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ABSTRACT

Numerical Studies for M-Matrix Algebraic Riccati Equations

Weichao Wang, Ph.D.

The University of Texas at Arlington, 2013

Supervising Professor: Ren-cang Li

A new doubling algorithm — Alternating-Directional Doubling Algorithm (ADDA)
—is developed for computing the unique minimal nonnegative solution of an M-Matrix
Algebraic Riccati Equation (MARE). It is argued by both theoretical analysis and
numerical experiments that ADDA is always faster than two existing doubling algo-
rithms — SDA of Guo, Lin, and Xu (Numer. Math., 103 (2006), pp. 393-412) and
SDA-ss of Bini, Meini, and Poloni (Numer. Math., 116 (2010), pp. 553-578) for the
same purpose.

A deflation technique is then presented for an irreducible singular MARE. The
technique improves the rate of convergence of a doubling algorithm, especially for
an MARE in the critical case for which without deflation the doubling algorithm
converges linearly and with deflation it converges quadratically. The deflation also
improves the conditioning of the MARE in the critical case and thus enables its

minimal nonnegative solution to be computed more accurately.
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CHAPTER 1
Introduction

An M-Matriz Algebraic Riccati Equation' (MARE) is the matrix equation
R(X):=XDX — AX — XB+C =0, (1.0.1)

for which A, B, C', and D are matrices whose sizes are determined by the partitioning

m( B —D
W = , (1.0.2)
n\ —C A

and W is a nonsingular or an irreducible singular M-matrix®. This kind of Riccati
equations arise in applied probability and transportation theory and have been at-
tracting a lot of attention lately. See [19, 21, 23, 24, 25, 26, 35] and the references
therein.

In [24], a structure-preserving doubling algorithm (SDA) was proposed and
analyzed for an MARE with W being a nonsingular M-matrix by Guo, Lin, and Xu.
The idea of using a doubling algorithm for Riccati-type equations traces back to 1970s
(see [2] and references therein). Recent resurgence of interests in the idea, however,
attributes to [15, 14] and has since led to efficient doubling algorithms for various
nonlinear matrix equations. SDA is very fast and efficient for small to medium size
MARE:S as it is globally and quadratically convergent. Later in [22], it was argued

that SDA still works for the case in which W is an irreducible singular M-matrix.

IPreviously it was called a Nonsymmetric Algebraic Riccati Equation, a name that seems to be

too broad to be descriptive. MARE was recently coined in [42] to better reflect its characteristics.
2The definition of the M-matrix will be introduced in Chapter 2.
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The algorithm has to select a parameter that is no smaller than the largest diagonal

entries in both A and B. Such a choice of the parameter ensures the following:

1. An elegant theory of global and quadratic convergence [22, 24], except for the
null recurrent or critical case [22, p.1085] (see also Theorem 6.3.1(d)) for which
only linear convergence is ensured [13];

2. Computed @ has an entrywise relative accuracy as the input data deserves, as

argued recently in [42].

Consequently, SDA has since emerged as one of the most efficient algorithms. After
that, the doubling algorithm called SDA-ss of Bini, Meini, and Poloni [11] which
combined a shrink-and-shift approach of Ramaswami [34] came out to improve the
convergence rate. One of the major contributions of this thesis is a new algorithm—
ADDA, which is optimal among all the known doubling algorithms.

This thesis is devoted to studying algorithms for the MARE (1.0.1).

Chapter 2 will present some preliminary knowledge in numerical analysis and
linear algebra that is necessary for this thesis. Especially, this chapter will give the
definition and some basic properties of the M-matrix.

In Chapter 3, we will prove a theorem of the MARE which all these doubling
algorithms base on. We will apply some general numerical methods in Chapter 2 to
give a rigorous proof on the existence of the unique minimal nonnegative solution.

Next in Chapter 4, we will give a new alternating directional implicit(ADI)
method and show its convergence rate on the MARE. Although the new ADI method
is still linearly convergent as the previous one, it is the idea of using two parameters
instead of one in the new method that inspires us to develop our ADDA which turns

out to be optimal.



Chapter 5 will introduce the Smith method and explain why higher order algo-
rithms are less efficient than the doubling algorithms.

Our main contributions are described in detail in Chapter 6 and Chapter 7.

Chapter 6 will first lay out the framework of ADDA and analyze its convergence
properties. Next, we will compare the convergence rates of ADDA, SDA and SDA-ss
to indicate that (the optimal) ADDA is the fastest among all doubling algorithms
derivable from bilinear transformations.

In the so-called critical case [13] of the MARE, those doubling algorithms in
Chapter 6 are linearly convergent. For this reason, in Chapter 7 we will propose a
deflation approach before applying our ADDA method. The new method is called D-
ADDA. As in Chapter 6, we will lay out framework of D-ADDA and the convergence
properties. Two efficient numerical realizations of the framework will be given. Next
we will compare our D-ADDA method with the shifting approach of Guo, lannazzo,
and Meini [22].

Chapter 8 will show some numerical examples to support the analytical results
in Chapter 6 and Chapter 7.

Finally, in Chapter 9 we will give our conclusion on the whole thesis.



CHAPTER 2
Preliminaries

Before discussing numerical methods for matrix equations, let us recall some
basic but very important concepts and general numerical methods that are quite

useful to better understand this thesis.

2.1 Notation

Notation. R™ ™ is the set of all n x m real matrices, R® = R"*! and R = R!. I,
(or simply I if its dimension is clear from the context) is the n x n identity matrix
and e; is its jth column. 1, ,, € R™ ™ is the matrix of all ones, and 1,, = 1,,;. The
superscript “-T” takes the transpose of a matrix or a vector. For X € R"™*™,

1. X ) or X;; refers to its (7, 7)th entry;

2. x;; also refers to X's (7, j)th entry;

3. when m = n, diag(X) is the diagonal matrix with the same diagonal entries as

X'’s, p(X) is the spectral radius of X, and
0(X) = p([diag(X)] ™" [diag(X) — X]).

Inequality X < Y means X ; < Y, for all (4,7), and similarly for X < Y,
X >Y,and X > Y. ||X| denotes some (general) matrix norm of X. Specifically,
| X ||, = max || Xz||, is the [,-operator norm of X, where ||z||, is the {,-norm of the

llz/lp=1

vector z. Hence || X||o = ”n‘r‘lax | Xz| = max ) |X;;| is the maximum absolute row
Z|loo=1 j

sum of matrix X.



2.2 Newton’s Method

As we know, Newton’s method is a general procedure that can be applied in
many diverse situations. When specialized to the problem of locating a zero of a real-
valued function of a real variable, it is often called the Newton-Raphson iteration.

