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ABSTRACT

OPTIMAL STOPPING FOR MARKOV MODULATED ITO-DIFFUSIONS WITH
APPLICATIONS TO FINANCE

Thomas William Seaquist, Ph.D.

The University of Texas at Arlington, 2013

Supervising Professor: Andrzej Korzeniowski

Despite the outstanding success of the Black-Scholes model, it relies on the as-
sumption that drift and volatility of the underlying equity remain constant through-
out time. This inaccuracy has motivated a number of interesting and innovative
refinements, one of the most natural being Markov modulation. In this disser-
tation we analyze a variety of financially motivated optimal stopping problems
under Markov modulated Ito-Diffusions. In Chapter 3, we generalize and refine a
technique developed in [13] pricing an infinite time horizon American put option
and we present a rigorous proof of optimality. In Chapter 4 we use this generalized
technique to discover an optimal selling strategy for an infinite horizon American
style forward contract. In so doing, we extend the work done in [12]. Finally
in Chapter 5 we price the infinite horizon American put using a non-traditional
model of a mean reverting Ornstein-Uhlenbeck process, further illustrating the

broad scope of applicability of the technique developed herein.
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CHAPTER 1
INTRODUCTION

The theory of optimal stopping is fundamental to a variety of time dependent
financial instruments. A key question to answer is this: when is the best time to
buy or sell an underlying option contract in order to maximize potential return?
Similarly, it is equally important in the pricing of contracts which can be bought or
sold at any time. Contracts which can be exercised at a time of the owners choosing
are referred to as “American” contracts and play a central part of our studies in
this dissertation.

The Black-Scholes-Merton formula for pricing European options is a cele-
brated result in economics for which Myron Scholes and Robert Merton won the
Nobel prize in economics in 1997. This formula is based on modeling stock as
a geometric Brownian motion from which a hedging scheme for replicating an
option price results in a partial differential equation that can be solved. Fischer
Black and Myron Scholes first articulated the model in 1973, see [2], and it was
extended up by Robert Merton, see [21]. Certain American type options have
also been successfully priced under the same Black-Scholes geometric Brownian
motion model using a variety of probabilistic and differential equation techniques,
see [4,7,15,20,26]. Despite the outstanding success of the Black-Scholes model, it
relies on the assumption that the drift and volatility of the stock remain constant
throughout the lifetime of the contract. This is a reasonable assumption for short
time periods but fails to hold true over longer periods of time as evidenced by the

“volatility smile,” (e.g., [22], p. 221). There have been many attempts in refining

1



the model to account for this discrepancy, see [5] for a few examples of established
techniques. The techniques we seek to investigate involve allowing the drift and
volatility of a stock to transition between states by a Markov chain.

There have been numerous studies of option pricing for Markov modulated,
or regime switching models. A few of the more relevant studies to this dissertation
will now be discussed. In [3], a European option is priced in an n state Markov
modulated model and the finite horizon American put is approximated inan = 2
state model. The technique used relies on some innovative ways of expressing
Markov modulation from Robert Elliot’s “Hidden Markov Models,” [8]. In [11], a
closed form solution for the infinite time horizon American put option is found for
an n = 2 state model. This is extended upon in [13] where a closed form solution is
found for any n state model. In Chapter 3, we seek to improve upon and generalize
the technique presented in [13]. For further work in pricing a variety of options in
a Markov Modulated frame work, we refer the reader to [10,19,32-34].

We begin with a general probabilistic framework in Chapter 2, where the key
concepts are defined and relevant fundamental results are stated. In Chapter 3,
we generalize and refine the technique developed in [13] and present a rigorous
proof of optimality. In Chapter 4 we use this generalized technique to discover an
optimal selling strategy for an infinite horizon American style forward contract in
an n state model. In so doing, we extend the work done in [12] where an n = 2 state
model is used. Finally in chapter 5 we price the infinite horizon American put using
a non-traditional model of a mean reverting Ornstein-Uhlenbeck process, further

illustrating the broad scope of applicability of the technique we have developed.



CHAPTER 2
GENERAL FRAMEWORK

2.1 The Ito-Integral

Let (O, IF, P) be a fixed probability space. All random objects are measurable
functions from the probability space into the real line R. A random process X; is
an abbreviation for Xy(w), w € Q, and t > 0, which for fixed w is called a path,
realization, or trajectory and is a function of time t. We also have an increasing
tamily of o - algebras {F}i»0, F: C I referred to as a filtration. The filtration {F;}:0
specifies how information is revealed through time. Each random process is {¥¢}:>0
adapted, i.e., X; is measurable with respect to #; for all t > 0.

At times we will utilize the so called natural filtration of (or filtration gener-
ated by) a process X; defined H; = o(X,, u < t) the smallest o - algebra that contains
all sets of the form {X![B] : B is a Borel set on R} for 0 < u < t.

We start by defining an essential concept of stochastic modeling. The Ito-
integral is motivated by the desire to model a process which experiences some
form of noise

ax;

T b(t, X;) + o(t, X;) - noise.

For many purposes, we assume that the noise is a generalized stochastic process
called the the white noise process, formally % where W, is the Wiener process or

Brownian motion. Interpreting the above in integral form

t t
X =Xp+ f b(s, Xs)ds + f o(s, Xs)dWs.
0 0



Since W, has unbounded variation almost surely on every time interval, path-wise
integration cannot be carried out. Instead, integration with respect to Brownian
motion is defined as the celebrated Ito-integral. An outline of how this is done is
as follows.

First the integral will be defined on a restrictive class of simple functions

defined
Pl @) = ) €@ g (®)

j20
where ¢;(w) is measurable with respect the o - algebra ¥ ,-». For a simple function,
we define the integral

7=0

T
fs ot 0)dW, = Y ej@)[By,., - By 1)

where
k27" if S<k27"<T

k=4 S if k27"<S
T if k27">T
From this definition it can be shown that there exists a sequence of simple functions
converging to any function in the Ito integrable class defined:
Definition 2.1.1.

Let V = V(S, T) be the class of functions
ft,w):[0,00) x Q= R

such that
1. f(t,w) is B X ¥ - measurable, where 8 represents the Borel ¢ - algebra on
[0, o)
2. f(t,w) is F; - adapted
3. E[[, f(t,w)dt] < oo,



The convergence of the above is L? convergence in the product space [0, 00)x(),
ie.,

T
E[f (f —=pn)?dt] >0 as n— oo.
S

The Ito-isometry plays an essential role in defining the Ito-integral. The Ito-
isometry states
T T
L[ gtt.o0rdn =L | ot 0]
s s
This allows for the existence of the limit which defines the Ito-integral for f €
VS, T)
T T
f f(t, w)dW; = lim f o(t, w)dW;
S e Js
in the L?(P) sense.
For further details, we refer the reader to [23].
Remark 2.1.1.
Assumption 2 in Definition 2.1.1 puts an important (yet natural) restriction on the
class of Ito integrands, that are often referred to as predictable or non-anticipating
processes.
Next we provide the key theorem of Ito calculus.
Theorem 2.1.1 (Ito’s Formula).

Let X; be an Ito process given by
dX, = u(t, w)dt + v(t, w)dW;
where W, is a Wiener process (Brownian motion). Let g(t, x) € C*([0,00) X R). Then
dg(t, Xy) = gi(t, Xp)dt + g.(t, Xp)d X, + %gxx(t, Xy) - (dXy)%,
where (dX;)* = dX; - dX; is computed according to the following rules

dtdt:dtth=thdt=O, ththzdt
5



For proof of Ito’s formula, see [23].

Finallay, we end this section with an important definition that will be essential
in generalizing Ito’s Formula.
Definition 2.1.2 (Quadratic Variation [18]).

The quadratic variation [X, X]; of a process X; is defined
_ 1 _ 2
[X/ X]t - ”})1”13}0 ;(th th—l)

where P = {0 = t,t,...,t, = t} is a partition of [0, ] and ||P|| is the norm of the
partition and the limit is in probability.

More generally we have
Definition 2.1.3 (Quadratic Covariation [18]).

The quadratic covariation [X, Y]; of two processes X; and Y} is defined

[X, Y], = lim Z(th X )Yy = Yy )

IPl|—
= E([X +Y, X+Y] - [X X] - [V, Y])
where P = {0 = ty,t,...,t, = t} is a partition of [0, ] and ||P|| is the norm of the

partition and the limit is in probability.

2.2 Martingales and Stopping Times

A martingale is defined as follows:
Definition 2.2.1.
Let {F}1»0 be a filtration on (Q, ¥). The process {M;};> is said to be a martingale if
1. M, is F; - measurable
2. E[IM{]] £ o forallt>0
3. E[M{|F;s] = M forall0 <s < t.



A process is said to be a submartingale if condition 3 is replaced by
E[M|F:] = M,
and a supermartingale when condition 3 is replaced by
E[M{F,] £ M.

Definition 2.2.2.
Let {F}i0 be a filtration on (Q2, P). The random variable 7 : QQ — [0, o) is called a

stopping time w.r.t. {F}:>o if
{w: t(w) <t} € F

A filtration can be thought of as the history of a process. With this in mind, a
stopping time is a strategy for stopping a process which can only see the past and
cannot look into the future.

Definition 2.2.3.

Let X; be a stochastic process. A property P is said to hold locally if there exists a
sequence of stopping times 7, increasing to infinity a.s. such that X; 1,0 has
property # for each n > 1.

A processis called alocal martingale if it satisfies the condition of a martingale
locally.
Definition 2.2.4.

Let S, be stochastic process. S, is said to be a semimartingale if it can be decomposed
St = At + Mt

where M, is a martingale and A, is a process of finite variation.

An important property of the Ito-integral is that it is a martingale:
7



Theorem 2.2.1.
Let f(t,w) € V(0,T) for all T. Then

t
Mi(w) = f f(s, 0)dW;
0
is a martingale w.r.t. the natural filtration F; generated by W;. Furthermore,
E[Mt] =0.

Next a few important theorems dealing with martingales and stopping times
will be given.
Theorem 2.2.2 (Stopped Martingale Theorem [18]).
If M, is a martingale and t is a stopping time, the the stopped process M, is a martingale
and moreover

E[M’[/\t] = MO'

Theorem 2.2.3 (Optional Sampling Theorem Version 1 [27]).

Let 0 < T be bounded stopping times and let M, be a martingale (or supermartingale), then
E[M: | F5] = ()M,

and in particular

E[M.] = (£)Mo.

Theorem 2.2.4 (Optional Sampling Theorem Version 2 [18]).

Let 0 < 7 be any stopping times and M, be a uniformly integrable martingale, then
EM: | 5] = M,

and in particular

E[M,] = M,.



2.3 Continuous Time Markov Chains

Definition 2.3.1.
Consider the stochastic process X;(w) : [0, 00) X QO — Z*. We say X; is a continuous

time Markov chain if for all s, > 0
PXis =j1 X =i, {Xy: 0Su<t}) =P(Xps = j | Xy = 0).

Here we only consider time homogeneous Markov chains: P(X;,s = j | X; = 1)
is independent of t. The Markov chain is a process that lacks “memory”. Its future
only depends upon it’s current state. As a result we see that if 7; denote the amount

of time that the process spends in state i then
P(t;>t+s|1;>s)=P(t >t).

Hence 7; must be exponentially distributed. To fully characterize a finite state

Markov chain, we need only define

9i = viPy
P;(t
im ii(t)
~NO t

where v; is the rate (in the exponential distribution) of exiting state i, P;; is the
probability that given a transition out of 7 that the process goes to state j, and P;;(t)
is the probability of being in state j at time ¢ starting from state i and so g;; is the
transition rate into state j from i. Kolmogorov’s Backward Equation describes how
to relate these transition rates to the probability of being in a given state at a given
time.

Theorem 2.3.1 (Kolmogorov’s Backward Equation [30]).

P'(t) = QP(t)
9



where P(t) is the matrix whose element in the i, j position is P;i(t). Q is the matrix whose
element in the i, j position is q;; where
qii = —Vi=— Z dij-
j#i
Q is referred to as the transition rates matrix or generating matrix.

For further information on Markov chains we reference the reader to [14,30]

2.4 Strong Markov Property

First we define the shift operator along with some properties and then we
will use this to define the strong Markov property. Without loss of generality we
assume Q = R 5o that for each w € Q, @ = (wi)s0 and Xy(w) = w;. The shift

operator 0; : ( — Q is defined

Qt(a)) = (a)s+t)520/

and for a random time o
90(0)) = (a)s+o(w))520-

Below several properties of the shift operator will be defined that will be useful in
the sequel.

e For any stopping times o and 7,
X’l’ o 60 = XU+TOGU-
e If 0 < 7 where 7 is an entry time into a set, then

T=0+7To00,.

