )

the polarization is defined to be
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d3k . a3k . “d
P(r) = z on’(r) = Q OO eikT VI e—ikrT Jloo%f(w) [—Zlm Z O'G;gk,((u):|.

Calculating the summation over the spins of the Green'’s functions and recombining terms yields

, J/2N J
D7 (@) = o e (- 2080 — (5 3 (90 + w0) + g — )

g

222w = w0) = fw + 0p)})

Next, the integrations over k, k' are calculated and give

—mm? Q

P(r) = T—ZWU—EF dw f(m)zl—N(Z(Sz) + (Sz)é(g(w + wy) + glw — wo))> sin 2kr

o 2
+ f dw f(w) 7r2_p (%) (S, H{1 — f(w — wy) — f(w + wgy)} cos 2kr

—€F 2
+ [ T dot@F(5) 69000 - flo+ wo)}e-Zk’r].

Now, calculating the integral at T = 0 for the term that is linear in ] gives for the polarization

J1(2kgr)
(kpr)?

Priky (1) = 3mn (]Np) (S2)
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In the above, j;(z) is the spherical Bessel function of the first kind and n = k2/6m2. This
matches the standard RKKY polarization result using a different method of calculation, but note
that there will be a modification the RKKY polarization due to the terms that are of higher order
in /. For more details on the terms that modify the RKKY polarization, the reader is referred to

[14].
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CHAPTER 3

ASYMPTOTIC ESTIMATION OF FOURIER TRANSFORMS

3.1 Introduction

An asymptotic expansion of a given function is a series of functions that when truncated
provides an approximation to the given function as the argument of the function tends to a
particular point. Repeated applications of the integration by parts technique to an integral will
often produce an asymptotic expansion. Although a Taylor series fits the above definition, the
term asymptotic series generally implies a non-convergent series.

It is not always possible to calculate an exact expression for the Fourier transform of a
particular function. In these cases it is necessary to construct an asymptotic expression to be
able to calculate an approximate expression of the Fourier transform. The asymptotic
expression of a Fourier transform is defined as an expression that is the sum of a simpler
Fourier transform and a remainder which tends to zero as the argument of the function tends to
a particular point. However, the building of asymptotic expressions requires generalized function
theory.

3.2 Introduction to the Theory of Generalized Functions

Before the concept of generalized functions can be introduced, good functions and fairly
good functions must be defined [15].

A good function is an ordinary function that is differentiable any number of times and
the function and all its derivative are 0(|x|™") as |x| — oo for all N. In other words, A good

function is a function that obeys
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lim x™f™(x) =0

x—+too

for any positive integers m,n. Some examples of good functions include

)
2 e

—x? —x
e™, xe ™, —.

1
1+x2

In contrast, e~*! is not a good function since it is not differentiable at zero and is not a good

function because

xll_r)rgo 1+x
Therefore it fails the basic limit test set forth above.

A fairly good function is one which differentiable everywhere any number of times and
such that the function and all its derivatives are 0(|x|") as |x| — oo for all N. Any polynomial
function is a fairly good function as the nth order term is 0(|x|V) and it can differentiated any
number of times. Note that the definitions of fairly good functions differs from good functions by
O(|x|"¥) instead of O(|x|™™).

The derivative of a good function is a good function. The sum of two good functions is a
good function. The product of a fairly good function with a good function is a good function.
These statements are offered without proof and the interested reader is referred to [16] for
details.

If f(x) is a good function, then
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9O = f (e dx,

is a good function.
The theorem can be proven by differentiating the transform p times with respect to y and then
using integration by parts N times. Next, the application of the definition of a good function

eliminates the boundary terms left by multiple applications of integration by parts which gives

N

1 o0 |
W[ m{(_znix)pf(x)}e—ZTnxydx

lg? )| =

N

dx

S(Zn)”‘N F d GO

Iy Y dx¥

= 0(lylI™).
A sequence, f,(x), of good functions is called regular if
lim,,_, o f_oow fu(X)F (x)dx

exists for any good function F(x).

. — 12 2.,
The function e™*"/"" is regular as can be shown.

(oo} [oe]

lim e‘xz/nzF(x)dx = J- lim e‘xz/”zF(x)dx
o @

—00
n —00
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= f_c:F(x)dx.

A generalized function is defined as a regular sequence of good functions. Furthermore,
any two regular sequences of good functions that each has the same effect on another good
function F (x) are considered to be the same generalized function.

An example of a generalized function that familiar to every physicist is the delta
function, §(x). The delta function can be represented as several different regular function
sequences that all have the same effect on the F(x) they are acting on. An example of a

generalized function representing §(x) is

1
lim — e~12x/¢€,
e—0 €

Applying test for a regular sequence gives

oo

1
lim ;e"z"'/eF(x)dx

€—0 J_

*® 1
J lim —e~12*l/eF (x)dx.

w€E0E

As the limit e — 0 is taken, the regular sequence define above takes a value of 1 at x = 0 and
zero for x # 0. Therefore, the result of the integral is F(0).

A second example of a sequence representing §(x) is
1 [ ||

lim —
e—0 € €
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. 1 |x|
J- lim — 1—? F(x)dx

o E0E
= F(0).

There are many other regular sequences of good functions that all have the same effect,

namely

foo6(x)F(x)dx = F(0).