Suppose 7 is a real solution of equation f(z) =0, where f € C*(R) and z is a

good! approximation to r such that r = x + h. By Taylor’s Theorem,

0= F(r) = fla +h) = (&) + hf ) + 5126, (2.2.1)

where &, is between z,, and x,, + h. If |h| is small, then it is reasonable to ignore the

last term of (2.2.1), under which condition we have

0= fla) +hf(2).

It is hoped that
_ [f=)
f'(@)

is a better approximation to r. So if we write the iteration as

gl = Tn — }tl(é:)) n >0, (2.2.2)

r+h=x

then {x,} is a sequence of estimates of r.

Next theorem indicates quadratic convergence of Newton’s method.
Theorem 2.2.1 ([27]). Let " be continuous and let r be a simple zero of f. Then
there is a neighborhood of v and a constant C' such that if Newton’s method is started
in that neighborhood, then the successive points become quadratically convergent to r
as

|Tpy1 — 7| < C(xp, —7)%, n>0.

IThis good means x is near r, i.e. h is small.



Proof. Let e, = r — x, and from (2.2.1),(2.2.2),

€nt+l = €n + f(xn> = lf”(é-n) ei.

f'(2,) 2 [ ()

If we can find a positive number C' such that

then we will have

lenta] < Ce?w

which means quadratical convergence. Actually, if we define

c(0) = E max |f”(x)|/‘ min |f'(x)], ¢ >0, (2.2.3)

2 |z—r|<8 z—r|<8

then we can pick § small enough to make the denominator of (2.2.3) positive and
bounded below because f’(r) # 0. Then if necessary, we could make 0 less to ensure
the numerator is also bounded above, which is possible since as § converges to zero,
c(6) converges to 1| f”(r)|/|f(r)]. So we can pick a proper ¢ such that ¢(d) in (2.2.3)

is bounded above. O

We can generalize the Newton’s method to solve nonlinear matrix equations.

If we apply Newton’s method to MARE (1.0.1). For any matrix norm, the Riccati

function Z is a mapping from R™ " into itself. %% is? a linear map from R™*" to
R™*™ given by

Hv(Z)=—(A—XD)Z+ Z(DX — B). (2.2.4)

Newton’s method for an MARE (1.0.1)

Xo1 =X, — (% ) '%(X,), n=0,1,2,--, (2.2.5)

2Here %' stands for first Fréchet derivative of Z.



is well-defined if all %’ are invertible. Now with (2.2.4) and (2.2.5), we have the

Newton’s iteration as
(A-X,D)Xps1+ Xp1(B—DX,) =C—-X,DX,. (2.2.6)

Actually those interested readers are referred to [33] to get more detail in the

existence for Z% and the convergence theory of (2.2.6).

2.3 Fixed-Point Iteration
As we saw in (2.2.5), the right-hand-side of the equation is a function of the
matrix X,,, which is a point in R™*". Actually the Newton’s method is an example

of algorithms called functional iteration with form
Xp1 = F(X,), n>0. (2.3.1)

Suppose that
lim X, = S.

n—oo

If F'is continuous, then

F(S) = F(lim X,) = lim F(X,)= lim X, = S.

n—oo n—oo n—oo

Thus, F(S) = S, and we call S a fized-point of function F. We could think of a
fixed-point as a matrix that the function “locks onto” in the iterative process.

Often a mathematical problem can be reduced to the problem of finding a
fixed-point of a function. Very interesting applications occur in differential equations,
optimization theory, and other areas. Usually the function F' whose fixed-points are
sought will be a mapping from one vector space into another. Here we extend F' to

be a map from a closed set C' C R™*™ into itself. The theorem to be proved concerns



Contractive mappings. A mapping (or function) F' is said to be contractive if there

exists a number \ < 1 such that
|F(X) = F(Y)|| < AX =Y, (2.3.2)

for all points (matrices) X and Y in the domain of F', where || - || is some matrix
norm. The Contractive Mapping Theorem indicates the uniqueness of fixed-point.

Theorem 2.3.1 ([27]). Let F' be a contractive mapping of a closed set C° C R™*"
into C'. Then F has a unique fixed-point. Moreover, this fixed-point is the limit of

every sequence obtained from (2.3.1) with any starting point Xy € C.

Proof. From the property (2.3.2) and construct iteratively,

[ Xnt1 — Xal| = [|F(Xn) = F(Xo)|
< AXn — Xpall
<N X1 — X

< MNX1 = Xol,
where A < 1. Since X,, can be written as
Xn=Xo+ (X1 —Xo)+ (X = Xq) + -+ (X, — Xpm1),

we see that the sequence {X,,} converges if and only if the series

(e 9]

Z(Xn - Xn71>

n=1

converges. To prove that this series converges, it suffices to show that the series

Z HXn - Xn—1||
n=1

8



converges. This is easy since

o0 o . 1
D X = Xl €D ATHIXG = Xof| = mHXl — Xol|-

n=1 n=1

Hence {X,} is convergent, say, with limit S. Moreover, we can see a contractive
function is continuous from its definition. So S is a fixed-point.

Suppose there are two fixed-points X and Y, then
Y = X[ =[[FY) - F(X)| <AlY = X[ = 1= A [X -Y[<0=X=Y.

Therefore, with A < 1, we have X = Y, which proves the uniqueness of the fixed-

point. 0

2.4  Kronecker Products

Let X be m-by-n. Then vec(X) is defined to be a column vector of size m - n
made of the columns of X stacked atop one another from left to right. Let A be an
m-by-n matrix and B be a p-by-¢ matrix. Then A ® B, the Kronecker Product of A

and B, is the (m - p)-by-(n - ¢) matrix

ami-B -+ ap, - B
The following lemma is a useful way to express a matrix equation by Kronecker
products and the vec(-) operator.
Lemma 2.4.1 ([16],[32]). Let A be m-by-m, B be n-by-n, and X and C be m-by-n.
Then the following properties hold:
(a) vec(AX) = (I, ® A)-vec(X).
(b) vec(BX) = (BT @ I,,)-vec(X).

(c) vec(AX + XB) = (I, ® A+ BT @ I,,,)-vec(X).
9



The proof of this lemma is quite easy. The first two parts can be proved by
comparing both sides of the equations and the last part directly follows from the first

two.

2.5 Irreducible Matrix

Definition 2.5.1. Forn > 2, an n X n complex matriz A is reducible if there exists

an n x n permutation matriz® P such that

PAPT - r All A12
n—r 0 A22

where 1 < r < n. If no such permutation matriz exists, then A is called irreducible.
If A is nonnegative, there is another equivalent definition for irreducible matrix.
Definition 2.5.2. Suppose A is nonnegative. A is called irreducible if for each pair

of indices i and j, there exists an m € N such that (A™);; # 0.

