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ABSTRACT

LOGISTIC REGRESSION WITH MISCLASSIFIED COVARIATES USING

AUXILIARY DATA

Nathan N. Dong, Ph.D.

The University of Texas at Arlington, 2009

Supervising Professor: Doyle L. Hawkins, Jr.

When standard regression methods are used, measurement errors
cause a bias in parameters estimation. In dealing with discrete covariates, such
measurement errors are known as misclassification and the corresponding
discrete covariate is said to be misclassified. Even though the collected data
may not be fully reliable, it may be possible to collect some sub-data with full
precision called auxiliary data and the remaining data called primary data may
contain misclassification.

In this paper, in order to improve predictions from the primary data with

misclassification, we propose a method based on the maximum likelihood

iv



approach; by using the prediction with auxiliary data we are able to improve the
prediction from the primary data and to correct the bias in parameters
estimation.

For the simplified model, we consider a primary data sample with binary
response Y and discrete covariate W which is a misclassified version of true
latent variable X. In addition, an auxiliary data in which both W and X can be
observed used to adjust for the bias due to misclassification in W. First the
model parameters are shown to be non-identifiable. To resolve around the
problem, we replace the estimated misclassification probability between X and
W in the model. The estimator is shown to be consistent and asymptotic
normality under some regularity conditions. Testing of our method by using

Monte Carlo simulations indicate that the method works well with finite samples.
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CHAPTER 1

INTRODUCTION

1.1 Introduction

Measurement error is recognized as a common problem in many fields of
science. There are many possible sources of data errors. Examples include
the high cost of measurement procedure to get exact value, tendency of study
subjects not to report the true etc. It is well known that measurement in
predictor biases effect estimate in regression modeling, losses of power in
statistical testing, and makes graphical model analysis difficult. Fuller (1987),
Chen and Van Ness (1999) provide the standard reference in linear models,
while Carroll et al. (2006) provides an excellent overview of methods in non-
linear models.

Variables that can take values on continuous scale are thought to be
continuous variables, whereas those variables takes on only discrete set of
values are thought to be discrete variables. Error in continuous variable is
called measurement error and in discrete variable is called misclassification.
Gustafson (2005) shows that bias effect estimate due to error in discrete
variable even more profound than that of continuous variable.

While measurement error models have received considerable attention
over the past few decades, there are only few papers on misclassification in the
context of regression models. This is particularly true for multiple-value discrete
variable. The model considered in this study contains two variables: Y and X.
The variable Y is a dependent variable which takes on value 0 or 1, X is the

latent true discrete variable which is subject to misclassification error. The



objective is to estimate the coefficient of the logistic model of the form taking
into account of the misclassification in X:

0 [P(Yi :1| Xi)

P(Y, =0 Xi)j:ﬂo + B (X, =D+ B, (X; =2) +...+ B 1 (X; =(K-1)) , where

: 1if X, =] . -
(X, = J):{O Ith ' _J forl< j<(K-1), pB,,...B«, are regression coefficients
otherwise

for correspondence level of X.

One motivation for this model is to study the effect of attendance on the
student’s pass/fail rate. Suppose we can observe N sampling units (called
primary data) of response variable Y (= 1 for passing grade, O for fail) and
attendance level variable W (=1 for poor, 2 for acceptable, and 3 for good)
which is a misclassified version of a true latent attendance level variable X.
Besides primary data, we can observe M sampling units (called auxiliary data)
of true attendance level X and its misclassified version W. We will use this

information to approximate the misclassification probability matrix between X

and W, denoted by P =| p, | _» Where p, =P(X =i|W = j) and then obtain an

3x
approximate likelihood function for logistic regression model (see the

development for the likelihood function beginning section 1.3).

1.2 Literature Review

The misclassification error in a binary independent variable has been
analyzed in a few studies. Aigner (1973) shows that the error is correlated with
the independent variable; moreover, without additional information the
regression models cannot be identified. Bollinger (1996) considers regression
models with misclassified covariates and provides a bound for the estimate for
the interested parameter. Mahajan (2006) uses an instrumental variable

together with certain restriction to provide the identification in a nonlinear model.



For the case of a general discrete variable, Swartz et al. (2004) discuss
identification problems due to misclassification from a Bayesian perspective.
They start with the basic multinomial misclassification model for which N

sampling units are observed that can take on K possible outcomes

(W,, 1=1..,N). Define g, =PW, =i) and p, =P(X, =i), for i=1,...,K;I=1,..,N.
The misclassification probabilities is defined as

M=[m;],., . =s=PW =% =)

K K K
The likelihood is then L=L(p,,.... pe, vz ) = [ [ =D (Pur )" where

1=1 I=1 h=1

7, is the j" row of IT, n, is the number of sampling units such that W, =i.

They discuss two types of nonidentifiability. The permutation type is the form of

swapping positions between p; and p;, 7; and z; but the likelihood L stays

unchanged. The second takes the form of contours when the probability
distribution of data is viewed as a function of the parameters. To overcome the
permutation-type nonidentifiabilities, they introduce a various constraints on the
matrix of misclassification probabilities:

a) 7, <.<7

ST > > >y for j=1.,K

jj Jhj+t

b) 7z, <z, forall i+ ]
C) m+m; <m;+x;; foralli<j
d) =<, foralli=]j

The point identification then is achieved by specifying a Dirichlet
distribution prior on the misclassification probabilities and on P(X) .

Molinari (2008) proposes the so-called direct misclassification approach
which formalizes the misclassification in matrix notation. She defines the

relation between the observable distribution of W and the unobservable

distribution of X as follow:



PW =117 [PW=1|X=1) .. PW=1X=Kk)][P(X=1)

PW =k)| |PW =k|X=1) .. PW=K|X=K)|P(X=k)
Denoted by P" =[] P” *)

LetH [I1] be the set containing I1={z;

i,jeX

The identification region H_, is defined as the set of column vector P* such
that givenITe H[II], P* solves system (*) above.

H,. ={P*:P" =TIP*,ITe H 1]}

Under variety of assumptions on[], she provides the interval identification

for P*.

Hu (2008) introduces the matrix diagonalization technique which is a
close study to that of Mahajan (2006) but dealing with multi-value discrete
variable.

In his paper, besides variables Y and W, an accurately measured variable Z
and a variable V which is used as an instrument for latent variable X are
observed in an i.i.d. sample satisfying:

Assumption 1: f, ., (Y] X,wW,v,2) = f,,, (Y| X,2)
Assumption 2: f, ., (W[ X,V,2) = fx, (W] X, 2)

These assumptions are called non-differential measurement error and
are widely used in relevant literature; it implies that W and V contain no
information about Y once X is available and V contains no information about W
once X is available.

He then defines:

fe (YL 2) 0 0

~ 0 fe(Y12,2) .. 0

YIXZkaky
0 v T (VIK,2)



,and F

YIVZ(ka

are defined similarly over all possible values

YWIVZ(kxk) FX|VZ(KxK) ! FW|XZ(|<xK)
of X,W,V.
Using assumption 1, 2, together with:
Assumption 3: Rank(F,,, )=K

Assumption 4: F

W|XZ(KXK

) is invertible

=F xAxF' where A=F ' xF

W|xz wxz ? wjvz ywjvz

He shows F

yl XZ(kxK)

This is a form of similar matrix he exploits in the proof of identifiability. With the
following assumption, he ensures the eigenvalues are unique:
Assumption 5: There exists a function @ (.) such that

E[@(y)|x=i,z]#E[a(y)|x=j,z] foralli= j.

Together with various assumptions similar to that of Swartz et. al. (2004) he
shows the model f , , together with f,  and f,, is nonparametrically identifiable

and directly estimable.

W|xz X|vz

Kuchenhoff (2006) develops the MC-SIMEX (Misclassification-
Simulation and Extrapolation) method as a general regression method for
misclassification error. His method is an extension of SIMEX method which
developed by Cook and Stefanski (1994) for dealing with additive measurement

error in continuous variable. Given data (Y,,W,,Z.), and misclassification matrix
between W and X, [1, ., which is defined by its components

m; =PW =i| X =]). Suppose g is the parameter of interest. If the
misclassification is ignored, then the estimator using standard regression is
called the naive estimator. Denote j3,, [(Yi,Wi,Zi)i'“:l] =4 (I1) and assume the
consistent estimator g=4"(l,..),where |, is the identity matrix. The MC-

SIMEX procedure consists of two steps:
Simulation step:

For a fixed grid of values 4,,...,4,,(=0) B new pseudo data set are simulated by
W, (4):=MC[IT* |W), i=1,....N; b=1,...,B; k=L1,...,M.

5



where [T* =EA*E™, Ais diagonal matrix of eigenvalues and E the

corresponding matrix of eigenvectors; and MC [Hﬂ](\Ni) denotes the simulation

of a variable given W, with misclassification matrix [T*. For each 4, the
~ B ~
estimator is approximated by /3, :=%Zﬂna [ W, (200 Z0Y | k=1,.M.
b=1

According to this setup, W has misclassification matrix ITin relation to X,
W, (4,) has misclassification matrix [1* in relation to W, then W, (4,) has
misclassification matrix [T in relation to X .

Extrapolation step:

In this step a parametric curve 5 (I1*) = g(4,T") is fitted by least squares on

~ M ~
[1+ﬂbk,ﬂﬂk LO to estimate parameter I'. The MC-SIMEX estimator is then given

by Bsulex = g(O, f) .

1.3 Development of the (j,P) Likelihood Function

Following the motivation example in section 1.1, we consider a model
with response variable Y which takes on values either 0 or 1 and a true latent
variable X which has values 1, 2, or 3. W is an observable variable which is a
misclassified version of X and also can take on values 1, 2, or 3. This

misclassification probability between X and W is denoted by P = [ Py L ¥ where

Pi =P(X =i|W =]).
Considering each observation of the response Y;= 0, 1 to be a Bernoulli

random variable for which we can state the probability distribution as follow:

Y. | Probability

1 |P(Y,=1X)=r

0 |P(Y.=0|X,)=1-r,




Then E[Y,| X,]=1(z,) +0(1-7,) = x
Using the result from Logistic Mean Response Function:
ELY, | X,]=P(Y,=1|X,) = 7,
eﬂo+/31(Xi:1)+ﬂz(Xi:2)
T 14 el AR X=D)

1if X, =k

Where (X; =Kk) = )
0 otherwise
eﬁo+ﬁ1

So, P, =1| X, =1) =1 denoted by 7,

+ eﬁOJr:Bl

eﬁo +ﬁ2

P(Y, =1| X, =2) = I denoted by 7,

+ eﬁo +ﬁ2

Bo

And P(Y, =1|X, =3)=—°

ey denoted by 7,
+e

The distribution of Y, given X, at any particular value is then,

in|xi:1(yi | X =1)= P(Yi =1] X, ::l-)yi (1_ P(Yi =1] X; :1))Hi = 771yi [1_771]1_yi
in|xi:2(yi |X| =2)= P(Yi =1 X :Z)YI (1_ P(Yi =1 X :2))_I :772yi [1_772]1734

s 1% =3 =P, =1/ X, =3 (1-P(Y, =1/ X :3))”' =i -n ]

We now start with the observed data:

3

P(Yi,Wi) _ ;P(Yiiwi’ Xi = J)

P(W) P(W)

P(Yi |Wi):

(1.1)

(1.2)



3

ZP(Yi |Wi' Xi = j)P(Wi’Xi = J)
PW;)

Z_:P(Yi | Xi = j)P(VVi’ Xi = J)
PW,)

by non-differential error assumption

2. POGIX = DP(X; = [ IW)PW)
) POY)

= ZP(Yi | Xi = j)P(Xi =] |W|) (1.3)

And the distribution of Y, given W, in term of parameters (B.P) takes on the

form:

f. (Y |Wi’@’E):Z in|xi:j(yi|Xi = JP(X; = JIW;) (1.4)

= 771Yi (1_771)17yi P(X, ::I-l\Ni)‘Hbyi (1_772)17yi P(X;=2 |Wi)+77gi (1_770)1*3« P(X;=3|W,)

The Log-Likelihood function is then,

LnL(8,P)= Y Ln f,(y, [, 5.P) (L5)

=

= > Ln{n @=m)"" PO, =1IW) +17t (L=77,) ™ P(X, = 2|W) + 738 (1= 1) P(X; = 3| W)}

i=1

Without lost of generality, suppose there are

n, i's with y, =1 given w, =k, 1<k <3
Ny 1's with y, =0 given w, =k

Note that: n, +n, =n, and n,+n,+n, =N

Then the Log-Likelihood function becomes,



LnL(g, P) = ny,Ln(m,pyy +77, Py + 776 Py) + (M =y )LN[A—72) iy + A= 77,) Py + (L=77) Pay]
+ nlz Ln(ﬁl p12 + 7, pzz + o paz) + (nz - nlg)Ln[(l—Th) p12 + (1_772) pzz + (1_770) psz]

+ Nyl (77, Py + 77, Pz + 770 Paz) + (Mg =Ny )LN[(L—77,) Py + (L—77,) Pps + (L= 177,) P35 ]

=n,Lna +(n,—n,)Ln(l-a)+n,Lna, +(n,—n,)Ln(l-a,) +n,Lna, +(n,—n,)Ln(l-a,)

(1.6)
3
where, & =7,Py +77, P, +177,P5, 1<i<3,and Z Py =1
1=1
Or the likelihood function could be written as
L(g’ E)) — alnll (1_ ai)nl_nll aglz (1_ az)nz_nlz a3n13 (1_ ag)n3_n13 (1.7)

Following the notation from Hoadley (1971), whose result will be used in the

proofs of consistency and asymptotic normality, we write:
N
L(@, P) =Ly (,Q, P) :H fi(y, |Wi!é" P)
i=1
Let CDi(yi,Wiu?, P) = Lnfi(y, |\Ni’§’ P);
(bi(yivwi’@a E):%(Di(yi’wi'g' E’):%Lnfi(yi |w,, 5, P)

By Yy, W 5, P) = & By (Yo, W B, P) =5 2 Lnf (3, | W, 5, P)

The g - Score function is S, (3,P) = ZN:d)i(yi,wi,@’, P) and (1.8)

i=1
N
the - Hessian function is Hy(8,P)= ®,(y;,w,/,P) (1.9)
i=1
1.4 Non-Identifiability of the (B, P) Likelihood Function

Whether a consistent estimator for a parameter of interest exists, we

need to determine if the parameter in the model is identifiable.