10



Definition 2.4.1 (Strong Markov Property [26]).
X is said to have the strong Markov property, or to be a strong Markov process if

for every bounded Borel function ¢ and any stopping times o and
EX[QD(XT) © 60 | %] = EXU[QZ)(XT)]-

A finite state continuous time Markov chain is a strong Markov process.
Ito-processes also possess this property:
Theorem 2.4.1 (Strong Markov Property for Ito Diffusions [23]).
Define the Ito-process by the SDE

dXt = b(t, Xt)dt + U(t, Xt)dBt

then X, has the strong Markov property.

2.5 Infinitesimal Generators

Definition 2.5.1 (Infinitesimal Generator).

The infinitesimal generator Lx of a process X; is defined by

Ef(X)] - f(®)
t

L[f1(9) = lim
the domain of which is the set of functions f : R — R such that the above limit
exists.

A similar operator can be defined
Definition 2.5.2 (Characteristic Operator [23]).

The characteristic operator Ax of a process X; is defined by

EX[f (X )] = f()
Ex[Tu]

A x) = lim
L1 = lim
where the U’s are open sets Uy decreasing to the point x, in the sense that U, C Uy

and rkﬁuk = {x}and 1y = {t = 0 : X; ¢ U} is the first exit time from U for X;. The

domain is the set of functions f : R — R such that the above limit exists.
11



It is a fact that the infinitesimal generator and the characteristic operator
coincide on the more restrictive domain of the infinitesimal generator, [23].
Theorem 2.5.1 (Infinitesimal Generator of an Ito-Process [23]).

Let X; be an Ito-process defined
aX; = b(t, Xy)dt + o(t, X;)dB;.
The generator Lx of this process is given by
L1 = b6, 0 () + 50°(, 0 ().

Next, the infinitesimal generator for a Markov chain will be given.
Theorem 2.5.2 (Infinitesimal Generator of a Markov Chain).
Let & be Markov chain with n states defined by its generating matrix Q whose element in

the i, j position is q;;. The generator L of this process is given by
LeF160) = ) qisf (-
j=1

This is equivalent to the i-th row of Qf where £ is the vector whose j-th element is f(j).
For additional reference in stochastic processes, we refer the reader to [16-18,

23,30].

12



CHAPTER 3
THE AMERICAN PUT OPTION IN A MARKOV MODULATED MARKET

3.1 Introduction

In this chapter we will present a nontraditional framework under which to
price an American put option. The traditional approach is limited to a market
with a drift and volatility which are constant throughout time. This in an unreal-
istic assumption which fails over long periods of time. In what follows, we will
develop a model which allows the market to switch between n different states at
exponentially distributed times.

After the stock model is developed, the value of an infinite time horizon
American put option will be posed as optimal stopping problem. This optimal
stopping problem will then be solved by relating the logarithmic stock process to
a system of ordinary differential equations (ODEs) which are readily solved after
imposing a smoothness condition. Finally, the solution to the ODEs is proven to be

the optimal solution with a corresponding optimal stopping strategy.

3.2 A Markov Modulated Ito Diffusion and the American Put Option as an

Optimal Stopping Problem

The standard model for the evolution of a stock is presented as the following

stochastic differential equation (SDE)

dSt = [JStdt + UStth

13



where S, is the stochastic process describing stock price and W; is a Wiener process
or Brownian motion, where 1 and o are the drift and volatility of the stock respec-
tively. The solution to this SDE can be found using the standard Ito formula and

results in

St — SOe(y—%Uz)Hth

referred to as a geometric Brownian motion. In our model we introduce a contin-
uous time Markov chain &; of n states corresponding to the n states we allow the
market to switch between. This Markov chain is assumed to be time homogeneous.
The n state market is modeled by the SDE

dS; = u(&)Sdt + o(&r)dW; 3.1)

resulting in the stock process,

S, = Soelh (#E)-30(E)dst [ o(€sidWs |

The key issue in option pricing is to derive a price producing no arbitrage
opportunities. An arbitrage opportunity is the situation under which an investor
can make a guaranteed profit while incurring no risk. In order to avoid arbitrage,
we must price the option under the so called “risk neutral” measure or the mar-
tingale measure. It is well established that the pricing of options under the “risk
neutral” measure produces a price eliminating arbitrage opportunities. Under this

“artificial” probability measure, we would like for

t
e_j[; r(és)dsst

to be a martingale. Here r(&;) is the risk free interest rate. We will call the original

probability measure P under which W; is a brownian motion. To get the discounted

14



stock process to be a martingale under a new measure , we will define a equivalent

measure Q with the Radon-Nikodym derivative:

Q_ (_ f PE) —r(E) 1 [ () ~ &)
0

P - o(&) 2Jo &) dws)'

By Girsanov’s change of measure theorem, the process
t —
W, = f &) —1(E) o
0 G(és)

is a Q-brownian motion. Expressing this in differential form we get,

o p(&r) — r(&)

dW, dt + dWt.
f a(&)

Combining this with (3.1), we get
dS; = r(&)Sdt + O'(CEt)Stth-

From this it is obvious that the discounted stock process,

e _E)t r(és)dsst — Soe—% Lt(az(és))ds‘*"foto('ss)dws

is a Q-martingale as desired. From this point forward, we will only consider the Q
probability space and will ignore the tilde on W;.
The value of the infinite horizon American put option is defined probabilis-

tically by the following optimal stopping problem
V(s, ) = sup E® [e= b (K - 5.)7|

where 7 is a stopping time and K is the strike price and the expectation is taken in
Q. This is an elegant definition since it can be interpreted as the expected payoff
of the option discounted for time under the optimal stopping strategy. Of course,
this expectation is taken under the synthetic measure Q, but it is under this risk

free measure only that an arbitrage free price is established.
15



At this point we will take a critical change of perspective. We define the
logarithmic stock process

Xt = ln(St)

With the standard Ito formula we arrive at
1,
1%, = (1(&) = 36%E) )t + o(ENAN,
and the value function as a function of X;
V(x,i) = sup E&) [e b ek — ¢X)*]

This critical change of perspective is what will later allow us to solve this optimal
stopping problem, see Remark 3.5.1.
Notice that in the above, no assumption is made about the finiteness of .

e .
M&s 5 () as t — oo since

Suppose that P(t = o) > 0. In this case see that e~ b
r(j) > 0 for all j. Also notice that (K — ¢X)" is bounded. Because of this the value

function is sometimes accurately written
V(x,i) = sup E©A) [e_ N r(és)ds(K . eX7)+]l{’[<oo}:|
T

making any definition for X; when 7 = co redundant. In the remainder of this
article, 1(;<«; Will not be written inside the expectation for brevity, however it
should be understood that when 7 = co then e~ b ") (K —eX)* = 0.

To confirm that the above observation is critical, it will be shown that un-
der certain conditions, the optimal stopping time will be infinite with probability
greater than zero. For ease of illustration, the following explanation will be done
with a one state market. It is well demonstrated in ( [26], p. 375) that the optimal

stopping time for a one state market is an entry time of the form

T, = inf{t > 0: X; < b}
16



for some threshold b. Here the logarithmic stock process is
L,
Xt = (7" - 5(7 )dt + G(Et)th

which is simply a Brownian motion with drift n = (r - %02). It is important to
notice that we do not know the sign of 1. If 1 < 0 then the drift of the Brownian
motion will be pushing towards the boundary b and X; will strike the boundary
with probability 1. The same is true with 7 = 0. However, if 1 > 0 the drift of the
Brownian motion will be pushing away from the boundary b and there is a positive

probability that the process X; will never strike b. Thus we have
P (T b= OO) >0
mandating that we be very careful with the possibility that the optimal stopping

time for the multistate process might also infinite.

3.3 Generalized Ito’s Formula including a Pure Jump Markov Process

First we develop the mathematical tools necessary for the later needed analy-
sis. In this section a generalized Ito-formula will be presented and used to find the
infinitesimal generator of the two dimensional process (X;, &;). These two results
will then be combined to present a very elegant version of Ito’s formula with a
Markov chain.

The general Ito’s formula for an n-tuple of possibly discontinuous semi-
martingales can be found in a monograph of stochastic integration ( [27], p. 74, Th.
33), and is given below.

Theorem 3.3.1 (Generalized Ito’s Formula [27]).

Let X = (X', ..., X") be collection of semimartingales and let f : R" — R have continuous

17



second order partial derivatives. Then f(X;) is a semimartingale and the following formula

holds:

l 1]<n ¢ &Zf i g
F(X) f(Xo)+Z ) a e 2; e X XX
+Z{Af(X) 29 (X)AX }
O<s<t

where, X;- = limy_,o- Xy, AXy = Xy = X- and Af(Xy) = f(Xy) = f(Xp). [X, X]y and [X, Y],
denote the quadratic variation and the quadratic covariation respectively and [ X, Y] denotes
the path by path continuous part of [X, Y];.

A theory of extending Ito-integrals to a broader class integration with respect
to martingales and semimartingales is well developed and presented thoroughly
in [28,29]

Now Ito’s Formula will be applied to the function f(Z;) where Z; = (X}, &).

Recall that X; is the Markov modulated Ito-process defined
4, = (&) - %az(ét))dt + 0(E)AW,
and &; is the n state Markov chain.
2= s+ [ fzoaxs [ gzoe ] [ pzoaxx

| FAZMIXEE 5 | fieZoMIE 2L
+ Y [Af(Z) = FlZe)AX, — filZe )AL,

s<t

Since & is of bounded variation and X; is continuous, [X, ]S = [&, &]S = AX; = 0.
In addition, since & is a pure jump process, f i fe(Zs)dEs = Yooy fe(Zs-)AEs. By
dX; = (r(&) — 30%(&))ds + 0(&5)dWs and d[X, XS = 0?(&5)ds one obtains

A(Zo) = FZo) + fo | (€0 - 36%0) 220 + 3020 20 s
f O(E) flZe AW, + Y AF(Zs).

s<t

18



Remark 3.3.1.

The left limit was ignored in the ds integral since X; # X,- at only a finite number
of times almost surely. Left limits cannot be ignored in the Ito integral since the
integrand without it would not be a predictable process.

To simplify notation and for clarity, the observation is made that the infinitesimal

operator Ly of the process X; is

Llf1(5,) = () = 50%0) fio ) + 50°0) e,
and yields

1@) = fzo+ [ L@+ [ oeofzin. s Y afz).  62)

s<t
Proposition 3.3.1.
The infinitesimal generator of the process Z; = (X, &) for a bounded function f(-,&) €
C%(R)is given by

Locol 16, i) = Lyl f10x,8) + Le[1(x, )

where
LA ) = (1) - 36°0)) £ i) + 5070 ful )
Lelfl6o i) = ) i f(x, )
=1

and q;; is the infinitesimal transition rate from state i to j.