2.6 Definition for M-matrix.

Definition 2.6.1. A matriz A € R™" is called a Z-matriz if A j) < 0 for alli # j.
Any Z-matrix A can be written as sI — N with N > 0. It is called an M-matriz if

s > p(N), a singular M -matriz if s = p(N), and a nonsingular M -matriz if s > p(N).

2.7 Equivalent Definitions for M-matrix

With the definition of the M-matrix, we have the following equivalent state-

ments for M-matrices which will be used in this thesis.

3A permutation matrix is a square matrix which in each row and each column has one and only

one entry unity and all others zero.

10



Lemma 2.7.1 ([9, 17, 32, 38]). The following are equivalent for a Z-matriz A:
(a) A is a nonsingular M-matriz.
(b) A7t >0.
(c) Au >0 for some vector u > 0.
(d) All eigenvalues of A have positive real parts.
Proof. We will prove the lemma as follows: (a)<=(b), (b)<=(c), (a)<=(d).
(a)==(b)
(=) Suppose A is a nonsingular M-matrix, by definition we have A = s — N,

where N > 0 and s > p(N). So

p (5) <1, N>o0 (2.7.1)

S
Consider

) G e ()] ()

When k — oo, the right-hand side approaches I with condition (2.7.1). So
N —1 [e'¢) N k
- (=) = =) >0
-(5)] -5 () =

(<) If A=! >0, then A is nonsingular. Suppose \ is any eigenvalue of N,

which means A= > 0.

Ar = Nz
=|\||z| = N|z|
=(sI — N)|z| < (s — |\])|7|
=0 < |z < (s = |[A)(s] = N) |z

=s—|A| >0

11



Moreover, from |z| # 0, we have s # |\|. Hence s > p(V).

(b)<=(c)

(=) If A7 >0, then A™! exists and A™! # 0. There exists a vector v > 0,
such that A='v > 0. Let u = A~!v. It is obvious that u > 0. So Au = v > 0.

(<=) If there exists a vector r = (x1, 22, -+ ,2,)" > 0 such that Az > 0. Let
D=diag(xy, s, , ), then ADe > 0, where e = (1,1,--- ,1)T. AD is diagonally
dominant. Split A = E — N, where £ = diag(A). Then AD = ED — ND, A =
(ED—-ND)D'=ED( — D 'E"'ND)D™!. Let H= D'E-'ND. Then we have
p(H) < 1 since

plH) < [Hl] = max 3 (DN <1

7 1(AD)s
Because H > 0, A= = D(I — H)"'D7'E~! > 0.

(a)=(d)

(=) From A = sI — N, we have A\(A) = s — A(NN). Here A(A) stands for an
eigenvalue of A and A(N) is the corresponding eigenvalue of N satisfies the equation.
If A\(N) = a+if, where a and § are real numbers and i is the imaginary unit satisfying
i2 = —1. Hence A\(A) = (s — @) —if. As assumed s > p(N) > |M\(N)| = /a2 + 2,
we have Re(A(A)) > 0.

(<=) Now suppose Re(A(A)) > 0. This means that there is a real number ~y
such that the circle centered at v with radius v contains all eigenvalues of A. Let s be
any real number satisfies s > max{2v, max; |a;]|}, and set N = sI — A. Then N > 0
and by A(N) = s — A(A), we have |A(N)| = |s — A(A)| < s, i.e. s> p(N). Moreover,
since Re(A(A)) > 0, A(A) # 0, which means A is nonsingular. O

REMARK 2.7.1. From the proof of (a)<=(b), we can similarly prove the following

lemma.

12



Lemma 2.7.2 ([17, 38]). Given A, p(A) < 1 if and only if (I — A)™! exists and

(I—A)"= iA’“.

2.8 Properties of M-matrices

Lemma 2.8.1 collects a few properties of M-matrices, important to our later

analysis, where Item (e) can be found in [31].

Lemma 2.8.1 ([9, 17, 38]). Let A, B € R™", and suppose A is an M-matriz and B

1S a Z-matrix.

(a) If B > A, then B is an M-matriz. In particular, 01 + A is an M-matriz for
6 > 0 and a nonsingular M-matriz for 6 > 0.

(b) If B> A and A is nonsingular, then B is a nonsingular M-matriz, and A~ >
B~

(c) If A is nonsingular and irreducible, then A~' > 0.

(d) The one with the smallest absolute value among all eigenvalues of A, denoted by
Amin(A), s nonnegative, and Ayin(A) < max; A ;).

(e) If A is a nonsingular M-matriz or an irreducible singular M -matriz, and is

partitioned as

A= All A12

Y

Ay Ag
where Ay and Asy are square matrices, then A1 and Ass are nonsingular M -

matrices, and their Schur complements
Agy — AntAf A, An — A Ay Ay

are nonsingular M-matrices if A is a nonsingular M-matrixz or an irreducible

singular M -matrices if A is an irreducible singular M -matriz.

13



Proof. (a) The proof is essentially the same as the proof of Theorem 3.12 in [38].
Let D4 be a diagonal matrix whose diagonal entries are given by d;; = 1/A;,

and Dp be a diagonal matrix with d; = 1/B;;. Q4 and Qp are defined as
Qa=1—D4A, Q@Qp=1—DgB. (2.8.1)
Since A is an M-matrix, we have

p(Qa) < 1.

With the assumption B > A, we have Qg < Q4 and both of them are nonnegative.

So
p(Qp) < p(Qa) < 1.

From the above inequality and Lemma 2.7.2, we have B is an M-matrix.

(b) From Lemma 2.7.1, A is a nonsingular M-matrix. Then there exists a vector
u > 0, such that Au > 0. Since B > A, (B — A)u > 0. Hence Bu > Au > 0, which
means B is also a nonsingular M-matrix.

(c) Suppose A is irreducible nonsingular and A = s/ — N as in the definition
of the M-matrix. According to Definition 2.5.2, for any (4, j), there exists an m € N,
such that (N™);; # 0. So

BOIERCORO RO R

ie. A2 >0, A7 > 0.