The entire class of reqular sequences of good functions is known as the Dirac delta function
and represented with the symbol §(x).
3.2.1 Theory of the Asymptotic Expansion of Fourier Transforms

After deriving the Green’s function in Fourier space, the Fourier transform must be
taken again to have a function in real space in order to develop physical meaning of the
solution. Unfortunately, it is not possible to know the transform of certain functions. Fortunately,
the theory of generalized functions makes it possible to state the generalized function f(x) as a
sum of a simpler function whose transform we can calculate and a remainder that tends to zero
at a certain point. The method for doing constructing the asymptotic expression of the Fourier
transform will rely upon f(x) having a finite number of singularities.

A generalized function has a finite number of singularities x = x4, x5, x5 ..., x) if, in each
one of the intervals, —0 < x < xy,x; <X < Xy, . Xpq < X < Xy, Xy < X < 00, f(x) is equal to an
ordinary function that is differentiable any number of times at every point in the interval.

A generalized function is defined as being “well behaved at infinity” if for some R the
function f(x) — F(x) is absolutely integrable in the interval (—o, —R) and (R, ), where F(x) is

some linear combination of the functions
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e |x|#, e™|x|Psgn(x), e™*|x|# In|x|, e™|x|? In|x| sgn(x)

for different values of § and k.

The generalized Riemann-Lebesgue Lemma must also be used:
If a generalized function, f(x), is absolutely integrable from — to o, and g(y) is the Fourier
transform of f(x) , then g(y) — 0 as |y| — oo.

From the definition for a finite number of singularities and the Rieman-Lebesque
Lemma, the following theorem is obtained:
If a generalized function, f(x), has a finite number of singularities x = x,, x5, X5 ..., Xy and if (and
for each m from 1to M) f(x) — E,,(x) has an absolutely integrable Nth derivative in an interval

including x,,, where E,, (x) is a linear combination of the type

lx=x, |8, |x = x,|Psgn(x—x,) , |x—x,,|% In|x—x,]| ,
n nl”S9g n n n
3.1

e |x—x,|# Infx—2,| sgn(x—2,) , 87 (x—x,)

for different values of 8 and p, and if f™ (x) is “well behaved at infinity” then the Fourier

transform of f(x) satisfies

9O = En=1Gn () + o(ly|I™) as |y| — oo,

where G,,(y) is the Fourier transform of E,, (x).
In layman’s terms, the function around each singularity will give a term similar to one in
3.1 whose transform can be calculated. If each of these terms are summed together, the result

is an asymptotic expression which is accurate to a certain error.
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As an example of using this method, the asymptotic expression is found for the Fourier
transform of f(x) = |x||x + 1|"/?|x — 1|7'/2 to o(y~2). The singularities are seen to be x = —1,0,
and 1 and f(x) needs to be expressed around each singularity as a summation of terms like
those found 3.1. However, the sum of terms must have an error whose second derivative must
be absolutely integrable in an interval that includes the singularity. Given the nature of f(x), it is
natural to use the binomial series to expand the function around each singularity to generate the

summation of 3.1 terms.

Beginning with the x = 0 singularity,
f(X) = |x| |1 +f+...||1 +f+...|
2 2

= |x| + 0(Ix|?).
The expansion of f(x) around x = —1 yields

f) =Ix+1-=2]"Y2|(x +1) — 1||x + 1|'/2

1 x+1
=1+ 1= o Dl 1
att

1

Ix + 11Y2 + 0(|x + 1]3/2).
V2

Finally, expanding f(x) around x = 1 gives
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) =lx—117Y2|(x — 1) + 1]|(x — 1) + 2|2

1/2

(x-1

+1
2

=2x — 117Y2|(x — 1) + 1] ‘

-1
4

=x/§|x—1|—1/2|(x—1)+1||1+ +‘

5
=V2|x — 1|72 + —|x — 1|"2sgn(x — 1) + O(]x — 1]3/?).
| | 2\/§| |*/#sgn( ) (I 13/2)

The second term relation can be gotten by recalling the definition of sgn(x) = lz—l and

x2
x| 2 |x] = |x|7/?y/x2 = ’m = Vxsgn(x) = |x|sgn(x).

Defining functions representing the 3.1 terms as

Fi(x) = |x|

1
Fy(x) =ﬁ|x+1|1/2

5
Fi(x) = V2|x — 1|72 + —|x — 1|Y%sgn(x — 1).
3(x) | | 2\/§| |*/#sgn( )
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We can now easily check the functions for the condition that the second derivative must be
f(x) — E,(x) absolutely integrable over an interval including the singularity x,,. For example

around x = 0,
fx) = F(x) = |x| + 0(Ix|®) — |x| = 0(]x|?).

We calculate the first derivative of |x|? to be

d
alxllxl = sgn(x) |x| + [x] sgn(x) = 2|x| sgn(x) = 2x.

The last part of the calculation used the relation sgn(x) = I);_I Thus, the second derivative of

f(x) — F,(x) is absolutely integrable around x = 0.
Next, we must take the Fourier transforms of each F,,(x) so that the Fourier transform

of f(x) can be put into the form,

M
9G) = ) G + 0y,

m=1

The following transforms are needed are needed to complete the calculation,

*© ; T
J- |x|%e 27XV dx = —2 sin (E a) a! 2m|y|)~e !

