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Abstract

For the study of phase-transition by molecular dynamics, the concept of local temperature is

desirable. Such a concept is defined and studied in this paper. From computer studies of tetrahedral

arrangements of four atoms, the constant which results in the formulation is Planck's constantr not

Boltzmann's. Related dynamical calculations reveal that the approach yields good approximations for

the melting point of the Noble ga,ses, copper and alpha-iron.

*Calculations performed on the CRAY X-MPl24 at the University of Texas Center for High
Performance Computing



Temperature is usually defined as a measure of the average kinetic energy of large ensembles of

atoms or molecules. In order to study phase-transition by molecular dyn.-i.r(t), it would be of value

to define temperature locally, that is, over small ensembles. We shall formulate such a definition.

derive a related analytical formula, and apply the formula to the predic.tion of melting points. At

present, attention will be restricted to solids and fluids which consist of a single atomic species. Unless

otherwise stated, cgs units are used throughout.

Consider, then, four identical atoms Pt, Pz, P3, P+, each of mass m. Let {(r) be a classical

potential energy function for these atoms. Though the best choice of d is, at times, not clearly

established, we will have occasion to use only Lennard-Jones (6-12) potentials derived using second-

virial coefficients. Unless otherwise indicated, we will use the potentials from Table I-A of Hirschfelder,

Curtiss rrrd Bird(2).

Let the interatomic for.e Fdefined by / be zero for r = r*. The value r* is called the

equilibrium distance. Each of r and r* will be given in angstrom units.

Next, for arbitrary r, set Pi, i = 1, 2, 3, 4, at the respective points (xi, Yi, zi), which are

vertices of a regular tetrahedron of edge length r, as shown in the Figure, in which, for convenience,
!.

(x1, Yr, zr) = (0, O, [t' -(3 r sin oo')?]2)

(*r, yr, zr) = (0, frr sin 60", 0)

(*r, Ys, z) = (i, -lr sin 60', 0)

(*0, yr, ,a) = (-\, -lr sin 60', 0)

For this arrangement, P2, P3 and Pa ate

in the XY plane and are equidistant from

0, while P1 lies on the Z axis.

At any time t, let the velocities of

Pi beV1, i = 1,2,3,4, with related speeds

Vi. If V is the speed of the mass centel,

let v. = Vi-V. Then the statistical mechanical formula for temperatur"(3) in "K is given by

(1)
" = #,l11rmv1z).

If one misapplies this formula with , in particular, ft{ = 4, then

t = #,i,,1mu12)
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To derive a more suitable formula than (2), we consider in analogy with (2)'

\ o., .i,t-i*",')

1]mui2) - (r.10418)tott.$ 1j..r',,,2)

.n* - 3.n
' - 4',O'

in which C is to be determined. From our molecular dynamics studies with the Noble gases, it was

found that an approximation for C is (6.6012)10ut. This value, however, is, itself, approximated well

by h(t084), in which h is Planck's constant. Hence, the definition we will use, which employs Pianck's

constant h, rather than Boltzmann's constant k, is

4r
i=1

(4\ r = $1084

The value of T in (4) is called the local atomic temperature.

Of special interest, relative to T, is the quantity T*, which is associated with Pt and is defined

as follows. Initially, set r = r* and Vz = Ve = Va = 0. Let V1 be the minimum initial speed of P1'

in the Z direction, which is required for P1 to pass through the plane of P2, Pg, Pn. The quantity V1

is determined by molecular dynamics. Let T=To initially. The value T*, called the phase-transition

temperature, is given, approximately, by

(5)

or, more precisely, by

(5')

T* - (1.10418)1057 (i*u,')

Note that though the computations use Vr, Vz, V3, Vl, the formula (5) uses vr = Vr - V = tVr.

We will show now that for the Noble gases, formula (5) is a good analytical formula for

approximating the melting point temperature. In the TABLE, we have listed the parameter values a

and e for the Lennard-Jones potential

for Ne, A, Kr, and Xe Also listed are the respective masses m, equilibrium distances r*, and minimum

values v1 determined by molecular dynamics. The experimental melting points and the resulting

theoretical yalues T* are listed in the final two columns. The agreement is quite good.

(6) d(r) = n. [-(g)' * (g)'l



TABLE

Noble
Gas

e

(mult by 10-16

for ergs)

o
(A)

r
(A)

mass
(mult by 10-24

for grams)
(-lit uy ro-"
for cm/sec)

Melting
point
("K)

T*
("K)

Ne 48.1837 2.78 3.12044 33.49754 0.03572 24 24

A 168.436 3.40 3.81637 66.3r447 0.04719 84 R'

Kr 236.086 3.60 4.04086 139.10966 0.03938 116 119

Xe 299.595 3.963 4.44832 217.96061 0.03654 161 161

Accurate formulas of type (6) for other atomic species are almost nonexistent. However, when

experimental or other data are available, one can at times produce /(r) in the form

d(.) = -9 + H
a12

Thus, for example,

(8)

using a standard least squares procedure, one such forrnul"(4) for copper is

(e)

6(r) =-(ry)'o-" * (P)ro-" ",s,

with r in angstroms. In dynes, the force F then has magnitude F given by

r - -(8.:3-88)ro-2 + (**)

from which it follows that r* = 2.4604. Thus, the tetrahedron in the Figure can be constructed with

this r*, and v, can be determined dynamically. The result is v. = (0.15267)10-15 cm/sec' Since the

mass of copper is (1.0542)1022gr, formula (5) implies T+ = 1357"K. The melting point of copper is

1356"K, so that in this case the agreement is excellent, and somewhat unexpected.

For alpha-iron, a straightforward least squares approach to the piecewise cubic potential

formulas provided by Johnson(u) do", not yield a good fit. The following, more precise, least squares

procedure was then applied to determine G and II in (7). For r = 2.0, 2.3, 2.6, 2.9, and 3.2, Johnson's

formulas, in EV, yield $(2.0) = 0.8?789, 4(2.3) - -0.10156, 6Q.6) = -0.25137, OQ.g) - -0.18932'

46.2) = -0.05657. All data were now increased by 1.25137 and were fit by d1 - I.25I37 + d by

applying least squares to the relative error at each grid point. The reason for the 1.25137 increase is to

eliminate division by numbers whose magnitudes are less than unity in the formulas for relative error.



The resulting formula for { is

d(,) = -e0.48e6 + $r0A ev

Transforming to ergs and proceeding as in the ca.se of copper, one finds T+ - I487"K, which is 3.1% in

enor from the experimental melting point 1535"K.

It should be observed however, that the Johnson formulas have been seriously questioned'(6)

Note finally that potentials other than that of Lennard-Jones type are under study, as is the

extension to local molecular temperature.
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