(d) Without loss of generality, suppose A is irreducible (If not, split it into
irreducible blocks and work on submatrices). Let A = sI — N, where s = max;(A;;)
and N > 0. Apply Theorem 3.1.1 to N since N is also irreducible. We have an
eigenvalue of NV, say Ay, such that

An = p(N).
14



Thus from

)\min(A) =S5 = /\max<N) =8 p(N) > 07

>\min(A> S S = Imax; (A”)

(e) The proof of (e) can be found in [31].
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CHAPTER 3
A Fundamental Theorem on M-matrix Algebraic Riccati Equation

A fundamental result on the M-matrix Algebraic Riccati Equation is as follows.
Theorem 3.0.1 ([19, 23]). An MARE (1.0.1) has a unique (entrywise) minimal

nonnegative solution @, i.e.,
& < X for any other nonnegative solution X of an MARE (1.0.1).

The proof of Theorem 3.0.1 is very complicated. So we split it into two parts.
Theorem 3.2.1 is about the existence of nonnegative solutions. Theorem 3.3.1 says
that there is a unique minimal nonnegative solution, assuming the existence of a

nonnegative solution of MARE (1.0.1).

3.1 Perron-Frobenius Theorem

The following theorem presents some important properties of nonnegative irre-
ducible matrices.
Theorem 3.1.1 (Perron-Frobenius [32, 38]). Let A > 0 be an irreducible n xn matriz.
Then

1. A has a positive real eigenvalue equal to its spectral radius.

2. To p(A) there corresponds a positive eigenvector.

3. p(A) increases when any entry of A increases.

4. p(A) is a simple eigenvalue of A.

The interested reader is referred to [38] for the proof of Theorem 3.1.1 as well

as some applications..
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REMARK 3.1.1. Iterative methods are studied for the numerical solution of an MARE

(1.0.1). The condition
C>0, D>0, I®A+B"®I is a nonsingular M-matriz, (3.1.1)

given in [23], where & is the Kronecker product, could be easily derived with Lemma 2.8.1
(e). It is shown in [23] that Newton’s method and a class of basic fized-point iterations
can find its minimal nonnegative solution whenever it has a nonnegative solution. This

conclusion is useful for the proofs in the following two sections.

3.2 The Existence of Nonnegative Solutions

As a part of proving Theorem 3.0.1, we will first prove the existence of nonneg-
ative solutions.
Theorem 3.2.1 (]9, 38, 19, 23]). If W in (1.0.2) is a nonsingular M -matriz, then the
MARE (1.0.1) has a nonnegative solution X such that B— DX s also a nonsingular
M -matriz. If W in (1.0.2) is an irreducible singular M-matriz, then the MARE

(1.0.1) has a nonnegative solution X such that B — DX is also an M -matriz.

Proof. Consider T'=diag(B,A) > W and Lemma 2.7.1. T is an M-matrix since W
is an M-matrix. If W is nonsingular, then there exists a positive vector u > 0, such

that Wu > 0. Thus
(T—W)u>0=Tu>Wu>0= Tu>0.

So T is also a nonsingular M-matrix.

17



If W is an irreducible singular M-matrix, then with the definition of the M-
matrix, there is a number s and two nonnegative matrices N; and Ny such that

T =sl — Ny and W = sl — Ny. By Theorem 3.1.1,

T>W = sl —N; >sl — N,
= N; < Ny
= p(N1) < p(Na2)
= s — p(N1) > 5 — p(N2)

= p(T) > p(W) = 0.

Hence T is a nonsingular M-matrix. From, det(A)- det(B) = det(T'), A and B are
nonsingular. Moreover we have T—! = diag(B~!, A™!) > 0 from Lemma 2.7.1. Thus
A=Y and B~! are both nonnegative, which means A and B are both nonsingular
M-matrices. So condition (3.1.1) is satisfied.

Next, take Xy = 0 and use the Fixed-point Iteration:
AlXi—i—l + Xi+1Bl = XZDXZ + AQXZ + XQBQ + C, 1= ]_, 2, Tty (321)

where A = A; — Ay, B = By — By that makes A; and B; both Z-matrices along with
Ay, By > 0. We need to prove that the sequence {X;} is bounded above and satisfies

0 <X, <X,y If Wisanonsingular M-matrix, we can find vy, vy, such that

Bivy — Byvy — Dvg = uqg > 0, (322)

A1U2 — AQUQ — C’Ul = uy > 0. (323)

18



By induction, it is easy to get 0 < X; < X;,1. For k =0, vy — A1_1U2 = A1_1<A2U2 +
Cv;) > 0 by (3.2.3). Now suppose X;v; < vy — A7 'uy for some i > 1. Then
A1 X v + X1 Bivy = X DX + A Xuy + X Bovy + CV)

< XDV + AV + X BoVi + CV;

= X, Bjv; — X;Bovy — Xjup + Ajvg — us + X1 Bovy

= X;Biv; — Xjug + Ajvy — us

< X;Bivy + Ajvg — us.
Since X;11 > X;, from above A1 X; 109 < Ajvy — ug. So {X;} is increasing and
bounded above. Hence it has a limit, say S, which is a nonnegative solution of MARE
(1.0.1) and satisfies Sv; < vy — A]'ug < vo. Thus (B — DS)v; > Bv, — Dvy = up > 0.
Therefore B — DS is a nonsingular M-matrix by Lemma 2.7.1. The proof for the

irreducible singular case is almost the same. The only difference is at the initial step,

where we use Theorem 3.1.1 to ensure that there are vy, v9 > 0 to make

Blvl — BQUl - DU2 = O,

Alvg - AQ’UQ - CUl = 0.

O
3.3 The Unique Minimal Nonnegative Solution
For the next lemma, we need to add the following assumption besides (3.1.1)
C,D#0, (I®A+B"®I) 'vec(C) > 0. (3.3.1)

Lemma 3.3.1 ([23, 19, 38]). Consider an MARE (1.0.1) with conditions (3.1.1) and
(3.3.1). If there exists a positive matriz X such that Z(X) < 0, then the MARE

(1.0.1) has a positive solution S satisfies S < X for every positive matriz X for
19



which Z(X) < 0. Furthermore, S is also the minimal positive solution of the MARE
(1.0.1).

Proof. Let X be an arbitrary positive matrix such that
H(X)=XDX —-AX - XB+C<O0. (3.3.2)

We use induction to prove

Xp < Xpr1, X< X, I®(A—XyD)+(B—DXp)' @1 is an M-matrix. (3.3.3)
For k = 0, the Newton’s iteration (2.2.6) is

AXi+X4B=C,
which is equivalent to
(I ® A+ BT @ Ivec(X,) = vec(C).

In the above equation, I ® A + BT ® I is an M-matrix as assumed in (3.1.1). Thus
(I®A+BT®I)™' > 0 by Lemma 2.7.1. With C' > 0, we have X; > 0. Hence (3.3.3)
is true for £ = 0.