° a —2mixy - _72i E | -a-1
|x[*sgn(x)e dx 2i cos Sa)a! x|y sgn(y)
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| ras e = gyesn
Using the transforms and applying some algebraic manipulation yields,

I 1 _ Sisgn(y) __. _ 1 ~
gy) =2e 2 |y| 1/2—{m82"1y+we 2yl 3/2_ﬁy 2+ o(lyl™).

To reiterate, f(x) was expanded around each of its singularities and applied an
approximation to write f(x) as a series of terms like in the 3.1 list and an error term. Next, the
2" derivative of each term was checked to make sure that was absolutely integrable over an
interval including the singularity. Finally, the known Fourier transforms of the terms from
3.1were calculated which lead directly to an asymptotic expression for the Fourier transform of
£ (x) with error o(|y|™2).

It should be noted that by including more terms from the binomial expansion around
each singularity, even higher order derivatives of f(x) — F,(x) — F,(x) — F5;(x) would be
absolutely integrable over an interval including the singularity. This would lead to a smaller error

in the asymptotic expression for the Fourier transform.
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CHAPTER 4
EFFECT OF ELECTRON-ELECTRON INTERACTION ON S-D MODEL
4.1 Introduction

While the RKKY interaction describes the indirect interaction between two localized
magnetic moments through the medium of conduction electrons, the calculations only take into
account the exchange interactions between the conduction and localized electrons in the three
dimensional case. In this chapter, how the addition of electron-electron interaction modifies the
RKKY interaction is explored.

The first step is to calculate an effective Hamiltonian for the s-d interaction by using a
canonical transformation to eliminate terms that are linear in the exchange interaction.

4.2 Calculation of a New Effective Hamiltonian via Canonical Transformation

The canonical transformation method is particularly well suited for the creation of
effective Hamiltonians in indirect interactions [17]. The Hamiltonian is split into two parts, the

independent and interactive part,

H = :7'[0 +‘7_[int'

In a similar manner to section 1.2.1, | canonically transformed the Hamiltonian and looked for an

operator, S, that eliminated linear terms of the exchange interaction.

From section 1.2.1, the expansion of the transformation in terms of the original

Hamiltonian
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- 1 1
H=eSHe™ = Hy+ Hip + [S, Hol + [S, Hine] + E[S’ [S, 3,1] + > [S,[S, Hinel] + -+,

shows that the requirement to eliminate linear interaction terms is
j-[inf + [S, .7'[0] = 0.

| used this condition along with the equation of motion for operators in the Heisenberg

representation to arrive at the simple differential equation,

a5(0) _

ot - }[int-
Fortunately, the differential equation has a simple solution for S,

t

S(t) = —% J dt' Hipne ().

— 00

Next, | placed the integral equation into the series equation for 7 and kept just terms to second

order of the interaction,

7= (0 5 [ 48 [Fe©), Hine () ] 41

| replaced H;,.(t) with the form of the s-d interaction,
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[St?a;t',_aak,a + aSZ"alt,‘aak,a].

=2~

AR

k' k

Where ] is assumed to be a constant, ST is the spin operator for a localized moment at site n
and «, which indicates the raising (T) or lowering (1) operator. The conduction electrons are
represented by a,‘:'a and ay 4, the usual creation and annihilation operators for an electron with

momentum k and spin a =T, !. After inserting the s-d interaction into 4.1, the transformed

Hamiltonian becomes

= 34,(0) —% > (%)2 _[o dt' [ s2(Oal,_ (Oaa®

kk'all',a' nn'

+asp(®)al, (Oaea) , Sp)a) i (E)ayy () +a'SE (t)als () (t')].

Next, basic commutation relations were applied to the commutator to expand it as

[s2)af, _ (Daea(®),SHE)al_ () @)] +
[sz®)al,_,®ar.),a'sy E)al, ()agr )]+
[aSZ"(t)az,,a(t)ak,a(t) ,S™ (t’)a;r,__a,(t')al'ar(t')] +

asF(t)als (e (®) ,a'Sy (el (a0 ().

Since each of the above commutators can be treated the same in the following

calculation, | worked with the a general form of the above commutators
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[s7(®)al, (g @©) L5 E)al (a,q ()],

Assuming the operators representing the impurities are not functions of time allowed
me to pull the S operators out of the commutator. Next, | averaged over the conduction

electrons to convert the argument of the integral into familiar looking correlation functions

( I:altl,a'ak,dl (t) ) a;’,sal,sl (t,)])

t

I TN (e ot il

kKk' LU nn' a,a’;s,s —o0

Next, the step function 6(t — t") was used to extend the upper limit of the integral to infinity and

rewrite the argument as a retarded Green’s function,

i IN enent [ oo :
> > (5) st f dt' ((al) @ (©) 1) ae @), 4.2

As can be seen from the above, the next step will be to calculate the retarded Green’s function
that modifies the transformed Hamiltonian.
4.2.1 Calculation of the Green’s Function

The form of the Green’s function used for calculations is

K550(%,259) = (@l (®ay (@)]al Gay ) = i0(t — ) [al ®ay &) ,alGag ) ]
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where &, X', and y denote arguments of three dimensional space-time. The operator
al (%)a, (%) acts directly on the field at the locations % and ' to annihilate and then create a
particle. The positions of x and k' can be different, but the time must be same for both space-
time coordinates in order to be able to apply double-time Green’s function theory.

