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ABSTRACT

THE GENERALIZED TWO-COMPONENT HUNTER-SAXTON SYSTEM

BYUNGSOO MOON, Ph.D.

The University of Texas at Arlington, 2013

Supervising Professor: Yue Liu

This thesis is concerned with the generalized two-component Hunter-Saxton
system. In the periodic setting, we study the wave-breaking phenomenon and global
existence for the generalized two-component Hunter-Saxton system. We obtain a
brief derivation of the model. We also briefly sketch a standard local well-posedness
result using Kato’s semigroup approach. We establish a wave-breaking criterion for
solutions and some interesting results of wave-breaking solutions with certain initial
profiles. We demonstrate the exact blow-up rate of strong solutions. Finally, we give

a sufficient condition for global solutions.

Key words and phrases : Generalized Hunter-Saxton system, Local well-posedness,

Blow-up, Wave breaking, Global existence.
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CHAPTER 1
INTRODUCTION

1.1 Motivation

In the last decades three integrable one-dimensional (with respect to the spa-

tial variable) nonlinear equations rose to prominence in mathematical physics: the

Camassa-Holm (CH) [4]
my +umg + 2u,m =0, m:=uU— Ugy, (1.1)
the Degasperis-Procesi (DP) [13]
my +umg + 3u,m =0, m:=u— Uy, (1.2)
and the Hunter-Saxton (HS) equation [21]
mey +umy + 2um =0, M= —Uy,. (1.3)

Of these, CH and HS are formally linked (the latter being the short-wave limit of the
first) but this does not mean that they present the same features. In recent years the
quest of two-dimensional generalizations was successfully pursued, with considerable
success for CH and DP, and to a lesser extent for HS. This gap is in some sense filled

by a study on the generalized two-component Hunter-Saxton system in chapter 2.

1.2 History and backgroud
1.2.1 Hunter-Saxton equation
The Hunter-Saxton equation
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was first derived in [21] as an asymptotic equation for rotators in liquid crystals. In

the literature, it also appears as following form

1
(up + uy)y = 5“3” (1.5)

which is an integrable PDE that arises in the theoretical study of nematic liquid
crystals.! Formally differentiating the above equation (1.9) with respect to the spatial
variable x, we obtain the Hunter-Saxton equation (1.8). Indeed, Hunter and Saxton

investigated a weakly nonlinear asymptotic solutions of the form
V(x,t;€) = Yo+ e (0,7) + O(e?), €0 (1.6)

to the nonlinear wave equation

Vi = c()[c(V)Vrle, (1.7)

where 0 = = — ¢ot, T = €t, and ¢ = ¢(¢p) > 0 is the unperturbed wavespeed. By
using (1.10) in (1.11) and equating coefficients of ¢ on both sides of the resulting

equation, we get
(V1 + ¢ (Vo) 1¢b1g)o = %Cl(%)lﬁm (1.8)
where " = d/dip. Assuming that /(1) # 0, the change of variables
u=C o), w=0, t=r,

to (1.12) produces into (1.9). In the Hunter-Saxton equation (1.8) or (1.9), x is
the space variable in a reference frame moving with the unperturbed wavespeed ¢q =

c(1), t is a time, and u(t, x) the perturbation in ¢ about some constant value 1) = ).

1One of the most common liquid crystal phases is the nematic. The word nematic comes from the
Greek (nema), which means “thread”. This term originates from the thread-like topological defects

observed in nematics, which are formally called ’disclinations’.
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The Hunter-Saxton equation also arises in a different physical context as the
high-frequency limit [12, 22] of the Camassa-Holm equation for shallow water waves
[4, 25] and a re-expression of the geodesic flow on the diffeomorphism group of the cir-
cle [11] with a bi-Hamiltonian structure [21, 42] which is completely integrable [1, 22].
The initial value problem for the Hunter-Saxton equation on the line (nonperiodic
case) and on the unit circle was studied by Hunter-Saxton [21] using the method of
characteristics and by Yin [48] using the Kato semigroup method. Moreover, the two
classes of admissible weak solutions, dissipative and conservative solutions, and their
stability were studied in [2, 3, 23]. Lenells [32] verified that the Hunter-Saxton equa-
tion also describes the geodesic flows on the quotient space of the infinite-dimensional

group D?*(S) modulo the subgroup of rotations Rot(S).

1.2.2 Two-component Hunter-Saxton System

The two-component Hunter-Saxton system

Utzr + 2uxua::r: + Ulggy — PPz = 0;

(1.9)
pe + (pu). =0,

which is a generalization of the Hunter-Saxton equation modeling the propagation of
weakly nonlinear orientation waves in a massive nematic liquid crystal (see Hunter
and Saxton [21] for a derivation, and also [1, 2, 3, 48]). The two-component Hunter-

Saxton system also arises in the short-wave (or high-frequency) limit
(t,x) — (et,ex), €0
of the two-component Camassa-Holm system [7, 15]

Up — Uggy + BUUI - 2uxux:c — Ulgze + PPz = 07

pr+ (pu)x =0,



derived from the Green-Naghdi equations [16], which are approximations to the gov-
erning equations for water waves. The main motivation for seeking and studying such
systems lies in capturing nonlinear phenomena such as wave-breaking (see Figure 1.1)
and traveling waves [10, 37, 38] which are not exhibited by small-amplitude models
[10]. Furthermore, the two-component Hunter-Saxton system is a particular case of
the Gurevich-Zybin system [18] pertaining to nonlinear one-dimensional dynamics
of dark matter as well as nonlinear ion-acoustic waves (cf. [43] and the references
therein).

It was noted by Constantin-Ivanov [7] that the Hunter-Saxton system is formally
integrable with a bi-Hamiltonian structure as it can be written as a compatibility

condition of two linear system (Lax pair) with a spectral parameter (:

U, = ( - CQPZ + Cm)\lla

v, = (% — u)\Ifx + %ux\ll, m = —Ugy,

and allows for peakon solutions. Moreover, Lenells-Lechtenfeld [34] showed that it
can be interpreted as the Euler equation on the superconformal algebra of contact
vector fields, which is in accordance with the well-known geometric interpretation
of the Hunter-Saxton equation as the geodesic flow of the right-invariant metric
< f,g >= fS fzg:dx on the space of orientation preserving circle diffeomorphisms
modulo rigid rotations [28, 31, 33, 34] (see also [8, 9, 11, 30, 36| for related geodesic
flow equations). Its local well-posedness, global existence and blow-up phenomena
were discussed recently in [45]. Moreover, Wu-Wunsch [44], and Liu-Yin [35] gave
sufficient conditions for the global existence of strong solutions to the Hunter-Saxton
system. On the other hand, Escher [14] gave geometric meaning to the two-component
Hunter-Saxton system, which is used by Wunsch [47] to show that there are global

conservative solutions. Kohlmann [29] further elaborated on the geometric interpre-
4
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Figure 1.1. Wave breaking phenomena with velocity ¢ > 0.

tation of the two-component Hunter-Saxton system. Finally, Wunsch [46] proved that
there are global dissipative solutions to the two-component Hunter-Saxton system on

the real line.



CHAPTER 2

GENERALIZED TWO-COMPONENT HUNTER-SAXTON SYSTEM

2.1 Introduction

We are concerned with the initial value problem associated with the generalized

periodic two-component Hunter-Saxton system

’

Uppr + 20UpUpy + OUUGy — PPz + Au, =0, >0, xR,
pr+ (pu)s =0, t>0, x€cR,

e (o) (2.1)
u(t,z+1) =u(t,z), plt,x+1)=p(tx), t>0, xR,

U(O,.CE) = UO(l’), p(O,SE) = pﬂ(m)a S R,

where o € R is the new free parameter, and A > 0. System (2.1) is the short-wave

(or high-frequency) limit

(t,x) — (et,ex), e—0

of the generalized two-component Camassa-Holm system (gCH2) established in [5]

which can be derived from shallow water theory with nonzero constant vorticity by

using Ivanov’s modeling approach [24],

my — Auy, + 0 (2mug + umyg) + 3(1 — o)uu, + ppe =0, M 1= U — Uy,

Pt + (pu)w = 07

or equivalently, in terms of v and p,

U — Upgy — Aty + 3utty — 0(2UpUyy + Ulyyy) + ppe = 0,

Pt + (pu)x =0,



where u(t, x) represents the horizontal velocity of the fluid, and p(t, z) is related to the
free surface elevation from equilibrium (or scalar density) with the boundary assump-
tion, v — 0, p — 1 as |z| — 0o. The parameter A > 0 characterizes a linear underlying
shear flow so that the two-component CH system models wave-current interactions.
The real dimensionless constant ¢ is a parameter which provides the competition, or
balance, in fluid convection between nonlinear steepening and amplification due to
stretching. The main motivation for seeking and studying such systems lies in cap-
turing nonlinear phenomena such as wave-breaking and traveling waves [10, 37, 38]
which are not exhibited by small-amplitude models [10]. Another heuristic motiva-
tion for studying the generalized Hunter-Saxton system comes from its analogy with
hydrodynamically relevant equations (e.g., the incompressible vorticity equation in
three space dimensions), in which the interplay of convection (ut,,,) and stretching
(uzug,) is crucial for the creation of spontaneous singularities or boundedness [40].
Similarly to [39, 41], the size of the stretching parameter ¢ will illustrate the inherent
importance of the convection term in delaying or depleting finite-time blow-up.
Notations. Throughout this chapter, S = R/Z shall denote the unit circle. By
H*(S), s > 0, we will represent the Sobolev spaces of equivalence classes of functions
defined on the unit circle S which have square-integrable distributional derivatives up

to order s. The H*(S)-norm will be designated by || - |

gs and the norm of a vector

v e HS) x H*"Y(S) will be written as ||v|

He(s)xHs—1(s)- Also, the Lebesgue spaces
of order p € [1,00] will be denoted by LP(S), and the norms of their elements by

| fllLr(s)- Finally, if p = 2, we agree on the convention || - || := || - || z2(s)-



2.2  Preliminaries

In this section we first present the derivation of our model which is the short-
wave limit of the generalized two-component Camassa-Holm system (gCH2) [5]. Then
we will apply Kato’s theory to establish the local well-posedness for the Cauchy prob-

lem of system (2.1) and we briefly give the needed results to pursue our goal.