Now assuming that (3.3.3) is true for k =i > 0, by (2.2.6) and (3.3.2) we have

(A= X;D)(X;1 — X) + (X1 — X)(B — DX;)
— C — X,DX,; — AX + X;,DX — XB + X DX,
<— XDX — X;Dxi+ X;DX + XDX,

=— (X - X,)D(X - X,).

Since I ® (A — X;D) + (B — DX;)T @ I is an M-matrix and D > 0 by assumption,

we can easily get X;,1 — X <0,1ie X;11 < X.
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Counsider

(A= XinD)Xipn + Xin(B—DXi1q)
=(A-X,D— (X;y1 — Xy))D)X;11 + Xiy1[B— DX, — D(Xi41 — X))]
= (A= XiD)Xip1 + Xip1(B — DX;) — (Xipa — Xi) DX — Xi1 D(Xig1 — Xi)

=C— (X1 — Xi)D(Xip1 — Xi) = Xi1 DX,
i.e.

(A= X1 D)Xpi1 + Xip1 (B— DXig1) = C — (Xip1 = X)D( X1 — X,) = Xiy1 DX
(3.3.4)

Using the above equation, we have

(A= X D)(Xip1 — X) + (Xij1 — X)(B = DXi11)

= — (Xi+1 — XZ)D<XH_1 — Xz) — (Xi+1 — X)D(XH_1 — X) < O,

which means (I ® (A — X;;1D) + (B — DX;11)" @ I)vec(X — X;41) > 0. From
Lemma 2.7.1, I @ (A — X;;1D) + (B — DX;,1)T ® I is an M-matrix.

Using (3.3.4) again, we get

(A= X1 D)(Xip1 — Xigo) + (Xiy1 — Xigo)(B — DX 1)

=— (Xip1 — Xi) D(Xi1 — Xi) — (Xij1 — X)D(Xip1 — X) <0,

by which we have X;,; < X;,»'. Thus, the proof by induction for (3.3.3) is done.
From (3.3.3), the sequence {X;} generated by the Newton’s iteration (2.2.6)
is monotonically increasing and bounded above. Thus the limit exists. If we write

S = limy_,o X, then S is a solution of Z(X) = 0. Moreover, since S < X for

'Here we used (I ® (A — X;31D) + (B — DX;11)T ® I)vec(X — X;41) > 0 is an M-matrix as

mentioned before.
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any X satisfies Z(X) <0, S is also the minimal nonnegative solution of the MARE

(1.0.1). O

Now with (3.2.1), we introduce an operator .Z defined as
L(X)=AX + XB,. (3.3.5)

Lemma 3.3.2 ([32, 38, 16]). If .Z is defined as (3.3.5), then

(a) & is a linear operator.

(b) IfI® Ay + BY ® I is a nonsingular M -matriz, the operator £ is invertible and
L HX) >0 for X > 0.

Proof. Part (a) is trivial. For part (b), referring to Lemma 2.4.1 part (c), we have
vec(AM X + XB)) = (I, ® A, + Bl ® I,,)vec(X).

Thus, with the assumption that I ® A; + B ® I is a nonsingular M-matrix and

Lemma 2.7.1, 71 > 0. So £ 1(X) >0 for X > 0. O

Consider an MARE (1.0.1) with condition (3.1.1), we have
Theorem 3.3.1 ([19, 23|). For fized-point iteration (3.2.1) and X, = 0, we have
Xk < Xggq1 for any k > 0. If Z(X) < 0 for some nonnegative matriz X, then
we also have X, < X for any k > 0. Moreover, {X}} converges to the minimal

nonnegative solution of the MARE (1.0.1).

Proof. There are three steps for this proof.
(a) Xy < Xjy for any k > 0.
(b) If there exists X > 0 such that Z(X) <0, then X} < X for any k > 0.

(c) {X&i} converges to the minimal nonnegative solution of the MARE (1.0.1).
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(a) can be easily proved with induction. For (b), we also apply induction. Xy < X is

true. Suppose X < X, then

Xps1 = LN (Xe DXy + As Xy + Xj, + By + O)
= L Y (Xy DX}, — AX}, — X3 B+ C + A1 X, + X1.B))
= L\R(X) + L L (Xy)
= X, — L7 [~ (X})]

<X, < X.

The last but one inequality comes from Lemma 3.3.2.
Thus if X* = limy_, o, X, then from Lemma 3.3.1 X* is the minimal nonnegative

solution of the MARE (1.0.1), which proved (c). O

Combining Theorem 3.2.1 with Theorem 3.3.1, we have proved Theorem 3.0.1.
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CHAPTER 4
ADI Method

Bai, Guo, and Xu [4] proposed an alternating-directional-implicit! iteration

method for the MARE (1.0.1):

Xy 1ol + (B - DX,)] = (ol — A)X;,+ C. (4.0.1a)

[al + (A — X,H%D)]Xkﬂ = XH%(OJ - B)+C. (4.0.1b)
They proved that with Xy =0,
2 —00

provided
27‘7

While this theory reads beautifully, it does not tell what a value should be for the
fastest convergence rate subjected to (4.0.3). Recently, Wang and Guo [40] essentially

showed that under the constraint (4.0.3), o = max; j{A(; ), B(; ;) } makes X}, converge

3:9)
to @ the fastest.

The method (4.0.1) is very much reminiscent of the well-known ADI (Alternating-
Directional-Implicit) iteration for Sylvester equations [8, 39], except that it uses only
one parameter «. Inspired by the effort in [39] on ADI parameter selections, it is
conceivable that the method could be improved with more parameters. Added to the
complexity here is the question how to still retain the nonnegativity of X and its

monotonic convergence to . So we are about to present a much improved version of

the method (4.0.1) in terms of the speed of X} approaching @.

Tt is also called alternating-linearized-implicit(ALI) method.
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4.1 ADI Method for M-Matrix Algebraic Riccati Equation
Consider an MARE (1.0.1). We reformulate it as the following two fixed-point
equations:
X[al +(B—-DX)|=(al — A)X + C, (4.1.1)
BT+ (A—XD)|X =X(BI —B)+C, (4.1.2)
where o and [ are given positive parameters. In fact, this reformulation also provides

a new technique for linearizing the nonlinear MARE (1.0.1). Now given X} , by first

solving X, . 1 from
2

X,H%[a[ + (B —DXy)] = (ol — A) Xy + C, (4.1.3)
and then solving Xy, from
181 + (A = X,y D)) Xio1 = X3 (81 — B)+ C, (4.1.4)

we can establish the following alternating directional implicit iteration method to
solve the MARE (1.0.1).