Proof. The generator is defined by

ECHAI£(X,, &E)] - ¥
L(X,é)[f](xri)=1ti{1(} LA f)] flx l).
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We apply Ito’s Formula (3.2) and observe that by standard properties of Ito integrals
foi 0(&s-) fx(Zs-)dW is a martingale and thus E[fot+ 0(&s-) fx(Zs-)dW,] = 0. Now

E@[ "Ly 1(Xs, E)ds + Yoy AF(Xs, )]
Lexolf1(x, 1) =1t1\r_‘r01 Jo Ll )ts < Af( )

ECI[Yo Af(Xs, &)
t

E®d) X1, &) — FXr, )<
=Lx[f](X,i)+1ti{1(r)1 [(f( &) tf( 1, D) LN >_1}]

E®@D [Zs < Af(X,, Es)]l{N(t)z2}]
+ lim
t\O t

= Lelf105, ) + lim

(3.3)

where N(t) counts the number of jumps of & and T is the time of the first jump.
Next, it will be shown that limp o }E*)[¥ .o, Af(Xt, &) Lngyz2] = 0. It was assumed
that f is a bounded function, so let sup, ,|f(x,7)|< M. Let N*(f) be a Poisson process
with rate A = max;(—g;), recalling that —g;; is the rate of leaving state i. It is clear to
see that choosing this maximal rate yields the inequality E[N(t)] < E[N*(t)]. Now

we have that

E@ < ER2MN(H)1nps2]

Z Af(Xs, Es)Ling=2)

s<t

< ER_MN* ()1 ngysa)]
=M Z kP(N*(t) = k)
k=2
= DM(EIN"(B] - PIN*(H) = 1))
= 2MAH(1 — &),
Utilizing this result, we see that
im E(X/i)[lz:;st Af(XS’ ES)]I{NU)ZZ}”

li
N0 t

< lim2MA(1 —e ) =0
N0

and thus

. ECY L AKX, E) N2l
lim =0.
N0 t
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Implementing this in (3.3) we have

E@ |(f(Xr, &) = F(Xr, 1)Lz |

t

E0E[(F(Xr, &) = FXr, )/ Lnr<n) | X
t

Lixg[f1(x, 7)) = Lx[f1(x, i) + 1}{%

= Lelf1(x, ) + lim

& Pt
= Lyl f1(e, i) + Him E&) | )" a )(f<xT, i) = fXr, D)Ly

=1 g
| j#i
= Ly[f1(x, i) + E& annm P”'(t)( FXr, ) = f(Xr, D)1
X ’ - 0 f Ts Ts {N(t)<1}
j#i

= Ll f10e, ) + ) a Fe, )~ fx,9)

"
= L1 ) + ) qif o ) = ) aif )

jot =
= Lx[f](x, i) + Z 9iif (x, J) + qiif (x, 9)

j=1

j#i

= Lulfl0c i) + ) aif (. )
j=1

= Lx[f1(x, 1) + L[ f1(x, )

where P;(t) = P(&; = jl&o = 1), and g;; is defined by lim;_,g P%(t) The interchange of

limit and expectation is justified since f and —

are bounded and thus Lebesgue’s

dominated convergence theorem applies. m]

From Proposition 1.7 in ( [9], p. 162), we have

F(X, &) = f(Xo, &o) — j; Lixolf1(X, &)ds
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is amartingale with respect to the natural filtration generated by (X, &;). Combining
Proposition 3.3.1 and Ito’s formula (3.2) we get

[ oteon@aan.s ¥ arec e~ [ Lo, s

s<t

is a martingale. On the other hand, by standard properties of Ito-integrals,

fot 0(&s) fx(Xs, £)AW; is a martingale, thus

M= Y A0 - [ LA s

s<t 0

is a martingale. This produces a nice semimartingale decomposition:

Y Af(X,, &) = f Lel (X, E)ds + M.

s<t 0

As aresult, a very elegant and useful version of Ito’s formula for the process (X;, &)

is obtained as follows:

t

f(Xi, &) = f(Xo, o) + fo Lixo)[f1(Xs, Es)ds + fo (&) flZe)dWs + M (34)

t
= f(Xo, Eo)+f Lixo[f1(Xs, &)ds + Martingale.
0

Another useful result that will be needed later is to apply Ito’s Formula to the
function defined F(e™ b e 7)== e b reeos f(Zy). Applying Theorem 3.3.1 in the

previous manner, we obtain
e RN £(7,) = £(Z4) + fo | F(Zo)d (e b ) 1 fo te—fos’@)‘i“L(x,.s)[f](Zs)ds
+ fo e~ b IMG(E ) fUZo AW, + M
= f(Zo) + fo o e (Lol f1(Ze) = (& F(Z2)) ds
+ j; je—fJf(éwd”a(gs_)fx(zs_)dws+Mf (3.5)

t
= f(Zo) + j; o o T (Loxo) LfU(Ze) - 1(£:) f(Z4)) ds + Martingale.
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3.4 American Put and the Dirichlet Problem

We start this section with a conjecture about the nature of the optimal stopping

time used in determining the value function of an Amercan put option,
V(x,i) = sup EO [e= b sk — Xy ]
T

This in turn will allow us to draw a connection to the Dirichlet problem.
Conjecture 3.4.1.

The optimal stopping time of
V(x,i) = sup E0 [e= b (K — Xy

is of the form
T=inf{t>0:V(X, &) = (K—eX)*).

Justification. It seems intuitive that the optimal stopping strategy should be
to wait for the first time at which V(x,i) = (K — ¢*)*, in other words waiting to hit
the price at which there is no expected gain for waiting longer. So the stopping
time 7 = inf{t > 0: V(X;, &) = (K — ¢X)*} would appear to be optimal.

Remark 3.4.1.

This conjecture will be proven to be correct in section 3.6.

Lemma 3.4.1.

Supposing a stopping time of the form given in conjecture 3.4.1 there exists a series of
thresholds, {b(1),...,b(n)} forming a region C = {(x,i) : x > b(i)} referred to as the
continuation region and a region D = {(x,1) : x < b(i)} referred to as the stopping region
such that the entry time tp = inf{t > 0 : (X}, &) € D} = inf{t > 0 : X; < b(&)} is the

optimal stopping time:
Vix, i) = E&A) [e_ o r(és)ds(K _ eXTD)+] ‘

Without loss of generality, we will assume b(n) < --- < b(1).
23



Proof. The fact that {b(i)} can be chosen in descending order is a simple consequence
of relabeling (i.e., renaming) the original Markov states {1,2,...,n} since doing so
does not change the dynamics of state to state transitions. To prove this lemma,
we follow [13] and show that V(x, i) — ¢(x), where ¢(x) = (K —€*)*, is an increasing
function on (—oo, In(K)). From this we conclude that there are unique thresholds
depending on the Markov state below which V(x, i) = ¢(x) and the lemma is proven.

Let x,x + 0 € (—00,In(K)) and let 7 be the optimal stopping time when X, = x.
V(j,x +8) 2 EC0D [e= b (x|
_ E@ [ o s (K- eXT+6>+]
= E&J) —e‘ Iy reds (K e (e 1)eXT)+]

> B0 [k 1 (K — Xyt — (¢ — 1))

> E®) :e‘ b rEs (g — X +] — (e = 1)E™) [e‘ b r(és)dsexf]

= V(x, ) = (& = DEWD [e b e ]

> V(x, ) - (€~ 1) liminf E7 [e‘ £ r<€s>dse><w] (3.6)
= V(x, j) = (&® = 1)e" (3.7)
= V(x, ) + (x + 6) — B(x).

In (3.6) Fatou’s lemma is applied. Finally (3.7) is valid since the discounted

t
stock process e b 7€)% pX:

is a martingale which implies that the stopped process
tAT
e~ b e Xee g also a martingale by theorem 2.2.2. Notice that no assumptions

are made about the finiteness of 7. O

Next, the techniques from [26] will be used to show that solving the entry

time problem,

Vi(x,i) = EWA) |:€‘ fOTD 7(Es)ds (K _ eXTD)+]
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is equivalent to solving the Dirichlet problem

LocolVIe, i) = r@)V(x,i) in C (3.8)

V(x,i)=(K-¢e)" in D.

C = {(x,7) : V(x,i) > (K—¢")"} and is referred to as the continuation region and D
is the its complement in R X {1,2,---,n}, and is referred to as the stopping region.
The entrance time into D is defined by 7p = inf{t > 0 : (X;, &) € D}. Here, no
assumptions are made as to the finiteness of 7p.

To verify (3.8), we first define a “killed” process X;. Let T be a killing time,

with rate of killing defined as follows

Pt<T<t+06[{&:0<u<t,T>t)  ftI{&:0<u<t)
5 C1-F(t|{&:0<u<t)

(&) = 101{%

with F(F | {E, :0<u<#) =P(T <t[{&:0<u<#)and f(t]{E, :0 < u<t)its

derivative. Now if r(¢;) is integrated from O to f, we get

t (" f6lH{E0<u<s)
‘ﬁr@”k‘ C1-FG & 0<u<sp™

= —In(1-Fs| (& : 0 <u <s))
giving,

PT<t[{&:0<u<t)=1-e hre&s

PUH<T|{E0:0<u<t))=e b, (3.9)

Define the killed process
X; t<T

-~

A t>T
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where A is referred to as the cemetery (hence the terminology of killed process and

killing time T). Define a function ¢(A) = 0 and observe that from (3.9) we have

E[¢(X)] = E[p(X) 1]
= E|Elp(X) et | 7]
= E|¢(X)E[Ti<r | 7]

= [ px)e k).

The above provides a convenient way to write the value function

V(x,i) = E[¢(Xx,))

Px) = (K—-e)™.
Next, the strong Markov property, theorem 2.4.1, will be used to show that Lx ¢)[F](x, i) =
r(i)F(x,1). In addition the properties of the shift operator presented in section 2.4
will be used in the following proof.

Choose (x,7) € Cand abounded openset U C Cand defineo = inf{t : (X}, &) ¢

U} when (X;, &;) starts at (x, 7). Notice that o < 7p.
ECMV(X,, &,)] = E*) [E®A[(X, )]
= EO) [E“D[¢(Xe,) © 6, | 7]

= E* | EY[¢p(Rosrpon,) | Fol]

= E* [EX[9(Xep) | 72l
= E*V (%)

= V(x,i).

Thus the characteristic operator is identically zero:

E(x’i)[V(Xm 50)] - V(x/ l) _
UN (i) Elo] B
26
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Since the characteristic and infinitesimal operator coincide on the domain of the

infinitesimal operator, we have
L glVI(x,i) =0 for (x,i)eC
The infinitesimal generator of the killed process is given by
Ligo[V1(x, i) = Lx g [VI(x, i) = r(@)V(x, ).

This is seen as follows.

E(x’i)[V(Xt/ &Nl — Vix, i)

LslVIee i) = lim

t
- lim E(x’i)[V(Xt/ 5t)] - V(x, i) " E(x’i)[v(xt, Et)] - E(x’i)[V(Xt, Et)]
N0 t t
o EGD[e ks y(x, £)] - EC[V(X,,
= Lo [V, Z)H}{% [ (Xi ft)] [V(Xi, &

. _f' r(‘gs)ds _ 1
= LasolVI(x, ) + lim B E>™-1)

V(Xt/ ét)
= L(X,é) - r(i)V(x, Z)

In the last step the interchange of limit and expectation is justified by Lebesgue’s

dominated convergence theorem since V/(x, 1) is bounded. Lastly the definition of

t <
derivative is applied to e h 7S

Thus we have
LixolVI(x,i) =r(@)V(x,i) for (x,i)eC

as claimed.
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3.5 Logarithmic form of the Black-Scholes Equations

The Dirichlet problem (3.8) produces the ODE’s below
o1, o1, R . . o
(r(z) - 50 (l))fx(x, )+ 50D fulr )+ ) 4if (0 ) = () x>b (310)
=1

flx, i) =p(x) x<b;.

Remark 3.5.1.

It is interesting to note that we have obtained in 3.10 a kind of Black-Scholes
equation that is easier for analysis than the traditional Black-Scholes equation.
Namely, by taking the logarithmic stock process X; = In(S;) our generator lacks
multiplication by x in the drift coefficient and multiplication by x? in the diffusion
coefficient which are present in the standard Black-Scholes equations. Thus we
have a system of ODEs with constant coefficients which is easier to solve and
analyze. The non-logarithmic form is used in [11], and it is remarked there that a
closed-form solution is possible only in the case of a two state Markov chain. Using
the logarithmic form, the ODEs are greatly simplified and, more importantly, a
solution for n states can be found which will be shown in the sequel.