2.2.1 Derivation of the model equations

Most recently, the generalized two-component Camassa-Holm system (gCH2)

Up — Upgy — 20Uz Uy — OUUgzye + PPe — Aty + 3uu, = 0,
(2.2)
P+ (pu)x =0,

was derived in [5] by using Ivanov’s modeling approach [24]. Here we consider the

short-wave limit of the gCH2 equation. Let

and expand u and p in power series in € as follows,

u =€ (up + eus + euy + O(€%)), (2.4)

p=e€(po+epr + €p2 + O(€%)). (2.5)

Then we have

Using (2.6) in (2.2), we get

€Ur — e_luTCC — 206_3u§u<4 — 06_3uu<<< + e_lppC — Ae_1u< + 36_1UUC =0,

epr + € H(pu)e = 0.
(2.7)



Applying the series (2.4), (2.5) to equation (2.7), we obtain the following partial

differential equation for ug and py in the lowest order in e:

— Uor¢¢ — 20”LL0<u0CC — OUUp¢¢e + PpPo¢ — AUOC = 07 (2 8)

por + (poto)¢ = 0.
Writing the above equations (2.8) in terms of the original variables t and z, we obtain

the following generalized two-component Hunter-Saxton system (2.1):
Utz + 20UgUpy + OUUpy — PPz + Au:c = 07

pe + (pu)e = 0.

2.2.2  Local well-posedness

We now provide the framework in which we shall reformulate (2.1). In order
to do this, we observe that we can write the first equation of (2.1) in the integrated
form

1
Upy + %uxz + oUULy — §p2 + Au = g(t), (2.9)

where g(t) is determined by the periodicity of u to be

g(t) = — /S (%M + %,02 - Au) dx. (2.10)

Integrating both sides of (2.9) with respect to variable x, we obtain

1
uy + ouy = 0" (%u§+§p2 —Au—l—g) + h(t), (2.11)

where 071 f(z) == [ f(y)dy and h(t) : [0,00) — R is an arbitrary continuous func-

tion. Thus (2.1) can be written in the following ”transport” form:

(

1
ut—l—auuw:8;1<%ui+§p2—14u+g>+h(t), t>0, zeR,
Pt + UPy = —Uyp, t>0, zekR,
(2.12)
U(O,CL') = UO('x)’ p(O,x) = PO(I)> r eR.

\
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Next, we will apply Kato’s theory to establish the local well-posedness for sys-
tem (2.1). For convenience, we state here Kato’s theory in the form suitable for our

purpose. Consider the abstract quasi-linear evolution equation

d

d_:f) + A = f(v), t>0, v(0)=wv. (2.13)
Let X and Y be Hilbert spaces such that Y is continuously and densely embedded in
X and let @ : Y — X be a topological isomorphism. Let L(Y, X) denote the space of
all bounded linear operators from Y to X (if X =Y, we use L(X) := L(Y, X)). We

assume that

(1) A(y) € L(Y, X) for y € X with
IA(Y) — A@)wllx < mlly = zlxllwlly, v,zweY,

and A(y) is quasi-m-accretive !, uniformly on bounded sets in Y.
(i) QA(y)Q™' = A(y) + B(y), where B(y) € L(X) is bounded uniformly on

bounded sets in Y. Moreover,
I[B(y) — B(z)|wlx < pelly —zly[wlx, w,z€Y, welX

(27i) For each y € Y, t — f(t,y) is continuous on [0,00) to X. For each t € [0,00),
f(t,y) : Y — Y and extends also to a map from X into X. For each t € [0, 00),

f is bounded on bounded sets in Y, and

1Fy) = FEy < pslly = =2lly, w2 €Y,

1f (W) = f)lx < pally = 2llx, y,z€Y
LA(y) € G(X,1, ), where G(X, 1, /) denote the set of all linear operators A in X such that —A

generates a Cp-semigroup {e *4} with [|e™*4|| < ef*,0 <t < occ.

10



Here p, o, and pus depend only on max{|ly|ly, 2|y}, and ps depends only on
max{||y||x,||z||x}. With these conditions, we can state Kato’s theory.
Proposition 2.2.1. [27] Given the evolution equation (2.13), assume that the condi-
tions (i), (i), and (iii) hold. For a fivred vy € Y, there is a mazimal T > 0 depending
only on ||vglly and a unique solution v to the abstract quasi-linear evolution equation
(2.13) such that

v=uv(-,v) € C([0,T);Y)NCY[0,T); X).

Moreover, the map vy — v(+,vg) is continuous from Y into

C([0,7);Y) N CY([0,T); X).

u
In order to make Kato’s theory applicable to (2.1), let us write z:=
p
Define
oud, 0
A(z) =
0 ud,
and
ot (gug + 3p° — Au+ g(t)> + h(t)
f(z) = ,
so that (2.1) becomes the abstract evolution equation
(
d
=+ Az = f(2)
2.14)
ug(x (
2(0,2) = o(a) = |
\ po(z)
) A O
Set Y = HSx H', X = H*' x H"2 A = (1 —9%)2, and Q =
0 A

Obviously, @) is an isomorphism of H* x H*~! onto H*"! x H*2. In order to prove
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the local well-posedness for system (2.1), we only need to verify A(z) and f(z) satisfy

the conditions (i) — (7).

Uo
Theorem 2.2.1. Given any Xo = € H*(S) x H*7\(S), s > 2, there exists a
Po
u
mazimal T = T(o, A; || Xo || gss)xzs-1(s)) > 0, and a unique solution X = to
p

(2.1) such that

X = X(, Xo) € C(10,7); H(S) x H*(8)) N C1([0,T); H*(S) x H*2(S)).
Moreover, the solution depends continuously on the initial data, i.e., the mapping
Xo— X (-, Xo) : H5(S)x H71(S) — C([0,T); H(S)x H*X(S))NC ([0, T); H*~1(S) x
H*7%(S)) is continuous and the mazximal existence time T can be chosen independently
of the Sobolev order s.

The following lemma will facilitate the required computations.

Lemma 2.2.1. [26, 48] Let r and t be real numbers such that —r <t <r. Then

, 1
e, if v

1 gllme < cllf]

Hr
where ¢ is a positive constant independent of f and g.

Proof of Theorem 2.1. Similar to proof of local well-posedness in [15], we are going

to verify conditions (), (i), and (4i7).

u v wy
Claim (i) : Let z = Y = w = € Hx H' s > 2.
P H Wa
o(v—u)0, 0 wy
[Ay) — A = 7
0 (v —u)0, Wa




Then we have

I[A(y) — A(2)|w]|| grs—1 x prs—2

<|lo(v — u)dpw |

-1+ || (v — w)Opws|

Hs—2

Hs—2

< ollv = ul|gs-1]|Opwr || zrs—1 + ||v — u|| grs—1]|Optws]

< col|lv — ul|gs(||wr || gs + [|we||gs-1)

< plly = 2l ms-rxms—2||wl s x s

Taking 2=0 in the above inequality, we obtain A(z) € L(H® x H*™', H*™! x H*7?).
Claim (ii) : Let B(y) := QA(y)Q' — A(y) withy € H* x H*"',s > 2.
For z,y € H* x H* ' and w € H* ' x H*72 5> 2,
[B(y) - B(Z)]w = [Aa U(U - u)ax]A_lwl + [A> (U - u)@x]A_le,
Then we have

I1B(y) — B(2)]w]

< IASTHA, o (v — w) O ) A wn || g2 + |AST2[A, (v — u) O] A ws | 12

Hs—1xHs—2

< ATHA o (v = )] ATl ee) |AT 205w | 2

+[IATZA, (v — )] A e [|A* 2Oy 2

S N2||y - Z’ HsxHs—1 “w| Hs—1xHs—2.

Taking z=0 in the above inequality, we obtain B(y) € L(H*™! x H*™?).

13



Claim (7i7) : For any two vectors z = Y = € H® x H 1,

1f () — f()| oscze—r

< 10: 1207 )+ 32— 77) — Al — w)]

g _ 1 — n
< o 2 )l + 5007 = ) + 4100 = )l

e A || e — pug] o

+ || vz — pig]| s

o]
< 7”%2; — |

-1+ Allv — u|

1
He-1 + §||M2 A

Hs—1

v = wallme-r + 1 = p)uell s

lo
<o+ u

1
v —ullgs + 5Hu+p!

el = pll s
- Allo = ullyes + il o = wllis + lull el = pll o
< pslly = 2l g xms—1,

HsxHs—1, ||Z| Hsx Hs—1. Taklng y - 0

where the constant u3 depends only on o, A, ||y|
in the above inequality, we obtain that f is bounded on bounded set in H® x H*™ 1.