Algorithm 4.1.1 (The new ADI iteration method). Set Xy = 0 € R™™. [For
k=0,1,2,---, compute X1 from Xj by solving the following two systems of linear

matriz equations:

Xyyilol + (B — DX;)] = (ol — A)X; +C, (4.1.5a)

[BI + (A~ X, 1 D) Xe1 = X1 (B — B) + C, (4.1.5b)

where a > 0 and [ > 0 are given iteration parameters.

4.2 Convergence Theory

As a preparation, we first show several properties about the ADI iteration

method, which are essential for us to establish its monotonic convergence theorem.
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Lemma 4.2.1. Let the matriz sequence { Xy} be generated by Algorithm 4.1.1, and &
be the minimal nonnegative solution of MARE (1.0.1). Then the following equalities
hold true:

(4) (X — D)ol + (B~ DXo)] = [l — (A~ ®D)](X,. — @)

() Xy~ Xe)lal + (B — DX,)] = #(Xs);

(6) B(X,1) = [l — (A= X, D)X,y s — X

(@) [BI + (A~ X1 D))(Xest — @) = (X, — B)BI — (B — D))

(e) [BI+ (A~ X1 D) (Xier — Xp3) = #(X, 1)

(f) #(Xit1) = (X1 — X 1)[BI — (B — DXpa)].

In Lemma 4.2.1, items (a), (b) and (c¢) are the same as Lemma 4.1 in [4]. Ttems

(d), (e) and (f) are only different from Lemma 4.1 in [4] in the parameters.

4.3 Analysis

Based on Lemma 4.2.1 and Lemma 2.8.1, we are now ready to prove the mono-
tonic convergence for the ADI iteration sequences.
Theorem 4.3.1. Let ¢ be the minimal nonnegative solution of the MARE (1.0.1).

Let Xog = 0 be the initial matriz, and «, 3 be the parameters such that

Q> max a; > max by
= 1<in ity B = {Zi<m 0%y

where a; and by are the ith diagonal elements of matrices A and B respectively. Then
the matriz sequence { X} generated by Algorithm 4.1.1 is well defined, and it holds
that
(a) {Xi} is monotonically increasing and bounded, i.e. 0 = X,y < X1 <X <
"'SXkSXkJr% < Xp1 <o <9

(b) {Xx} converges to @, i.e. klgg) X, = .
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Proof. The proof is almost the same as the proof of Theorem 4.1 in [4]. The difference
is in the iteration parameters. Because W is an M-matrix, its diagonal blocks A and

B are M-matrices, too. Hence, when

a > max a;, (> max by,
1<i<n 1<i<m

the matrices ol — A and I — B are both nonnegative matrices. For the matrix
sequence Xj generated by Algorithm 4.1.1, we can assert that the following facts
hold true

(F1) {XH%} and { X1} are bounded, i.e.
0< X1 <@ and 0< X <O, k=0,1,2-+-.

(F2) A— X,H%D and B — DX}, are M-matrices, k=0,1,2,---.
Facts (F1) and (F2) can be proved by induction. In fact, by substituting X, = 0
into (4.1.5) we get
Xi(al 4+ B) =C.

As B is an M-matrix, by Lemma 2.8.1 the matrix o + B is also an M-matrix. Hence,

X1 =C(al+B)™' >0.

1
2

In addition, by Lemma 4.2.1, we get
X1 — & =—[(al — A) +ID|P(al + B)~ < 0.
This shows that 0 < X% < @. From D > 0, we have
A—@DSA—X%DgA.

By Lemma 2.8.1, we know that A — X %D is an M-matrix. Analogously, by making
use of Lemma 2.8.1, we know that 51 + (A — X%D) is an M-matrix. From (4.1.5)
and Lemma 4.2.1, we get

X, = [BI+(A- X, D)) (X
27

(81 = B)+C) =0,
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and

Xi =@ = [BI + (A~ X1D)]7/(X1 — 9)[(BI — B) + DP] < 0.

This shows that 0 < X; < &. From D > 0, we get
B-D®<B-DX; <B.

Thus we know that B — DX is an M-matrix. The above proof shows that (F1) and
(F2) are true for £ = 0. Now assume that (F1) and (F2) are true for k =1 —1. Then

from (4.1.5) and Lemma 4.2.1 (a) we get
X1 = [(af = )X, + Ollad + (B - DXy,

and

X1 — & =[oa— (A— OD)|(X; — D)[o + (B — DX)] .

2

Because 0 < X; <&, af — A >0 and C > 0, it holds that
(al —A)X; +C > 0.

In addition, as B — DX, is an M-matrix, we know that al 4+ (B — DX]) is also an

M-matrix. Therefore, we have

That is to say,

It then follows from D > 0 that
A—@DgA—XH%DgA.

Thus A — Xjy1 D is an M-matrix.
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Similarly, from (4.1.5) and Lemma 4.2.1, we have
Xy = [BI+(A- Xl+%D)]_1[Xl+%(5] — B) + (]

and

Xioy =@ = [B1 + (A~ X3 D)7 (X1 — DB — (B~ D).

Because 0 < XH% <@, al —B>0and C >0, it holds that
XH%(BI—B)—FCZ 0.

In addition, as A — X, 1 D is an M-matrix, we know that 51 + (A— X;11D) is also

an M-matrix. Therefore, we have
Xl+]_ 2 O and Xl+]_ - @ S 0
That is to say,
0< X1 <.

It then follows from D > 0 that
B—-—D®<B-DX; 1 <B.

Thus B — DX, is an M-matrix.

The above proof shows that (F1) and (F2) are true for k = [.

Hence, by induction, we have proved that facts (F1) and (F2) hold for all
integers k > 0. Now, we begin to prove conclusions (a) and (b) of this theorem.

We first prove (a). What needs to be done is to inductively prove that the

inequalities
Xk S XkJr% S XkJr]_’ %(Xk) 2 O, %(Xk+%) 2 0, and %(Xk-Jrl) 2 0 (431)

hold for all nonnegative integers k.
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In fact, when k& = 0, by substituting X, = 0 into (b), (c¢), (e) and (f) in
Lemma 4.2.1, and making use of the facts (F1) and (F2), we can easily verify that
the inequalities in (4.3.1) are all true. Assume that the inequalities in (4.3.1) hold for
k =1 — 1. Then by making use of the facts (F1) and (F2), from (b), (c), (e) and (f)
in Lemma 4.2.1 again we can easily verify that the inequalities in (4.3.1) are also true
for k = [. Hence, by induction, we have proved that (4.3.1) holds for all nonnegative
integers k.