Definition (of identifiability):

Given a model with likelihood function L(3) , the parameter f is said to
be identifiable if for each S, # B, in the parameter space we have L(5)) = L(5,).

The following lemma will show the parameter P from the above likelihood

function is not identifiable.

Lemma 1: The parameter P in model of equation (1.7) is not identifiable.
Proof:

In order to prove the non-identifiability of P we need to find P = P” such that
L(B.P)=L(8.P)

IfL(B,P) = L(5,P"), then from equation (1.7)

gt (l-a) e (1-a,)" e (1-a)" ™ =(a)" (-a)" ™ @)(1-a)" ™ @)l-a)"™

a1:a1* 771p1i+772p2i+770p3i:771p;+772p;i+770p;
Orqa,=a, < for

Takei=1, then P+ 77,050 + 77 P3 =774 le +17, p; +1, p;l

< m(py - pI1)+772(p21_ p;1)+770(p31_ p;l) =0

3 3
Letd, = p, — p;, 1<i <3 and the fact Z Pii :Z p; =1 we have:

= =
nd, +n,d, +1,d, =0
d,+d,+d; =0
-1<d, <1
O<n <1, 1<i<3

10



This is a system of two equations with three unknowns and we would always

come up with more than one solution. Eliminatingd,, then

(72, —17,)d + (17, —17,)d, = 0 or d, =—Mdl with 7, 7,
(772 _770)

Suppose p,; =0.7, p,, =0.2, p,, =0.1; let c=min{l- p,,, p;,}= Min{1-0.7,0.13=0.1

c d ~0.05
d =——=-0.05 d,=——L=-"""2_0.025
Then o2 ; 2 2 2

p,=p,—d, =07-(-0.05)=0.75 | p, =p, —d,=0.2-0.025=0.175

d, =—(d, +d,) =—(~0.05+0.025) = 0.025
Pl = py —d, =0.1-0.025=0.075

Note that p;, + p,, + P, =1, P # P" and the proof is completed.

11



CHAPTER 2

THE PROPOSED LOGISTIC MODEL

2.1 The Auxiliary Sample
Having shown the parameter P is not identifiable, we propose, besides

the primary data, we also have an auxiliary sample of data which both X and its

misclassified version W are observed for sample size M. We use this auxiliary

data to estimate P which is denoted by E’M and is computed as follows:

p,, =estimated of P(X; =1|W; =1) = == 2 v i

p,, = estimated of P(X,=2|W, =1)= Numbe;luor;bexri;z vijvfln ;=1

P, = estimated of P(X, =3|W, =1) = Mmool X=s sven it

p,, = estimated of P(X; =1|W, =2)= N”mbeh:u‘;;bexrizfl \?\/Wj; W;=2

p,, = estimated of P(X,=2|W,=2)= Number of X;=2 given W;=2

Number of W;=2

Number of X;=3 given W;=2
Number of W;=2

p,, = estimated of P(X,=3|W, =2)=

p,, = estimated of P(X,=1|W,=3)= N“mbeh:u:bexri;l \i/iv:; w;=3

P, = estimated of P(X; =2|W, = 3) = =22 v

Py, = estimated of P(X, = 3|W, = 3) = Mmer ol =8 shen -3

With sample sizeM — «, it is known that I?M—F’)E, where P is the true

misclassification matrix between X and W.

12



2.2 The Approximate Likelihood Function
Now we use the estimated I§M to plug into the likelihood function to get an

“approximate” likelihood function:

() =L B =TT L0 1W,5.8,) @)

A~

— éinu (1_ éi)”r”u a;u (1_ é‘_z)“z*”n égm (1_ és)nrnls

3
where, & =7,p; +1,P, +7,Py, 1<1<3, and Z Pi =1
)

We will try to estimate g such that LnL‘” (8) maximized. In doing so, we

solve for 3 of the approximate score vector function

~ A ~ A~ ~ R AT
SCh (B) =% LnL? () = (5 LnL? (B), 2 LnL? (B), 2 LnL® () (2.2)
=0
We call the resulting solution an “approximate likelihood estimator” and is

denoted by 3, , -

2.3 Large Sample Performance of @ANYM
Let 4, be the true value of parameter B Then under the assumptions listed in

section 3.2, we can show the following result when sample sizes N and M are

large.

Theorem 1: ,@A’NYM — =B, asN,M —

Theorem 2: \/W(éN,M ~$)——N@OQ.T™(5)) asN,M >,

where T'(8,) = L‘L‘L(‘ﬁi E[D,(y;, W, By, E’)I/jo]j

i=1

13



2.4 Monte Carlo Study of the Performance of ,@A’N'M

Table 1 to 4 show the result of simulation for different combination of

primary sample size N and auxiliary sample size M. In table 1, the true

parameter values 5, = (4, 5. ;) = (0,1,-1.5), together with

09 0.05 0.05
misclassification probability matrix P=|0.05 0.9 0.05| used to generate
0.05 0.05 09

data for Y and W in primary data set and W and X in auxiliary data set. In

table 2, the same S, = (/. 4. B; ) =(0,1,—1.5) as in table 1 is used but the

misclassification probability matrix now is

0.8 0.15 0.0
P=10.2 0.7 0.2|. The same setup is used for table 3 and 4 but now
0.0 0.15 0.8

the true parameter values S, = (/. 4, 8, ) = (L1 -15)

For each experiment, 500 replications are run. First we estimate the

misclassification probability E’M of P using the auxiliary data. Parameter
B =(,6’0,,b’l,,82) is estimated by maximizing the approximate likelihood

function using function call NLPTR (...) in SAS which implements the Trust

Region Method for nonlinear optimization and denoted by,éNyM . The

estimated parameter is the average over 500 estimates above. The
estimated asymptotic variance is the average over 500 asymptotic

variances estimated as the diagonal elements of the negative inverse

~ ~ A N .. A
Hessian matrix, —H;,l(,@N’M) where H, (B) = ZQi(yi,wi,@, Pu)-

i=1

14



In those tables, the simulation results reported are parameter estimated,

bias from true value, asymptotic standard error, lower and upper limits of

95% confidence interval. By looking at the tables, in general we see that:

1. The bias is small in for large enough sample size N and M.

2. Larger sample sizes can predict the true parameter with slightly more
accuracy.

3. Standard errors are clearly reduced with larger sample sizes.

4. The more misclassification between X and W, the bigger sample sizes N
and M are needed in order to achieve the same accuracy.

15



Table 1: Monte Carlo Simulation Study with 3, = (/4.8 . 8; ) =(0.1,-15)

N M Para. | Estimated | Bias Std Error | Lower | Upper
200 | 100 | B, -0.00796 | -0.00796 | 0.27844 | -0.5537 | 0.53777
B 1.06547 0.06547 | 0.46454 | 0.15498 | 1.97597

s, -1.55625 | -0.05625 | 0.53045 | -2.5959 | -0.5165

200 | 200 -0.0027 -0.0027 | 0.27772 |-0.5471 | 0.54152
1.02079 0.02079 | 0.45599 | 0.12705 | 1.91452

-1.5317 -0.0317 | 0.52596 |-2.5653 |-0.4980

500 | 100 0.00759 | 0.00759 | 0.17548 |-0.3363 | 0.35153
1.00441 0.00441 | 0.28688 | 0.44214 | 1.56669

-1.5329 -0.0329 | 0.31953 | -2.1591 | -0.9066

500 | 200 0.00264 | 0.00264 | 0.17513 |-0.3406 | 0.34588
0.99978 | -0.0002 |0.28643 | 0.43838 | 1.56118

-1.5550 -0.0550 |0.32575 |-2.1935 | -0.91654

500 | 500 0.00730 | 0.00730 |0.17513 |-0.3359 | 0.35055
1.00035 | 0.00035 | 0.28492 | 0.44191 | 1.55878

-1.51511 | -0.0151 | 0.31929 |-2.1109 | -0.8893

1000 | 100 -0.0082 -0.0082 | 0.12403 | -0.2513 | 0.23484
1.01493 0.01493 | 0.20241 | 0.61821 | 1.41165

-1.5038 -0.0038 | 0.22683 |-1.9484 | -1.0593

1000 | 200 0.00250 0.00250 | 0.12341 |-0.2393 | 0.24438
1.00888 0.00888 | 0.20026 | 0.61637 | 1.40139

-1.5087 -0.0087 | 0.22485 |-1.9494 | -1.0680

1000 | 500 -0.0030 -0.0030 | 0.12304 |-0.2442 | 0.23808
1.01706 0.01706 | 0.20011 | 0.62483 | 1.40928

-1.4962 0.0037 0.22394 | -1.9351 | -1.0573
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Table 2: Monte Carlo Simulation Study with 8, = (/4. 8. 8; ) =(0.1,-15)

N M Para. | Estimated | Bias Std Error | Lower | Upper
200 | 100 | B, -0.0048 -0.0048 | 0.35661 | -0.7038 | 0.69406
i 1.01686 0.01686 | 0.53144 | -0.0247 | 2.05847

3 -1.6288 -0.1288 | 1.23977 | -4.0587 | 0.80108

200 | 200 -0.0068 -0.0068 | 0.34846 | -0.6897 | 0.67615
1.03761 0.03761 | 0.52751 | 0.00370 | 2.07153

-1.5992 -0.0992 | 1.08720 |-3.7301 | 0.53163

500 | 100 -0.0027 -0.0027 | 0.22003 | -0.4340 | 0.42846
1.00907 0.00907 | 0.32262 | 0.37674 | 1.64139

-1.5798 -0.0798 | 0.63327 | -2.8210 | -0.33861

500 | 200 -0.0116 -0.0116 | 0.21734 |-0.4376 | 0.41432
1.02265 | 0.02265 | 0.31788 | 0.39961 | 1.64568

-1.5326 -0.0326 | 0.59357 | -2.6960 | -0.36929

500 | 500 -0.0137 -0.0137 | 0.21352 |-0.4322 | 0.40476
1.03301 |0.03301 | 0.31626 |0.41314 | 1.65289

-1.5435 -0.0435 | 0.59643 | -2.7124 | -0.3745

1000 | 100 -0.0153 -0.0153 | 0.15614 | -0.3213 | 0.29070
1.02273 0.02273 | 0.22647 | 0.57885 | 1.46662

-1.5086 -0.0086 | 0.42020 |-2.3322 |-0.6850

1000 | 200 -0.0031 -0.0031 | 0.15348 | -0.3039 | 0.29770
1.00028 0.00028 | 0.22157 | 0.56599 | 1.43457

-1.5171 -0.0171 | 0.40416 |-2.3092 | -0.7249

1000 | 500 0.00071 0.00071 | 0.15139 |-0.2960 | 0.29744
1.00539 0.00539 | 0.22083 | 0.57257 | 1.43822

-1.5363 -0.0363 | 0.39142 | -2.3035 | -0.7691
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Table 3: Monte Carlo Simulation Study with 8, = (4. 8. 8; ) =(1.1,-1.5)

N M Para. | Estimated | Bias Std Error | Lower Upper
200 | 100 | B, 1.02170 0.02170 | 0.32147 | 0.39163 | 1.65178
A, 1.00738 | 0.00738 | 0.64514 |-0.2570 |2.27185

s, -1.5019 -0.0019 | 0.45615 |-2.3959 |-0.6078

200 | 200 1.04882 0.04882 | 0.32608 | 0.40970 | 1.68795
1.05956 0.05956 | 0.67877 | -0.2708 | 2.38994

-1.5700 -0.0700 | 0.46445 |-2.4803 |-0.6596

500 | 100 1.01139 |0.01139 | 0.20170 | 0.61606 |1.40673
0.99014 0.00985 | 0.38778 | 0.23009 | 1.75019

-1.5247 -0.0247 | 0.28908 | -2.0913 | -0.9581

500 | 200 1.01431 0.01431 | 0.20177 | 0.61884 | 1.40978
1.00146 0.00146 | 0.39247 | 0.23222 | 1.77069

-1.5108 -0.0108 | 0.28727 |-2.07391 | -0.9478

500 | 500 1.00893 | 0.00893 | 0.19998 | 0.61714 |1.40072
1.04417 0.04417 | 0.39163 | 0.27658 | 1.81176

-1.5180 -0.0180 | 0.28546 | -2.0775 | -0.9585

1000 | 100 1.00753 0.00753 | 0.14239 | 0.72844 | 1.28661
1.03769 | 0.03769 | 0.27614 | 0.49645 | 1.57893

-1.5096 -0.0096 | 0.20330 |-1.9080 |-1.1111

1000 | 200 1.01106 0.01106 | 0.14187 | 0.73299 | 1.28913
1.01084 0.01084 | 0.27060 | 0.48047 | 1.54121

-1.5181 -0.0181 | 0.20231 |-1.9147 |-1.1216

1000 | 500 1.00582 0.00582 | 0.14109 | 0.72928 | 1.28237
1.01744 0.01744 | 0.27009 | 0.48806 | 1.54683

-1.5090 -0.0090 | 0.20145 |-1.9038 |-1.1141
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Table 4: Monte Carlo Simulation Study with 8, = (4. 8, 8; ) =(1,1,-1.5)