Since the static magnetic susceptibility is a three dimensional tensor, | formulated the

Green’s functions as rank two tensors. An example of how to show the relationship between the

’s
U_’

Green’s functions, K; %(r;;), and the Green'’s function tensor is shown below, ¢,4(r;). The form

of the Green's function tensor is assumed to be

¢xx(7’ij) = ((Ux(ri)|0x(7’j)))
and has the Fourier transform
Bex (1)) = [ o e (p, ) 777,
Here, o,(r;) is the electron spin density operator associated with the x-direction and r;; is

|Ti—Tj|-

The electron spin density operators g, (r) are defined by the following expressions:
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0 () = af (Nay () + af (M ar ()
0, () = i (a] My () - af s () 43
0,(r) = af May(r) — af a, ().
Next, ¢,(r;;) is constructed from the electron density functions as
= ((af a,(r) + af D ar(m)af (17)au () + al (1) ar (1))

= ((af ) a el (1) ay(n)) + Kal Daylal () ar (1)) + (al D ar) lad (1) a (1))
+ (a] rar@lal (1) ar (1))

Here, the definition of the retarded Green’s function is applied to the first and fourth terms.

Since the commutator for these terms vanishes, the equation simply becomes
bux(1y) = Ki{ (1) + K[{ (r3)).

For the calculation, | used the following Hamiltonian with a single particle operator and

a two particle operator that includes the electron-electron interaction,

4.4
H=wad®n®%®
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1
+ Ez J- dxdx’' ag(f)a;r,,(f’)V(f —xay (X" as(x)
oo’
The equation of motion for the Green’s function of interest is

.0 ss' r= =1 = d £ tr= — tr= =
laK(m'(X’x 3y) = —Eg(t — ' )[ab(Da, (%), ai(Pay @) |)
4.5

+{(i 2 [af (B a, @)]lal Fag G)).

Applying the relations,
d (-t )=6(t—-t")
dt B
and
ii[aT @ay (®)] = [al (@a, (&), H]
at a (e (2 o )
gave the following form for the equation of motion,

: a ss' (o ol = li tr= =1 trs =
b Koo (XX 5) = —6(t —t N[ag(®a, (£, agay (]

+{([al (D a, (&), H]lal P)ay F))).

Next, | inserted 4.4 into 4.5 which yielded three parts to calculate for the equation of
motion. The right hand side has an inhomogeneous term, a term due to the single particle

operators, and a term due to the two particle operators.

0

oo Ko (6,23 3) = =8(t = t')[af (Da, (&), a] Dag D))

76



+(

al(®ay @), ). f di a(t(az)Ta(x)ag(f)] lal ey (7))

+(

1
@y @5 ), [ dedw alDal, WG - f’)aal(f')ag(f)] o} ay )

The first step involved calculating the commutators on the right hand side of the

equation of motion by using fermionic commutation relations.
f Ta. = . N Tt =
aras, + as,ar = 6¢p, ; QrQp, + apap = agap, +aga; = 0.

For these relations, the fstate represents both the spin ¢ and momentum k of the electron.

Beginning with the inhomogeneous term, | calculated
[a} @ ay @), al@)ay 3)]
= al(®a, (®)aiPay @) - alPay @)al (@) a, (&)
= al(®a, (F)al Pay ) — al () (y,6 & — ) — al (®Day )}a, (F)
= a}(Da, (®)al Pay @) + al Pal @ ay Pa, (&) — al(G)a, (®)8,,6( —7)

= al (Da, (F)alPay ) + al (@Dal P a, (®F)ay () — al P a, ()84 ,6( - 7)
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= al (Da, @ )alPay () + al (D)8, 8(F — ) — ay(®)al (M}ay ()

~ al(Ma, (£)8y,6(% - 7)
= 4;(Day (76558 (F' = 7) = al (P ay ()8,1,6(% = 7)

i g T t')ad(Day (38,608 (F = F) = al(Pay (F)8,,6(% = 7)) .
Finally, | was able to re-arrange the average value brackets to yield
= —8(t — t"Y{(al @ ay ()8, 6(F — 7) — (al D a, (¥))84,6(% — 7))},
By defining

(af(@ag () = 14(%,7) 8.

the inhomogenous term down was simplified down to

= _S(t - t’)amsas’a—{na(f: )_/)6(3?’ - Y) - no‘(f’: }_/)5(3? - )_’)}

Next, | calculated the single particle operator term.

[ai(f)aar(f’).z f dz al (z‘)Ts(z‘)as(z‘)]
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- Z f dZT,(2) {a} (D, (F)al (D)ay(2) - al (@D)ay(D)al(@)a, @)

= Z f Az Ts(2)[al ®ay (®)al (Das(2) — al (2){6:,6(% — 2) — al (D) ay(D}ay (&)]

= Z f dzT,(D]al (D a, (®)al (@)as(2) + al (Dal (D as(@)a,, (&) — al (D) a,, (¥)8:,6(% - 2)]
- Z f dzT,(2)[al (@) a, (F)al (D as (@) + al (D al (D ay, (F)as(2) - al (D)a, (%)8:,6 (% — 7))

= Z f dzTy(2) [af(D)ay (F)al (2)as(2) + af ({8556 (F = 2) = ag,(F)al (D)}a,(2)

— al(2)ay, (%)8,6 (% — 2)]

= Z f dzTy(2)[al (%) as(2)8,6:6(%' = 2) — al(2)aq, (¥)8,4,6 (% — 2)]

= T,,(X)a} (®)ay (¥) — T,(®)al (®)a,, (*)

= (T,,(¥) — T,(®))al (®)a, (*)
yields

s (T, (&) = T,(®)KS (%, %5 7).