It follows straightforwardly from (4.3.1) and (F1) that (a) is true.

Because {X;} is nonnegative, monotonically increasing, and bounded from
above, there exists a nonnegative matrix @*, such that kh_}rlgo X, = &*. Evidently,
it also holds that klgrolo Xjy1 = @*. Obviously, (F1) implies @* < &. On the other
hand, by taking limits in both (4.1.5) and (4.3.1), we see that ¢* is also a nonnegative
solution of the MARE (1.0.1). Hence, it must hold that @ < @* due to the minimal

property of @. It then follows that ®* = &, and (b) is true. O

The following theorem shows that the iteration sequence is nonincreasing with
respect to a and [, respectively.
Theorem 4.3.2. Suppose that W in (1.0.2) is an M-matriz, and ® is the minimal
nonnegative solution of the MARE (1.0.1). Let Xy = Xo = 0 be the initial matrices,
and the matriz sequences { Xy}, {)’Ek} be generated by Algorithm 4.1.1 for which the

corresponding iteration parameters are (o, B) and (o, 1) respectively, satisfying

a1 > o > max a;, [ > > max by,
1<i<n 1<i<m

where a;; and b;; are the ith diagonal elements of the matrices A and B, respectively.
Then

X1 > Xpw1, k=0,1,2,.... (4.3.2)
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Proof. The proof is almost the same as the proof of Theorem 3.1 in [40]. The difference

is in the iteration parameters. It can be proved by induction. In fact, when k = 0,

Xo=Xo=0, Xy =C(al +B)™", X = C(mI +B)™".

1
2

As B is an M-matrix, by Lemma 2.8.1 the matrix ol + B and ayI + B are also

M-matrices, and al + B < ayI + B. By Lemma 2.8.1, we know
(al + B)™' > (aqI + B)™*.

Therefore, X% > )?%.

From Lemma 4.2.1 (e), we have

X1 =[BT+ (A - Xk+%D)]_1‘%(Xk+%) + Xpy 1

Therefore,
Xi =X = [BI+(A- X, D) R(X,) + X,
(B + (A= X, D)% (Xy) - X,

> [BI+ (A= X, D) MR (X)) — #(Xy)] + X1 — X,

Since
'%(X%> = X%DX% —AX% —X%B-FC%
by substitution, we have
X1 —X; > [fI+(A-X,D)7'[X,DX, — X, DX,
—(X; —)?1)3 —A(X; —),Z;)] 4+ X1 —)?;
2 2 2 2 2 2
= [BI+ (A= X, D) (X, D — A)(X; — X,) + (X, — X1)(DX, — B)

+[ﬂ[+(A—X%D)](X% —X1>}

= [BI+ (A= X, D)X, — X,)(BI + DX, — B).

|
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By Lemma 2.8.1, we know that 1 + (A — X%D) is an M-matrix. Hence [5] 4 (A —
X%D)]_1 > 0. From 3 > 11222};()“, we get S + D)?% — B >0. Hence X; > X;. The
above proof shows that (4;3_2) is true for k = 0.

Assume that the inequalities in (4.3.2) hold for £ = [ — 1. Then from Lemma
4.2.1 (b), we get

X1 =Z(Xplal + (B - DX)™' + X

Therefore,

X1 = X1 = (X))ol +(B-DX) 7' + X,
—Z(X))|onl + (B - DX))]™! — X,
> (a] — A+ X;D)(X; — X))ol + (B — DX,)].

By Lemma 2.8.1, we know that I + (B — DX,) is an M-matrix. Hence [a1] + (B —
D)?l)]*l > 0. From oy > AxX @i, We get (ap] — A+ X;D) > 0. Hence Xl+% > XH%'
The inequality X, _Z_)N( 1+1 can be derived analogously.
The above proof shows that (4.3.2) is also true for k = [. Hence, by induction,

we have proved that (4.3.2) holds for all positive integers k. O

From this chapter, we find a way to improve ADI method. Although it is still
linearly convergent, not as good as doubling algorithm SDA(]24]), ADDA([41]) to be
discussed in the next chapter. However, it is the analysis of two parameters in ADI

method that inspires us to create our ADDA method.
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CHAPTER 5
Doubling Verses High-Order Algorithms

In this chapter, we will use the Sylvester equation as an example to compare

doubling algorithm with high-order algorithms.

5.1 The Smith Method

Consider the numerical solutions of a matrix equation
XA+ BX =C, (5.1.1)

in which X is an unknown m x n matrix, A, B and C are known matrices of sizes
n X n, m x m and m X n respectively.
Suppose I,,, is the m x m identity matrix and « is a nonzero scalar, then (5.1.1)

can be written as
(ad, — B)X (al, — A) — (o, + B) X (ad, + A) = —2aC.
Pre-multiply by (al,, — B)™! and post-multiply by (af, — A)™! to get
X - EXF=W, (5.1.2)

where

E = (al,, — B) Y(al,, + B),
F = (al, + A)(al, — A,
W = —2a(al,, — B)"'C(al, — A)~".
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It is easy to see, from (5.1.2) and with initial X, = 0, we can apply (5.1.2)
iteratively to generate a series for X
X=> ET'WF (5.1.3)
i=1
Barnett and Storey in [5] have suggested (5.1.3) as a method for the practical
solution of (5.1.1) while the rate of convergence is slow in general. Now if {Y;} is the

sequence of matrices defined iteratively by
Yo=W, Y=Y+ E'Y,F?, (5.1.4)

then it follows by induction that

2k
Y=Y ET'WFT! (5.1.5)

i=1
for all <. Smith in [36] showed that Y; converges to X very rapidly as i — 0o. So
we refer to (5.1.3) the Smith method. Since it only calculates the 2'th terms, we also

call it the doubling algorithm.

5.2 The Tripling Algorithm

It is natural to consider higher order algorithms. First let us think about a

tripling algorithm. Suppose we have E and F, satisfy
Xps1 = Xp + F¥ X, B3 + P2 X, E*3"

then
Lemma 5.2.1. We have a tripling algorithm,

3k—1
Xp =Y FXE' (5.2.1)

1=0
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Proof.

X = Xo.
X1 = Xo+ FXoE + F?XE*.
Xo= X, + F3X E3 + FO X, ES
= (Xo+ FXoFE + F*X,E?) + (F*XoE® + F' X E* + F° X E°)

+ (F°XoE® + FTX,E" 4+ F8X,E®)
32-1

=) F'X,E'
=0
Assuming (5.2.1) is right for X}, consider X} 4

Xp1 = Xi + F' X, B¥ + P2 X, E*

3k—1 3k—1 3k—1
_ Z FiX,E' + Z Fz'+3kX0Ei+3k + Z Fi+2~3kX0Ei+2~3k
i=0 i=0 i=0
3k—1 2.3F—1 gktli_1
=) FIXE'+ Y FXoE' + ) FXE
1=0 i=3k i=2.3k
g+l 1
= ) F'XE'.
i=0

Thus (5.2.1) is true for k£ + 1. The induction is completed.