N M Para. | Estimated | Bias Std Error | Lower | Upper
200 | 100 | B, 1.04226 | 0.04226 | 0.45934 | 0.14195 | 1.94256
A, 0.99773 | 0.00227 | 0.99249 | -0.9475 | 2.94297

s -1.5114 -0.0114 | 0.80459 |-3.0884 | 0.06548

200 | 200 1.03455 | 0.03455 | 0.46016 | 0.13264 | 1.93645
1.03378 | 0.03378 | 0.95244 |-0.8329 | 2.90053

-1.5193 -0.0193 | 0.79424 | -3.0759 | 0.03738

500 | 100 1.02525 | 0.02525 | 0.27839 | 0.47961 | 1.57089
1.05885 | 0.05885 | 0.58101 |-0.0799 |2.19768

-1.5228 -0.0228 | 0.48850 |-2.4802 |-0.5653

500 | 200 1.01959 | 0.01959 | 0.27297 | 0.48457 | 1.55462
1.02683 | 0.02683 | 0.53929 | -0.0301 | 2.08384

-1.5181 -0.0181 | 0.48241 |-2.4636 |-0.5725

500 | 500 1.00628 | 0.00628 | 0.26738 | 0.48222 | 1.53034
1.07148 | 0.07148 | 0.54185 | 0.00945 | 2.13350

-1.5243 -0.0243 | 0.47098 | -2.4474 |-0.6012

1000 | 100 1.01736 | 0.01736 | 0.19164 | 0.64176 | 1.39297
1.02245 | 0.02245 | 0.38393 | 0.26995 | 1.77496

-1.5145 -0.0145 | 0.33694 |-2.1749 |-0.8542

1000 | 200 1.00431 |0.00431|0.18748 | 0.63685 | 1.37177
1.02833 | 0.02833 | 0.35276 | 0.33693 | 1.71974

-1.5011 -0.0011 | 0.33085 |-2.1496 |-0.8527

1000 | 500 1.00401 | 0.00401 | 0.18634 | 0.63878 | 1.36925
1.03490 | 0.03490 | 0.35345 | 0.34214 | 1.72766

-1.5202 -0.0202 | 0.32695 | -2.1610 | -0.7894
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CHAPTER 3

PROOFS OF RESULTS

3.1 Notations and Preliminaries

From the likelihood function (equation 1.7), we introduce the “artificial”

likelihood function: L (B)=L(B,P), where P is the misclassification matrix.

Define§ﬁ,1)(§):%LnL@(@). Let /}’N be such that§ﬁ,l’(@N)=Q. Then we call this

ﬁN an “artificial” likelihood estimator of the model.

N
From the - Hessian matrix (equation 1.9)H, (5,P) = Zc'bi(yi,wi,@’, P),

i=1

N
we define two related Hessian matrices: H, (8)=> ®,(y,,w,, 3, P)
i=1 -

and H, (8) = 2 iy, wi, £.B)

The notation below used by Hoadley (1971) will be used in the proofs of

consistency and asymptotic normality of the “artificial” likelihood estimator /}’N :

f(yi lw, 8,P)
R(D)={ fi(y, 1w, 5, P) T H0 W, £) >0

0 otherwise;

R(B.0)=sup{R (8):|8" - | < o]
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V,(r) :sup{Ri (B): H@H > r}
r(8)=E, {R(B)]

in(/})

i=1

Z||—\

n(8) =
v(r) =E, V()

7= 30

3.2 Assumptions

To prove consistency and asymptotic normality of/:fNM , we assume the
following:
Assumption Al: F}M —L 5P as M — 0, where M is the auxiliary sample size and

P is the true misclassification matrix.

Assumption A2:l <K <was N,M —oo; where N is the primary sample size

M
and M is the auxiliary sample size.

Assumption A3: © is a compact subset of R".

Assumption A4: f, € int(®).

Assumption A5: P is nonsingular.

3.3 Consistency of @AN,M

Theorem 1: Under assumptions Al and A3, éN,M ——>p,as N,M -

Theorem 1 will be proved using result of the following two lemmas and
application of triangle inequality:
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a) Lemma 2: ,@M'N—"%’N as N,M — oo

b) Lemma 3: éN ——>p,as N >

Proof of Lemma 2:
The following claims M1, M4, and M5, which are proved in appendix B, are

used for lemma 2.
Claim M1: ryag([%ugﬁ)(g)_gm (@)M—pm asN,M — .

Claim M4: If x! A x, —~—0 and 4,

‘min

(A)26>0, Yyn>N, thenx, ——0.

Claim M5: Forany S e®, Aenin (= H (,6’))>5>0 vn>N.

First note thatS{’ (,@N) =S (,@N’M) =0. Together with claim M1 we have:

s

< | {80 () - S8 )|+

N{ S (Buw) ~ S (B M)}H

:H_ (2) (ﬂNM) S(l) (ﬂN M)}H (3-1)

<m {-Hs‘z) (ﬁ)—gﬁ(@)ﬂ—pm asN,M — .

By Mean Value Theorem,

(Buwi - ﬂN)[ (s9(B)- sﬁ”(/}N,M)}}:(éw b)) {N(%S)(ﬂN)](éN,M—éN)

=(éN’M _éN )T [%HN(g;)}(é\N,M —@N), for some gy between
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@AN'M and ,éN . Taking the norm of both sides we have:

<

(éN,M _éN )T {% HN (@:1 )}(éNM _éN ) (éN,M _éN )T HH%{S\P (éN ) - §r£11) (éN,M )}H

—P2 50 as N,M — « since the first factor

is bounded and the second factor —2—0 as shown above.

Hence, — 30 as N\M > o

(éN,M _éN )T {_% HN (é); ):|(éNM _éN )

By claim M5, ﬂmin(—% Hy (By)) > >0 for somes .

Now applying claim M4 we conclude (,@MN —,@N )—p>0 asN,M — .

Therefore, Lemma 2 is proved.

Proof of Lemma 3:

Theorem 1 from Hoadley (1971) shows that éN —p>,§’0 as N > o

under the following five conditions:
Cl. O isaclosed subset of R”

c2. f(y, |Wi,@, P) is an upper semicontinuous (u.s.c.) function of £, uniformly
ini, a.s. [P].
C3. There exists p" = p (f)>0 and r >0 for which

i) E[R(B.0)) <K, 0<p<p;

iy E[V, (N <K,.
C4. i) limr (B)<0, = f;

i) limv,(r)<0.

C5. R(B,p) and V,(r) are measurable functions of Y,

These five conditions are verified for our model. The proof’s detail is given in

Appendix C. Hence lemma 3 is proved.
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3.4 Asymptotic Normality of @ANYM
Theorem 2: Under assumptions A2, A4, and

\/W(,QA’N,M —@0)—L>N(Q,f‘l(@o)) asN,M - .

Proof:

Theorem 2 is proved using the following two Lemmas:

Lemma 4: Under assumption A2, m(éw —,é’N)—p>O asN,M - 0.

Lemma 5: Under assumption A4, and A5, \/ﬁ(@N —go)—L>N(Q,1:‘

asN — .

The result follows because \/W(éN'M —@0) - \/W(@N’M _@N )+\/ﬁ(éN _

Proof of Lemma 4:

A5,

()

Lemma 2 above together with the following claims M1 and M2, which are

proved in appendix B, are used to prove lemma 4.

Claim M1: max %Hggﬂ(g)—gﬁ’m () }—")0 asN,M — .

p<®

g2 N oP

Claim M2: max iiS‘”(ﬂ)” max —Z[—— Lnf,(y, [ w, S, E’):l

probability and hence is bounded in probability as N — .

‘N (,!gN,M _IéN )T [%{Sl{l (éN,M)_SI{I (éN )}j

( “B)

(mM)swmﬁH

24
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But VM Hﬁ{@ﬁ)(&,hﬂ>—§ﬁ>(ém} < W Hﬁ{%)(éw>—§<Nl>(/,§’N,M>}H by (3.1)

190 cwp
s\/ﬁmgaex N ap S (A)

HéM - EH by M1.1 (see Appendix B).

g®
N aP S (B

3

ax|—
B.P

This is bounded in probability because NHéM —EH is bounded in probability

and rgapx”%a%gﬁ)(@h,) is also bounded in probability by claim M2.

Hence

(ﬂ _ﬂN) ( {S (ﬂNM) Sl (ﬂN ‘—>0 because

N is bounded by assumption A2 and “(@NM —,@N) —L >0 by lemma 2.

M

Moreover, by Mean Value Theorem:

‘N(éN,M _éN )T (%{Sh (éN,M)_SIl\I (éN)}]‘ :‘\/ﬁ(éN,M _:?N )T [%UN(@;)]m(éNM _éN)

Where f is between é’N'M and éN.

Similar argument used in Lemma 2 show that \/W(éN,M —,@N )—"—)O.

Proof of Lemma 5:
Theorem 2 from Hoadley (1971) shows \/W(éN —@0)—L—> N (Q,f‘l(é’o))

under the following nine conditions:
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Condition N1: The interior of ® is an open set of R? and B, is an interior point
of ®.

Condition N2: /}’N —> 4, as N> o

Condition Na3:

i) @ (y,w, B, P) =5 ®;(¥;, W, B, P) =4 Lnf(y; |w;, 5, P) exists.

i) &, (v W, B,P) =5 D, (v, W, B,P) = 55 ®,(y,, W, B,P) exists.
Condition N4: c'I')i(yi,wi,g, P) is a continuous function of B, uniformly in i, a.s.
[P], and is measurable functions of Y;

Condition N5: E[Cbi(yi,vvi,,@’, E’)lg]:Q; i=12,..

Condition N6:

Ty(8)=E| ®,(y;, W, 8. P)D (v, W, 8,P) | B|=—E[ D,(y,, W, 5,P)| 8]

Condition N7: 3['(5) such that LiﬂlfN (B)=T(p), and ['(p) is positive definite.
Condition N8: E[ @, (y,,w, 5.P)| A <K

Condition N9: There exists ¢ >0 and random variables B,

(Y;) such that
i) sup{‘c'l')iyj, (v;, W, B, E’)‘ ; Hé’—é’o” < g} <B;(Y).

i) E[Bi’jI (Yi)JM <K, forsomes>0,K >0.

These nine conditions are verified in Appendix D for our model. Therefore,
Lemma 5 is proved.
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CHAPTER 4

EXTENSION AND DISCUSSION

4.1 Model for Including Continuous Variables

Let Z be an error-free variable that can be observed independently of X.

Then:
ZE:P(Yi'Wi,Zi,Xi = J)
p(Y, W,z = P Z) e
PW;,Z;) PW,,Z,)
> PCG W, X, = §,Z)PWW, Z, X, = )
: PO, Z)

3
ZP(Yi 1 Z;, X; = DPW,, Z;, X; = ])
== by non-differential error

P(Wi’zi)

assumption.

2P 1Z, X, = DP(X, = [ 1W, Z)PW, Z,)
PW;.Z;)

P(YI |Zi’xi = J)P(x| =] |Wi,Zi)

P, |Z, X, = P(X, =]|W,) by independent assumption (4.1)

ZG:
j=1
23:
E

Comparing to equation (1.3) in chapter 1, equation (4.1) has similar form

except now taking into account information of variable Z.
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4.2 Model for Multiple Misclassified Variables

Let W, and W, be the misclassified version of unobserved variables X;

and X, respectively that are independently observed.

K K

P(Yi,Wi,X P = j,Wi,X i =1)
P(Yi’Wli’WZi) _ Jz‘llhzl e e

P(Yi |WivW i) =
' ? P(Vvli'WZi) P(Vvli'WZi)
K, K, '
ZZP(Yi'Wli’ Xli =] |W2i' X2i =|)P(W2w X2i =1)
R
P(\Nli’WZi)
Kl KZ .
ZZP(Yi'Ww Xli = X2i = I)P(\NZi’ X2i =1)
N
P(Vvli’WZi)
K Ky _
ZZP(Yi’Wlﬂ Xy = 11 X5 =DP(Xy; = {W,)PW,;)
R
PW,;,W,;)
K, K, '
zz P(Y, Wy, Xy = J| Xy =DP(X,; =1|W,)
= by i
= y independent
PW;)
K1 KZ - -
zz P(Y; [Wy, Xy = J, Xy =D)PW;, Xy = j| Xy =h)P(X,; =1 W)
=
PW;)
K K, _ .
Zz PY | Xy =1, Xy =D)PWy, Xy = J)P(Xy =11W,y;)
e by
PW;)
non-differential error assumption and independent.
K, K, ) )
= ZP(Yi | Xy =1, X = DP(Xy = JIW)P(Xy =1{Wy) (4.2)
=1 1=

Again, equation (4.2) has similar form as that of (1.3) but now dealing
with two variables.
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In general,

KK K

P(Y, |\A4i’V\éi""'WDi)=ZZ'"ZP(Yi | X5 =1, X5 =1 X =QPCX; = JIW)P(X; =1{W;)..P(Xs =0 W)

[EY ]

4.3 Future Work
The implementation of this work is only for model of binary response
variable and a misclassified discrete covariate. It would be interesting if we
could extend the program to model of more than one misclassified discrete
covariates, with the inclusion of continuous variables, and model for

categorical response variable.
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APPENDIX A

SOME USEFUL INEQUALITIES
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1if <1

C, -Inequality: (a+h)' <C, (a"+b"), where a>0, b>0, C, = -
2" 0f r>1

Markov Inequality: For a random variable X and positive constants ¢>0, r >0,

P[|X|zc]< E(|X|r)

CT
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APPENDIX B

PROOFS OF MAIN RESULT
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Claim M1: ryag([%ugﬁ)(g)_gm (@)M—pm as N,\M > .

N

Z[—— Lnf; (y; [w;, B, P)}

1

Claim M2: maxH —S (ﬂ)H = is Cauchy in

probability and hence is bounded in probability as N —

Claim M3: E maxi iLnfi(yi W, 5,P) || <K <o, uniformly in i;
se OB | 0p ~

| i

Claim M4: If xT A x,—2—0 and A,

(A))=26>0, Yn>N, then x, ——0.