For the last estimate, we similarly compute

Hf(y> - f(z>||H3*1><Hs—2

g _
<jorr — ) o

1,
s+ 51070 = )

+ A0, (v —u)l

Ho—1 + || pve — pug || gs—2

o 1
< s 0 = P+ Al

+ (v = w)el|ms—2 + || — p)ts|| s

14



o] 1
< 7”” + ullgsrllo = ull s + 5“# + pllga-2llp = pllgs-
Allo = ull e + Nallse-allo = wllmeos + allems o — e
< pally = 2|l ms—1xms—2,
where g = pg(o, A, |yl gs—1xms-2, || 2] gs—1xms—2). Thus the proof is complete. O
2.2.3 Key estimates
U
Given any initial data X, = € H*(S) x H*71(S) with s > 2, Theorem
Po

2.1.1 ensures the existence of a maximal T' = T'(o, A; [| Xo|| gs(s)xa+-1(s)) > 0 and a
u

unique solution X = to (2.1) such that
p

X = X(-, Xo) € C([0,T); H*(S) x H*"Y(S)) N C([0,T); H*\(S) x H*2(S)).

Now, consider the initial value problem for the Lagrangian flow map:
8—90 =u(t,p(t,x)), te€l0,T),
ot (2.15)
©0(0,2) =z, z e R.
where u denotes the first component of the solution X to (2.1). Applying classical
results from ordinary differential equations, one can obtain the following result on ¢
which is crucial in the proof of the blow-up scenarios.
Lemma 2.2.2. Let v € C([0,T); H*) N CY([0,T); H*™'), s > 2. Then initial value
problem (2.15) admits a unique solution ¢ € C([0,T)xR;R). Moreover, {p(t, ) } e

1s an increasing diffeomorphism of R with
0u(t,x) = eomaremaldr 5 0 (¢ 2) €[0,T) x R. (2.16)

Proof. Since u € C*([0,T); H*~') and H*(S) — C(S), we see that both functions

u(t, ) and u, (¢, z) are bounded and Lipschitz in the space variable z, and of class C"*
15



in time. Therefore, for fixed x € R, (2.15) is an ordinary differential equation. Then
well-known classical results from ordinary differential equation tell us that (2.15) has
a unique solution (¢, z) € C'([0,T) x R;R).

Differentiation of (2.15) with respect to z yields

d
a%px = ux(ta go(t,x))gox, te [07 T)

(2.17)
0 (0,) =1, r e R.

The solution to (2.17) is given by
0u(t, z) = el ua(reald 0y e 0, T) x R. (2.18)
For every Ty < T, it follows from the Sobolev imbedding theorem that

sup  Jug(T, )| < o0.
(m,2)€[0,Tp) xR

We infer from (2.18) that there exists a constant M > 0 such that
paltr) > M (12) €[0,T) xR,
which implies that the map ¢(¢,-) is an increasing diffeomorphism of R with
0u(t, z) = elouereraddt o (4 2y € [0,T) x R.
This completes the proof of Lemma 2.2.2. O

Remark 2.2.1. Since ¢(t,-) : R — R is a diffeomorphism of the line for every
t € [0,7), the L*-norm of any function v(t,-) € L>*, t € [0,T) is preserved under

the family of diffeomorphisms ¢(t,-) with t € [0,T), that is,
[o(t, )|z s) = ot ot )llLe), te[0,T).
Similarly, we have

info(t,z) = infu(t, o(t, z)), tel0,7),

€S €S

supu(t, z) = supv(t, o(t, 7)), te[0,T).
€S €S

16



Lemma 2.2.3. Suppose that o € R. Let X = be a smooth solution to (2.1).
p
Then
d 1-— 1
—g(t) = (1=0) /uprdx +A/8 >+ =p® — Au +g>da: + Ah(t) (2.19)
dt 2 S 2

Proof. By using (2.9)-(2.11), we have

90 = (= [ (Gt - ac)as)

= —U/uxumdx— /pptdm+A/utdx
S S

1
= —a/ux< - zui — Uy + =p° — Au + g) dr + /p(pu)zdx
s 2 2 s

+A/S[—auuz+@ <2ux+;p Au+g>+h(t)]da:

2
= J—/uidx+02/uuxumxdx - z/upodx%—aA/uumdx — Ug(t)/uxd:r
2 S 2 Js S S

1
+/ (pu), da:—aA/uuxda:—l—A/ﬁ ux+2p2_Au+g>dx+Ah()

:_g/uxp d:v—/pzpudx—i—A/@ ( ux—i-lp —Au—I—g)dm—i—Ah(t)
2 Js 2
(1—o)

1
5 /Suxpder /Sax <2u1,+2p u+g>dx+ h(t).

O

Remark 2.2.2. In particular, if (o, A) = (1,0), then Lq(t) = 0, which implies that

the system enjoys a conservation law, namely,

olt) = 9(0) = = [ [, + s8] do (2.20)

1s constant for all t > 0.
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u
Lemma 2.2.4. Let Xo = | | € H*(S) x H*X(S), s > 2, and let T be the
Po
u
mazximal ezistence time of the solution X = to (2.1) with initial data X.
p

Then for allt € [0,T), we have the following conservation laws:
/p(t,:c)d:c = /po(a:)dx, (2.21)
S S
/ [ui(t, T) + p2(t, x)] dr = / [uggc(x) + pg(x)} dzx. (2.22)

S S

Proof. Integrating the second equation in (2.1) by parts, in view of the periodicity of

u and p, we get

d

L pde = — da = 0.
G [ote == [(wp)dz =0

On the other hand, multiplying the equation in (2.9) by u, and integrating by parts,
in view of the periodicity of u, we get

d

7 Suidw = —Q/Suppxdx.

Multiplying the second equation in (2.1) by p and integrating by parts, we have

d 2
— de =2 L dT.
o S,0 x /Supp x

Adding the above two equations, we obtain

dit S[ui—i—pﬂdmzo.

This completes the proof of Lemma 2.2.4. O

For the sake of convenience, let

By = /S [2(t,) + P2t 2)] do = / (W2, (a) + p3(x)] de, (2.23)

S

E, :/p(t,x)dx:/po(x)da:. (2.24)

Then Ey and E; are constants and independent of time ¢.
18



u
Lemma 2.2.5. Let Xo = | | € H*(S) x H*X(S), s > 2, and let T be the
Po
u
mazximal ezistence time of the solution X = to (2.1) with initial data X.
p

Then we have

/SUQ(t,a:)da: < eCQt(l + /Sug(x)dx>, vVt € [0,7), (2.25)

where C1 = max(|o|,1)Ey + sup |h(t)| >0, Cy = C; + 4A.

te[0,00)

Proof. By direct computation with conservation law Ej, we have

8(u—|—1 —Au+>+h()‘ /10 12 Aust ‘da:+|h()\

1 1
< g max(lol, DBy + lg(0) + b@)] + 4 [ Julds
0
< max(|o|, 1) By + |(1) +2A/|u|d:z:
S

< max(|o|,1)Ey+ sup |h(t )|+2A/\u|d:v
S

te[0,00)
=C1 + ZA/ |uldz, (2.26)
S
where C} = max(|o|,1)Ey + sup |h(t)| > 0, and
te[0,00)
o 5 1
|g(t)|:)— (2 u+ 50" —Au)dx‘ <= max(ya| DB +A [ fuldr. (2:27)
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Multiplying equation (2.11) by w and integrating with respect to z, in view of the

periodicity of u and (2.26), we obtain

1d
24t Js
:/uutdx
s
= _U/Suxlﬂdx + /Su[axl (%ui + %pZ — Au+ g) + h(t)]dx
= /u[@f(%ui + %pQ — Au +g> + h(t)}dx
s

2
< (a +2A/\u|d:c) /|u|d:c < C’l/|u\da:+2A(/|u|dx> | (2.28)
S S S S

By using the Cauchy-Schwarz inequality, we have

u?(t, v)dw

1d 2 Gl 2 Ol 02/ 2 Cl
—— t,x)de < (— +2A d — = d — 2.2
5 % Su(,x)x_<2+ )/Su I+2 5 Su x+2, (2.29)

where Cy = C; + 4A, note that Cy > C.
By Gronwall’s inequality, we get
2 Cot 2 Ch Cy Cot 2
u(t, x)de < e™? ( ug(x)dr + —) — = < e™? ( ug(x)dr + 1>. (2.30)
s s G/ O s

This completes the proof of Lemma 2.2.5. O]

Lemma 2.2.6. Assume that uy € H*(S), s > 2, ug # 0, and the corresponding

solution u(t,x) of (2.1) has a zero for any time t > 0. Then for allt € [0,T) we have

/uz(t, x)dr < Ey. (2.31)
S

Moreover, if u(t,z) is odd with respect to x, we also have (2.31).
Proof. By assumption, there is z¢ € [0, 1] such that u(t,z¢) = 0 for each ¢t € [0, 7).
Then for x € S we have

T 2 T
u?(t,r) = (/ uxdx) < (xr— 930)/ uldr, x € [xg, 20+ 1/2].

zo

20



This implies

/uidw.
]

|

supu?(t, ) <
€S

Using conservation law Fj, it follows that

1
/uZ(t,x)d:c <supu’(t,r) < —/uidw < / [u + p°] dz = E,.
s zeS 2Js S

Since u(t, x) is odd with respect to x, we have u(t,0) = 0. Thus, if we set zy = 0,

then we also have (2.31). This completes the proof of Lemma 2.2.6. O]

2.3 Wave-breaking criteria
In this section, we present the wave-breaking criteria for solutions to (2.1) by

using transport equation theory. We first recall the following propositions.