In solving the above system of ODEs we will start by looking at the system
when x > by to have a system with n unknown functions which can be written in
matrix form 1

Sfx+§fox+(Q—R)f:O, (3.11)
where L and R are the diagonal matrices whose i-th diagonal elements are ¢%(i) and
r(i) respectively and Q is the infinitesimal generating matrix of the Markov chain.
S = R - 1X and f is the vector whose i-th element is f(x,1). In the standard way,

—Ax

we seek a solution of the form f(x,7) = g(i)e™"* leading to

(Q-R)g—ASg + %A22g =0
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with g being the vector whose i-th element is g(i). This method was presented
in ( [13], p. 2065) for solving the “quadratic eigenvalue” problem. Multiplying
the above equation on the left by 2X~! and reformulating as a system of equations
yields,

Ag =h

Ah =2X71Sh-22"Y(Q - R)g,

which can be written as a the standard linear eigenvalue problem

0 I
g:/\g

_2y(Q-R) 25 'R—1I)|K )

As stated in [13], there are exactly n eigenvalues with a positive real part and n
with a negative real part. For x > b; we will only consider the n values of A with
positive real part since we do not want the solution to (3.11), sought in the form
f(x,i) = g(i)e™, to grow unbounded. If g;and A, fori =1,...,n all solve the above

eigenvalue problem, we arrive at part of the solution to (3.10).

flx,7) = Z wigi(j)e'Afx for x>by j=1,...,n.
i=1

In particular, we have an entire solution for f(x, 1):

" w; ile‘)‘f" ;x>b
Fx,1) = iz1 wigi(1) 1

K—¢* ;x < by.
Now the region b, < x < b; will be considered. In this region, f(x,1) = K —¢*, thus
the size of the ODE system reduces by one. Let Q; denote the matrix Q with the
first row and column removed and let Q; be matrix (vector in this case) composed
of the first column of Q with the first row removed. Let 81, Ry, and X; be defined as

the corresponding matrix with the first row and column removed and let g; be the
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vector g with the first element removed. We arrive at the following matrix form of

the n — 1 dimensional system of ODE’s
1 ~
(Q1 —R)g1 — AS1g1 + EAZZgl +Qi(K—e)=0 for by<x<b. (3.12)

A particular solution to the above system of ODEs is of the form B; + C;¢e*
where B; and C; are n — 1 dimensional vectors. The values of B; and C; are com-
pletely determined by the ODEs. Let B1(j) and C;(j) represent the j-th component

of the corresponding vector. The solution to the homogeneous equation,
1
(Ql - Rl)gl - )\Slgl + E/\ZZgl =0 fOT' bz <x< bl,

is solved precisely like (3.11). Since the region b, < x < b; is bounded, we will
consider all 2(n — 1) eigenvalues and eigenvectors of the homogeneous ODE. We

arrive at another part of the solution to (3.10) and a complete solution for f(x, 2).

f(x,j)zZw}g}(j)e‘A}x+Bl(j—1)+C1(j—1)ex for by<x<b j=2,...n
i=1

Y wigi(2)e ;b < x
f62) =1 7V wlgl@)e™* + Bi(1) + Ci(D)e* by <x < by -
K—¢* ;X< by
Continuing on in the same manner we arrive at the region by, < x < by
In this region, f(x,j) = K—e¢* for j = 1,...,k, thus the size of the ODE system
is reduced by k. Let Qi denote the matrix Q with the first k rows and columns
removed and let Q; be matrix composed of the first k columns of Q with the first
k rows removed. Let @ be vector of size k where each component is K — ¢*. Let
Sk, Ry, and X be defined as the corresponding matrix with the first k rows and
columns removed and let g be the vector g with the first k elements removed. We
arrive at the following matrix form of the n — k dimensional system of ODE’s,

1 -
(Qk — R)gx — ASkgr + E/\zzgk +Q®r =0 for b <x<b
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solved the same way as (3.12). We arrive at another part of the solution to (3.10)

and a complete solution for f(x, k + 1).

f(x,j):Za)fgf(j)e_)\?x+Bk(j—k)+Ck(j—k)ex for b <x<b. j=k+1,...,n
i=1

Y wigi(k + T)e™ ™ :by < x
YD wlel(k + 1)e™ % + By(k) + Ci(k)e* by <x < by

i=1

fook+1) = (3.13)

7.

Y200 wkgk(k + 1)e ¥ + Bi(1) + Ce(1)e" ;b < x < by

K—¢* ;X < bryq.

This procedure is continued up to the point when k = n — 1. Here, the system of
ODEs becomes one ODE and the last function f(x, n) is found in its entirety.

For the first function f(x, 1) there are n unknown weights w;. The next function
f(x,2) has 2(n — 1) unknown weights, until the last function f(x, n) contributes only
2 unknown weights. There are also n unknown boundary values b;. Overall there
are 2(1+---+n) = n(n + 1) unknown parameters that need to be determined. Here,
we assume that the function is C! everywhere. At this point, this assumption may
seem restrictive, however, it will later be proven that the solution derived from
this smoothness assumption is indeed the optimal solution. Assuming that f(x, 1)
is continuous and differentiable at b; will result in 2 conditions for f(x,1), 4 for
f(x,2) with its two boundaries, and finally 2n for f(x,n) and its n boundaries. In
total, there are n(n + 1) conditions to be satisfied. We see that the n(n + 1) unknown
parameters, including all weights and the n unknown boundaries, are completely

determined by imposing the smoothness assumption.
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3.6 Optimality of the Solution

Theorem 3.6.1 (Optimality).
Suppose that thresholds b, < --- < by < In(K) have been found such that the unique

solution to
(r(i) - %az(i))fx(x, i)+ %GZ(i)fxx(x, i)+ ]Z:; qiif(x, ) =r(@)f(x,i) x> b (3.14)
fx,)=¢x) x<b

is C' on its domain and bounded on C. The solution f(x,1i) and the stopping time tp = {t :

Xy < b(&4)} correspond to the value function
V(x,i) = sup E*) [e‘ J s (g eXT)+]
and its optimal stopping time, i.e.,
V(x, i) = flx,i) = E® [em b7 (K — eXon)*].

The proof will be established through several steps.
We will start by looking at the process e~ b reeads f(X4, &). Since by definition
f(x, 1) is twice differentiable everywhere except when x = b; fori = 1,2, ---,n where

X, spends zero time, we can apply the generalized Ito-formula (3.5) to get

t t S
e_fo r(éS)dsf(Xt/ ét) = f(XOI 50) + f e_fo r(Cu)du (L(X,é) [f](XS/ és) - r(és)f(Xsr ‘gs)) ds (3]5)
0
+ Martingale.

To show optimality we need to prove an auxiliary.
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Proposition 3.6.1.

The inequality for the function defined below is true for all (x, 1)
®(x, i) = Loce LFI0x, ) = 1) f(x, 1)
= (0 - %oz(i)) oo )+ 50D felo )~ P ) 4 ]Z;:qij £, )
<0. (3.16)
Proof. We will start by defining the two regions mentioned in section 3.4,

C

1(x, 1) : x > b(i))

D = {(x,i) : x < b(i)}

and notice that tp = inf{t > 0: (X}, &;) € D} = inf{t > 0: X; < b(&))}.
Inregion D we willlook at properties of the left continuous process e” B s f(Xecnt=r Exent=)
where 7c = inf{t > 0 : (X}, &;) € C} and Zp- == lim, ¢ Zs. Now it will be shown

T NAE—
thate b= r&)ds f(Xeent—r Erent—) is a supermartingale. Let s < t and (x,i) € D.

. _ TN = . _ TON= )
ECDemh ™ "% £(X i, Eeont) | Frons] = E¥[emh ™ M0 (X 00) | Frons]
= &) [e” fOTCM_ V(Ss)dS(K _ eXTcl\t) | ﬁc/\s]
= Ke b rendnpeiy” oS resys | o]

_ P T NS X nr
E™"[e ere) | Fo

C/\S]

TC/\S—

< Ke b rEudu _ o= fOTCAs_ (&)t pXeps
T AS—
=" b€ r(éu)du(,b(x’rc/\s—)
_ TC/\S— I
=e fo Y(Qu)duf(XTCAS_, é'[c/\s—)-

7(§s)dSeXf

In the above, the following facts are used: e~ b is a martingale which

TN —

by (2.2.2) implies that the stopped process e~ h* "€)eXeer js a martingale, X; is

continuous, and X, < by < In(K) implying that ¢(X,) = K — e*».
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Then, as desired, e~ < s f(Xecni-, Evont-) is a supermartingale. From (3.15),

we see that

f B (L [FI(X, ) - HENFX, ) ds (3.17)
0

is also a supermartingale. Next note that by the bounds of this integral, (X;, &;) is
not allowed to pass into C and thus f(X;, &) = ¢(X;). Now we look at the function

®(x, 1) in the region D,
D(x, i) = Lixolf1(x, 1) = (D) f(x, 1)
=) 4if G ) - 1K
j=1

=Y ai( G ) = £ 1)) - (DK

=1
j#i

= Y ai{f ) - $()) - r()K. (3.18)

j=i+l

Define the bounded process

A, = e ke [Z 9 f(Xe, ) = (X)) = r(es)K]

j=i+1
and observe that by (3.17) and (3.18) fOTCAt_ Aqds is a supermartingale. Next we will
show that A;1,<,. < 0. Note that in the upper integral limit the left limit is ignored,

since it will not affect the value of the integral.

TCc At ) TeA(Hu)
f Ast > E(x'l) [f IqsdS | 7:’Ec/\t‘|
0 0
' TCAL TeA(t+u)
— E&d) [f Adds + f Aqds | ﬁCAtl
0 TCcAt
TeAE ' TeA(H+u)
= f Aqds + E&) [ f Agds | 7’%]
0 TcAt
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which upon cancellation and dividing by u gives

1 T TeA(H1)
0> EE(X'Z) f Ast | ﬁcAt]

cAt
1 NI t+u ToA(t+11)
= EE(X,Z) f ASdS]l{t+uSTc} + f Ast]l{t<Tc§t+u} | 7—~’Ic/\t‘|
| Jt
1 I t+u ToA(t+1t)
= ;E(x,l) f ASdS]l{t+uSTc} + Ast]l{t<Tc§t+u} | ﬁc/\t‘l
| Jt t
tu Tc/\(t+u)
: (i) | Jt Asds ft
0 = £1{‘I&E g —]l{t+u51(;} 1 ]l[t<Tcﬁt+u} | Ti{c/\t (3'19)

= g™ [Af]l{fSTc} | ﬁCAt]

= At]]-{tSTc}'

In (3.19), the limit was interchanged with the expectation since A; is bounded and
thus Lebesgue’s dominated convergence theorem applies. Then by elementary
calculus the first term becomes A;1 <, by observing that A; is continuous at t a.s.

since &, transitions precisely at ¢t with probability zero. It remains to show that

A(t
. ft’cc (t+u) ASdS
lim T <ty = 0
u\,0 u

for every w. To see this, notice that t < 7c(w) and thus for all u sufficiently close to
0 we have 1<, <t+yy = 0 and the proof is finished.
Finally,
As]l{s<1c =e fo e Z %] XSI ]) (Xs)) - 7’(és)K ]]-{SSTc} < 0

j=i+1

which implies that

Ox,i) = Y i F(Xe ) = $(X)) - HEIK <0 for X, €D
j=i+1
or O(x,i) < 0 for (x,i) € D. Additionally for x € C, we have ®(x,i) = 0 by
construction, see (3.10) and (3.16). Thus ®(x, i) < 0 for any (x, 7) as desired and the

proof is finished. m|
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We will need to prove one more proposition before optimality can be proven.

Proposition 3.6.2.
f(x,1) > ¢(x) for all (x,1).

Proof. From (3.14) we see that

fuled) = = [r(z)(f(x, ) fulx, D) = Y, af j)] + £l ).
j=1

Now, using the C! property of f at b; and the fact that f(b;, 1) = ¢(b;), we get

[r(z)K qu (F@i - ¢<bi>)]—
(-

fxx(bi+r Z)

j=i+1

a2(i)
i) (b, i) - ¢

Since it was shown that @(x, i) < 0 for (x, i), we have that f,.(bi+,1) > —eb. Observe

that

f(bi, i) = p(b;) = K— e
fulbi i) = ¢'(b;) = —¢"
fer(bit, 1) = " (b)) = —€".

Thus it is apparent that there exists a 6; > 0 such that
x<bi+06 = f(x,i) > P(x). (3.20)

Next it will be shown that for any two points x,x + 6 € (—o0,In(K)) such
that 0 < 6 < min{6;} | then f(x + 6,1) — ¢(x + 6) > f(x,1) — ¢(x) thus showing that
f(x,1) — ¢(x) is an increasing function on (—oo, In(K)). This will of course imply that
f(x,1) > ¢(x) on (=00, In(K)).

In the following argument an outline of what is done in [13] will be followed.

Two points x, x + 6 € (—o0,In(K)) are chosen and 7p is taken to be the stopping time
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when (X}, &) starts at (x,i). Before proceeding, notice that if X; is started at x + 9,
then X, < b(&;,) + 6 which by (3.20) implies that f(X,,, &.,) = ¢(X,,). Using this

we get,

fGx+6) = E00e b B F(X, )]
= B0 [ b e X g )] (3.21)
> £ [ k° e DX (3.22)
= ED [ g £ s (K- ex7D+é)+]
— E&)) Fe_ 0 e )ds (K — X — (¢ — 1)eXTD)+]
> E@h | B o P r(E)ds ((K X )t — (e — 1)exTD)]

> E0D) [om b7 s (g — eXTD)+] — (" = 1)E®D [ o kP r(és)dseXTD]

> E®)) :e— o P r(&s)ds f(XTD)] ~ (& = 1)E®D [e— P r(gsds exTD] (3.23)
= f(x, ) = (& — DE®D [¢= b 1€ pXon | (3.24)
> f(x,j) - €~ Dliminf E7 e [ -k e X] (3.25)
= f(x,j) = (" = )e* (3.26)

= f(x, ) + P(x +0) = p().