Claim M5: For any B0,

i) H—%Hn(@)—fn(g)u—ho as n—w

i) Ay (= H (,B))>§>0 vn>N.
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Claim M1; max[ HS“’(,B) s@, (/j)M—Mo as N,M - .

Proof of M1:
Define G(8,P)=S{(8) and G(, P,)= Sim (B).

By Mean Value Theorem,

(G088 -6(8.R)]= 1568 P [B, ~P]. where P is between B, and

1
N o
P. Then:

ew.Bo-cw.p)<|

< max
B.P

M1.1
N 8P ~ ( )

—L2 50 as N,M — « since rga}px is

10
W@G(ﬁ P)

bounded in probability by claim M2 and E’M —L »>P as M — o0 by assumption

Al.

Claim M2: rr)]apx is Cauchy in

%—Sm (/3’)” max

=1

Z[%% Lf, (s 1w, E’)}

probability and hence is bounded in probability as N — «

Proof of M2:
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Lnfi()’ilwi’é)'E))’

0 0
B ., =max——Lnf w, 5, P
i, jl ﬂP R ,BJ (y|| i ﬂ )
Then,
1 N +k N 1 N 1 N +k
L= = B. - B . +— B. .
AN+k,JI AN,]| N +k — Ij| le (N k N jlz_l: i,jl N +k i%;rl i,jl

By Markov Inequality,

P{‘ANH(,]I ‘>g} i2 [AN+ij AN ]2

1 1 1 N 1 N +k 2
=—E - B ,+—— B, .
& KN+k szll L N+ki=NZ‘11 "”}

(-2 (e ]

By C, — Inequality

]l B L S S el e,]

N (N +k))2 i1 s (N k) iZN+1 =N +1

Because of independent, E[ B, ;B, ; |=E(B;)E(B,;) and by claim M3,
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E{maxi(% Lnf, (y; | w, B, E))HS K <o, uniformly in i:

2 k2 21,2 1 21 2
PHAMKH—AMAZE} ‘?{GGGEIEE‘N K +(N+kfkl<}

—>0as N—-oow,

N
Therefore, A —%Zn; g Lnf;(y; [w;, 8, P) is bounded in probability.
i=1 <

9
B
Then

——Lnf (Y [, B, P)

is bounded in probability. And:

_E Lnf,(y, |Wi'/B P)| is bounded in

1 00
rT,_;va:X _;{EELnf (y| |W|'ﬂ P)]

probability.

Claim M3: E{n;apxa%(i Lnf;(y; [w;, B, E)H <K <oo, uniformly in i

op,

Proof of M3:
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For our model here,ie 0 : 0 : 0 , W, €{1,2,3} and
8I aplwi apZWi ap3Wi

o _[o o o
op, | op, op. op,

Case Y, =1:

From condition N3 of Appendix D:

eﬂo +A eﬁo +f, eﬂo
P, o isa T Pow o s T P o i
8 i Lnf(y |W ﬂ P) _ a 1w (1_|_ eﬂo+/31)2 2w, (1+eﬁ0+ﬁ'2 )2 3w, (1+eﬂ0)2
opy, Of i W 2050 =3 ofo P ol o
1w, 0 1w Prw 7ﬂ+ﬁ1+ Pow 51 + Psy, v
i 1+e 0 i l+e 0 2 i 1+e )
eﬂo+ﬂ1 p eﬁo+ﬂ1 N p eﬂoJr/}z . p eﬁo
(Lyehi Ay | gyl P20y ohih TN |

Pyt Py, eh Y
Puw, 7 s T Paw + Pay,
1w 1_+_ eﬂo"'ﬂl 2w 1_+_ eﬂu‘*’ﬂz 3w 1_+_ eﬂo

eﬂ0+ﬁ1 eﬂo*ﬂz eﬂo eﬁo+ﬂ1
P q 1 eomye ™ Pow (1 omemye T Pon g oye 1) oheh

photh ho+ly eh Y
Pu 3 os T Pow 1 ghrs T Paw o

eﬁo*’ﬂl eﬁ0+ﬂ1 eﬁo*’ﬁz eﬁo
Pru + P, + Pau,
(1_|_ eﬁOJrﬂl) 1w 1+ eﬁ0+ﬂ1 2w; 1+ eﬁo*ﬂz 3w, 1+ eﬁo

Bo+h Bo+Ba eﬁo
P 75 T Pow 735 T Paw 7 5
Milpehth o TN et TNy eh
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eﬂ0+ﬂ1 eﬂo +5, eﬁo eﬂo +h
plw, + prI + p3wI

(1+e2 Ay L+e”*2)? (1+e®)? J1+e? onea
ofothi hothy eh Y
Pov e Pow  oien T Pow o
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Similarly, we could show:
0 iLnfi(inWi,ﬂ,E’)< L and ¢ 9 I-nfi(YilwinB’E))<i
o, Bs ~ Pay, O3, Of ” Pay,
eﬂ0+ﬂ1
Po 0 omiiy?
0 i|_r|f|(y| |Wi’ 1E): g Lo+ (1+eﬂ+ﬁ) B
0Py, OB, ~ op,,, e gror e

" P + Poy + Pay,
1W| l+ eﬁo"'ﬂl 2W| l+ eﬁ0+ﬁ2 3W| l+ eﬁo



eﬂ0+ﬂl ( eﬂo*’ﬂl eﬂo*‘ﬂz eﬁo j p eﬂo*’ﬂl eﬂo+ﬂ1
M

Prw + Pay, + Psw 5
(1+ eﬁO"’ﬂl)z 1w 1+ eﬂo"'ﬂl 2w, 1+ eﬁ0+ﬂ2 3w 1+ eﬁo (1+ eﬂ0+ﬁ1)2 1+ eﬁo"’ﬂl
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apz eﬂo +A eﬂ0+ﬂ2 eﬁo
Wi

Puw, + Poy + Pay,
1w 1+ eﬁo*‘ﬁl 2w, 1+ eﬂo‘*’ﬁz 3w; 1+ eﬂo

0o 0 0
— Lnfi(y; [w, 8.P) =
Py, OB, -

eﬂo +B eﬁo +5,
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eﬁo*ﬁz
S
6 o 0 C(Lrehh)? 1
— - Lnfi(yi [w, 5, P) = For P ( ﬁ'o+ﬁ'z) PR
aplwi aﬂz aplwi p € +p € +p e plWi
My ehth T TN eft T Ty e
eﬂ0+ﬂ2
P, o gz
o 0 0 (L
ap %Lnfi(yi |Wi,@, E) = P efoth ( eﬂ0+ﬂ2) e/ <0
2Wi 2 2Wi p + p2 + p3
Mpehth o TN ehth Ty o
eﬁo"‘ﬂz
plWi BotP2)2
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Similarly, we could show:

0L (y W, f.P) <—— and —T——Lnf (y, |, 5,P)<——.
8130 p2w, ap3wI aﬂo ” p3wi
eﬁOJrﬂl
a 5 ? P (4 oAy
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1 j (1+e*)° (@+e")1l+e
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eﬁo +ﬁ2

a o )=l P (e
w O, Wt L, L
Milpefth o T e TN ehh
eﬁo*’ﬂz 1
Pew (L+eh2)? 14/ Paw,

= 1 1 1 5 < i 5
Pus 1 opin T P2 + Py (Psv)
YlehtA T T et Ty pf

1 1 1 Py,

Pu,

p2w-

Paw , then

Now let K = max , , , R R > 3
plWi p2Wi ngi ( p2wi ) ( p3wi ) ( plwi ) ( p3wi )

maxi(ﬁ Lnf, (y; |w, v E)J <K <o and

E{maxi(% Lnf,(y; [w;, B, E)ﬂs K <.

Claim M4: If x] Ax,—2—>0 and 4, (A)>5>0, Vvn>N, then x, —2—0.

Proof of M4:
Note that 2., (A)[x.[ < xI A, -
From hypothesis, x] A x,—2—>0 and 4,;,(A))>5>0, vn>N we must have

|x,|f —2=—0. Therefore, x, ——0.
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Claim M5: For any {é’} €0,
i) H—%Hn(é’)—fn(@)u—pm as n— o

i) ﬂmin(—l H.(#)=06>0, Yn=>N.
n ~
Proof of M5-i:

From condition N9(ii) of Appendix D, E[c'I')i’j,(yi,Wi,@, I?)}2 <K <o for some K

and Vi. Then E[(Di'j,(yi,vvi,@, E’)] <K and the variance:

. 2

ot =var(b, , (v, w, 5.P)) = E[ b, , (v, w, 5.P) | ~(E[ b, (v w. 5.P)]) <K

Hence Iim(i2 afjslim(i2 Kj=|im(i2nK)—>0.

nN—oo n

By Chebyshev theorem (Serfling, p.27),

H%idbi(yi,wi,g. P)- L3 e[ w4 e)]H—w a5 >o0.

Or

23082+ S0 5w, £ 8] 50 s n s

From definition _lHn(ﬂn)=—12d'>i(yi,wi,ﬂn,l?) and
n ~ NI ”

fn(@):_

ln
n*

i=1

E| & (v, w, A.P)].

Therefore, claim M5-i is proved.
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Proof of M5-ii:
From the proof of condition N7 in Appendix D, fn(é’) IS positive definite for

Vpe®.
Being positive definite matrix, all the eigen values of T, () are greater than

zeros. Let A, (T,(B)) >0 be the smallest eigen value of ', () and

a= 21('; ﬁ’min (rn (@)) > 0

1

It follows from M5-i, |4_.. (—=
n

Hn(ﬁ))—ﬂmin(l_“n(@))‘—pm as n—w.

Then 3N suchthatfor n>N, (4. (—l H, (8)) = A (T, (B))
RN ~

(24
< —
2

Let 6 =%, then for sufficiently large N, ﬁmin(—% H.(8))26>0, Vvn=N.
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APPENDIX C

PROOF OF CONSISTENCY CONDITIONS C1-C5
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Cl. O is aclosed subset of R°P

C2. fi(y;|w;, B,P) is an upper semicontinuous (u.s.c.) function of 3, uniformly
ini, a.s. [P].

C3. There exists p" = p (f)>0 and r >0 for which
i) E[R(B.p)" <K, 0<p<p;
i) E[V.(NF <K,
Ca. i) limF,(B)<0, f= 4,
i) limv, (r)<0.
C5. Ri(B,p) and V,(r) are measurable functions of Y,

C5.1: R(B,p)=sup{R (8): 8"~ | < p} =max{R (8): 8" eW (8, )}

C5.2: V,(r) =sup{Ri (B): H[ju > r} = max{Ri (B7): 8 eW (B, r)}
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Condition C1: O is a closed subset of RP

Proof: By assumption, ©® is a compact subset of %" and so it is closed and

bounded by Heine-Borel Theorem.

Condition C2: f,(y; |w;, 3,P) is an upper semicontinuous (u.s.c.) function of 2,

uniformly in i, a.s. [P].

Proof: We will prove for the case fi(y; |w;,,P) continuous (uniformly in i)

which also holds for semicontinuous. From equation (1.4) of chapter 1, the

distribution function is:

fi(yi [w,, 5, P)
eﬂo +h y 1 Ly, eﬂo +5 y Ly, eﬂo " 1 1y,
— i i + i i + 1 I
P () () P () (g™ Pou ()" ()

phth ehoth: Po ]
P ehor P ehems T Pow 1 o Ty=t

—_ + if y=0
P 1y ehor P g Pan gm0
Case y, =1: Firstwe note f(y,|w,/,P) is a composition of basic exponential
functions which are continuous, then f;(y, |w;, 8, P) is continuous. From the
assumption, © is a compact subset of R” we can show f,(y; |vvi,,{3, P) is

uniformly continuous in i.

Let £ >0 be given. Forevery S e® there exists 6(f)>0suchthat '« ® and

|8-p

<5(B) =y 1w, A.P) = (v, Iw, B, P)| < 1e
Then @c{B(@,%§(,§’))|@e®} .

N
Since O is compact, there exist £, 3,,..., By € ® such that ® U B(A.39(B)
k=1
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Let 5= min{%5(@1),%5(,9’2),...,%5(@N)} .
Now if we let g, ' ® and H,@’—g’”<§, since S € ®, there exists k such that
BeB(B.+5(8) and |B- 4

By triangle inequality,
1,0 1w, BB 1,0 1w, B, B <[ £y [, 8 P) = iy, 1w, B, P)+| (v 1w, B, P)— (3 1w, B, P)

<6<358(B,). Thus g eB(B,.5(5,))

—1 1
=3¢ +§€ =&
Hence the uniform continuity in i is proved.

Case y, =0: The above argument also applied to this case.