Now, | tackled the two particle operator term
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[a;(f)aaz(f’)éz f dzdz al(2)al,(Z)V(Z - 2)ay (Z)as(2)

= %Z f dzdzZ'V(z—Z") [ai(’z)ag'(f')a;r(z_)a:/(Z_')asr(z_’)as(z‘)

ss’

—al@al (2)ay (2)as(D)al @)a, ()]

= %Z f dzdz'V(z - 7') [a} (D) a, ()al (D)al,(Z)ay (2)as(2) — al (@)al, (2)ay (2){8:,6(% — 2)

ss’

— al (®)as(D}a, (x)]

= %Z f dzdz'V(z—2z") [a;(f)aa,(fl)aj(z—)a:’ (7)ag(Z)as(2)
+ aj(z_)a;r, (Z_')asl(z_')al(f)as(z_)aal (x_') — a;(z_)a:’ (Z_’)as’(Z_')aJ'(f')(SSU(S(;Z _ Z_)]

= %z f dzdz'V(z - 2') [al (®)a, (¥)al (Dal, () ay (2)as(2) + al (2)al, (2){65,6(% - 2)

ss!

— al(®ay (@)as(@)ay (&) — al (D)al (2)ay (Z)a, (F)8:,8(% - 7))
= %Z f dzdz'V(z — 7)) [a} (Da, (&) al (@)al,(Z)ay (Z)as(2)

—al(@al(2)al ®ay (Z)as(Day (*) + al (Dal,(Z)as(@)a, (F)85,6(% — Z)

—al(@al (2)ay(2)a, (%)8:,6(% — 2)]
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%Z f dzdz'V(z - 7') [a} (D a, (¥)al (Dal,(Z)ay(Z)as(2)

—al@®al (@al(2)a, (#)ay (@)as(2) + al (D)al,(Z)as (@) ay, (F)85,6(% — Z)

—al(@al(2)ay (2)a, (F)8:,6(% — 2)]

%Z f dzdzV(z - 7') [af(®)a, (®)al(2)al (2)ay (2)a,(2) - al(@)al (2){850,6 (& — 2)

ss’

— ag(®)al (@)}ay (Z)as(2) + al(Dal (Z)as (D) a, (F)85,,6(% — Z)

— al(@)al,(2)ay (Z)a, (¥)8:,6(% — 2)]

%Z f dzdzV(z —2') [a} (@D a, (®)al (@)al,(Z)ay (2)as(2)

ss’

+al(®al(@)a, (&)al(2)ay(2)as(2) — ab(®)al(@ay (Z)a,(2)656,0(F — Z)

+al (@al, (2)as(D)a, ()84, — 2) — al (@)al,(2)ay (2)a, (F)65,6(% — 7))

%Z f dzdzV(z - 7') [a} (D a, (®)al (@)al,(2)ay (Z)as(2)

+al (®) {850 6(F — 2) — a (F)al (D}al (2)ay (2)as(2)
—al®al (@)ay (20528556 — 2) + al(Dal,(2)as(D)a, (¥)85,6(% — Z)

— al(@)al,(2)ay (Z)a, (¥)8,6(x — 2)]
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- %Z J- dzdz'V(z - 2) [ag(f)a;r/(z_')asz(z")as(z_)6w/6(f’ —-2)

—al(®al (@ay(Z)ay(2)8566(F —Z') +al (z-)a;f, (2)ay(Day (F)84,8(% — 7)

—al(@al(2)ay (2)a, (F)8:,6(% — 2)]

= %Z f dz[V (& — Dal(@®al(2)as(Da,, (®) - V(Z - 2)al (@al (Da, (%) as(2)

+V(Z - D)al(@)al (®a;(@)a, (&) - V(E - Dal (@ al(D)ay(Da, (&)

= %Z f dz[2V (& - Dal@)al (Das(@Day, (&) — 2V(E - Da} @) al (@Das(@a, (&))]

= [ a7V - 2 - v - Dlal@al DasDag )

yields

— = Z f dzZ[V(x' — 2) = V(Z — 2)] {at ®)al (D a, (D) a, (&)|al F)ay 7))

In the last line, the summation is changed from s — v when the operators are inserted back into
the Green’s function.
At this point, all the results back were inserted back into the equation of motion for the

Green’s function and the linearity of the Green’s function was used to give

0

i K35 (& 755) = =8t = )801580, I (RIS = 7) = no(%, )6 - 7)) 4.6
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—(T, = T,)K (%% )
- f dZlV (¥ = 2) = V@& = DIt @D ay(Da, (Day (F)lelFay 7))

As expected, the calculation of the equation of motion lead to higher order Green'’s
function terms from the commutators with the interaction terms. From the two particle Green’s
function equation of motion, a three particle Green’s function was gained. Next, | truncated the
chain of equations through approximation.

In the earlier calculation of section 2.1.3, | relied on perturbation orders to eliminate the
higher order terms and calculated the consequences of dropping higher order terms. In this
section, we will seek a direct approximation to the higher order Green’s function that will look

something like this
G, = G4,

with G, as the higher order Green’s function and 4 is some known or easily
calculated/measured constant. This sort of approximation enables me to solve the equation of

motion by moving it to the left hand side and factoring out G;. The constant that | will be
factoring out is the number of particles in a state or (a;af).
To justify the approximation to be used later, | looked at a three particle Green’s

function where A, B, and C each represent fermion operators of the type a}L as.