In (3.21) and (3.24) the optional sampling Theorem 2.2.4 is applied after observing
that the quantity in the expected value is bounded and thus uniformly integrable.
(3.22) is explained in the previous paragraph. (3.23) is valid because (X, &+,) € C
and f(x,j) = ¢(x) when (x,j) € D. In (3.25) Fatou’s lemma is applied. Finally

(3.26) is valid since the discounted stock process e =y s X1

is a martingale which
implies that the stopped process ¢~ b7 rEMseXnnp s also a martingale by Theorem

2.2.2. Notice that no assumptions are made about the finiteness of 7p.
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From the above we have that f(x,i) > ¢(x) on (—o0,In(K)). To address the

region (In(K), c0) we will observe that

_ tMp
e J(; r(SS)dsf(Xt/\TDI gt/\TD)

is amartingale. This is evident from combining (3.16) with the fact that (X<, Etacpy)
is never allowed to pass into the region D, and thus ®(X;rq,, &iary) = 0, see (3.10).
Also note that e~ b " r&)ds f(Xiarp, Etarp) is bounded and is thus a uniformly inte-
grable martingale. This allows the use of the optional sampling theorem 2.2.4 in

the following,

f(x, i) = E D) e_fo Dr(és)dsf(XtMDlétMD)]

= &) :e_fo D r(gs)de(XTDl STD):I

— E(x,i) 'e_ ED r(cfs)ds(P(XTD)] (3.27)

>0

so we see that f(x,i) > 0 = ¢(x) for x > In(K). Thus we have the desired result that
f(x,1) > ¢(x) for all (x, i). O

To finalize the proof of optimality, propositions 3.6.1 and 3.6.2 will be com-

bined with (3.15) to see that
e h e (X)) < e fyreos (X, &) < f(x, i) + Martingale.
Thus for any stopping time (not necessarily finite) T we have
B [en 7608 (k= )] < £, ),
Now let t — oo and apply Fatou’s Lemma to get

e [e 0% (k= | < f .
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However from (3.27) we have

BN [em b7 £(X,, &0)] = £, ).
Thus the upper bound is achieved and we have

sup E® [efoT s (K — eXT)] = f(x,1).

Optimality of f(x, i) is proven and the optimal stopping time is 7p.

39



CHAPTER 4
FORWARD CONTRACTS

4.1 Introduction

In this chapter we will discuss the pricing of one the most typical claims on
a stock, the forward contract, referred to from here on as a forward. A forward is a
contract in which one party agrees to give another a share of stock for a fixed price
at an agreed upon date in the future. The stock is being sold forward. Once this
derivative is priced under a martingale measure, a new infinite horizon American
version of this forward will be discussed. This extends upon the work of [12]
where the same is done with only a two state model. It will be shown that this
new contract cannot be priced under a risk neutral measure. Despite this, we will
discuss the optimal exercise strategy and expected payoff of this contract under
the actual real world probability measure whose expected return and volatility are

usually estimated from historical data.

4.2 Pricing Forwards in a Markov Modulated Market

The pricing of a forward goes as follows: what price K should one party be
obligated to pay for one share of stock {S;}-o at a predetermined time T in the future

in order to make the game fair for both parties? Mathematically, we say
Ele(St—K)] =0

where S is the present value of a share of stock. Again, we price K under the risk

neutral measure to avoid arbitrage. The necessity of the risk neutral measure will
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be illustrated in the sequel, but first we find the proper value of K. As discussed
in section 3.2, the stock process described by dS; = uS;dt + 0S;dW; becomes dS; =

rSidt + 0S:dW; under the risk neutral (martingale) measure. Thus we have
E[eT(St — K)] = Sg — Ke™'"

and it becomes clear that the proper value is K = Spe'”.
This value for K is perhaps not intuitive since it does not depend on drift y
of the stock. Lets illustrate why we must price under the risk neutral measure.
Suppose that K > Spe'. In this case, an arbitrageur would engage in the
forward contract to sell one share of stock at price K at time T. To buy this share of
stock, he would borrow Sy dollars at a rate r with the obligation to pay back Spe'”

at time T. His total earnings at time T would be
K~ See'™ > 0.

He could of course buy 7 shares of the stock to multiply guaranteed profit restricted
only by his credit limit.

Similarly in the case that K < Spe'T the arbitrageur would engage in a forward
contract being obligated to buy a share of stock for K at time T. To get the K
dollars required at time T he will short sell one share of stock, i.e., sell a share of
stock without owning it, for Sp. He would then invest this money at interest rate r
guaranteeing Soe'” at time T. At time T he buys the stock for price K and returns it

as the short sold stock. His profit is given by
Soe'" = K > 0.

From this discussion it is clear that K must be found under a risk neutral measure.
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Now we will focus on how the issue is complicated by a Markov modulated

market. We start with the stock process
dS; = u(&)Sedt + o(&4)SdW,

where &, is a regular Markov chain representing the n states of the market. After

switching to the risk neutral measure, see 3.2, we get the stock process
dSt = T(Et)stdt + G(Et)Stth.
As before, we find K by mandating that the discounted expected payoff be zero.

0 = E[e~h "€)5(5, — K)]
= Sy — E[e™h "]k,

Thus finding
So

K=—2
E[e™ b s

All that remains is to find the value of E[e” b r(&ds]
Proposition 4.2.1.
Define

M(t,i) = Eife=h ],

M(t, i) satisfies the following ODE system,
M =(Q-RM M(@0,i)=1

where M is the vector whose i-th element is M(t, i), Q is the generating matrix of &, and R

is the diagonal matrix whose i-th diagonal element is r(i).
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Proof. We will derive the ODE for M(t, i) by conditioning on the first transition time
and a time At. Below T is the time of the first transition and P;; is the probability

that &; transitions from i to j given a transition at t.

Mt i) = E'le” b )]

= Elfe g @y ] 4 Bl 0T by
= ! [Ele e L | Fl| + BBl e b O g 7|
= Ny onne " OME! [E[e_ s | TAt]] +E []I{TlsAt}e_r(i) NE[e” syt | ¢T1]]
= Lirane ™ OVE! [Ele Bre#| + B [1, cpe 0L €]

= P(T1 > AHe " OMM(t — At, i) + 151'[11{Tlsm}e—r(i”1 Z P;M(t— Ty, j)]

j=1
ji
= it TOMMI(t — AL, 1) + P(Ty < At)e™ OnAf Z P;M(t — nAt, j) 4.1)
i=1

= eCTOHDAMMT(F — AL, 7) + (1 — efibt)e DAt Z P;iM(t — nAt, )
i=1
i

where 1 € (0,1). Now (4.1) will be justified. Define

£(s) = 71 Z PyM(t —s, )
iy

and notice that f(s) is continuous since M(s, j) is continuous. Next see that

) At
Bl L7, 2an f(T1)] = f F$)Fr,(5)

where Fr, is the distribution of T; and apply the mean value theorem for integrals

to get
E'lLr,<an f(T1)] = f(nA1)(Fr, (A = Fr, (0))

= f(nAHP(Ty < AT)
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where 717 € (0, 1) thus providing justification for the above.

Next we use a Taylor expansion around ¢ — At for M(t, i) to arrive at

M(t — At, i) + M/(t = At, At + o(Ab)

n
— e(—r(i)+qii)AtM(t — At + (1 - eqiiAt)e—r(i)ﬂAt Z Pi]'M(t — nAt’ ])
i=1

Subtracting M(t, i) from both sides and dividing by —At and reorganizing yields

M(t - At/ 1) - M(t/ Z) , . O(At)
- — At 1) —
- M/(E = At i) = =
eCTOHaNNI(F — A1) — M(t, 1) (e%iA —1) _ . n
= ’ A —r(i)nAt PZM F_ At, .
—At At ¢ ; iM(t = nAt, j)
j#i
_ M(t - At, i) — M(t, i) _etr+aAt _q
= A7 M(t = At, 1) 3
(e%‘At _ 1) Y n .
e ; PiM(t — nAt, j).
j#i

Taking the limit At — 0 we get the ODE

0= M'(t,i) = (=r(i) + G)M(L, ) + ) giPyM(t, j).
j=1
ji

Recognizing that q;;P;j = —q;j,

M/t i) = —r(M(t, i) + | Y giM(, ) |+ qaMt, )
j=1
j#i

n
= —r(M(t, )+ Y giM(t, ).
j=1
This is written nicely in matrix form,

M’ = (Q - RM
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where Q is the infinitesimal generator of &; and R is the diagonal matrix whose i-th

diagonal element is (7). Since
M(O,i) = Efe b ] =1,
the proof is complete. O

The solution of the ODE in proposition 4.2.1 is determined by the eigenvalues

and eigenvectors of Q — R: )
M(t) = Z CiViet

where V; and A; are the i-th (:orresporldirl1_g1 eigenvector and eigenvalue and the C;’s
make up n arbitrary constants completely determined by the initial condition. For
complex eigenvalues, we interpret the solution as the sum of sines and cosines in
the standard way.

Now we can find the value K, dependent upon the initial Markov state and

stock value:
K = #
E[e™ b s
So

M(T/ 50) .

We have now priced a forward in a Markov modulated market.

43 Optimal Exercise Strategy for American Style Forwards

In this section we will develop a contract which will be referred to as a
"perpetual American future”. The contract is formed by one party agreeing to buy
a share of stock for a price K at any time of his choosing in the future. Perpetual
refers to the fact that the contract has an infinite time horizon and thus no fixed
termination time. American meaning that the contract can be exercised at any time.

The payoff of the contract at a time ¢ is given by (S; — K).
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Next we attempt to find the fair value of K. We must keep in mind one
major difference: the contract can be exercised at any time. Ideally the contract
will be exercised at an optimal time, i.e., the time that maximizes expected future
discounted profit. We conclude that the expected profit under the real world

measure P from the contract is
sup Ep[e™"(5; — K)11<co0]
T

the indicator being necessary since if the contract is never exercised, we gain no
profit. Without the indicator, it is unclear how to interpret lim;_,., ¢ "(S; — K). If we
are to price this derivative on the open market, we must use the the risk neutral
measure Q. We set

sup Egle™" (S = K)1,<e] =0

to find K. It must be determined whether such a value exist.

We now have two questions to answer. The first, what is the optimal exercise
strategy and expected profit under the real measure for the owner of a contract.
The second, is there a fair price for K under the risk neutral measure. Both of these
questions will be answered when an optimal stopping time is identified. Notice
that the value of the contract is not dependent on time since there is no termination
date. Thus we conclude that the optimal stopping time must be only dependent
upon the stock price. We conclude that if an optimal stopping time exists, it is of
the form

T, =inf{t >0:S; > c}

for some threshold c. Lets first answer the question of expected profit under this

optimal exercise strategy:

Eple™™(Sr, = K<l = Eple ™™ 1, <co](c — K).
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We need only find the value of Ep[e™""1,.] to determine the expected profit.
First, we will take the perspective of the logarithmic stock process, which by

Ito’s formula 2.1.1 we find to be

Xi = In(S;)

=Xp+ (M — %UZ)t + oW,.

The hitting time for S, hitting c is the same as X; hitting In(c). Define b = In(c) and

a = i — 10%. Define the stopping time
Ty =inf{t > 0 : X; > b}.
See that

Eple™ 1rco] = Eple” 17, <c0]

= fo ) e f(t)dt

where f(t) is the density function of T,. All that needs to be done is to find the
density function. Notice that the last line above is the Laplace transform of the
density function. This will allow us to find the expected profit of the contract. The
following two results will provide the tools necessary to find the density function
of Ty.
Lemma 4.3.1.
Let M; = max{W; : 0 <s < t}.

P(M; > b) =2P(W; > b) =2 (1 -d (i))

Vi

where @ is standard normal distribution.