Condition C3. There exists p" = p (f)>0 and r >0 for which
i) E[R(B.0)) <K, 0<p<p;

iy E[V,(NF <K,
Proof of C3-i:
Let £, = (6,5, ;) be the true parameter. By definition:

Hn =~ | if fi(y,Iw, 5. P)>0
R(B)= {fi(mwi,/go,e) e £.7)
0 otherwise
Case vy, =1:
/A gfott2 eho
T +
R =L plwi 1+ eﬂ(ﬁﬂl p2wi 1+ eﬂ0+ﬂz p3Wi l+eﬁ°
i (g) n ﬂoJrﬂlo ) 3
e ero 2 e/
p

+ +
1Wi 1+ eﬂg"'ﬂlo pZWi l+ eﬂg*’ﬂg pSWi 1+ eﬂg
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<Ln T 0 70 0
ﬂOJrﬁl eﬂo*ﬁz eﬂo
pW. 0 0+pW. 0 0+pW. 0
R Y 21 4 efop M4 eh
3(1+e”
<Ln 3 — |=Ln ( 0)
eﬂo p3w.eﬂ0
p3Wi i I
1+e
i
<Ln 3¢ ~|=Ln 3
pSWieﬁo p3Wi
Case y, =0:
1
Pus oo T Pow 1 omes TP o
R(f) = Ln
2 0 1 ip 1 +p 1
Mg e T e T
< Ln 3 1
pwﬁ-"pw 0 0+pW. 0
R Y 21 4 efep Mg 4 eh
9 3(1+eﬁ5’)
<Ln| ——— |=Ln| ———~
p3W 1 5 p3Wi
"14+e5
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<Ln 3
p3wi

Let C=Ln 3
p

3w,

] then |R ()< C

R(B.p) = sup{R,(8"): |5~ 4| < |

siyp{Ri(g*)} since {[j :Hﬁ*—é’uﬁp}g®

<upiRe)|

R(B.0)= ~sup{R(5):[5" - p| < p| = inf|-R(8): |~ <]
<sup{-R(£):|"~ ] < |

<

up (=R, (")} since (g -Bl<rfco

=

sup R (47}

IN

Hence, ‘Ri (8, p)‘ < 2{2{‘& (@*)‘} <C

And E[Ri (é’,p)]2 <C? =K for some K.

Proof of C3-ii:

V,(r) = sup{Ri (B): Hg” > r}

g/s}yeg{Ri(g*)} since {/j”@”> r} c0®
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<sup{[R ()
-V, (r)= —sup{Ri (B): Hé’” > r} =inf {—Ri (B) H@H > r}

< sup{—Ri (,g) H@H > r} < Z*UEE;{_R‘ (@*)}
<sup R (4
Hence, |V(r)| < syp{‘Ri (g*)‘} <C
/j €@

And the result follows from argument in C3-i.

Condition C4:
) limT (B) <0, BB,
i) limv(r)<O0.
Proof of C4-i:
By Wald's Lemma 1. E[Lnfi(yi | W, B, E)} < E[Lm‘i(yi W, By, E)J

So that E[ Lnf,(y; |w;, £,P) |-E[ Lnf,(y; |, 5, P) | <0

E[Lnfi(yi |w;, B, P)—Lnfi (y; [W;, 5, E))]<O

El Ln fi(Yi|Wiu§’E) <0
O 1% o P)

Oor E[Ri(g)]<o
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>R (@)} >E[R()]

|
Hence, T, () = ile N <0.

Proof of C4-ii:

Since © is compact, it is bounded. Then there exists r >0 such that if Be®

then H,@’H<r Therefore, {Ri(§)3H§H>r}=@,Vi- Hence, limsupV, (r)=—-w0<0

Condition C5: R,(/,p) and V,(r) are measurable functions of Y,

Proof:
fi(y; [W;, 8, P)
fi(yi [, 5y, P)

Note that f;(y; |w;, 5, P) is a continuous function of / for fixed (y;,w;) and so is

By definition R,(f)=Ln = Lnf,(y; | W, 5. P) ~ Lnf (y, | W, 5, P)
a measurable function. Then R, (5) is a measurable function of ;.
Let W (g, p) be a countable set such that W (g, p) = B(f, p) = {?’:H(B_@H < p}
Next we will show R (5, p) = sup{Ri (8):|B - B < p} is y.-measurable.
By claim C5.1 below, {yi sup{R(8): |5 - < p} < g}

={v,:max{R(8): B W (B, p)} <]

= N R <4

B W (B.p)

Which is measurable since W (B, p) is countable and
R.(§) is measurable.

Therefore R (g,p) is measurable.
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To prove V,(r) is measurable, we let W(,@, r) be a countable set such that

W(B,r) @\{B(@, r)= {@:H(g—@u < r}} and follow the same argument above

together with claim C5.2 below.

Claim C5.1: R(5,p)= sup{Ri (8):|8 - B < p} =max{R,(8"): " €W (B, p)|
Proof:

since W(8,p) < B(A, p) ={0:|p—B|< p|, R(B.p)2max{R(8): B W (5, p)}
Note that f,(y, |w;, 3, P) is a continuous function of 4 for fixed

(¥, W), R (B) = Lnf,(y, | w,, 2, P)  Lnf, (y, |, 3,, P) is continuous at 2 W (3, ).
Because B(f3, p) is compact and R,(f) is continuous, 35" € B(S, p) such that

R(B.p)=R (g*). By the continuity of R(5), for any &> 0, there exists 6 >0

and S° eW(p, p) such that if Hé’—é’s

<& then ‘Ri (B)-R(B)

<&.
Then R (B,p)=R(B) <R (f)+e< max{Ri (8): 5 eW(g,p)}Jrg.
Since ¢ is arbitrary, R/(8,p) < max{Ri B):4 eW(@,p)}

Therefore, R (8, p) = max{Ri B):F eW(é’,p)} .

Claim C5.2: V,(r) :sup{Ri (B): H,@’H > r} = max{Ri (B): 5 eW (B, r)}
Proof:

Use similar argument in claim C5.1.

55



APPENDIX D

PROOFS OF ASYMPTOTIC NORMALITY CONDITIONS N1-N9
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Condition N1: The interior of ® is an open set of R? and B, is an interior point
of ®.

Condition N2: /}’N —t> 4, as N> o

Condition Na3:

i) @ (y,w, 5, P) =5 ®:(¥;, W, B, P) =5 Lnf (y; |w;, 5, P) exists.

i) &, (v W, B,P) =5 D, (v, W, B,P) = 55 ®,(y,, W, B,P) exists.
Condition N4: c'I')i(yi,wi,g, P) is a continuous function of B, uniformly in i, a.s.
[P], and is measurable functions of Y,

Condition N5: E[Cbi(yi,vvi,,@’, E’)lg]:Q; i=12,..
Condition N6:
Ty(B)=E| ®,(y;, W, 8. P)D (v, W, 8,P) | B|=—E[ D/(y,, W, 5,P)| 8]

Condition N7: 3['(5) such that lim T\ (B)=T(p), and T(p) is positive definite.

Condition N8: E[d)i’j(yi,wi,@, P)| ,@T <K

Condition N9: There exists ¢ >0 and random variables B, ; (Y;) such that
i) sup{‘c'l')i’j, (v;, W, B, E’)‘ ; Hé’—é’o” < g} <B;(Y).

i) E[Bi’jI (Yi)JM <K, forsomes>0,K >0.
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Condition N1: The interior of ® is an open set of R? and B, is an interior point

of ®.
Proof:
By assumption ® is compact (closed and bounded), then the interior of ® is an

open set. Itis also assumed S, €©®

Condition N2: é’N ——>f,as N> o

Proof:

Condition N2 is proved in Theorem 1.

Condition N3:
) ®,(Y, W, B, P) =5 D, (Y, W, B, P) = ZLnf, (¥, |, 3, P) exists.

i) dji(yi’wi’@’ E):%Cbi(yi’wiug' P) =%%q’i(ynwiu§’ P) exists.

Proof:

i) From equation (1.4) of chapter 1, f.(y, |w;,/,P)

i o, (O it g (8 gty
— p i — i + p i — i + p i i
WM et My ehth MM ehth’ My ehth MM 4ehl ieh
eﬁo+ﬁ1 eﬁo*‘ﬁz eﬁo .
P Ly oo * Pow o gro * Pan g gm TN =1
P 1 ehor P 1 ehem T Pon o T %=0
Po+B eﬁo*’ﬂz eﬁo
Let A, =p + P, + Py,
A’Vu 1w 1+ eﬂOJrﬂl 2w, 1+ eﬂo*ﬂz 3w; 1+ eﬂo
1
B, , and
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eﬂo+ﬂ1 eﬂo*ﬂz eﬂo
+ P,y + p3W

Wi=AN

o, v P e Ay P ey P (g ey
_L(I) (y.,,w, P)_ _d Lnf (y. |w ,BP)_
dﬁo i it Wi L dﬂo i i 1177
) d . d
Then, &,(y,, W, 8,P) =| —®,(,, W 5.P) |=| = Lnf,(y, | W, 5.P)
~ dg, - dg -
&b yow,aP) | [t (y w8, P)
_dﬂz i i |1~1~_ _dﬂz i i I’~’~_
_ CWi -
A,
bo+h
Lo iy, =1
A\N (1+ef*h)?
1 eﬂo‘*’ﬂz
AN pZW (1+e/}0+ﬂ2)
_ —Cwi .
B,,
-1 eﬂ0+ﬂl i
———|if Y. =0
B plw (1+e/}0+ﬂ1) | !
_1 eﬂo*ﬂz
Pzw s ek By
(1+e” 2)

i) (Wi B R) =55 @, (Yo W, B, R) = 5555 i (%, W, B, P)
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d d d

d
@; (y;

d d
apap, O R g g, ) g, i 2D
d d d d d d
B T R Ay S Ao By SR AN
d d d d d d
45, A ey iy dﬂzq(yi,wi,/},E)_
where
Case Y, =1:
d d _D,A, -C,
dﬂod_ﬂoq)l(yi’wi’ﬂ P)_ Af,l
e (1_gh'hA) oA
Py —— i A G P e
da . d _d.d _ Qe M (LAY
dﬂ dﬂo I(y| \Nl’g’E))_dIBO dﬁ |(y| \N|’I~8’E))_ Az
SR, o
d d 2w (L+eh) w A+ e/;mgz)
P)=— P)=
X (y"ﬂ)dﬁ;dﬂz (%W 5P) 0
L) e
L I S B A (P ey
dﬂldﬁl 1 1! I’N’~ Ai’i
eﬁo"‘ﬂl eﬁo‘*’ﬂz
Py Pow,
d d d C(L+efhA)? T (1 gl y?
. ———®,(y,, W, 5,P) = ~
53, O D)= g OO ) x
eﬁo*‘ﬂz (1_ eﬁo*’ﬁz ) eﬂo+ﬁ2
Pow, A\N_(pzw 7)
d d o (1+e/f'o+ﬂz)3 i L+ e/)’0+ﬂ2)2
ap,ap, OB A,
Case Y, =0:
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d d -(D, B, +cfvi)

dﬂo dﬂo ap " (y” ’g’ E): szvi
_[pl SAA) j
d d d Y ety G P (L+e Ay
W, = D, (Y, W, P)= 2
94 A4, D, (y;, W 'B)dﬁodﬂl (YW, 5, P) 7
b (1) et
APy zgw By TGP n
d ( " (L4+eP) WA (1yeh ﬁz)j
(i, P)———CD(Y., P)= 2
AR D A0S g
B eﬁo +B (1_ eﬂo +A ) eﬁo +B
© L ,(y, W, 5.P) = [p @rerhy 0P iy j
dﬂl dﬂl yl’ i BV%II
eﬂOJrﬂl eﬂo*ﬁz
—Puy, Pow,
d d d d Wi (14 ghtA)? TR (14 ghtey?
dﬂz dﬂlq)(yw i’ P)_dﬂl dﬂzq)(ylivvl’ﬂ P)_ BV%I
eﬁo +5, (1_ eﬁo*’ﬁz ) eﬁo +P, )
d d o ( y 'B P)_ _[pzw, (1+eﬂ0+ﬁ2)3 Bw, +(p2w, (1+eﬂ0+ﬁ2)2) ]
dp, dp, R B;
_i B eﬂ0+ﬂl(1—eﬂ0+'81) eﬂo*ﬂz(l_eﬂoJrﬂz) eﬂo(l_eﬂo)
And D, = op, C,, = Py, (L+efhh) 2 (L efore Mo (Leh)?

Condition N4: c'I')i(yi,wi,g, P) is a continuous function of B, uniformly in i, a.s.

[P], and is measurable functions of Y,

Proof:
From condition N3,

ébi(yi’V\,i’g’E):%d)i(yi’wi’g’e) aﬂaﬁq)(y' W, 5. P)
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d d d d 4 d _
a4 dp, CDi(yivWi'@’ P) d_,Bldﬂo CDi(yilWivévE)) dp, dg, CDi(yi,wi,g,E)
|44 d d d d
= iz dﬂlq)i(yi,wi’@18) dp, dﬂl(Di(yiiwi’@’E)) dg, dﬂlq)i(yi,wi,@,E)
d d d d d d
_dﬂo iz, q)i(yiaWi’@’E)) d_ﬁldﬂz q)i(yi!Wiug!E) a3 dp, q)i(yi!vviug,E)_

Note that each element is a sum, difference, and quotient of continuous function
of B and the denominator always greater than zero. Therefore d')i(yi,vvi,g, P)
is continuous for each i. The uniformity also holds because ® is a compact
subset of R” and argument from the proof of Condition C2.

@, (y,,w,, B,P) is measurable function of Y, since continuous function is

measurable.

Condition N5: E[Cbi(yi,vvi,é’, E’)l@]zQ; i=12,..
Proof:

E[D, (Y, W, 2, P =®,(Y, =LW, £, P)f,(y; =1|w, B, P)+ D, (Y, =OW,, 5, P) f(y; =0| w;, 5, P)

CWi _CWi
ANi BWi
B S S P e S Sy
ANi 1w, (1+e/30+ﬂ1)2 i BWi 1w, (1+eﬁo+ﬂ1)2 Wi
ip pfothe __1p ehotPs
A\Ni 2w, (l-l— eﬂo+ﬁ'z)2 Bwi 2w; (1+ eﬁo+/)’z)2
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C, -C,
eﬂ0+ﬂ1 eﬂo*’ﬂl
= szazﬁqu + —szazgnﬁz =0,
eﬁo*ﬂz eﬂo*ﬁz
pzw rad ~Pay, ey |
(1+e/*72)? (1+e/+72)?