((AB|C)) = %i0 (¢){[AB, C])
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= +i0(t)(A[B, C] + [4, C]B)

~ +i6 (OHAX[B, C]) + ([4, C]NB)}

= (A)X(B|C)) + (B)({A|C))

The approximation used in the third line uncorrelates A and B from the operators in the
commutator. This approximation scheme is generally described as a Hartree-Fock
approximation because it decouples the higher order interaction into a simpler interaction that
has the strength by the average value of the uncorrelated operator, (a;af), the number of other
particles.

| applied this approximation to the higher order Green’s function and use fermion

commutation relations to pair up operators of the type a}raf,,

(al®al(@a,(@a,, (®)|al(Pas, (D)) = (al(®{1 - a,(Dal (D}a, (&)|al F)as, F)))

= (af (®)a, (®)|al () ay,(2))) — (al(Da,(@D)al (D) a, (F)al G a, 7))

~ ((al (®)ay, (®)]al (D) as (2))) — (al()a, (D)) ({af (Dag, (®)al G)as, )))
— (@} @) a, (x)) ((al (®)a, (D) |al )as, ().

The job is not done at this point as there are four possible pairs of operators that can be
factored out and all four must be accounted for since they are all of the same order in strength.

Using fermion commutation relations to pair up the other pairs of operators,
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(al (@ af (D ay(@as (F)]al(Pas, ) = — (ad (@) al (@) a, (D)ay, (&)|al G)as, (7))

= — (&} (D6(Z — )84y — @y (D) ad (B)}ag (F)]al (D as, ()))

= — (@} (Day (£)8(Z — D)Sgylal (as, ) + (ad (Da, (2)al (®)ay (®)|al (as (7))

~ — ((al (®ag (Z)]al P as, ) + (a) (D) a, (D) {ad (®)as, (X)) |al G as, ()))

+ (@ (®)ag, (2)) ((af (D ay (D) al G as ).
Next, | added all six terms together and used the definition
(@t (@ay @) = ns(%,7) 856
to get
(e} (®al(Day(Day, (®)al F)ag DN = n,(Z DK (F 25 7) + Seqina (2K (2,7)
— 85y (B, DK, (2,55 7) — 8,1y, (Z, TKES (%, Z; 7).

To simplify the notation, | redefined the approximation term as

P(Zv) = n,(Z, DK (%, 5 7) + Sepme (X, XK (2,2 7)

8oy (%, 2K (2,73 7) — 8,1 n,0 (2, XK (%, Z; ).
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Now, the approximated equation of motion of K;f;, (x,x'; ) is rewritten as

a '
iaK;Z'(i x'; 3_’) =—6(t - t,)aalsas’a{na(fi )7)6(3?’ - }_’) - Tlg(f’, 3_’)5(3? - 3_/)}

—(Ty(X) = Ty (az’))K;j', (x,x;9) — Z f dz[V(x' —2) - V(& - 2)]P(Z,v)

While the Hartree-Fock approximation made all the Green’s functions of the same order, they
are still functions of different variables in the problem. To solve the differential equation for the
Green'’s function of interest, | had to transform the equation of motion to Fourier space.

4.3 The Fourier Transform of Green’s Function

Next, | took the Fourier transform of the equation of motion and attempt to solve the
equation in Fourier space. Two types of Green’s function terms were considered, those where
o = o' and others where g # g'.

Beginning with the ¢ # ¢’ case, the equation of motion becomes

9 T, -T @) K75 )
T s (x o' (X oo (X X5V

= —=8(t —t')8,/05 5 (X, 7)6(X' —¥) — ng (X, 3)6(x — 3}
+ f dZ[V(E = 2) = V(& = D {1y 2 EIKE(F 2 7) + 10 (% DKE(Z,757) |

Then, | defined the Fourier transforms as
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1
(2m)?

K;Z" (x,x;y) = fd3p1d3p2dw eP1 @I +ivz (X' =Y)-E(t ) g (1. w)

N _ d°p ip-%
V() = f Gz ")

dBp
nx—y) = f (27:)73 eP @ In(p).

Taking the transform with respect to t and w yielded
(B +T,(%) — Ty (f'))K;Z"(fnf':}_’; E) = =8,15654{n, (X, 7)8(X' = ¥) — ng (X', y)8(x — y)}

+ f dZ[V(%—2) = V(& - Dl {ny (2 2IKEN(E 2, 5; E) + o (% DK (2,735 E) .
Now, | took the transform with respect to the spatial variables to give

(E + T5(p1) — TJ’(pz))K;f,,' (P12 E) = —6,1051,{ns(p1) — 1y (p2)}

d3p " .
+ J Gy Mo ®V (2 + ) =g (PIV (1 + DK (pr, p2i )

d3 )
+f (27.[1;3 [na’(Pz) + na(m)]V(P - Pl)K;f,:(p, pP1+p—Dp; E)

Combining like-terms and not explicitly writing the E in the Green function’s argument gave
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d3 )
(E +T,(p1) — Ty (p2) + f # [ny @V (p2 + ) —n(P)V(py + p)]) Ko (p1,p2)
= _6a’s6s’a{na(p1) - nm(Pz)}

d’p o
+ f (2n)3 [ngr(p2) + s (p)IV (P — p1)K; . (0, P1 + P2 — D).