Proposition 2.3.1. [17] (1-D Moser-type estimates). The following estimates hold:

(1) For s > 0,
1f9ll @ < CUIfl e llgllm@ + [1f 1@l gllem)- (2.32)
(ii) For s > 0,
1fOugll ) < CUf e @)l|02gll s @) + || flrs+1 () |9l 2o (R))- (2.33)
(111) For s; < %, Sg > % and s1 + s9 > 0,
1f gl @) < Clf o @llgllas @), (2.34)

where C'’s are constants independent of f and g.
Proposition 2.3.2. [17] Suppose that s > —%. Let v be a vector field such that Vv

belongs to L'([0,T); H*™') if s > 1+ ¢ or to L'([0,T); H% N L) otherwise. Suppose
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also that fo € H*, F € L*([0,T]; H®) and that f € L>([0,T]; H*)NC([0,T]; S") solves
the d-dimensional linear transport equations
8tf +v- Vf = F,

flt:O = f0~

(T)

Then f € C([0,T]; H®). More precisely, there exists a constant C' depending only on

s, p and d such that the following statements hold:
(1) If s #1+ 4,

s s + F(D) || gsdr + C V(T )| gsdr )
or,

1l < eV O (16 o). (2:36)

t
Hs+l/‘e-CV“wu«Tﬂ
0

with V(t) = [ [|Vu(7)]
(2) If f =wv, then for all s > 0, the estimates (3.4) and (3.5) hold with V (t) =

Iy 10zu(T) || edr.

Proposition 2.3.3. [17] Let 0 < s < 1. Suppose that fy € H*, g € L'([0,T]; H®),

drif s<1+% and V(t) = fg |Vo(7)|| gs—1dT. Else,

d
H2NL*>

v, Opv € LY[0,T]; L) and that f € L>([0,T]; H*) N C([0,T);S") solves the one-
dimensional linear transport equation
atf+v'8xf:g7

f‘t:O = fo-

(T)

Then f € C([0,T]; H?). More precisely, there exists a constant C' depending only on

s such that the following statements hold:

WW+CAHﬂﬂMW%Wﬂ (2.37)

w+ [ ot

/]

e < | fol
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or,

11l < <O (ol +C [ lo(r) i) (2.39)

: t
with V(t) = [ ([[v(7)]|zee + [|0p0(7) || o )dT.

The above proposition was proved in [42] using Littlewood-Paley analysis for
the transport equation and Moser-type estimates. Using this result and performing

the same argument, we can obtain the following blow-up criterion.

U, u
Theorem 2.3.1. Let Xo= | | € H*(S)x H*"\(S) with s > 2, and X =

Po P
be the corresponding solution to (2.1). Assume T > 0 is the maximal time of existence.

Then
T
T < = / |0xu(T)|| Lo dT = 00. (2.39)
0

Proof. We shall prove this theorem by an inductive argument with respect to the
index s. To this end, let us first give a control on ||p||z~ and ||| ze.

In fact, applying the maximal principle to the transport equation about p,
Pt + upy + puy = 0, (2.40)

we have
t
o)L < lpollze +C/ |Ozull e[| oo dr.
0

A simple application of Gronwall’s inequality implies
t
lp()l| o < [lpol| e o I10mullzecdr, (2.41)

Now let us concentrate our attention to the proof of Theorem 2.3.1. This can be

achieved as follows.
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Step 1. For 2 < s < 3, applying Proposition 2.3.3 to the transport equation

with respect to p,
Pt + upy + puy = 0, (2.42)

we have

t t
o6 < loalle—s + C [ llodyullnoadr +C [ lolles(lullm + forul)ir
0 0

Using (2.32), one has
lpOxull o2 < Cl[pll o2 |Oxte]| oo + [|Oxte]| o2l pl| o< ) (2.43)

Therefore, we have

t
o) zo=> < [lpol| o2 +0/0 1Ouu(T) [ o=l p(T)l[ L d

w0 [ otr)

By differentiating (2.42) once with respect to x, we have

Oypr + w0 (pr) + 2ugpy + ptize = 0. (2.45)
Proposition 2.3.3 applied to (2.45) implies that

t
o2 (@)l -2 < llpoall e + C/ 1(2uapz + pOatia) (T)| o—2dT
0

o2 ([[u(r) || oo + | 0pu(T) || e )dr

t
e / 1pa(7)]
t
H52+c/ (1]
0

< llpo.e] ae + lollms=) (llell e + 00wl + ||o L) dr,
(2.46)

where we used (2.33) :

[uapell < C(]|0wul

aet ol oe + 102p | o1 [t | o)
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and

lpOzua|| < C(]|p]

H571||833U||L00 + Humm| H5*2||p||L°°)'

On the other hand, Proposition 2.3.2 applied to the equation about wu,

0 9

1
S+ 5 — Au+g) + (),

uy + ouny = 0" (
implies (for every s > 1),

dr

Hs

o0l < ool +C [0 (502 + 567 = u+g) + 1)

+ C/Ot ||u(7)

Using (2.32), one has

Opu(T) || oo dr.

[

/O 1
ax1<2 m+2p2—Au+g)+h( )HH

1
<CH 2_ 4 H B e
Tt ot Autgl 4 )

< Cllowullzr=rllOzulloe + lpllare—rlipllze + el + lg(r)]) + max ()]

Cl|0zull r=—1110sull Lo + lpll =1l pll e + Null g 4+ [g(T)] + Tgl[gtg)lh(ﬂl)-
From this, we obtain

w [ )

el liedr +C [ (9] + ma 0. 47

[u(®)]

Opu(T)|| e + 1)dT

ms < [Juol [ 225 (

t
+C [ lp(r
0

which together with (2.44) and (2.46) ensures that

[u@)lzs + Np@) -1 < lluollzs + llpol

w0 [ (I

m4+cl<m )+ max [h(r)])dr

r€[0,T)

e+ 1)) () e + 10Tl + (7)o + 1) d
(2.48)
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Using Lemma 2.2.5, we can compute

[ Qo)1+ mas b)) ar] < (oto)] + max (o)t

< {01 +A(1 +/u2d:v)}t

S

< {01 + A+ Ae®(1+ /ug(:c)d:c) }t
S

< {Cl + A+ AT (1+ /ug(x)dx)}T,

S
where C' and C5 are given in Lemma 2.2.5.
Set K = K(Cy, Cs, A, |uol, T) := {01 + A+ AT (14 |, ug(x)dx)}T.

Using Gronwall’s inequality, one can see

[[u(@) [ s + [lp(#)]

< (Jluol et + I ) eC I Ol poe-+H0:u( oo HIp(r 1o +Didr (2.49)

Hs—1

#s + ol

Using the Sobolev embedding theorem H* < L* (for s > 3), we get from (2.23) and
(2.25) that

i < Cllulln < €( [+ 2+ i)

< C(/uzd:c—i—Eo)% < C(ec"’t(l—i-/ug(w)dw) +Eo>§
s

S

1
< 0(602T(1+ uol]) +E0)2 = K\(C, Cs, |luoll, Eo, T),  (2.50)
which together with (2.41) and (2.49) implies that

[u(®)]

< (lluol

we + [|p(0)]| o

1+ || poll zre—t + K)ec‘s(tﬂ)exp{cfé 10u(r)lzoodr} (2.51)

where C35 = C3(K7, ||po|r=)-
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Hence, if the maximal existence time 7' < oo satisfies fOT |0zu(7)||LedT < 00,

we obtain from (2.51) that

lim sup([[u(t) || + [|p(t)]

t—T

Hs—1) < 00 (2.52)

contradicts the assumption on the maximal existence time 7" < oo. This completes

the proof of Theorem 2.3.1 for s € (2, 3).