For a proof we refer the reader to ( [18], Theorem 3.15, p. 71).
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Theorem 4.3.1.
Let X; = x + at + oW,. The distribution of the hitting time T), = inf{t > 0 : X; > b} is

Hﬂ:1_q{b—x—aj_ %$ﬁ{b—x—m

_ e o -_
oVt oVt

and the density function is given by

) x<b, t>0

) = (b-x) . (—(b—x—aaf)2

N 2to?

Before we proceed to the proof of this theorem, observe that if & > 0, then we

» x<b, t>0.

have a proper probability distribution, but if @ < 0 we have a defective probability

distribution, i.e.,

2a(b—x)
limF(t)=e < <1.

t—o0

Thus there would be a positive probability the arithmetic Brownian motion never
hits level b when a < 0. It is now clear that is very important that we include 1, <«

in taking expected values.

Proof. In the case that @ = 0 we use lemma 4.3.1 to show that

P(T, <t) = Pmax{X;:0<s <t} >b)

=P(Mt2 b_x)
o

:2(1—@(12_:/’;)). 4.2)

Next Girsanov’s theorem will be used to remove the drift from X; in the case that

a is not zero. Define the measure Q by a Radon-Nikodym derivative:

dQ 1a?

— = exp(—zgt -

(04
AP EWt)‘

Under the new measure Q, W, =W, + %t is a Wiener process. Now the distribution

of T, will be found. Define G; = j—g = exp(—%i—it + 2W,). We use the fact that
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Ep[H] = Eg[HGr] for any bounded Borel function H and where Gr is the terminal

value of the martingale G;.

P(Ty, < t) = Ep[1i7,<y]
= Eq[11,<4Gr]
= EglE[Li1,<nGr | Fryaell
= Eql1ir, <y Gryai]

= Eg[11,<4Gr,]

! la> ab-—x
= j; exp(—§§s+ E( S )f(s)ds 4.3)

where f(s) is the density function of T}, under Q, i.e., with no drift. From (4.2), we

get

_d b-x\  (b-x) —(b—x)?
f(s)—%Z(D(G\/E)— VZnt362eX ( 2t0? )

Differentiating (4.3) and simplifying we get the density function

(0 = (b-x) y —(b—x —at)?
0= g P\ T2 )
It is apparent upon differentiation that F'(t) = f(t) and the proof is finished. O

All thatremains is to find the Laplace transform of f(s) and we have E[e™ ' 1, . ].

Ele 1<) = f e f(s)ds
0
exp(—b(;x( Va? + 2ro? — a)).

Now we will answer the question of whether there is a fair value for K to put

this derivative on the market. In the risk neutral measure Q, a = r— ;0% and we get

Eqle™ ™1 c] = e,
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Lets find the value of b which maximizes profit,
Eole™(St, — K)1¢,<c0] = e~ — K) = e*(1 — Ke™).

To maximize profit b — oo, thus it is impossible to price this derivative on the
market. However, it is still useful to address the issue of optimal exercise of the
contract supposing that one has such a contract. Even if the contract can’t be
sold freely on the market, it is still feasible that the contract might be given to an
individual. For example, an employer might give such a contract to an employee
as a form of payment or bonus.

Lets now address the issue of optimal exercise and expected profit. First we

address the case when p > r
E¥[e™(S; — K)] = e e — ™K.

we see that in this case we want to hang on to this contract, because the discounted
expected profit will gain value with time. Because of this, there is no optimal
stopping time.

Next we address the case when u < r when it is not in our best interest to

keep the contract indefinitely. Lets find the optimal level for b

02

E*[e™(St, = K)1 1 <] = €XPp _b- x( Va? + 2ro? — a)) (" —K) for x<b.

Maximizing this relative to b yields

where z = Va2 + 2ro? — @« and a = u — 10°. Notice that when y < r then "72 <1land
there is a valid value for b. On the other hand if y > r then "72 > 1 and there does

not exist a value for b as we would expect from the previous discussion.
50



Finally the expected discounted profit when p < r is given by

a2

K
Ex[e_rTb(STb - K)]l’cb<00] = Ex[e_rTb]lTb<°0] (1— B K)

z

= Kexp (—Z(bgz x)) (Z fzgz) .

We have identified an optimal stopping strategy along with an accompanying

discounted expected profit, which concludes this section.

44 American Style Forwards in a Markov Modulated Market

In this section we will allow the stock process to change between 7 states by a
Markov chain as before. However, here we fix the risk-free interest rate r. Our goal
in this section is to identify an optimal stopping strategy for the perpetual American
style forward discussed in the previous section and to find the discounted expected
payoff under the optimal strategy.

The Markov modulated stock process is defined
dS; = u(&)Sidt + o(&)SdW,

as before. Here we do not apply a change of measure since we are interested in the

real optimal strategy and payoff. We define the optimal payoff as
V(x,i) = sup ECe™(Sy — K) T ree)]

again applying the indicator to make it clear that there is zero pavyoff if the contract
g pplymg pay

is held indefinitely. See that

51 = Soexp ( | () - 3ot ) ds+ | | o(@)dws).

t t
SO exp (f _%Uz(és)ds + f O-(Es)dws)
0 0
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Proposition 4.4.1.
Let X; = In(S;) to get
1
4%, = (&) - 50%ED) + (AW,

then
E°[Si] = E*[e¥]

=E [exp (jo‘ y(és)ds)] e'.

Proof. We will start by applying the infinitesimal generator from proposition 3.3.1

to the function v(t, x, i) = E®[¢X] like so

1 .
LX,& [U](t/ X, 1) = h{% EE(xll) [U(t/ Xs; Es) - U(t/ X, Z)]

= lim 1E(x,i) —E(Xslés)[exf] _ E(x,i)[eXt]]

s\O S L

1 a1 ,

= lim ZE&9 [E9[e% | ] - B[ | 7]

sN\O0 S L
= ]_im 1E(x/l) -eXH—s — eXt:l

s\O0 S !

t+s,x,1) —ov(tx,i

:limv( s, x,i) —o(t, x,1)

sN\0 S

dJdo )
= —(t,x,1).

at( i)

Now we make the observation that % = v as shown below.

8’0 ) E(x+h,i) [eXt] _ E(x,z‘) [eXt]
ox i h
E(x,z‘) [eXf+h _ eXf]
= lim
h—0 h

 tim &=L e

B h—0 ]’l

= E0D[eX] = 0.
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Combining the above two results, we get

dv

E(t, X, Z) = L(Xlg)[U](x, Z)

= (‘u(i) — %az(i))vx(t, X, 1) + %az(i)vxx(t, X, 1) + Z gijo(t, x, j)

j=1
= u(iyolt,x,i) + Y gijolt, x, ).
j=1

Put in matrix form, V' = (Q + U)V  v(0, x,i) = ¢* where V is the vector whose i-th
element is v(t, x, i) and U is the diagonal matrix whose i-th diagonal element is p(7).

Comparing this to proposition 4.2.1, it becomes clear that

v(t, x,i) = E& |exp ( f y(és)ds)l e
0

and the proof is complete. m|

Now, from proposition 4.4.1 we have that

ECe™(S, — K)] = e "E! lexp ( f p(és)ds)] s—e K.
0

From proposition 4.2.1 we have that

E lexp (f ‘u(és)ds)] = M(t, Q).
0

We define M(t, i) as the i-th element of the vector
M(t) = Z CiVieM
i=1

where V; and A; are the i-th corresponding eigenvector and eigenvalue of Q + U
with U being the diagonal matrix whos i-th diagonal element is p(i). The C;’s make
up n arbitrary constants completely determined by the initial condition M(0) = 1.

Combing the above, we get
E(s,z’)[e—rt(st _ K)] — Z (SCiVie()\i—r)t) —_ K
i=1
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and it becomes clear that if the real part of any of the eigenvalues of Q + U are
larger than 7, then we expect the value of the contract to grow without bound and
there is no optimal stopping strategy.

Conjecture 4.4.1.

If r is greater than the real part of all eigenvalues of Q + U and r > max{u(1), ..., u(n)}

then there exists an optimal stopping time for
V(x,i) = sup E*?[e7"(e** — K)1 r<oo)]

which is of the form
T=inf{t >0:V(X, &) = (€5 - K)}.

As in lemma 3.4.1, we will show that this stopping time is equivalent to
having a series of thresholds, above which it is optimal to exercise the contract.
Lemma 4.4.1.

Supposing a stopping time of the form given in conjecture 4.4.1 there exists a series of
thresholds, {b(1),...,b(n)} forming a region C = {(x,i) : x < b(i)} referred to as the
continuation region and a region D = {(x,i) : x > b(i)} referred to as the stopping region
such that the entry time tp = inf{t > 0 : (X}, &) € D} = inf{t > 0 : X; < b(&)} is the

optimal stopping time:
V(i) = E* [0 ~ K)Ljgya]

Without loss of generality, we will assume b(1) < --- < b(n).

Proof. The proof is in effect a reprise of the proof of lemma 3.4.1. We will show
that V(x,i) — ¢(x), where ¢(x) = (¢* — K), is a decreasing function on R. From
this we conclude that so long as there is a value above which V(x,7) = ¢(x) for all
i, then there are unique thresholds depending on the Markov state above which

V(x,i) = ¢(x) and the lemma is proven. Let x,x + 6 € R and let 7 be the optimal
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stopping time when X, = x. We need the fact that » > max{u(1),..., u(n)} implies

that e"¢* is a supermartingale, which follows directly from proposition 4.4.1.
V(j,x +6) = E«) [ (X,)]
— E&)) 'e—n (eXT+6 _ K)]

= E&)) :e—VT (eXT —K+ (66 _ 1)eXT)]

= E®]) :e—w(exT _ K)] + (¢® — 1)E®D [e—m exT]
= V(x, j) + (€ — DE® [ee ]
< V(x,j) + (@ = 1)lim inf E®/ |e7rheXe]| (4.4)
< V(x, j) + (" = 1)e* (4.5)
= V(x, ) + ¢(x + 5) — P(x).
In (4.4) Fatou’s lemma is applied. Finally (4.5) is valid by theorem 2.2.3 since the
discounted stock process e"*e** is a supermartingale and t A 7 is a bounded stopping
time. Notice that no assumptions are made about the finiteness of 7.

The ordering of the n thresholds would involve a simple renaming of the

Markov states to achieve descending order and the proof is complete. ]

Next the techniques from section 3.4 will be followed and it can be shown

that the payoff function V(x, i) solves the Dirichlet problem

LixolVI(x, i) =rV(x,i) in C (4.6)

V(x,i)=e"—K in D.
This leads to the system of ODEs below
N1, Ry Ry . .
(0 = 50%0)) £, ) + 52D fsl, D)+ Y f e ) = rf ) x <y
j=1

flx,iy=e"—K x=b.
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This system is solved in exactly the same manner as in section 3.5. We get the

following solution
Yo wigi(k + 1)e™h~ ;x < by
YD olgl(k + 1)e % + By(k) + Ci(k)e* ;b1 <x < by

flok+1) = (4.7)

7.

Y200 kg (k + 1)e ¥ + Bi(1) + Ce(1)e¥ ;b < x < by

e —K ;b < x
Below b; we only use negative eigenvalues since the solution should decay as
x goes to negative infinity. Again, we will require that the solution be C! on its
domain, and this will completely determine all weights and boundaries. As before,
it remains to show that this solution matches the profit function of the contract.
Theorem 4.4.1 (Optimality).
Suppose that the thresholds In(K) < by < --- < b, have been found such that the unique
solution to

(10 - 20°0) £+ 2Dl + Y auf ) = ) x <

j=1

flx, i) =p(x) x>0

is C! on its domain and bounded on C. Further, suppose the following assumptions hold
1. f(x,i) > e* = K forall (x,1)
2. ris greater than the real part of all eigenvalues of Q + U

3. r>max{u(l),...,u(n)}

4. r > maxi<i<u {%} where M(i) = Zj;ll qiK.
Then the solution f(x,i) and the stopping time tp = {t : X; > b(&)} correspond to the
value function

V(x,i) = sup E*?[e"(e** — K)1jr<oo)]
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and its optimal stopping time, i.e.,
fi) = V(x,i) = EXe™ (€ = K)Ljrp<el]-

Proof. We will start by looking at the process e f(X;, &;). Since by definition f(x, 7)
is twice differentiable everywhere except when x = b; fori = 1,2,---,n where X;

spends zero time, we can apply the generalized Ito-formula (3.5) to it to get
£
e (X, &) = f(Xo, &o) + f e’ (L(Xlg)[f](Xs, &) —rf(Xs, ES)) ds + Martingale. (4.8)
0

To show optimality we need the following
Proposition 4.4.2.