Now, | took — p’ , p; = q, and redefined p = q + p, to get

d3p’ ,
(E +Te(@) —To(p—q) + fﬁ [y (@ +q—p)V®") —ns(" - q)V(p’)]> K> (q.p—q)

= 50155516{110,(1) —q) —n,(q)}
d3p’ ’ ss' 4 '
*) ane [Ny — @) + n(DIV(' — DKo (', p — p).
To compact the notation a bit, the coefficient of ij', (q,p — q) is rewritten as

d3p’
Yoot = E+ Td(q) - TU,(p - q) + f% [na’(p’ +q-— p) - no‘(p, - Q)]V(P')

This definition finally leads to

60'55s’a{nal(p —q) —ngs(q)}

Yo'

K>i(qp—q) =
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N [ny'(p — q) + ns(q)] [ d°p’

s Zn)? V' — K (' p—p).
o0

Next, | integrated with respect to g on both sides of the equation and applied the approximation

V(p) = V to solve for the Green function in the case of ¢ # ¢’,

d*q 8,365 ,ng (0 — @) — ns (@)} N f (d q [ny/(@—q) +n,(q)] VK= ()

K5 (p) = f
99 (p) (217,')3 oo 2”)3 oot

50’555'0 f (dsq {nm(p — C[) — Tla(q)}

' 2m)3 Yoo
KSS! — o0 . 4.7
o' (P) 1-v 29 e @ = q) +n,(q)]
(2m)3 Yog!

In this equation, | also made use of the relation

k) = [0 ks (qp— o)
(ra’(p) - (271')3 oo’ q,p q)-

It can be seen from the above equation, that the only non-zero Green function for the case

o+#a'is K(‘I’;‘,’(p). This leads us to the solution of

Quq’

_— 4.8
1-VQss

K? 7(p) =

Where | have defined
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a*q {ns(—q) —n.(q)}

(27-[)3 D 49

QG’G”(p' 0) =
Going back to look at the X/ term, it is rewritten as
1 2
.0 = —2BH +%(2p -q—p°)+ VN, —Ng)

by assuming E = 0 and defining N, as the total number of electrons with spin o. Now, 4.8 is

rewritten by using the new form of X as

{no'r(p - CI) - na(q)}
~2BH + 5= (2p+q —p?) + VN, = N,)

d3q
Qo @.0) = [ 5

Taking the integral over g-space at T = 0 and noting that the integral above is of the

type
1 a—x
f dx _ Zlna+x+c for |x| < |a|
2 _ g2 1 a+x !
xr-a —In + C for |x| > |a|
2a a—x
leads to
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Qn = Qur

£ +v€ + x?

3N
__ 1 1/3
8er {( 8 2x?

1=

£+ v€ — x?
2x?

e+vE+x2—2x(1+&)Y/3

N (e + V& + x2)% — 4x2(1 4 §)?/3

8x3 €+ vE+x2+2x(1+§)1/3
410

+(£+v€—x2)2—4x2(1—§)2/3l e+vE—x24+2x(1+ &3

n .
8x3 e+vE—x2—2x(1+&)1/3
Where the following definitions have been used

x=2; v="2. €=N"’_Na; g =281 4.11

PF €F N éF

Next, | calculated the Green function for the case ¢ = ¢’. In this case, | was required to

solve a system of equations of motion for the 7T and |l cases and this leads to a more

complicated looking Green’s function,

Qo (,0) + Qys(p,0)Q_4,—+(p, 0)

412

Kaa(p: 0) =0

Where | have used the following definition,
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d*q  {n,(p — q) —n,(q)}
(@m)* _28H + o= (2p - q — p?)

Qoo (P' 0) =

Finally, taking the integral over the above equation leads to

x—2(1+&)Y3
20z o173

3N (x? —4(1 + &)*/3
Qnay,0) = _{x S

8ep 4x

+( 15)1/3} 413

with + (=) for 7T (1) case and using the same definitions in 4.10 as Q,,(p, 0).
Using the definitions in 4.3, the Green's functions in momentum space can be

calculated as

_ _opolo _ M
¢xx(p' 0) - ¢J/y(p’ 0) - ZK""’ T 1- VQUO"(p' O)

Q11(p,0) + Qu(p, 0) + 2Q11(p, 0)Qy (p, 0)
1-7V2Q1(p,0)Qu(p,0)

¢zz (P: 0) =

As a check on the validity of the equations, | looked at the case when the electrons are
unpolarized, ¢ = 0, and when no external magnetic field is applied to the sample, € = 0. From

these conditions, it is expected that the electrons will have no preferred direction of polarization.

QTT(p' 0) = Qll(p: O) =5

8ep

3N (x?
4

—4) |x_2 +1t= 0,0
X nx+2 = Qb
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(,0) = Qu( 0)—3N x? —x2+x4—4x21 x? —2x x‘*—4x2l —x?% + 2x

Q1 (p,0) = Qu(p, ~ Bep |2x2 | 222 Ll e LY e
_3N 1+x4_4x21 |x_2 +x4_4x21 |x_2|  0.0)
_86F 8x3 nx+2 83 nx+2 =Q(p,

20,0 +2(,0)° _ 200, 0)(1+Q(,0)
1-v2(Qp,0)°  (1+0@0)(1-0@0)

¢.:(p,0) = = ¢ (0, 0) = by, (p, 0).