Step 2. For s € [2, g), applying Proposition 2.3.2 to the transport equation

(2.42), we have

L>*NH?2

t t
HMWWlSWWW1+C/HMWMHW+C/HMmd@MI dr
0 0

(2.44)(where s — 2 is replaced by s — 1) applied implies that

()]

Hs-1 S ||p0| H571||axu||LoomH%dT7

t t
H“+c/u@mmmﬁmm+o/nm
0 0

which together with (2.47) yields

lu(®)]

w1 < Juollms + lpoll s + K

ue + [|p(t)]
+ C/O (lu) s + () =) (ull 31 + o) [z + 1) dr,

with 0 < ¢ < %, where we used the fact Hzt® —s [* N Hz. Applying Gronwall’s
inequality gives

t
)60 Jo (el 340 +Hp(7')”L°°+1)dT.

lu@)llzs + o= < (luollzs + llpoll e + K
(2.53)
Therefore, using the uniqueness of the solution in Theorem 2.2.1, (2.11) and (2.52),

we get that: if the maximal existence time 7" < oo satisfies fOT |0xu(T)|| LedT < 00,

then (2.53) implies that

tim sup ()] = + [lo(t) 15:-1) < o0 (2.54)
t—
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which contradicts the assumption on the maximal existence time 7" < oo. This com-

pletes the proof of Theorem 2.3.1 for s € |2, g)

Step 3. For s = k € N, k > 3, by differentiating (2.42) k — 2 times with respect

to x, we have

Q0o+t p) 4 Y Cond 0 gt p0,(05 ) = 0. (2.59)

l1+lo=k—3, 11, 12>0

Applying Proposition 2.3.2 to the transport equation (2.55), we have
105 ~2p(t) |
t
< 195 2polln +C/ 10572 p(T) |z [ Oau(T)], o i AT
0

L>*NH?2
t
0

Since H! is an algebra, we have

S Cundt it p0u(0E ) (7)| ar

l1+l2=k—3, 11, 12>0

102 (05~ )l < Cllpll 105 ull i < Cllpllgza e

and
H Z Ol1,528i1+1uafcz+lp’ N
l1+lo=k-3, 11, 12>0 H
<C > Cry o 105 i 02 pll an < Cllwl o= [l ol o1
l14+l2=k—3, 11, 12>0
Therefore,
1052 p(t) || 1
t
< (1852 pollar + C/ (lullzrs + Npllezs—) (llullzs—r + ol ) dr (2.56)
0

(2.56), together with (2.47) and (2.44) (where s — 2 is replaced by 1), implies that

[u(®)]

Hs + ||p0| Hs—1 + K

=) ([lu(7))]
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Applying Gronwall’s inequality yields
“U(t)HHS + ||p(t)||Hs—1 < (HUOHHS + HPOHHS—l + K)ecfg(”u”H‘Sfl+||pHH1+1)d’T. (2.57>

Therefore, if the maximal existence time 7' < oo satisfies fOT |0xu(T)||pedr < o0,

using the uniqueness of the solution in Theorem 2.2.1, we get that

[u(®)]

me1 + || p(t)]|

is uniformly bounded by the induction assumption, which together with (2.57) implies

limsup([lu(t) [z + |p(¢) || 7r=-1) < o0.
t—T

This leads to a contradiction.

Step 4. For k < s < k+ 1 with kK € N, k > 3, by differentiating (2.42) k — 1
times with respect to x, we have
00" 4+ ud (9" 1) + > Cl, 1,01 ud2t p 4 pd, (0¥ 'u) = 0. (2.58)
l1+lo=k—2,11,12>0

Proposition 2.3.3 applied again implies that

1077 p() s < 1105 pol

t
o+ C / 105 o)l ([Pl = + 10pa(r) o)

dr.

Hs—k

+ C’/t H < Z Cru allﬂualﬁlp + po (ak_1“)> (7')‘
0 1,2~ x x T z

l1+lo=k—2,11,12>0

Using (2.33) and the Sobolev embedding inequality, we have Ve, € (0, 3)

102 (05~ )|

we-r < C(lpllz=ll0yul

wo-r ol s |05 o)

< C(llpll=llulls= + ol

el yi)
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and

l1+1,, qla+1
| > cunatuey

l1+lo=k—2,11,12>0

<Cc > Crota (107 ull 2o 027 pll o + 11022 pll o 105t o)
l1+le=k—2,11,12>0

Hs—k

< C(llull ey

pllisor + oll g lulles).

Hence,

105" p(&) | s+ < 105" pol

Hs—k

+CAmWMmHWW

s ) ([l g eg + 101 gy + DT (2.59)

(2.59), together with (2.47) and (2.44) (where s — 2 is replaced by s — k), implies that

Hs—1 + K

lu(®)] #e + ol

e+ o) 1 < ol

t
+ C/O ()= + o) =) (ull oy + ol ey +1)dr

Applying Gronwall’s inequality yields

t
1)d
T e

Ju(t) o+ K

o1 < ([lwollzs + 1ol

s + (1))
(2.60)

In consequence, if the maximal existence time 7" < oo satisfies fOT |0cu(T)||LedT < 00,

using the uniqueness of the solution in Theorem 2.1, we get that

)y + 100 s

is uniformly bounded by the induction assumption, which implies

lim sup([[u(t) |z + | p(t)l| 1) < o0,
t—T

which leads to a contradiction. Therefore, from Step 1 to Step 4, we complete the

proof of Theorem 2.3.1. O
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Our next result describes the necessary and sufficient condition for the blow-up

of solutions to (2.1).

u
Theorem 2.3.2. Suppose that 0 € R\ {0}. Let Xy = " e H4(S) x H*7L(S)
Po
U
with s > 2, and let T be the maximal existence time of the solution X = to
P

(2.1) with initial data Xo. Then the solution blows up in finite time if and only if

lim inf{inf =— 2.61
i juf afous(i,2)} = oo 261

The approach we take here is the method of characteristics. Applying the
following lemma, we may carry out the estimates along the characteristics ¢(t, )
which captures sup, g u,(t, ) and inf,es u, (¢, x).

Lemma 2.3.1. [6] Let T > 0 and v € C*([0,T); H*(R)). Then for every t € [0,T),

there exists at least one point &(t) € R with

m(t) = inf v,(t, ) = va(t, (1)),

and the function m(t) is almost everywhere differentiable on (0,T) with

dm

%(t) = v (t,€(t)), a.e. on(0,T).
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u
Lemma 2.3.2. Let Xo = | | € H(S) x H*\(S) with s > 2, and let T be the
Po
u
mazximal existence time of the solution X = to system (2.1) with initial data
p
Xo. Then
1) o#0:
1pol|7 e (s) + F3(T)
supu (1,7) < Juo. o) + \/ = (0>0) (262)
ze
: ka(T)
fug(t,z) > —||uozllLoes) — 2.
infs(t,2) 2 [l =) — 5 (0<0)  (263)
2) o=0
1
supu (t, ) < supug(x) + = (supp%(m) + k%(T))t (2.64)
zes €S 2 \zes
1
infu,(t,z) > infug . (z) + = (suppg(x) - kg(T))t (2.65)
z€S zeS 2 \zes

The constants above are defined as follows.

A 34 ;

ki (T) = \/2A + S B+ [602T<HuOHL2(S) + 1)} (2.66)
A+2_ 34

ko (T) = \/2A+ Bo+ - [ech(HuOH%Q(S) + 1)] (2.67)

Proof. By Theorem 2.2.1 and a simple density argument, we show the desired results
are valid when s > 3, so we take s = 3 in the proof.

1) Let 0 > 0. Using Lemma 2.3.1 and the fact that

supluy (¢, 2)] = —inf[~v, (¢, 7))

z€S €S

we can consider M (t) and ~(¢) as follows,

M(t) := u,(t,&(t)) = suplug(t, z)], tel0,7). (2.68)

€S
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Hence,
Uz (t,E(E)) =0, a.e. t€[0,7). (2.69)

Take the trajectory (¢, ) defined in (2.15). Then we know that ¢(¢,-) : R — R is a

diffeomorphism for every ¢ € [0,T"). Therefore, there exists zo(t) € R such that

o(t, zo(t)) = £(2), te|0,7). (2.70)
Now let
V() = pt, p(t, x)),  t€0,T). (2.71)

Therefore, along the trajectory (¢, xg), equation (2.9) and the second equation of

(2.1) become

Y 1,
M'(t) = =5 M7(t) + 577 (1) + f(t, o(t, 20)) 272)
V(t) = —vM, ae tel0,T),

where the notation ' denotes the derivative with respect to ¢ and f represents the

function
1
f=—-Au+g(t) = —Au— / (%ui + §p2 — Au> dx. (2.73)
S
We first compute the upper and lower bounds for f for later use in getting the blow-up
result.
1 A A
f:—Au—z/uidx——/fdxqtfl/udmg “(14uH)+ = 1+/u2dx :
2 Js 2 Js s 2 2 s

(2.74)
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Since u® < 5 [o(u® +u2)dz, (2.23), and (2.25), we obtain the upper bound for f

A 1 A
< = - 2 2 s 2
f< 2<1+2/S(u —i—um)dx)—l—Q <1+/Sudx>
§A+é/(ui+p2)d9€+%/u2dm
4 Js 4 Js

<A+ éEO + 34 [602t<1 + /ug(:z:)d:z:)]
s

1
2

4 4
A 3A CQT 2 1 2
<A+ ZEO + e [6 <1 + HU0HL2(S)>} = §k1 (7). (2.75)

Now we turn to the lower bound of f. Using previous arguments, we get

1
—f:Au+g/uidx+—/dex—A/ud:c
2 Js 2 Js S
A 1 A
g—(1+u2)+M/[ui+p2}daE+—<1+/u2dx>
2 2 s 2 g

A+2 1 A
<A+ + maX(|0|7 )/[ufﬁ-pz} da:+3T/u2da:
S S

4
A+ 2max(|o|,1) 3A
<At : ol D 4 > [ecgt(l n ||u0||§2(g))} . (2.76)

When o < 0, we have a finer estimate

A+2 A
—f§A+;/ui+p2da€+3—/u2d$
4 Js 4 Js

A+2 3A 1
Bo+ = |7 (1+ lluollfa ) | = 3K @77)

<A+ 1

Combining (2.75) and (2.76), we obtain

A+ 2max(|o|,1) 3A 1
: Bo+ == e (14 Juolag) )| = 55T). (2.78)

<A+
Since s > 3, we have u € C}(S). Therefore,
supu,(t,z) > 0, ingum(t,x) <0, te[0,T). (2.79)
z€S z€

Hence, M (t) > 0 for t € [0, 7). From the second equation of (3.19), we obtain

Y(t) = 7(0)e o M@, (2.80)
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Hence,

oL, ot o))l = [y ()] < [V(O)] < [lpoll o=(s)- (2.81)

For any given x € S, define

Pu(t) = M) — ol ime) — \/”"0””@ 4O oo

Observing that Py(t) is a C'— differentiable function on [0,7") and satisfies

[P0l s) + K (T)
Pi(0) = M(0) ~ lun.lzoe(s) - \/ 2 < M(0) = gl 1e(s) < 0.

we now claim

Pty <0 welo,T).
Assume the contrary that there is ¢ty € [0,7) such that P;(tg) > 0. Let
tl = max{t < to : Pl(t) = 0}

Then P;(t;) = 0 and P{(t;) > 0, or equivalently,

190 ) + B2(T)
M(t1) = luo el =(e) + \/ =

and M'(t;) > 0 a.e. t €[0,7). On the other hand, we have

1
M(tl)——§M2(t1)+272 t) + f(ty, o(t1, ) a.e. telo,T)
5 2
o [190[|7 00 ) + K2(T)
< =5 | luallz=e \/ + 5l + SRT) <0,

which is a contradiction. Therefore, P;(t) < 0 for all ¢t € [0, 7). Since x is arbitrarily
chosen, we obtain (2.62).
To derive (2.63) in the case of o < 0, we consider M(t) and (t) as in Lemma

2.3.1.