Condition N6:
T, (8) =E[ (v, w, B, PP, (v, W, B, P)T | B |=—E[ (¥, w, B,P) | 8]
Proof:

E[Cbi (Y, W, @’ E))CDI (Y, W, é)' P)'] =

DY =LW, AP =1W, AP) (% =1 w, £ P)+B Y, =0W, 5 R (Y =0W, 4P)" f(y; =0lw. 5P)

ehoth ho+h2 7
A, A, A,
Bo+hy Bo+ A Bo+ A B+ P2
e e e e
w plw 2N A (plw PotB 2) plwi Bo+B\2 pzwi IXVAY
_ @+e™™™) @+e™™) @+e™™) @+e™2)
A, A, Al
eﬂo‘*‘ﬂz eﬁo+ﬂ1 eﬂo‘*‘ﬂz eﬂo‘*‘ﬂz
w p2w 11 aBotBaN2 plwi BotB2 pZWi Bo+Br\2 (p2w W)
(L+e/7z)? (L+e™) (L+e™2) (L+e™"2)
A, A, A,
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eﬁ0+ﬁ1

eho+h2

(l+ eﬂ0+ﬁ2 )2
BZ

CWi pri

efh b2

plw, (1+eﬁ'0+/31)2 p2w, (1+e/30+ﬂ2)2

Ci« Cy, Pu, (s eh Ry
B, B,
ohoth ehh
) Cy, Py [ (P, m)
B, B.,
c e/}o*'/fz eﬂo+/31 eﬁo‘fﬂz
W prI (1+eﬂo+ﬁ2)2 plw, (1+e/30+[31)2 pZWI (1+e/30+ﬂ2)2
By B,
_ o
2.3 Rty
A B A B et
IR b 11 e
N (A\N -'E)HW (1+e@+/i)2 (Ay E)(HW (l_i_e@rli)z)
G G &% 1 1 g g
8 ey R e ey
Similarly,

~E[ (v, w,8,P)| 8]=

e

S
‘8 18 ey

A
L .
A B M ey P ety

A ‘BT

G
%)

)2

QY =1W,APA =W, AP £y =1lw. AP)+R(Y =0W, 5 PR =0W, 5D (% =0lw.4P)
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o) i g e ]
DA-C Ry~ oy (LAY Aw_qvgw(lJrezgz{)z Py (LAY Avﬂva(lJreza/é)z
A A A
i (1-gh) e b (1gbh) A A gt
Ry iy Lty Av_qvnw(lJre@ Ay Ry ety Av_(nvv(lJre@ A)Z)Z _nlN(1+e16+ﬁi)2pM(1_|_e%+@)2 "
A A A
(el et it el e ;
pZVY (1+eléé)3 AW_QYpM(l_i_e/éé) _HW(l_i_e@#i)ZpM(l_l_eZé%)Z péW (1+e165)3 A\r_(plv\((:I__i_e/ﬁé)z
A A A
I (L gi) g1 ghh)
-0B+Q) {va ey BWJFQVHN (]_+e@+ﬁ)2J ‘[pzw (Y I%ﬁqvgw (1+e@+f;)2j
B
g g g g ew i
) {ﬂw s %"'Qvgfv(l@%)zJ ‘[ﬁw s Eév*mw(l%m)z)z} _ﬂwa@w)zpﬂv(l@%)z e
eM(1-6‘%) g e (1-916%)

{pzw (Y %*vawv (1+€M)ZJ "Hw(l+eza+;i)2 Qw(l+eza+ﬁ)2 {QW a@%f B +{y (1+e@+ﬁ)z)2j
G Gu Gy G S |
A‘NE A\N BN)piw (1 eﬁjﬁq) (AW BN)% (1+ezg+ﬂz)

i (& 4& ) et 1 1 et e 1 1 et bt
1A, T8, P ey A‘ BW P ety Aw BN W (LAY P gAY
G G et 1 1 eth et 1 i
_(AW ! E;N)pzw (LAY /’w E@Y)HW (LAY, P g iy /%V BW)(pM Gy

Condition N7: 3['(5) such that lim T, (8)=T(p), and T(p) is positive definite.

Proof:
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We will prove condition N7 in two steps:

i) Ty (B) :%ZN:E(,@) is positive definite.

i=1

i) lim T () exists, denoted by ['(8), ['(f) is positive definite.

Proof of i:

N N
First we prove ZFi(g) positive definite, then conclude T, (B :%Zri(ﬂ) is
i1 ~

i=1
also positive definite.

From condition N6 we can easily show I';(5) is positive semi-definite for each i

since each of its leading sub-matrices has zero determinant.

By condition N5, E[d,(Y;,W,, 8,P)]=0fori=1,2, ... Then
Fi(@) = E[(bi(Yi 'Wi’é)’ E)d)i(YwWi’@a E)T] :Var[(bi(Yi’Wi’@a Pl i=12,..

Let X =(x,X%,,%)€R®. Then

X" [Zr (@)}x = XX ]= D[ X Varld, (4, W, 5, P)IX |= 3 Var (X[, (1, W, 2. BY])

i=1 =1 =1

Suppose X’ {ZN:ri (/j)} X = iVar(XT[dDi(Yi W, B, E’)]) =0

i=1
Since Var (X[d; (Y, W,, 8,P)]) =0, we have Var (X[, (Y, W, 8, P)])=0 for each
i=12,..,N
Also, by condition N5, E[®,(Y;,W,, 8,P)]=0fori=1,2, ..., we imply

XT[Cbi(Yi’Wwﬁ: P)I=0.
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Now, 0=X"[®;(Y,,W,, 5,P)]=X"< "

Wi
BotB
e
T
X plw-

eﬂo +/62
pZW

-C,

T eﬂo +ﬂl
X — Py,

eﬂo +ﬂ2

—Pay,

i (1+ e,BO"'rBl)Z

(1+ eﬂo +5, )

i (1+ eﬁo"'ﬂl)z

i (1+ eﬂo*ﬂz )2 ]

1 e o +ﬁl
plw

1 eﬁ'o +1,

-1 eﬁo*ﬂl
plw

_1 eﬁ0+ﬁ2

if Y, =1

since A,,B, #0

if Y. =0

eﬂo +h eﬂo +5,

or O=x1CWi + X, Pr a

With each w. =1,2, or

i +eﬂo+ﬂ1)2 + X3 pZWi (1+ eﬂo+ﬁ2)2

3 ; over all N we have:
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( eﬂ0+ﬂ1 eﬂo‘*’ﬂz eﬂo ) eﬂo"’ﬂl eﬂo"’ﬂz
p +p +p X Py A X Py =
% (Puy Lreh Ay Pagyepmy * Paigmye) TP i mamye R Pa g Coaay

eﬂ0+ﬂl eﬂo*ﬂz eﬂo eﬂ0+ﬂl eﬂo*ﬂz
Xl(p12 (1+eﬁ0+/31)2 + p22 (1+eﬁ0+ﬂ2 )2 + p32 (1+ eﬁ0)2)+x2 p12 (1+ eﬁ0+ﬂ1)2 +X3 p22 (1+eﬂo+ﬂ2)2 = O
eﬁg*/ﬁ eﬁo+ﬂz S eﬂo+ﬂ1 eﬂo*ﬂz
Xl(p13 (1+eﬂ0+ﬂ1)2 + p23 (1+eﬁ0+ﬂ2 )2 + p33 (1+eﬂ0)2)+ X2 p13 (1+eﬂo+ﬂl)2 + X3 p23 (1+eﬁ0+ﬁ2)2 =
eﬂo*ﬁl eﬁo*ﬂz eﬁo
Now let A=———, =—,and C=——-—
(L+eo+A)? (1+e/tF%)? (1+e/)?

For the above system to have (x;,X,,%;) =0 as the only solution in order to

N
assert the positive definite of Zri(ﬂ) we need to have the determinant of
i=1 -

(PuA+PxB+PsC)  PuA  pyB
matrix H =| (p,A+ p,B+p,C) p,A p,B | does not equal zero.
(PisA+ PsB+PsC)  PsA PysB

8; 8, ay
Recall fora matrix G=|a,, a,, a, |, the determinant
83 83 g

dEt(G) = 8y;8,,833 — 8),85,3,; — 8,,8,,855 1 8,,85,8p3 + 8,388;, —8385,3y,
Now,
det(H) =

( p11A+ p21B + p31C)( p12 A)( p23 B) - ( p11A+ p21B + pslc)( p13A)( pzz B) - ( p12A+ pzz B+ p3zc)( puA)( p23 B)
+ (PisA+ PoB+ PC) (P A)(P2B) + (P A+ PpB + P3rC) (P B)(PisA) — (PsA+ PosB + PC)(P,B) (P A)

= P Pr2 p23A2 B+ P21 P1, p23A82 + P31 Pi2 p23ABC
—Pr1 Prs Pay Az B- P21 Pis pzzAB2 — P31 P13 P2, ABC
—Pr1 P2 Py A2 B- P11 P23 pzzAB2 = P11 P23 P35, ABC
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+Pyy P Pop AZB + Pyy Pos Prpy AB® + Py Pyy P ABC
+ Py, Pay P AZB + P,y Py P AB + Py, Py P ABC
~ P11 PiaA’B = P3Py P1, AB? — Py Py P, ABC
= (ParPro Pos = Pa1 PisPao = Pia Pos Pay + Puy Pas Pas + Pay Py Prs — Pss Py Py, ) ABC
=[ P11 (P22 Pas = P23Psr) = Par (PsaPiz = Pz Pis) + Pay ( Pz Pas — Py P ) | ABC
= det(P) ABC
Since ABC >0 and det(P) #0 (by assumption A5 P is nonsingular), then
det(H) =0.

Proof of ii:
From condition N6:

ri(/g’)=E[cbxyi,wi,@:E)cbi(yi,wi,ﬂ,ef|ﬁ]=—E[c‘I’>i(yi,vvi,ﬂ,E>|ﬂ]

GG GG G, S
|GG 11y e, 11
N A\N BN)HW (1+e(5+/i) (A\N EXHW (1_|_e%+/ii)2) (A\N E)QW (1+e/§+ﬁ)2 pM (1+e%+@)2
QV QV 1.1 e bt 1.1 h
AW BIV)pZVY (1+€Q%) (A\( E)QW (1+eQ+ﬁi)2 pM (1_1_64%)2 (A( E)(pﬂ\( (1+e15+,@)2)

Where
eﬂO +ﬂl eﬂo *ﬁz eﬂO

= Py + Py, + Paw )
A’Vu 1w 1+ eﬂo*ﬂl 2w, 1+ eﬂo*ﬂz 3w, 1+ eﬂo

1

7 = plwi 1+eﬁ°+ﬁl + pZWi 1+eﬁ°+ﬁ2 + p?,vvi 1+eﬁ° ] and

eﬂo +A eﬂo +5, eﬂo
B T e . e
“u P, A = Py (L+efr Ay T (L) T (14 et
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s [N}
o

N

G G LG PN
Aa B B B Wy ‘s B P ey
PSRN S SV TS SN SO L L
N /%« B @+ eM) /y B (1 +etAy? Au B (1+e[M)2 (L+eh7y
f\: E:?pﬂae:;i) Awl é)m(le;fﬂ)zpaaf;i)z A: BMXpﬂ(lﬁi)z)z
Z:i% (2;2 ;i)nzaﬁfg) (z’j ;’j)pzzaf:g;
\ (Xf :Nimzaf:‘z)z (AM 3; afgfﬁ)) Awli almzaﬁfﬁ)z pﬁai“i)
2“: éj)pa(l_iﬁ@) A; 3; )m(lfgi)z pzzaf:;i)z (A,i i)(pzz (ﬁf@)z)z
pe Eomey i
- zi zj>%(1§fg) . ﬁ)(nsaifﬁ)z)z (A;é)nsaf:;i)z g f;i)z
fg %:)pzsaﬁi) AWZ Ejﬁ)ns(lfzi (ﬁif (A; ﬁ)@oﬁ (;Zi)z)z
R AR i
where nl=§ll(wil),n2=il(wi2),n ZI(W N ST(f) whenw =]

Since W is a random variable taking on three possible values, let P(W =1) =C,,
PW=2)=C,,and PW =3)=C; with C, >0, C,+C,+C, =1. By law of large

=C,, and Iim&:g.

N—w N

n,
,lim =

NA)OO N

..n
number, lim =2 =

Thus 'Limol:N (B) exists and denoted by f(@),
f(:@) = Clrwizl (g) + Czrwizz (g) + (:3Fwi =3 (@)
70



Let C, =min{C,,C,,C,} >0, then T(8)>Cy, (T 4(8)+ T (B) + T, ()
We will prove (rwi:l(g)qwi:2 (g)+rwi:3(g)) is positive definite and conclude
that I'(f) is also positive definite.

Let XT~: (X, %,,%;) € R®, then

X [Tya(B)+Toa (B + T 5(B) | X = XTT, L(B)X + XTT, ,(B)X + XL, ()X

= X"Var[®, (Y, W, =1 8, P)]X + X "Var[®, (Y, W, =2, 8, P)]X + X Var[d,(Y,,W, =3, 5,P)]1X
=Var[X"®,(Y,,W, =1 8, P)]+Var[X d,(Y,, W, =2, 5, P)]+Var[X®,(Y, W, =3, 5,P)]

N
From here, the same lines of proof forZFi(ﬂ) positive definite in part (i) is
i=1 -

used to show (Fwi=1(§)+rwi=z (,{3)+1“Wi=3(,§’)) positive definite.

Therefore we conclude 1:(,@) positive definite.