The inequality for the function defined below is true for all (x, i)

D(x, 1) .= Lix ol f1(x, 1) = rf(x,1)
= (1)~ 50°0) fioo D + 36 (1 = 7 )+ Y
=1

<0.
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Proof. Using the hypothesis f(x,1) > ¢(x) we first show that f(x, /) — ¢(x) is decreas-

ing in x:

V(j,x = 5) = EOD [0 £(X, e, Eny)] (4.9)
= E“ 7™ f(Xep, &) (4.10)
> B0 [0 (X, |
— E@)) :e—r”(p (eXTD—é _ K)]

— E&) :e—nD (eXTD K+ (e - 1)eXTD)]

= E™) :e‘”D (X0 — K)] + (e — 1)E®) [e‘”DeXTD]

=V(x, j)+ (e 1) £&) [e—rm eXTD]

> V(x,j) + (€~ 1) lim inf E* [ertreDeXine | (4.11)
> V(x,j)+ (e = 1)e* (4.12)

= V(x,j) + ¢(x — 6) — Pp(x).

(4.9) is valid since e ") f(X; 1., Etarp) i @ martingale due to d(x, i) = 0 for (x, i) € C.
We note that when X, = x — 0 at any time ¢ less than 7p, X; is still in region C despite
the fact that 7p is found as if X, = x. In (4.11) and (4.10) Fatou’s lemma is applied.
Finally (4.12) is valid from theorem 2.2.3 since the discounted stock process e "e*t

is a supermartingale and t A 7p is a bounded stopping time.

The above yeilds
fle i) =) < lim f(x, 1) = p(x)
= lirin Z cujgj(i)e‘}tfx - —K
j=1

=K

due to the fact that A; are chosen to be negative.
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For (x,i) € C, we have ®(x,i) = 0 by construction. For (x,7) € D we have

f(x,1) = ¢(x) and
D(x, 1) .= Lix e[ f1(x, 1) — rf(x, 1)

- (H(i) - %oz(i))fx(x, i) + %az(i)fxx(x, i) —rf(x, i)+ Z qiif(x, f)
=

= () =N + K+ ) qy(fx ) = $@)
j=1
J#L

i-1
= e"(uli) = 1) + 7K+ Y g (f(x, ) - 6(x))

=1
i—1

<eu() -7 +rK+ ) gyK
=1

= —r(e" = K) + u(i)e* + M(i)

- _M(i) + u(i)e

- e —K

=0.

(e* = K) + u(i)e* + M(i)

The last line follows from the fact that M;fi (;'()ex

is decreasing function and thus

M + u(n)e® . M + u(n)e*

"TTa-K T e-K

Now we have that ®(x, i) < 0 as desired. O
Using proposition 4.4.2, we have that
e DXy, &) < e f(Xy, &) < f(x, 1) + Martingale.
Therefore for any stopping time ©
EC e M (Xine, Etne)] < f(x, 1)

and by Fatou’s lemma

EX[e™ (X, £)] < flx, i),
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Finally we observe that f(X;,, &) = ¢(Xep, &r,) and that e f(Xinop, Einep) is @
martingale due to ®(x, i) = 0 for (x, i) € C. Furthermore, it is a uniformly integrable
martingale since x < b(n) when the process is stopped at tp and f(x, i) is bounded

below b(n). Using theorem 2.2.4 we get
f(x/ i) — E(x,i)[e—rmf(XTDIETD)] — E(x’i)[e_”D¢(XrD/ETD)]

and optimality is proven. m]

60



CHAPTER 5
ORNSTEIN-UHLENBECK MODEL

5.1 Introduction
The Ornstein-Uhlenbeck process, thanks to its equilibrium or stationary mea-
sure, has been frequently used in finance. The commonly used Vasicek model [1]
for example utilizes the mean reverting Ornstein-Uhlenbeck process. The Ornstein-
Uhlenbeck is also sometimes used in modeling stochastic volatility as studied in [5].
In what follows we will devise an American option based on a commodity modeled

by the Ornstein-Uhlenbeck process.

5.2 The American Put in an Ornstein-Uhlenbeck Model

Here we pose the question: how would we optimally exercise an American
put option based on a commodity whose price evolution follows the Ornstein-

Uhlenbeck process below?
dX; = —aXdt + odB;
The solution to this SDE is obtained by applying Ito’s formula 2.1.1 to e*X; to get
d(eX,) = e*odB;

SO

t
X, =Xpe ™ +0 f e *=94B,.
0
Next we observe that j(;t e~=9(B, is a martingale. From this we see that

E X[l =e%x<x
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and also that X; is a supermartingale. Here we take note that this commodity is
mean reverting to zero. This would indeed be a strange property of real commodi-
ties. This American put option here has purely mathematical interest and the next
section will deal with an Ornstein-Uhlenbeck process which does not revert to zero,
and thus lends itself to practical applications. We now seek to optimally exercise
an infinite time horizon American put option. This corresponds to the optimal
stopping problem
V(x) = sup E*[e7(K — X;)"].
T

As before, we conjecture that the form of the stopping time is as follows.
Conjecture 5.2.1.

There exists an optimal stopping time for the optimal stopping problem
V(x) = sup EX[e"(K — X;)"]
which is of the form
T=inf{t >0: V(X;) = (K- X;)*}.

Lemma 5.2.1.

Supposing a stopping time of the form given in conjecture 5.2.1 there exists a threshold
b < K forming a region C = {x : x > b} referred to as the continuation region and
a region D = {x : x < b} referred to as the stopping region such that the entry time

tp = inf{t > 0: X; € D} = inf{t > 0: X, < b} is the optimal stopping time:
V(x) = E[e ™ (K ~ X))

Proof. To prove this lemma, we will show that V(x,7) — ¢(x), where ¢(x) = (K—e%)*,

is an increasing function on (—co, K). From this we conclude that there is a unique
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threshold below which V(x, i) = ¢(x) and the lemma is proven. Let x, x+6 € (-0, K)

and let 7 be the optimal stopping time when X, = x. Then

V(x+06) > B (K — X,)*]
=E[e(K- X, - 0)"]
> E*[e7"(K - X;)"] = 0E[e™""]

> V(x) —o.
From this we get

Vix+06)—dp(x+0)>v(x)—6—(K=x-0)

= 0(x) — H(¥)

and the lemma is proven. m]

Next, the techniques from section 3.4 show that the payoff function V(x)

solves the Dirichlet problem

Lx[V](x) =rV(x) in C (5.1)

Vix)=(K—-x)" in D.
This leads to the ODE below

—ax fr(x) + %azfxx(x) =rf(x) x>0 (5.2)

fx)=K-x x<b.

To solve this ODE, we assume that f(x) is analytic and has a convergent Taylor

series expansion. Let

(o]

flx) = Z ax~.

k=0
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Applying the differential equation yields
[o¢] 2 [o¢] [o¢]
o
0=—-ax kzz;‘(k + D x* + > kzz;‘(k + 2)(k + 1)agx* — rkzz;‘ axt

& 2
Y (—akakxk + %(k +2)(k + Dageart — mkxk)
k=0

i 2
-y (—akak + %(k +2)(k + 1)agsn — rak) .
k=0

We arrive at the recursion relation

- 2 ar(r + ak)
2T 2k +2)(k+ 1)

Now, defining the even terms

ag = Ay
20
=M
amo(if@
02 4!

2\ r(r + 20)(r + 4a) - - - (r + 2(k — 1))
e -

(2k)!
Next, the odd terms
ap =
2r+a
AR
2\ (r+ a)(r + 3a)
5 = m (?) 51

(2N (r+a)r+3a)-- (r+ 2k — Da)
P2kt =M (?) 2k + 1) '

Next, for ease of notation we introduce the Pochhammer symbol

r=x(x+1)---(x+k=-1)
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and define (x), = 1. It is straightforward to show the following facts

Hr + 20)(r + 4a) - - (r + 2(k — 1)a) = ()" (é)k
(4 a)(r +3a)--- (r + 2k — 1)) = Qo) (r;—a“)k

(2K)! = 4’<(%)k K
(2k +1)! = 4"(%)}(1@.

Using the above we get

K
k
o)
2k+1 — 2 (%) r .
k

Lets look at a special function called Kummer’s confluent hypergeometric function

[24], which is defined by

= (@) xF
Mabx) =y DX
kzz;‘ (b)x k!

M(a, b, x) is an entire function in x and thus the Taylor series is convergent every-
where. We will now rewrite the two solutions, ignoring the constants, in terms of

Kummer functions

r 1 ax?
Fo(x) = M(ﬁ’ > ?)
r+a 3 ax?
Fi(x) = XM(T, 5 ?)
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Since all parameters in the Kummer functions are positive, it is clear that the
functions diverge when x — oo which is not valid for the value function. We will
try to determine if a linear combination of Fy and F; that will go to zero when
x — oo. To do so we look at an asymptotic function. The limiting form of M(a, b, x)

when x — oo is
I'(b)
@)

X ..a—b

M(a, b, x) ~

See [24] for details. Next we find the asymptotics of the functions of interest:

Fo(x) ~ F(%) exp (%)(%)ﬁ—% \r p(a_xz) (@)ﬁ—l

= ex
I'(53) I'(5%) 02 o
3 ax?\ [ ax? 53 r_q
F(x)NxT(E)eXP(o—z)(F) __NVmo(ax)(Vax\*
1 T(%2 2yarzs) P\ 7o)

For sake of compactness of notation we define the asymptotics

2 a1
-
VAo [
G = e eXp( = )( o )

and notice that
Gi1(x) = BGo(x) where B = —F(ﬁ)o
1 ! 2 ar(z2)

Suppose that
lim (CoFo(x) - C1F1(x)) = 0.

Then we have

Co _ i [CoFo(x) — CiFi(x)
B C ‘}E?O(Bco(x)  Gi(v) )

i (CoFo(x) - ClFl(x))
im

x—>00 Gi(x)
=0.
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Thus we see that for the linear combination to go to zero it is necessary, but not

sufficient, for
r (zra) o
2 \/_ r r+oc

We look at another special function known as Trlcomi’s confluent hypergeometric

Co=B(C; =

function or the confluent hypergeometric function of the second kind, see [24],
defined

T(1-b)

T@a—b+1) z M

I'(a)
It is straightforward to verify that with the prescribed relationship between Cy and

Ua,b,z) = M(a,b,z) + (@a—-b,2-0,2).

Cll
ro1 ax?
CoFo(x) — CiFi(x) = Cu(ﬁl > ?)

for some constant C. Tricomi’s function has the asymptotic

U(a,b,z) ~z™" (1 + O(%)),
see [24] for details. Since a = 5~ > 0 we have that

T 1 ozx
li =

as desired.
It is interesting to note that an analytic extension of the Hermite polynomials
[6] is provided by

1 a3 a 1
@) = xU(2 2 2* U= 7%

where the second equality comes from a Kummer transformation U(a,b,z) =
Z'7PU(1 +a — b,2 — b,z), see ( [31], p. 505). This provides an elegant and strait-
forward way of writing the desired function
r 1 ax? Vax
il z o) =[5 7)
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for an appropriate constant k. We now have a bounded solution to the ODEs given

by

cH(—i, ozx) ;x>b
fl) = @9
K—x ;x<b
where c is an arbitrary constant. Again, we mandate that the solution be C' at the
boundary b. Matching derivative and function value at the boundary point will
completely determine both ¢ and the boundary b.
All that remains is prove the optimality of the solution.
Theorem 5.2.1 (Optimality).
Suppose that the threshold b < ——K has been found such that the unique solution to
1
—ax fy(x) + EGfox(x) =rf(x) x>b
fx)=K-x x<b
is C! on its domain and bounded above b. Further, suppose that f(x) > (K — x)*. Then the
solution f(x) and the stopping time tp = {t > 0 : X; € D} correspond to the value function
V(x) = sup E*[e7"(K — X;)"]
and its optimal stopping time, i.e.,
fx) =V(x) = E[e7™(K = Xq,)"].

Proof. To do this we will apply Ito’s formula (2.1.1) to e f(X;) to get

e (X)) = f(Xo) + ﬁt e (Lx[f1(X;) — rf(X;)) ds + Martingale.