—~

M(t) := u,(t, () = gicreué[ux(t,:c)], te0,7). (2.82)
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Hence,
Uz (6, C()) =0 ace. t€0,7T). (2.83)

Using previous arguments, we take the characteristic ¢(t,z) defined in (2.15) and

choose x;(t) € R such that
p(t,x1(t)) = C(1). (2.84)
Let

3(t) = p(t,o(t, 1)),  tel0,T). (2.85)

Hence, along the trajectory ¢(t,x;), equation (2.9) and the second equation of (2.1)

become
~ o~ 1
M'(t) = == M?*(t) + =72(t) + f(t, o(t, 1)),
(t) ' (&) + 57°() + f(t (2, 1)) (2.86)
¥ (t) = —yM, a.e.t €[0,7),
Define

Pat) = J1() + o)+ 20

for any given x € S. Note that Py(t) is also C*—differentiable on [0,7T") and satisfies

(0 < O>7

k(T

—0

~—

Py(0) = M(0) + [Juoe|| o=(s) + > M(0) + [[uge|| poo(s) > 0.

ﬁ

We now claim that

P(t) >0, Vtel|o,T).
Suppose not. Then there is ¢, € [0,7)) such that Py(ty) < 0. Define
ty = max{t < to : Py(t) = 0}.

Then Ps(ty) = 0 and Py(t2) < 0, or equivalently,

N ko(T
M(tz) = —[luoall=s) — \;(__a)
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and M/(tg) <0 a.e. t€l0,T). However, we have

M’(tz)z—%z\“ﬁ(tz)%ﬁ?(tgw fltooltsz))  ae.  te[0,T)

o k(T)]? 1,
> —— | = 2l reo(sy — — =k5(T 0,
=79 HUO, HL (S) \/_—J D) 2( ) >

a contradiction. Therefore, Py(t) > 0 for t € [0,7"). Since x is chosen arbitrarily, we

obtain (2.63).

2) Let 0 = 0. Using previous arguments, equation (2.72) becomes

M'(t) = 57*(t) + f(t, o(t, x0)),

2 (2.87)
v (t) = —yM, a.e. t€[0,7),

where the notation ' denotes the derivative with respect to ¢t and f represents the

f=-Au— / (%p2 — Au) dx. (2.88)
s

We first compute the upper and lower bounds for f for later use in getting the blow-up

function

result,

1 A A
f:—Au——/pgda:+A/uda:§—(1+u2)+—<1+/u2dx)
2 Js 5 2 2 s

A A A A
§A+—/(u§+p2)das+3—/u2dx§A+—Eo+3— eCQt(H/u%(w)dw)
4 Js 4 Js 4 4 s

<At %Eo + % [eC2T<1 + Huo|\%2(g)ﬂ . (2.89)

Now we turn to the lower bound of f.

—f < (1+u)+;/ 2dm+;1(1+/ Qd:p)
<A+—/ dx—i——/

<A+ At 2E0 + 34 [e@t(l + /ug(a:)da:ﬂ
4 s

1
A+2 . 34
<A+ E2E + 2 [T (1t uolltag) )| (2.90)
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Combining (2.89) and (2.90) we obtain

A+ 2E0 + % [602T<1 + HUOH%‘Z(S)H : (2.91)

If| <A+

Since we know M(t) > 0 for t € [0,7T), from the second equation of (2.87) we obtain

that
Y(t) = y(0)e o M (2.92)
Hence,
Ip(t, 0 (t, 20))] = [1(B)] < (O)]- (2.93)

Therefore, we have

7*(0) + %k%(T) < (suppg(x) + /{:f(T)), ae. t€[0,7).

€S

N —

M/(6) = 570) + (1, 0(t, ) <
(2.94)

Integrating (2.94) on [0, ], we prove (2.64).

To obtain a lower bound for ingugc(t, x), we use the same argument. Since o = 0,
Te

equation (2.87) becomes

M'(t) = %W) + [t o(t 21)), (2.95)

F(t) = —7M, a.e.t €0,T).
Because of M(t) < 0, we have from the second equation of (2.95) that
A(t) = F(0)e O (2.96)

This means that
Ip(t, o(t,21))| = |7()| = [7(0)].
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Then

1

M'(t) = 232(t) + f(t, p(t, 1)) >

: F(0) + k1) > (infd(a) ~ BT)), ae te0,T).

N | —

(2.97)

Integrating (2.97) on [0,¢], we obtain (2.65). This completes the proof of Lemma

2.3.2. m
u
Lemma 2.3.3. Suppose that o € R\ {0}. Let Xy = " e H*(S) x H*7L(S)
Po
u
with s > 2, and let T be the maximal existence time of the solution X = to
p

(2.1) with initial data Xo. Then we have

p(t, o(t, 2)) o (t, ) = po(z), Y(t,x) € [0,T) x S. (2.98)
Moreover, if there exists M > 0 such that

inf  ou,(t,z) > —M, V(t,z) € [0,T) x S, (2.99)

(t,7)€[0,T) xS

then

lp(t. Mz = llo(t, o (t, )l < M7

lo(t, Iz = llo(t, @ (t )z < e llpo()llzes), (0<0)  (2101)

1p0() Lo (s) (0 >0) (2.100)
where N = |[ug 2| Lo (s) + —]3(_%) and ko(T) is given in (2.67).

Proof. Differentiating the left-hand side of equation (2.98) with respect to ¢, in view

of the relations (2.15) and (2.1), we obtain

(e, p(t,2)) (1, 2))
= [pe(t, ) + pa(t, ) i(t, )]0 (t, ) + p(t, 0)pui(t, T)
= [pu(t, ) + pa(t, @)ult, )]pa(t, z) + p(t, ©)u(t, ) (t, )

= [pe(t, ) + pa(t, )ult, ) + p(t, ©)us(t, p)p.(t,r) =0
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This completes the proof of (2.98). In view of the assumption (2.99) and o > 0, we
obtain

wt,z) > -2 yx) e [0,T) x 8.

g

By Lemma 2.2.2 and (2.98), we have

— [Yug(r,)dr o
ot M) = ot ot Dl = le™ o = po( Y 1oge) < €777 po() | 1oes)-

To obtain (2.101), we use a similar argument as before. Using (2.16), (2.98), and the

lower bound for u,(t,z) in (2.63), it follows that

— tuz T, )dT
ot Mlzoeis) = llolt, ot )llzoes) = lle™ o =TI po ()| oo g) < €N Nlpo(-) | s s).

which proves (2.101). This completes the proof of the Lemma 2.3.3. O

Proof of Theorem 2.3.2. Suppose that T' < oo and (2.61) is not valid. Then there is

some positive number M > 0 such that
ouy(t,r) > —M, V(t,z) € [0,T) x S.

It now follows from Lemma 2.3.2 that |u,(t, x)| < C, where C' = C(A, M, o, Ey, ||uol|, T).
Therefore, Theorem 2.3.1 implies that the maximal existence time 7' = oo, which con-
tradicts the assumption that 7" < co.

Conversely, the Sobolev embedding theorem H*(S) < L*(S) with s > 1 im-
plies that if (2.61) holds, the corresponding solution blows up in finite time, which

completes the proof of Theorem 2.3.2. O]

2.4  Wave-breaking data and blow-up rate

Now we will give our first wave-breaking result.
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u
Theorem 2.4.1. Let 0 € R\ {0}. Suppose Xy = " e H5(S) x H*"Y(S) with

Po
s> 2, and let T be the mazimal existence time of the corresponding solution to (2.1)

with the initial data X,.
(1) 0 > 0: If there is some T € S such that py(Z) = 0, ugp.(ZT) = inguo@(x), and
Te

U (Z) < —&\/?, then the corresponding solution to (2.1) blows up in finite time T}

with
2
0<Ty <— , (2.102)
O'U(),x(i'> + \/—kl(T>O'3/2qux(i’)
such that lim inf (inf uy (2, x)) = —00.
t—T; \T€S
1) o < 0 : If there is some & € S such that ug.(T) > M, then the corre-
; V=0
sponding solution to (2.1) blows up in finite time Ty with
2
0<Ty < — (2.103)

oup - (T) + \/—kz(T)Ug/Quo,x(f) ’

such that lim inf (sup ug(t, :B)) = 00.

t—=Ty x€S

Proof. (i) Let o > 0. we use a similar argument to the proof of Lemma 2.3.2. So we
take s > 3. We consider along the trajectory ¢(t,x;) defined in (2.15) and (2.84).