Condition N8: E[Cbi’j(Yi,Wi,g, P)| ,@’T <K

Proof:

From condition N3,

ddﬂ ®,(Y, W, 5.P) ddﬂ Lnf,(y, | W, 3,P)

(i)i(Yi'Wi'é)’ P)= d(,jb’ (Di(YUWi’g’ P)|= %Lnfi(yi |Wi’§' P)
d d

5 OB || G W, 5.8)
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1 eﬂ0+ﬂl
A plWl (1+ eﬁo"'ﬂl)z

Ay

1 gfotPe

if Y, =1

A\Ni pZWi (1+eﬁ0+ﬂ2)2

_1 eﬁo +ﬂ1
8, " e eh Y

Wi

if Y, =0

_1 e,BO +ﬁ2

B, Pon (11 ey

eﬁo +B eﬂo +5, b

where, A, = P, Tz + Pow T gioiss * Pow

B., = P, 75 t Py + Pay,
R G R R

C a eﬁ0+ﬂl eﬂo"‘ﬂz
=— A = S —
" og, T P ey P ey
Case Y, =1:
. C,
(Di,l(Yi 1Wi y ﬁ, E) = EI
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eﬁo*’ﬁl eﬁo*‘ﬁz eﬂo

n TN A
(L+ehh)? Pau, (L+ &) Paw, (L+ehY
eﬁo*‘ﬁi eﬁo*‘ﬁz eﬁo

* Pay, 1+eh*’ * Pay, 1+e

plwi

P — 55
W1y ehth

‘(i)i,l(YUWi’ﬂ’ Fj)‘ <1 since both the numerator and denominator are positive and

term by term

eﬂo+ﬁ1 eﬂo+ﬂ1 1 eﬁo*ﬂl
P ey~ P T oA Trgh < Py omA
eﬂo‘*’ﬂz eﬁo"‘ﬁz 1 eﬂo‘*’ﬁz
plWi (1+ eﬁo"‘ﬂz)z - plWi 1+ eﬁo"‘ﬁz 1+ eﬁo"’ﬂz < plWi 1+ eﬂo‘*’ﬂz
MLre®)? TMlyeh 14eh M 1

Let K =1, then E[ (Y, W, 4,P)| #] <K
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Condition N9: There exists ¢ >0 and random variables B, ; (Y;) such that

i) SUp”éi,jl (YnWiv@ E)‘ :H@_gou < 5} <B ;(Y).

i)

Proof:

i) Case Y, =1: From condition N3,

E[Bi’j,(Yi)]M <K, forsomes >0,K >0.

dbi(Yi'Wi1é' P) :%(bi(Yi’Wi’gl P) :%%q)i(Yi’Wi’é’ P)

gt gt (L ghh) dih ]
QAY_q Ry (1+ezg+ﬁi)3 AW‘QYHW(HEM)Z Py (1+e‘5*/%)3 Av"qvpm(“em)z
A A A
g (1gth) g i (gt Akl Akl gt
] Ry (LAY A-GRy (b Ay Ry Ly AR, (1+eza+q)z)2 _ﬂw(heasw)zpzw(“ew)z
A A A
g (L gt bt dbth b g (L gt bt
Py (LAY Av_qvpbv(l%m)z _ﬂw(1+e@+g)zpzw(1+em)z Py (%Y Av_(%(l@%)z)z
A A A
eﬂo*/ﬁ eﬂo*ﬂz eﬂo
where, A, = Pu, 1reph " Pon T remem T P TR
a eﬁo*’ﬁl eﬂo‘*’ﬂz eﬂo
C., —%A\M = Py, er Paw, m+ Paw, by
B eﬂ0+ﬂ1 (1_ eﬂo*ﬂ) eﬂo*ﬂz (l_ eﬂo*ﬂz ) eﬂo (1_ eﬂo)
and D, = p,, (L+ehA) 2 ([ gh By (L ehY?
First consider,
3 d d D,A,-C. D, Ci
®,,, (YW, 5,P) = — D, (Y\W,,5,P)=— v =
W BoB) =g g, D WD) A, A

74




et A (L-et

)+

e (l-eh)  eh(l-eh)

_ [ Py (1+e)?

Arh By P ey

I

@h e
pr\{ (1+e,4,+ﬂ)2 pZV\{ (1+e,4>+ﬂz)2 p&/\{ (1_4_951)2

i

+A eﬁﬁ-/é eﬁ)
[plw Lieh P g gt Py 1+e‘i’J

A eﬁ;*@ eﬁ) :
Py 1 it Povygion TP

( AA-eth)  eb(leth) ew]
D W, BP) < P ety TP gy (L+e?y
[plw Leh A Py ohos P 1+eﬂ’]
efoth photh, e Y
photh; phthe e 2
(plw' 14ehh " Pon g o T Po g eﬂ(’j
et (1—efoth)
3 1w, (1+ eﬂo+ﬁl)3
= Botf, ph+h, %
(plwl 14 ehoth T pZWi 14 elotre + p3Wi 1+ e J
- /o2 (1—e*7)
N M (L eft)?
pfothy pho+h, %
(plwl W*‘ Pay, W+ Pay, 1+eﬂ0]
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eﬂo (1 _ eﬂo )
.\ Mo (1+ef)?
eﬂ0+ﬂ1 eﬁo*‘ﬁz eﬁo
P 7 255 T Pow 7 575 T Paw 7 4
1w, 1+ eﬁo*’ﬂl 2w, 1+ eﬂo*’ﬂz 3w 1+ eﬂo
ofoth phothy eh Y
4 +
) Puy, (L+ ey Pay, (L+ &) Paw, (L+ehY?
, afoth . plotly . oo\
M pehthA TN et T 1 e
eﬁo +5 (1_ eﬂ0+ﬁ1) eﬁo +5, (1_ eﬂo*’ﬂz ) eﬁo (1_ eﬁo )
1W| (1+ eﬁ0+ﬂl )3 2WI (1+ eﬂ0+ﬂ2 )3 3Wi (1_|_ eﬂO )3
< + +
eﬂo+ﬂ1 eﬂo"‘ﬁz eﬂo
P =55 Pow 215 Psy, —
1w, l+ eﬁo+ﬂ1 2w 1+ eﬂo*‘ﬁz 3w, 1+ eﬂo
(1—eh*A) ‘ (1—e/*/2) (1—e)
L+em )2 T (Lef )| (et )’
<2+2+2+1=7

Similarly we have:

C.I.)i,12 (Yi’Wi’@’ E)‘ =
d.)i,l?;(Yi’Wi’:?’ E))‘ =

dii,zz (Y, 'Wi'é)' E)‘ =

B, 5 (Y, W, B,P)| =

(bi,Zl(Yi1Wi1@’ E)‘<4
d')i,?,l(Yi’Wi’g’ E)‘ <4

éi,ssWi’Wi’g’ E)‘<4

d.)i,SZ (Yi’Wi’@’ E)‘ <4
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Case Y, =0: From condition N3,

C.I')i(Yi’Wi’é)! E):%cbi(Yi’Wi’@’ P) = aaﬁ aﬂcD (Y, W, ﬂ P)
I e ¢h(-ei) ¢ ]
‘@ﬁ, 4Q) {H'Y () Qv%ma@%yj ‘(va (LAY %%%a@%)zj
-t -t e@*ﬁ ghh
] {Rw LAy %*Qvgw(lJrezM)ZJ {H'Y ey Eéﬂmw(ljtem)z)z] "Qw(lJrezM)fov(lJrem)z
eM(143’5%) e e‘M ghh e[é*’q(lﬁ‘:‘m)
Where, B, = L + + !
B = P g reen T P aaen T P o
First consider,
b oow )= o yw ppyo CuBurC)_ (D C
i,ll(i’ i1:§a~)—dﬂ0 dﬂo i(i’ w@)- B\f/i - Bwi+ i
Pty dhaett)  et-eh) A L S ’
P ety Qret 2y P gty | | Py TP g TP ety

1 1
(plw L Poup g Py 1+eﬁ5)

(

Dyss (Y, W, B, P) <

eﬂ0+ﬂ1 (1_ eﬁo +ﬂ1)
(1+e/h Ay

plwi

1 1 1Y
(plw Leeh A " Pon g o TPy 1+eﬂ")

eﬂo +5, (1 _ eﬁo +5 )

2w, (1+ eﬂo+ﬁz )3

Mo(L4eh)

eﬁo (1_ eﬁo )J‘

ot
1w l+ eﬁ0+ﬂ1

1
+ pZWi 1+ eﬂo*’ﬁz + p3""i

77

1+ef



ehoth Fo+P o 2
+ +
. plW. (1+e/1u+/31)2 pZW. (1+e/fo+/fz)2 p3W. (1+e/fu)2

p : +Pp L + P LY
1w, 14 eloth 2w, 14 ehoth 3w, 1+e”

Pw = miae

(L+e/A)3 (1+e/7)

( o/l (1_eﬂo+ﬂz)J ‘
prI Y Y A

< +

1 1
+ +
(plw. 1oehA P oaem TP oA j

1
(plw. 1oehA P oaen TP oA j

(et plw (1+eﬂ0 ”1)2 * P (1+eh )2 * Py @A+e*)?

[ eh (- eﬁo)J hh ohh oh ]2

+

plw pr p3 p1 p l p 1 2
{14 ehtA 1+ﬂo/fz “€1+e/’a w1+e/xo,q 241 At 1 ok

(p e A (1—eh'h) ‘ ‘ ) eh il (1 ghsr) ‘ ‘ e/ (1— eﬂo)J
1w Foth 2w, PotPa Bo
l+e l+e l+e
U ) ( ) ety )
(plw 1+ehA ‘ ‘ Pow 14 eﬂ°+ﬁ2 ‘ ‘ P 14 eﬂ°

3 |eﬁo+ﬂl (1_ eﬂo*’ﬂl )| eﬁo+ﬁ2 (1_ eﬁo+ﬂ2) eﬁo (1_ eﬁo)
‘ (1+eh"A)? ‘ (1+e%*7)? ‘ (1+e%)? ‘
<1+1+1+1=4

Similarly we have:

ci)i,lZ (Y, W,, @' E’)‘ = ‘(bi,Zl(Yi W, é’ E)‘ <2

D; 15 (Y, Wi, B, E’)‘ = ‘éi,sl(Yi Wi, B, E)‘ <2

c.I.)i,zz (Y;, Wi, @’ E)‘ = ‘(bi,33 (Y, W,, é), E’)‘ <2
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‘d)i,zz(Yi ,Ww@, E)‘ = ‘éi,zz(Yi W, ’@ E))‘ <1

7if Y, =1

) and condition N9(i) is satisfied.
4if Y, =0

Now we define B, ;(Y;) :{

i) Condition N9(ii) is automatically hold since Y, can take on only two values.
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APPENDIX E

SAS PROGRAM FOR MONTE CARLO SIMULATION STUDY
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/******************************************************************************************

*k%k

* Filename: Regression With Misclassification - Using Auxiliary Data.SAS

* Function: Perform the Monte Carlo simulation of proposed method for
"Logistic Regresstion

* with Misclassified Covariate using Auxiliary Data"

* Qutput: Estimation of parameter Beta's, standard error, and 95% confidence
interval

* Author: Nathan N. Dong

* Created: 08/01/2008

* Modified: 04/08/2009

kkkkkkkkkkkkkkkkkkkhkkhkkhkkkkkkkkkkkhkkhkkhkkkkkkkkhkkkkhkkhkkkkkkhkkkkkkkhkkkkkkkkhkkkkhkkkkkkkkkkkkkkkx

****/

ODS Listing Close;
ODS HTML;

PROC IML;

kkkkkkkkkkkkkkkkkkkhkkhkkkkkkkkkkhkkhkkhkkkhkkkkkkkkhkkhkkhkkhkkhkkkkkkkkhkkhkkhkkkhkkkkkkkkkkhkkhkkkkkkkkkkkkkkk

*-

[x** Module Declaration Block *Rkf

*** Randomly generate observed value matrix W of X;
START Generate_ W(N, D);
W =j(1,N,0.);
Seed =-1;
m = 20080215; ** Mean of the Poison random generaor;
CALL RANPOI(Seed,m, W); ** System clock is used as seed to
RANPOI,
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W = MOD(W, D) + 1;
RETURN (W);
FINISH Generate_ W,

*** Generate true value matrix X from W with misclassification matrix P;

START Generate_X(W, P, N);
X =j(1,N,0.);
Cutll = P[1,1]; Cut21 = P[1,1]+P[2,1];
Cutl2 = P[1,2]; Cut22 = P[1,2]+P[2,2];
Cutl3 = P[1,3]; Cut23 = P[1,3]+P[2,3];

Vall = UNIFORM(X); ** Call Uniform random generator with system

clock as seed;
Val2 = UNIFORM(X); ** Call Uniform random generator with system

clock as seed;
Val3 = UNIFORM(X); ** Call Uniform random generator with system
clock as seed;
DO k=1to N;
IF W[K] = 1 THEN DO;
IF Vall[k] < Cutll THEN X[k] = 1;
ELSE IF Vall[k] < Cut21 THEN X[k] = 2;
ELSE X[k] = 3;
END;
ELSE IF W[K] = 2 THEN DO;
IF Val2[k] < Cut12 THEN X[k] = 1;
ELSE IF Val2[k] < Cut22 THEN X[k] = 2;
ELSE X[K] = 3;
END;
ELSE IF W[k] = 3 THEN DO;
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IF Val3[k] < Cut13 THEN X[k] = 1;

ELSE IF Val3[k] < Cut23 THEN X[k] = 2;
ELSE X[K] = 3;

END;

ELSE PUT 'Error in value range for X.";

END;
RETURN (X);
FINISH Generate_X;

*** (Generate binary outcome Y given X according to logistic regression
result;
START Generate_Y(X, BO, B1, B2, N);
Y =j(1,N,0.);
pk = 0;
Val = UNIFORM(Y); ** Call Uniform random generator with system
clock as seed;
DOk=1TON;
pk = exp(BO + B1*(X[k]=1) + B2*(X[k]=2))/(1 + exp(BO + B1*(X[k]=1) +
B2*(X[K]=2)));
IF Val[k] < pk THEN Y[K] = 1;
** Else Y[k] = 0 already so we don't need to reassign;
END;
RETURN (Y);
FINISH Generate Y,