It can be seen that the equations recreate the expected situation of incoherent electrons that
have no preferred direction with respect to spin density when there is applied external magnetic
field.

With the Green’s function solved in momentum space, it is time to take the Fourier
transform back to real space. | applied the asymptotic methods developed in Chapter 3 to be
able get an expression that can be transformed back to real space.

The term | explored is the one in the denominator of the ¢ # ¢’ (equation 4.9) case or
the term 1 — VQ,,(x,0). The strongest singularities arising from terms where x — 0. There are
also singularities due to the logarithmic terms, but these singularities are logarithmic in nature
and very similar to 1.24. Therefore, these singularities are expected to produce the RKKY
interaction part of the Hamiltonian. Focusing on the on the singularities arising from x — 0
since they are expected to modify the Hamiltonian, the denominator in this case is

approximated as

1- VQaar(x, 0) ~ az + bSsz

x < e+VE,
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2 _ & 2 _ Vv 2 5/3 _ _ £\5/3 ; ;
where af = ——and b} = ——— {1 Soro [A+8) 1-9 ]} This calculation was

performed by using the Taylor series expansion of
x2 x3
In(1+x) = X—7+?— - for |x| < 1.

A similar expansion can also be performed on the numerator of 4.9. Keeping in mind the

standard Fourier transform of the exponential decay function,

2a
a? + p%

(o]
f dx e—alxle—Zm'xp —
—0o0

a Fourier transform can be performed on the approximated expression to arrive at

ANpZE(WE+ )2 1
2mveg

e (=Im=T5l/7s).

((Gx(ﬁ)lay(ﬁ)» = ((O-x("_{)lo-y(?])))) =

Where | have used the definition ofrl =pr(vé + e)ﬁ .
S

The case of ¢ = ¢’ are omitted from discussion as they did not yield any new
singularities beyond the usual RKKY singularities.
The modified term for the effective Hamiltonian between spins for the polarized case of

conduction electrons can be written in the following form
75 = —J (|7~ 7|){sisL + sis]},

with
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A’Np2é(wE+e) 1
Amtveg |T«’l - ?]’|

e(—|r1_r1|/rs),

J(% -7 =

and

It can be seen that including electron-electron interaction with the usual exchange interaction
will modify the form of the RKKY interaction with an additive term that exponentially decays with
distance from the impurity. This decaying potential term has the same form as a screened
Coulomb interaction and is commonly called a Yukawa potential. The addition of a screened
Coulomb term is to be expected as the system being explored was being modified by the
inclusion of electron-electron interactions. Therefore, the produced result justifies the technique

for more complicated systems such as nanostructures.
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CHAPTER 5
CONCLUSION

Introducing an impurity to a crystal alters periodic nature of the lattice and produces
interesting phenomena. A non-magnetic impurity will alter the charge density of the conduction
electrons that can be seen experimentally in the nuclear magnetic resonance of a dilute alloy.
Inserting a magnetic impurity will produce a similar result but with variations of the spin density
of the conduction electrons. A second magnetic impurity will “feel” the spin density variation
produced. On the other hand, that second impurity will also produce variations in the spin
density that the first impurity will “feel”. In this way, localized spins are coupled indirectly through
the medium of conduction electrons.

The interaction between localized electrons and conduction electrons is represented in
the s-d model exchange Hamiltonian. However, a similar interaction occurs between nuclear
spins and conduction interaction when the contact part of the hyperfine interaction is
considered. This similarity between interactions opens up the possibility of coupling not only
localized electron moments to one another, but also nuclear spins to one another and a
localized electron moment to a nuclear spin. All of these indirect coupling interactions are
collectively known as the RKKY interaction.

The spin density variations from the RKKY interactions are driven by the exchange
interaction of either a nuclear spin or localized electron moment with conduction electrons.
However, RKKY interactions do not consider the electron-electron interactions of the conduction
electrons. It is reasonable to expect the RKKY driven spin density of the conduction electrons to

be altered even further when electron-electron interaction is considered.
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The electron-electron interaction is taken into account by first constructing an effective
Hamiltonian to describe the s-d model in terms of a retarded double time Green’s function. From
here, the chain of equations of motion for the Green’s function is calculated. This chain of
equations is truncated by using an approximation that is Hartree-Fock-like. The approximated
equation of motion is then solved by taking the Fourier transform. Next, the Fourier transform
must be performed asymptotically to get the Green'’s function back into the real space domain.

After the equation of motion is fully solved, the modification to the due to electron-
electron interaction was found to be a decaying exponential. The interesting thing about the
modification of the RKKY interaction Hamiltonian is the similarity to the Yukawa potential, which
represents a screened Coulomb interaction. The final effective Hamiltonian ended up with a
screened Coulomb potential to go with the RKKY terms which justifies the method employed in
the paper.

The future direction of this research should be to apply the same Green's functions
technique at different dimensions to find how the electron-electron interaction modifies the
RKKY interaction at lower dimensions. The purpose of these findings would be to develop the
technique for further use in the interaction of different nanostructures calculations. Next, the
range of the screened of the Coulomb interaction can be compared to the oscillations of the
RKKY effect in different alloys. There is a possibility of finding an alloy where the screened
Coulomb effect is dominant when the spin density polarization goes to zero and it is expected to

have calculable effects on the nuclear resonance of the material.
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