In this way, we can write the transport equation of p in (2.1) along the trajectory of

o(t, z1) as
p(1,C(1) = (1, Gl (1) (2104

From the assumption of the theorem, we see

M(0) = u,(0,¢(0)) = infug . (z) = up (7).

€S

Hence, we can choose ((0) = Z and then p(¢(0)) = p(z) = 0. Thus, from (2.104) we

see that

p(t,C(t) =0 Vtelo,T). (2.105)
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Using the upper bound of f in (2.75) and (2.105), we obtain

M'(t) < —%J\?(t) + %l{:f(T), a.e.tel0,T). (2.106)

If up.(Z) < —kl(gT), then M(O) < —i\/?. Hence, M’(O) < 0 and M(t) is strictly

decreasing for all ¢ € [0,T). Define

—§Vt£§%%§€<mé)

Using that M(t) < M(O) = g .(Z) < 0, we obtain

N | —

W =

1

M) < — 22
(1) < ~ 01 + 1

K2(T) < —%]\72(t)[1 (1 -2w)Y] < —wod*(t) ae. tel0,T).

By solving the above inequality, we conclude that

— UOJ ([f) 1

M(t) < — — —00, as t— — —
1+ woug,(Z)t woty 4 (T)
Hence,
T<-— L
wotly 4 (T)

which proves (2.102).

(#7) Similarly as in the case o > 0, we consider the functions M (¢) and £(t) as
defined in (2.68), and we take the trajectory o(t,z¢) with zy defined in (2.70). Then

we have

(1) = =SM20) + 37060 + Tt (t,20)) = —SMP0) + (1 olt, ), ae. 1€ 0,T),

2 2
(2.107)
Using the lower bound of f as in (3.46), we obtain
1
M(t) > —%MQ(t) — BT, aetel0D). (2.108)
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By assumption of the theorem, we have M(0) > ug,(Z) > % This implies that

M'(0) > 0 and M (¢) is strictly increasing for all ¢ € [0, T). Define
1| k(D) 1
e (5, 1).

2 U(),x(ii')\/ —0 ( >

)

1
0= —
2 * 2’
Using that M(t) > M(0) = u,(Z) > 0, we have

1
M(t) > —%M%) — SK(T) = —%M2(t)[1 — (26 — 1)4] > 60 M2(t) ae. te€[0,T).
Therefore,
M(t) > o2 (7) — 00, as t— — !
1 4 doug ()t ’ doug . (T)
Hence,
1
T<—
= doup.(T)
which proves (2.101). O

In the following theorem, we are interested in the wave-breaking phenomenon

when the initial value is odd and even.

u
Theorem 2.4.2. Let 0 € R\ {0}, and A = 0. Suppose Xy = “ e H*(S) x

Po
H*™Y(S) with s > 2, and let T be the mazimal existence time of the corresponding

solution to (2.1) with the initial data Xo.
(1) 0 > 0: If ug is odd with ug,(0) < 0 and po is even with py(0) = 0, then the
corresponding solution to (2.1) blows up in finite time Ty with

2
g . (0)

0< T <—

such that lim u,(t,0) = —oco.

=T,

(it) 0 < 0: If ug is odd, po is even and ug,(0) > \/£2, then the corresponding
solution to (2.1) blows up in finite time Ty with
2

O'U()’x(O) + \/—0'3/2’&0@(0)\/ Eo
43

0< Ty < —

?



such that lim u,(t,0) = oo.

t—T,5

Proof. First, we notice that if A = 0 in the first equation of (2.1) then u(¢, z) is odd
and p(t, x) is even, due to the algebraic structure of the first equation in (2.1). Hence
u(t,0) = 0 and p,(¢,0) = 0.

(7) Observe next that p(t,0) = 0 for all times of existence. Indeed, one has

pt(ta O) = _upm(t’ O) - u:vp(t7 0)

Note that the first term on the right-hand side vanished since u(t,0) = 0 and p,(t,0) =
0. Together with the assumption po(0) = 0, it means that p(¢,0) = 0. Evaluating (2.9)

at (¢,0) and denoting M (t) = u,(t,0), we obtain

M'(t) + %M?(t) = g(t), ae.tel0,T). (2.109)

Using A =0 and o > 0 in (2.10), we know that ¢g(¢) < 0. Thus, we have
M'(t) + %M?(t) <0, aetel0,T). (2.110)

Thus, if 40 ,(0) < 0 holds, namely, M (0) < 0, then M(¢) < 0 for all t € [0,7) and

This implies

2
5 —00, as t—y———— (2.111)

B 2M(0)
up(t,0) = M(t) < 0

~ 24 0M(0)t
(77) Using previous arguments, evaluating (2.9) at (¢,0) and denoting M (t) = u,(t,0),

we obtain

M'(t) + %M2(t) = %pZ(t, 0) + g(t) > g(t), a.e.t€[0,7). (2.112)
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Using A =0 and ¢ < 0 in (2.10), we know that g(t) > —5FEp. Thus, from (2.109), we

1
2
get

1
M(t) > —%MQ(t) — 5B, aete[0.D). (2.113)

By assumption, ugg(0) > /22, M(0) = up,(0) > y/£2. We see that M(0) > 0 and

M (t) is strictly increasing over [0,7"). Define

n 1 1 Eq c (1 1)
2 UO’I(O) —0 ’ '

Using M (t) > M(0) = ug(0) > /£ > 0, we have

1
M(t) > —%MZ(t) — 5B > —%M2(t)[1 — (20— 1) > —00M*(t)  ae.  tel0,T).
Therefore,
Uo x(O)
M) > —m———— — t —_—
(t) 2 1+ Ooug . (0)¢ %0, as = Goug ,(0)
This completes the proof of Theorem 2.4.2. O]

Our attention is now turned to the question of the blow-up rate of the slope to
a breaking wave for (2.1).
Theorem 2.4.3. Let 0 € R\ {0}. If T' < oo is the blow-up time of the solution to

system (2.1) with the initial data Xy with s > 2 satisfying the assumption of Theorem

2.4.1, then
Tim [ (infu () (7~ 1)] = —g, (0> 0), (2.114)
Tim [(ilgs)um(t, )T 1) = —; (0 <0). (2.115)

Proof. We may assume s = 3 to prove the theorem. Let ¢ > 0. Using (2.78), (2.105)
and denoting K (1) = $k3(T'), we know

_%z\?(t) — K(T) < M'(t) < —%W(t) +K(T), aete[0,T).  (2.116)
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Now fix any € € (0,0/2). Since M(t) — —oo as t — T, there exists ty € (0,7") such

that M (to) \/ 20K (T ) . Notice that Mt ( ) is locally Lipschitz so that M (t)
is absolutely continuous on [O, T). It then follows from (2.116) that M (t) is decreasing

on [tg, T) and satisfies

M(t) < —\/QUK(T) +@ < - @, t € [to, T).

€ €

Then (2.116) implies that

7 <1(L)<f+ a.e. t € lty, T)
5 € dt M(t) 9 €, €. 0 .

Integrating the above equation on (¢,7") with ¢t € (ty,7) and noticing that M (t) —

—oo0 as t — T, we obtain

(5- w0255 = G+

Since € € (0,0/2) is arbitrary, in view of the definition of M (t), the above inequality
implies (2.114).
When o < 0, from (2.107), we have

M'(t) > —%MQ(t) ~K(T), aetel0,T).
Since M(t) — oo as t — T, there exists to € (0,7) such that M(ty) < \/—20K(T).
Therefore, we have that M(¢) is strictly increasing on [to, T') and M(t) > M(ty)>

—20K(T) > 0. Using the transport equation for p, we have that

Pt E) = =M ()p(t, £(1).
Hence,
Pt E()) = plto, E(te))e™Fo DUt € [to, ).
Then

pP(t,E() < p*(to, E(t0)), € [to, T).
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Therefore, using (2.107) again, we have

TN (1) — S0, E(t0)) — K(T) < M) < ~I M2 (1) + S0 (1)) + K(T).

(2.117)

Now let K(T) = 207 (to, &(t0)) + K(T)), and choose € € (0, —0/2). We can pick t; €

[to, T') such that M(t;) > \/—20'}?(7—') + @ Then

M(t) > M(ty) > \/—20%(7’) + K(T) > \/IN{(T).