*** Estimate Pij from auxiliary data X2 and W2;
START Estimate_P(W2, X2, D, M);
P=j(D,D, 0.);
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DO k=1to M;
P[1,1] = P[1,1] + (X2[K]=1)*(W2[K]=1);
P[2,1] = P[2,1] + (X2[K]=2)*(W2[K]=1);
P[3,1] = P[3,1] + (X2[K]=3)*(W2[K]=1);

P[1,2] = P[1,2] + (X2[K]=1)*(W2[K]=2):
P[2,2] = P[2,2] + (X2[K]=2)*(W2[K]=2):
P[3,2] = P[3,2] + (X2[K]=3)*(W2[k]=2):

P[1,3] = P[1,3] + (X2[K]=1)*(W2[K]=3);
P[2,3] = P[2,3] + (X2[k]=2)*(W2[K]=3);
P[3,3] = P[3,3] + (X2[k]=3)*(W2[k]=3);

END;

Sumi = P[1,1] + P[2,1] + P[3,1];

Sum2 = P[1,2] + P[2,2] + P[3,2];

Sum3 = P[1,3] + P[2,3] + P[3,3];

P[1,1] = P[1,1)/Sum1;

P[2,1] = P[2,1)/Sum1;

P[3,1] = P[3,1)/Sum1;

P[1,2] = P[1,2)/Sum2;
P[2,2] = P[2,2)/Sum2;
P[3,2] = P[3,2)/Sum2;

P[1,3] = P[1,3)/Sum3;

P[2,3] = P[2,3)/Sum3;
P[3,3] = P[3,3)/Sum3;
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RETURN (P);
FINISH Estimate P;

*** Evaluate the log likelihood function given current values of Beta ;
START log_likelihood(Beta) global(Y, W, Y2, X2, P);
[* Beta[1] = BetaO, Beta[2] = Betal Beta[3] = Beta2 */
D = ncol(P); *** Dimension of missclassified matrix P;
N = ncol(W); ** Sample size of primary data;

M = ncol(X2); ** Sample size of auxiliary data;

etal = exp(Beta[l] + Beta[2])/(1 + exp(Beta[l] + Beta[2]));
eta2 = exp(Beta[1] + Beta[3])/(1 + exp(Beta[l1] + Beta[3]));
eta0 = exp(Beta[1])/(1 + exp(Beta[1]));

al = etal*P[1,1] + eta2*P[2,1] + eta0*P[3,1];
a2 = etal*P[1,2] + eta2*P[2,2] + eta0*P[3,2];
a3 = etal*P[1,3] + eta2*P[2,3] + eta0*P[3,3];

*** Do loop below will determine n1 (# of W'k=1), n11 (# of Y'k=1 given
W'k=1)
n2 (# of W'k=2), n12 (# of Y'k=1 given W'k=2)
n3 (# of W'k=3), n13 (# of Y'k=1 given W'k=3) ;
nl1=0;n2=0;n3=0;
nll =0; n12 =0; n13 = 0;
DOk=1TON;
nl =nl+ (W[k]=1);
nll =nll + (W[k]=1)*(Y[K]=1);
n2 = n2 + (W[k]=2);
nl2 = nl2 + (W[k]=2)*(Y[k]=1);
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n3 = n3 + (W[K]=3);
nl3 = nl13 + (W[k]=3)*(Y[k]=1);
END; *** End do loop;
ml=0; m2=0; m3 =0;
ml1l =0; m12 =0; m13 =0;
DO k=1to M;
m1=ml + (X2[k]=1);
m1l = mll + (X2[k]=1)*(Y2[k]=1);
m2 = m2 + (X2[k]=2);
m12 = m12 + (X2[k]=2)*(Y2[k]=1);
m3 = m3 + (X2[k]=3);
m13 = m13 + (X2[k]=3)*(Y2[k]=1);
END; *** End do loop;
*print n1 n2 n3;
*** Calculate the log likelihood function according to the work-out
formula ;
f log = n11*log(al) + (n1-n11)*log(1-al) + n12*log(a2) + (n2-n12)*log(1-
a2) +
nl3*log(a3) + (n3-n13)*log(1-a3) ;
*f log = nll*log(al) + (n1-n11)*log(1-al) + n12*log(a2) + (n2-
nl2)*log(1-a2) +
n13*log(a3) + (n3-n13)*log(1-a3) +
m1ll*log(etal) + (m1-m11)*log(1l-etal) + m1l2*log(eta2) + (m2-
m12)*log(1-eta2) +
m13*log(etal) + (m3-m13)*log(1-eta0l) ;
return(f_log);
FINISH log_likelihood;
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*** Evaluate the gradient (first derivative) of log likelihood function
given current values of Beta ;
START Glog_likelihood(Beta) global(Y, W, Y2, X2, P);
[* Beta[1] = BetaO, Beta[2] = Betal Beta[3] = Beta2 */
9=j(1.3,0);
D = ncol(P); *** Dimension of missclassified matrix P;
N = ncol(W);
M = ncol(X2);

etal = exp(Beta[l] + Beta[2])/(1 + exp(Beta[1] + Beta[2]));
eta2 = exp(Beta[l1] + Beta[3])/(1 + exp(Beta[l1] + Beta[3)));
eta0 = exp(Beta[1])/(1 + exp(Beta[1]));

al = etal*P[1,1] + eta2*P[2,1] + eta0*P[3,1];
a2 = etal*P[1,2] + eta2*P[2,2] + eta0*P[3,2];
a3 = etal*P[1,3] + eta2*P[2,3] + eta0*P[3,3];

el = exp(Beta[l] + Beta[2])/(1 + exp(Beta[l] + Beta[2]))##2;
e2 = exp(Beta[1] + Beta[3])/(1 + exp(Beta[l1] + Beta[3]))##2;
e3 = exp(Beta[1])/(1 + exp(Beta[1]))##2;

*** Do loop below will determine nl (# of W'k=1), n11 (# of Y'k=1 given
W'k=1)
n2 (# of W'k=2), n12 (# of Y'k=1 given W'k=2)
n3 (# of W'k=3), n13 (# of Y'k=1 given W'k=3) ;
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nl=0;n2=0;n3=0;
nll=0; n12=0; n13 =0;
DOk=1TON;
nl =nl + (W[k]=1);
nll =nll + (W[k]=1)*(Y[K]=21);
n2 = n2 + (W[k]=2);
nl2 = nl12 + (W[k]=2)*(Y[k]=1);
n3 = n3 + (W[K]=3);
n13 = nl13 + (W[k]=3)*(Y[k]=1);
END; *** End do loop;
ml=0; m2=0; m3=0;
ml1l =0; m12 = 0; m13 = 0;
DO k=1to M;
ml=ml + (X2[k]=1);
m1l = m11l + (X2[k]=1)*(Y2[k]=1);
m2 = m2 + (X2[k]=2);
m12 = m12 + (X2[k]=2)*(Y2[k]=1);
m3 = m3 + (X2[k]=3);
m13 = m13 + (X2[k]=3)*(Y2[k]=1);
END; *** End do loop;

*** Calculate the gradident of log likelihood function according to the
work-out formula ;
g[1] = (n1l/al - (n1-n11)/(1-al))*(e1*P[1,1] + e2*P[2,1] + e3*P[3,1]) +
(n12/a2 - (n2-n12)/(1-a2))*(e1*P[1,2] + e2*P[2,2] +
e3*P[3,2]) +
(n13/a3 - (n3-n13)/(1-a3))*(e1*P[1,3] + e2*P[2,3] +
e3*P[3,3]) ;
g[2] = (n11/al - (n1-n11)/(1-al))*el*P[1,1] +
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(n12/a2 - (n2-n12)/(1-a2))*el1*P[1,2] +
(n13/a3 - (n3-n13)/(1-a3))*e1*P[1,3] ;
g[3] = (n11/al - (n1-n11)/(1-al))*e2*P[2,1] +
(n12/a2 - (n2-n12)/(1-a2))*e2*P[2,2] +
(n13/a3 - (n3-n13)/(1-a3))*e2*P[2,3] ;
*g[1] = (n11/al - (n1-n11)/(1-al))*(e1l*P[1,1] + e2*P[2,1] + e3*P[3,1]) +
(n12/a2 - (n2-n12)/(1-a2))*(e1*P[1,2] + e2*P[2,2] +
e3*P[3,2]) +
(n13/a3 - (n3-n13)/(1-a3))*(e1*P[1,3] + e2*P[2,3] +
e3*P[3,3]) +
(mll/etal - (m1-m11)/(1-etal))*el +
(ml12/eta2 - (m2-m12)/(1-eta2))*e2 +
(m13/etal - (m3-m13)/(1-etal))*e3 ;
*g[2] = (n11/al - (n1-n11)/(1-al))*el1*P[1,1] +
(n12/a2 - (n2-n12)/(1-a2))*e1*P[1,2] +
(n13/a3 - (n3-n13)/(1-a3))*el1*P[1,3] +
(mll/etal - (m1l-m11)/(1-etal))*el;
*g[3] = (n1l/al - (n1-n11)/(1-al))*e2*P[2,1] +
(n12/a2 - (n2-n12)/(1-a2))*e2*P[2,2] +
(n13/a3 - (n3-n13)/(1-a3))*e2*P[2,3] +
(ml12/eta2 - (m2-m12)/(1-eta2))*e2 ;

return(g);
FINISH Glog_likelihood;
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)

*** |nitialization and Main Calling Block ;

R = 500; ** Number of replications used to average the

estimate parameters;

N = 500; ** Sample size for main data;

M = 100; ** Sample size for auxiliary data;

D=3; ** Number of category of X and W;

X1 =j(1,N,0.); ** True value X;

W1 =j(1,N,0.); ** Misclassified version of X;

Y1=j(1,N,0.); ** Binary outcome Yi;

X2 =j(1,M,0.); ** True value X2 for auxiliary data;

W2 =j(1,M,0.); ** Misclassified version of X1 for auxiliary data;
Y2 =j(1,M,0.); ** Binary outcome Y2 for auxiliary data;

Beta Opt =j(R,D,0.); ** Hold the estimate parameters of R replications;
Std_Err=j(R,D,0.); ** Hold the estimated standard error of Beta_Opt;

*** Pjj = Pr(X=i|W=j), this matrix is used to generate X from W of the
simulation data;
P_Temp ={0.9 0.05 0.05,
0.05 0.9 0.05,
0.05 0.05 0.9}
*P_Temp ={0.80 0.15 0.00,
0.20 0.70 0.20,
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0.00 0.15 0.80}; ** Matrix taken from Kuchenhoff paper which is not
work using his method ;
** The Misclassification SIMEX (MC-
SIMEX);
*P_Temp ={0.50 0.35 0.15,
0.30 0.40 0.25,
0.20 0.25 0.60}; ** Example of badly misclassified matrix;

BetaO = 0.0; ** True intercept;

*Betal = 0.3;

*Beta2 =-0.5; ** True parameter in model logit(Y) = BetaO + Betal*(Xi=1) +
Beta2(Xi=2) ;

Betal = 1;

Beta2 = -1.5;

Init_Beta = {0.5 0.5 0.5};
optn = {1 2 3},
const={1.e-6 1.e-6 1.e-6, . . .};

DOk=1toR; * do loop through R replication;
*** Three function calls below to generate auxiliary data;
W2 = Generate_W(M, D);
X2 = Generate_X(W2, P_Temp, M);
Y2 = Generate_Y(X2, BetaO, Betal, Beta2, M);
P = Estimate_P(W2, X2, D, M); ** Estimate Pij from auxiliary data X2
and W2;

*** Three function calls below to generate data for main study;
W1 = Generate_ W(N, D);
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X1 = Generate_X(W1, P, N);
Y1 = Generate_Y(X1, BetaO, Betal, Beta2, N);

W =W1; ** This is primary data,
Y =Y1,

[* Call the Nonlinear Optimization by Trust Region Method */
*call nlptr(rc,xres,"log_likelihood",Init_Beta,optn,const,,,,"Glog_likelihood");
call niptr(rc,xres,"log_likelihood",Init_Beta,optn) grd = "Glog_likelihood";
Beta_Opt[k,1:D] = xres;

print k xres;

** Call NLPFDD - Approximates derivatives by finite diferences method;

** Input: log likelihood function, estimated parameter, and optional Gradient
of log likelihood;

** Qutput: f = fun(Beta Hat), g = grad(Beta Hat), and h =
Hessian(Beta_Hat);

call nlpfdd(f, g, h, "log_likelihood", Beta_Opt[k,1:D], , "Glog_likelihood");

h_inverse = inv(h);

Std_Err[k,1:D] = sqrt(abs(vecdiag(h_inverse)));

if k=R then do;
print k xres;
print P;
end;
END; * End do loop;

Beta Hat = Beta Opt[:,]’; * Mean of each column;
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stderr = Std_Err[:,];

** Calculate 95% confidence interval of the estimated Beta Hat;
prob = 0.05; *** quantile of normal distribution;

noqua = probit(1.0 - prob/2);

Beta Low = Beta_ Hat - noqua*stderr;

Beta Up = Beta_Hat + noqua*stderr;

Bias =(3,1,0);

Bias[1,1] = Beta_Hat[1,1] - BetaO;

Bias[2,1] = Beta_Hat[2,1] - Betal,;

Bias[3,1] = Beta_Hat[3,1] - BetaZ2;

print "Estimate Parameter, 95% Normal Confidence Interval, Standard Error";
print Beta_Hat Bias stderr Beta_Low Beta_Up;

kkkkkkkkkkkkkkkkkkkhkkhkkkkkkkkkkkkkhkkhkkhkkkkkkkkkkkhkkhkkkkkkkkkkkkkkkkkkkkkhkkkkkkkkkkkkkkkhkkkkx

*-
)

ODS HTML Close;
ODS Listing;
QUIT;

RUN;
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