We need to show that

O(x) = (Lx[f1(x) — rf(x)) ds
= —axfy(x) + %ozfxx(x) —rf(x)

<0.
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From (5.2), we see that ®(x) = 0 for x € C. When x € D we get f(x) = (K- x) and

D(x) = ax —r(K —x)
=(r+ax-rK
<(r+a)b—-rK
S(r+a)ﬁ[<—rl<

=0.
Next, observe that
e (K= Xyt <ef(Xy) < f(Xo) + Martingale
and thus for any stopping time 7
Ee ™™ (K = Xen) 1 < f(x)

and by Fatou’s Lemma,

E[e™ (K - Xo)"] < f(x).

Finally, we see that e (™) f(X,, ;) is a martingale due to ®(x) = 0 when in region
C. It is a bounded martingale since f(x) is a bounded function on C. Using the

optional sampling theorem (2.2.3) we get
E[e™™ f(Xep)] = E¥[e™ (K = X)) "] = f(%)

and optimality is proven. |

5.3 The American Put in an Ornstein-Uhlenbeck Model with Non-Zero Mean

Next we will attempt to price the American put in model whose mean is non-

zero. This is a much more realistic and general assumption, since no commodities
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are mean reverting to zero. The Ornstein-Uhlenbeck process with mean reversion
to m is given by

dXt = —Oé(Xt - m)dt + (TdBt
the solution of which is obtained by applying Ito’s formula 2.1.1 to e*X; to get
de*X,) = ame™ + e*odB,.

So,
t
X, = Xoe™™ +m(1 —e™) + af e~ *t=94dB,.
0

The value of an American put is given by the optimal stopping problem
V(x) = sup E*[e"(K — X.)"].

The same procedure from the previous section will be followed to verify an optimal
stopping time of the form

t=inf{t >0: X, < b}

for some threshold b and to show that

Lx[V](x) =rV(x) for x>b

V(x) =(K-x)" for x<b.
This leads to the ODE

—a(x —m)f(x) + %azfxx(x) =rf(x) x>b (5.3)
f(x)=K-x x<b.
Here we do a change of variables
y=x-m

g(y) = fy+m)
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arriving at
1
—aygy(y) + 50°8y(y) = 18(y) y>b—m.

This is solved identically to (5.2), and we arrive at the solution

g(y) = cH(—g, @) for y>b—m.

o

So,
(- e
f(x) = a’ o

K—-x ;x<b

) ;x>b

where c is an arbitrary constant. Again, we mandate that the solution be C! at the
boundary b. Matching derivative and function value at the boundary point will
completely determine both ¢ and the boundary b.

All that remains is prove the optimality of the solution.
Theorem 5.3.1 (Optimality).

Suppose that the threshold b < % has been found such that the unique solution to

—ax fy(x) + %szxx(x) =rf(x) x>b

f(x)=K—-x x<b

is C* on its domain. Further, suppose that f(x) > (k — x)*. Then the solution f(x) and the

stopping time tp = {t > 0 : X, € D} correspond to the value function
V(x) = sup EX[e7"(K — X;)"]
and its optimal stopping time, i.e.,
fx) = V(x) = E[e"™(K = X¢))"].
Proof. To do this we will apply Ito’s formula (2.1.1) to e f(X;) to get

e f(Xp) = f(Xo) + ]0‘ e (Lx[f1(Xs) — rf(Xs)) ds + Martingale.
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We would like to show that
D(x) = (Lx[f1(x) = rf(x))ds
1
= —axfy(x) + EUfox(x) —rf(x)
<0.
From (5.3), we immediately see that ®(x) = 0 for x > b. When x < b we get
f(x) = (K—=x)and
D(x) = a(x —m) —r(K — x)
=(r+ax-rK

< (r+a)b— (rK + am)

rK + am

<(r+a) — (rK + am)
=0.
Next, observe that
e (K- X))" <ef(Xy) < f(Xo) + Martingale
and thus for any stopping time 7
EX e (K = Xen)'] < f()
and applying Fatou’s Lemma,

E[e™ (K= Xo)'] < f(x).

Finally we see that e (™" £(X, ;) is a martingale since ®(x) = 0 when in region C.
Further, it is bounded martingale since f(x) is a bounded function on C. So using

the optional sampling theorem (2.2.3) we get
Ef[e™™ f(Xop)] = E[e "™ (K = Xop) "] = f(x)

and optimality is proven. |
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5.4 The American Put in an Ornstein-Uhlenbeck Model with 2-State Markov

Modulation

Here we modify the model Ornstein-Uhlenbeck model and incorporate Markov
modulation

Xy = —a(&) Xdt + 0(&4)dBy,

where £ : Q) X [0, 00) — {1, 2} is a Markov chain defined by the infinitesimal gener-

Q= .
PP

The value of an American put is given by the optimal stopping problem

ating matrix

V(x, i) = sup E®[e b (K - X,)*].

The same procedure from section 5.2 will be followed to verify an optimal stopping
time of the form

T = 1nf{t >0: Xt < b(&)}
for two thresholds b(1) = d; and b(2) = d, and to show that

Lx:[VI(x,i) =r())V(x,i) for x>d,

Vix) =(K-x)" for x<d..

This leads to the ODE system

2
—a(i)x fo(x, 1) + %az(i)fxx(x, i)+ Z giif(x, j) = r()) f(x, i) x>d;

=1

flx,iy=K-x x<d,.

We will separate this into 3 regions supposing, with out loss of generality, that

d; > d,. The three regions to be considered are (-0, d,], (d,d1], and (d;, o). When
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x < d, we get trivially that f(x,i) = K—xfori=1,2. Whend, < x < d; we get that

f(x,1) = K — x and that f(x, 2) satisfies the following non-homogeneous ODE:
1
—a2)xfi(x,2) + E(;2(2) Fur(x,2) = (1(2) + A2) f(x,2) = —=Ax(K — x).

First, we solve the homogeneous equations exactly as in section 5.2 and arrive at

the solution

COM(1’2+A2 1 a2x2)+01xM(1’2+A2+057_ g 0(2.%2

20(2 ,2’ 0% 20{2 /2, G%

) for dy <x<d.

Next we find a particular solution of the form y; + y,x arriving at the full solution

of f(x,2) below d;

2 2
M(rz”2 1,85 ) + clxM(”Mzmz, 2, %) +y1+yx for dy<x<d

f (x,2) = 2a; 727 ? 2a, a2
K-x for x <d,

For x > d;, the problem becomes considerably harder. Here, both f(x,1) and

f(x,2) are unknown and we have the following 2 dimensional ODE

—a()xfe(x, 1) + %02(1)fxx(x, 1) = (r(1) + A1) f(x, 1) + A1 f(x,2) =0
—a2)xfr(x,2) + %GZ(Z)fxx(x, 2) = (r(2) + A2) f(x,2) + A2 f(x,1) = 0.

We will attempt to solve this ODE by the technique presented in section 5.2. Sup-

pose f(x,1) and f(x,2) have the following expansion above d;
flx,1) =

f(x,2) =
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Using these expansions in the first ODE yields

2

- X Z(k + Dagax* + il Z(k +2)(k + Dagxt — (1 + A1) Z ax + Z Aqbx
k=0

o0 52
Z( —arkaxk + —(k + 2)(k + 1)apsoxt — (rh + Al)akx + Abex )
k=0

Y ( —arka; + —(k +2)(k + Daagaz — (1 + Aay + Albk) x

k=0

Il
e

From this we get the recursive relation

2 (1”1 + A1 + 0(1k){1k — A1bk

2= T kv )+ 1)

and similarly
by = E (ro + Ay + azk)bk — Aoay
T2 k+2)(k+1)

This can be restated in matrix form

Cr2 = ArCi
where
[Zk 2 1 +/\12+k041 _ A_;
= d A= ——m— 7 7
Ci " an FE Rk D itk
k a3 a3
From this we get
n-1
Con = A | Co
k=0
n—1
C2n+1 = A2k+1 Cl-
k=0
If we let
Av=—2  A+kB
T+ 2)(k+1)
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where

1 +/\1 Al a1 0
2 2 2
A= 1 ! and B=] "1 ,
A r2+A O an
T2 2 a2
2 2 2

we have an elegant expression for Ci

B [H(A + kB)J Co
1

on 1 (2A + B
Cops1 = m (H ( + kB)) Ci.

k=0

C2n

Define

Aoy =

n n—1
(zzn)z H(A +kB)
n-1

2A+ B
Az = (2n +1 ! H( kB)

Let A,(i, j) represent the i, j element of the matrix A,. Now a compact form of

f(x,1) for x > d, is presented

flx, 1) = Z (Axn(1, ag + Ax(1, 2)bo) x* + x Z (A1 (1, Day + Apsr (1, 2)by) x*

= ag Z Ax(1, 1)x* + by Z Aor(1,2)x% + arx Z Ager1 (1, D + byx Z Aogs1(1, 2)x%
k= k=0 k=0 k=0
and similarly for f(x,2) when x > d,
f06,2) = a0 ) A2, 1) by Y A2, 23 4m1x Y Aokt (2, D +bix Y | A (2, 202,
k= k=0 k=0 k=0

Conjecture 5.4.1.

There exists an appropriate choice of the parameters {ay, a1, by, b1} such that

o Z Ax(1, 1)x* + by Z Au(1,2)x* + arx Z Ager (1, D + byx Z Ags1 (1, 2)x*
— k=0 k=0 k=0

o Z Ax(2, 1)x* + by Z Ax(2,2)x* + arx Z A1 (2, D + byx Z Aogs1(2, 2)x*
= =0 =0 k=0
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are bounded functions in R. With the appropriate choice of {ay, a1, by, b1}, we will rename
the above functions 11(x) and ,(x) respectively.

Relying on this conjecture, we have a solution bounded above d;

f(x, 1) _ ﬂ¢1(3€) x> dl

K—-x XSd1
and

blpz(%’) X > dl
f(xlz) — COM(r2+A2 1 a2x2) + ClxM (m/ %,az_xz) + Y1+ Y2x d2 <x< dl .

2090 7 27 U% 200 U%

K—-x xgdZ

We mandate that the solution be C! at the boundaries, and in so doing determine
all unknown parameters {4, b, ¢y, c1} and unknown boundaries d; and d,. We now
prove that such a solution is optimal.

Theorem 5.4.1 (Optimality).

Suppose that thresholds d, < dy < K have been found such that the unique solution to

2
QX )+ 20 O ful )+ Y o) = rflud) x>d (G4)
=1
flx,i)=K-x x<d;

is C! on its domain. Further, suppose that the following assumptions hold

1. f(x,i) > (k—x)*

2. f(x,iy<Mfori=1,2.

3. d; < =,
Then the solution f(x,1) and the stopping time t* = {t > 0 : X; < b(&;)} correspond to the
value function

V(x,i) = sup E¥)[e” I reess (K=X)"]
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and its optimal stopping time, i.e.,
Fli) = Vi) = BB (K - X)),
Proof. To do this we will apply Ito’s formula (2.1.1) to e~ b "% £(X,) to get

t
e b M £(X,) = f(Xo) + f e b T (L TF1(Xs, &) = 1(E) F(Xs, &) ds + Martingale.
0

We need to show that

D, i) = (Lx[f1x, 1) — r(@) f(x, 1)) ds

2
= —a(i)xfe(x, 1) + %o(i)zfxx(x, i) —r(i)f(x, i)+ Z giif(x, J)

=

<0.

From (5.2), we see that ®(x) = 0 for x € C = {(x,i) : x > b;}. When x € D = {(x,i) :

x < b} we get f(x) = (K—x) and

D(x, 1) = ax — ri(K = x) + Ai(f(x, 1) — (K = x))
< (ri+ap))x —ri K+ AM
< (ri+ap)d; —ri K+ AM
< (ri+ “i)M - 1K+ AM

it

=0.
Next, observe that
e h s (K — X))t < e” fyreos (X, i) < f(Xo, &) + Martingale
and thus for any stopping time 7

ECD[em b e (K — X, )] < f(x)
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whence by Fatou’s Lemma,
EC[em h (K — X)) < f(x).

Finally, we see that e~ b s f(Xea) is @ martingale due to @(x) = 0 in the region
C. Further, it is bounded martingale since f(x,1) is a bounded function on C. By

the optional sampling theorem (2.2.3) we get
E (i) [e foﬁ r(gs)dsf(XT*)] = EWi) [ fOT* r(cfs)ds(K _ XT*)+] — f(x, i)

which concludes the proof of optimality. m|
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