Hence, (2.117) implies that

o d 1 o
- — — | —= — e. tety,T).
5 €<dt<M(t))<2+€’ ae. tet,T)

Integrating the above equation on (¢,7") with ¢ € (¢1,7T") and noticing that M (t) — oo

as t — T, we obtain

(5-)r-0< 515 (G-

Since € € (0, —0/2) is arbitrary, in view of the definition of M(t), the above inequality
implies (2.115). O

2.5 Global existence
In the section, we provide a sufficient condition for the global solution of (2.1)

in the case when 0 < 0 < 2 and o = 0.

u
Theorem 2.5.1. Suppose that 0 < o < 2. Let Xy = " e H*(S) x H*7X(S)

Po
with s > 2 and let T be the maximal time of existence. If we further assume that

irelgpo(l") >0, (2.118)
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u
then the solution X = to (2.1) corresponding to Xq is global.
P

Proof. Using previous arguments, a density argument indicates that it suffices to

prove the desired results for s > 3. Thus, we have

infu,(t, ) <0, supu,(t,z) > 0, te0,7)

zeS zeS
as before. It suffices to get some uniform a priori estimates for the solution X.
First we will estimate |inf,csu,(¢,2)|. Define M(t) and ((t) as in (2.82), and
consider along the characteristics (¢, xo(f)) as in (2.15) and (2.70).
Thus, from (2.79),

M(t)<0 Vtel0,T). (2.119)

Letting ¥(¢t) = p(t,((t)) and evaluating (2.9) and the second equation of (2.1) at

(t,((t)), we have

IV 92 1,
W0 = =GP0+ 57°(0) + [t ) 010
(1) = ()M (1) ac.t€0,7).

where f is defined in (2.73). The second equation implies that 5(t) and 7(0) are of
the same sign.

Inspired by [7] (see also [5]), we now construct a Lyapunov function for (2.1).
Due to a free parameter o, we could not find a uniform Lyapunov function. Instead,
we will divide the case 0 < 0 < 1 and the case 1 < 0 < 2. From (2.118), we know
that 5(0) = p(0,¢(0)) > 0.

For 0 < o < 1, define the following strictly positive Lyapunov function

~ ~ 0\ F’?(O) 72
@(t) = 7(0)7(t) W(1+M (t)). (2.121)
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Computing the evolution of w and using (), we get

~ o\ %(0) ~ 172 ;7(0) AT\ AT
w'(t) =5(0)7'(t) — 0 ()1 + M>(t)] + Q%M(t)M (t) (2.122)

DR L2520+ 5 + 1t olt,a0)

(14 T2 |10 o(t.a0)] + 5

=

(0
t

< |3+ e a0

=

< =

~—

where we have used (2.119) and the bound (2.78) for f.

By Gronwall’s inequality, we obtain

@(t) < @(0)elzT 2O < (14 o2 + g a2 e l2FEHEDL (2.123)

Recalling that ¥(¢) and 7(0) are of the same sign, we have

FOFE) < @), FOIM@)] < @),

Then from (2.123), we have

—~ w(t)
~ 7(0)

2 2

fu, (¢
infus(t, ) inf,es po(2)

€S

For 1 < o < 2, we may define the strictly positive Lyapunov function to be

(t) = [Wt) MR() + 1} . (2.125)

Differentiating v(t) and using (2.119), we obtain

i TN [o -1,
7 = D T + G S| (2
o

T ) [5 4 17ttt )]

g[%Jr%k }(t).

49




Thus,
~ ~ [g+1k3(D)]t 2 2 [g+3k3(D)]t
p(t) < w(0)elz"2 < (T llpollzee + lluowllze)et="2" 0, (2.127)

Applying Young’s inequality (ab <a?/p+ bq/q) to (2.125) with

2 2
p - 0_7 q - 2 . 0_7
we have
_ — 2 572/(20)
v(t) [~v<22—a>r/°' n (1+ M2>2T
ot = fY o(2—0o
70(0) 57 (22 )
— —o 2/(2_0)
o [~a(220>]2/o 2—0 | (1+M>)5"
— =~ ’7 o —a
2 2 5 (2-0)
> (14 M%) > [M(1))>°.
Therefore,

inguw(t, x)| < e 2o . (2.128)
Te

{ o(t) } = (U gl + el ) = [EobE]:
BRSO . :

inf,es pd= (z)
Next we try to control |sup,cgu.(t,z)|. Similarly as before, we consider M(t), £(t)

and ¢(t,x1(t)) as in (2.68) and (2.84). Then (2.120) becomes

M(t) = ~ZM(0) + 5720 + 1t olt,20), (2.129)

Y (t) = —y(t)M(1), ae. tel0,T),

where v(t) = p(t,£(t)). It follows from (2.79) that
M@#) >0  Vtelo,T). (2.130)

For 0 < ¢ < 1, the corresponding Lyapunov function is

w(t) = [V2(t) + M>(t) + 1] . (2.131)
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Then from (2.126) and (2.130), we see that

o

w'(t) < [2 + %k:?,(T)] w(t).

This implies w(t) < (14 [|pol|Ze + |Jtg.0]2 )el5 T2,
Hence, by using previous arguments, we get

w(t)

0y = MOP

Therefore,

1 1

t 2= 1 200 x 200 2-c [Q+lk2(T)]t

sup, (£, 7)| < H()} < A A llpollzee + [luoallze )= LEF25TL (2.132)
77(0) infoes pg ° (2)

z€S
For 1 < o < 2, consider the Lyapunov function

_ 7(0) 2
v(t) = v(0)y(t) + 50 (1+ M3(t)). (2.133)

From (2.130) and (2.122),

V() < B + %/@(T)} u(b),

then v(t) < (14 [|po]2e =+ [[ug.c]|2e Jel2 T 2R D]
Thus,

L v O+ lpollFoe + [[0.z]7-)

1 11.2
: l3t3BMlt (9134
~v(0) — inf,es po(x) ( )

SUpPUy (ta [L’)
z€eS

= [M(t)|

Assume on the contrary that T' < oo and the solution blows up in finite time. It then

follows from Theorem 2.3.1 that
T
/ |z (t, 2)||peedt = 00 (2.135)
0
By (2.124), (2.128), (2.132), and (2.134), we have
fua(t, )] < o0, V(t,2) € [0,T) X,

u
which is a contradiction of (2.135). Thus, T' = +oo and the solution X = is

P
global. This completes the proof of Theorem 2.5.1. O
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If o = 0, then we can rewrite (2.1) as follows.

Upgr — PPz + Auyz =0, t>0, zekR,
pe+ (pu)y =0, t>0, zeR,
(2.136)
U(t,[l?—|—1) :u(t,x), p(t>$+1) zp(t,:v), t>0, zeR,
L u(0,2) =uolx),  p(0,5) = po(x), v ER.
Next we will show that the solutions to system (2.136) are global-in-time.
u
Theorem 2.5.2. Let 0 = 0. Given any X, = e H5(S) x H7X(S), s > 2,
Po
u
there exist a maximal T = oo, and a unique solution X = to (2.136) such

that
X = X(-,Xy) € O([0,00); H¥(S) x H*"1(S)) N C([0, 00); H*X(S) x H*2(S)).

Moreover, the solution depends continuously on the initial data.

Proof. To prove this theorem of global well-posedness of solutions to (2.136), we need
the estimates for u, in Lemma 2.3.1 and Theorem 2.3.1. Assume on the contrary
that T' < oo and the solution blows up in finite time. It then follows from Theorem

2.3.1 that

T
|t )t = . (2.137)
0

However, from Lemma 2.3.1, we have

|uz(t, 2)| < o0, V(t,x) €[0,T) xS,
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which is a contradiction of (2.137). Thus, T' = +o00, and the solution X =

global. This completes the proof of Theorem 2.5.2.
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CHAPTER 3
SUMMARY AND FUTURE WORK

3.1 Summary

Recently, the authors of [44] have studied the global existence of solutions to a
two-component generalized Hunter-Saxton system in the periodic setting for the par-
ticular choice of the parameter ¢ = 1. The aim of the present chapter 2 is to study
the wave breaking and global existence for the generalized periodic two-component
Hunter-Saxton system for the parameter o € R and to determine a wave-breaking cri-
terion for strong solutions by using the localization analysis in the transport equation
theory.

In Section 2.2, A brief derivation of the model is obtained and the local well-
posedness for the generalized periodic two-component Hunter-Saxton system with
the initial data in H*(S) x H*"!(S), s > 2 is established. Section 2.3 deals with the
wave breaking of this new system. Using transport equation theory, Theorem 2.3.1
states a wave-breaking criterion which says that the wave breaking only depends on
the slope of u, not the slope of p. Theorem 2.3.2 improves the blow-up criterion
with a more precise condition. In Section 2.4, there are various detailed results of
wave breaking and blow-up rate of strong solutions. Finally, Section 2.5 provides a
sufficient condition for global solutions.

Our main results of the chapter 2 are Theorems 2.3.1-2.3.2 (Wave-breaking
criterion), Theorems 2.4.1-2.4.2 (Wave-breaking data), Theorem 2.4.3 (Blow-up rate),

and Theorems 2.5.1-2.5.2 (Global solution).
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3.2 Future Work

Through the chapter 2, we have studied the properties of the generalized two-
component Hunter-Saxton system and their solutions, and investigated their sur-
prisingly rich mathematical structure. However, The above results open up several
interesting questions. Below we describe our research works that we intend to work
on in the near future.

e From the chapter 2, we have studied the problem of global existence of solu-
tions to the generalized two-component Hunter-Saxton system(gHS2) with the
condition 0 < ¢ < 2 by using the method of Lyapunov function introduced in
[7] (See also [5]). However, the case when o < 0 and o > 2 still remain open at
this moment.

e An aspect of considerable interest is the behavior of the solutions after wave
breaking. From the chapter 2, we have obtained a wave-breaking criterion to
the gHS2 equation. In [46] and more recently in [47], global dissipative and
conservative weak solutions for the two component Hunter-Saxton equation
(HS2) on the line were investigated extensively. It is still an open problem to

demonstrate the global weak solution for the gHS2 equation.
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