Next we calculate flops! of the doubling and tripling algorithms:
(Doubling) Xps1 = Xi + F2 X E2".
(Tripling) Xp1 = Xp + F¥ X, B3 + 23" X, E*3".

Note here F'is of size m x m, and E is n x n.

LCount every + and x as 1 flop.
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For the doubling algorithm,

calculation : flops
2k—1\2 2k 2 .
(F7 )= F° :m“(2m —1)
(B> = B :n?(2n— 1)
F¥ X, E* :mn(2m — 1) + mn(2n — 1)

+:mn
For tripling algorithm,

calculation : flops
(F* Y (F¥) 5 P om?(em — 1)
F¥ . F3h o P2 m?(2m — 1)
(B> Y (B 5 EY in?(2n—1)
E¥ . E3F — B . n*(2n — 1)
F¥ X, B F*3" X E*  2mn(2m + 2n — 2)

+: 2mn

Thus Flop(Tripling) = 2- Flop(Doubling). Here function Flop(-) means the number
of flops.

Analysis:

If we calculate k, steps with the tripling algorithm, we can get to 3¥th entry.

But if we use doubling algorithm, with the same number of flops, we can get
to 22k = 4%0th entry, which means the doubling algorithm is faster than the tripling

since it goes further.
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5.3 High Order Algorithms

For those algorithms with order higher than 3, we can compare these algorithms
with doubling algorithm(the Smith method). We generalize higher order algorithms
as follows

Lemma 5.3.1. High-order algorithm:
X1 = X + FEX B + PP X B2 4. pUEDE x pU-DE
-1
= FXE
i=0

Proof. The proof is easily achieved by induction in the same way as for that for the

tripling. 0

When we count for flops, for example, the term F " we compute it as
J AU U R G DR A U

where both of the last two entries can be found as the results in the last iteration.
As counted in Section 5.2, Flop(high — order) = (I — 1) - Flop(Doubling).

Analysis:

If we calculate ky steps with [th order algorithm, we can get to [*°th term. But

if we use doubling, with the same number of flops, we can get to 2¢~Dkoth. And

[Fo l
2(1—1)ko - ( 2l-1

Yo <1, for 1>3.

Here we can see higher order algorithms are slower than the doubling since doubling
gets further. Thus we can conclude that Doubling algorithm is the best of all, which

makes it unnecessary for us to seek tripling and high order algorithms.
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CHAPTER 6
ADDA: Alternating Directional Doubling Algorithm

The basic idea of the doubling algorithm for an iterative scheme is to compute
only the 2Fth approximations, instead of every approximation in the process as we
mentioned in chapter 5. The idea traces back to 1970s (see [2] and references therein).
Recent resurgence of interests in the idea has led to efficient doubling algorithms for
various nonlinear matrix equations. The interested reader is referred to [13] for a more
general presentation. The use of a structure-preserving doubling algorithm (SDA) to
solve an MARE was first proposed and analyzed by Guo, Lin, and Xu [24]. For
an MARE (1.0.1), SDA simultaneously computes the minimal nonnegative solutions
of an MARE (1.0.1) and its complementary M-Matriz Algebraic Riccati Equation
(cMARE)

YCY -YA—-BY +D=0. (6.0.1)

In this chapter, we shall present our ADDA for the MARE in this way: framework,
analysis, and then optimal ADDA. We name it ADDA after taking into consideration
that it is a doubling algorithm and relates to the Alternating-Directional-Implicit
(ADI) iteration for Sylvester equations (see chapter 4). Interested readers can refer
to Appendix A for the development of ADDA applied to M-matrix Sylvester equation
which leads to an improvement of the Smith method. Some numerical examples will
be given in section 8.1.

These doubling algorithms are very fast and efficient as they are globally and
quadratically convergent, except for the so-called critical case [13], which is to be

studied in detail in Chapter 7. Specifically, suppose W is irreducible and singular.
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Then there exist u,x € R™ and v,y € R”, all entrywise positive vectors, such that
[9, 17]
T
x u

w =0, W =0. (6.0.2)
Yy v
We call an MARE (1.0.1) is in the critical case if utx = vTy. For the critical case,

the doubling algorithms converge linearly [13], and thus are slow compared to the

non-critical case. An improved method will be given in chapter 7. Define

wt [ Im B -D
H W = . (6.0.3)
~1I, C —A

H is singular if and only if W is singular, and (6.0.2) implies
T

H =0, H=0. (6.0.4)

6.1 A Fundamental Theorem

Before we start introducing ADDA, let us look at a theorem, which may have
independent interest of its own and lays the foundation of our optimal ADDA in
terms of its rate of convergence subject to certain nonnegativity condition. To the

best of our knowledge, it is new. Define the generalized Cayley transformation
C(Aa,8) Y (A—al)(A+ 8D (6.1.1)

of a square matrix A, where «, [ are scalars such that A + I is nonsingular. Given
square matrices A and B, define

def

[, B) = p(€(A; 0, B)) - p(€'(B; 8, ), (6.1.2)

9(B8) = p((A+ BI)7Y) - p(B — BI), (6.1.3)

provided all involved inverses exist. It can be seen that g(5) = f(0, B).
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Theorem 6.1.1 (Wang, Wang and Li). For two M-matrices A € R™™ and B €
R™*™ " define f and g by (6.1.2) and (6.1.3), and set

Qopt def max Agg),  Sopt def max B; ;). (6.1.4)

(a) If both A and B are singular, then f(a,B) =1 for a > aopy and 5 > Popt, and
9(B) =1 for B> Bopt;

(b) If one of A and B is nonsingular, then f(o,B) for a > aopy and > Bopy is
strictly increasing in o and B and f(o, B) < 1, and g(B) for B > Bopt is strictly
increasing in B and g(f) < 1.

Consequently, f can be defined by continuity for all o > aopy and B> Bopy and g can

be defined by continuity for all B > Bopi. Moreover, we have

min f(Oé,ﬁ) = f(o%ptvﬁopt)a min g(ﬁ) = g(ﬂopt). (615)

aZaopt, 82 Bopt B2 Bopt
Proof. Both A+ I and B + al are nonsingular M-matrices for « > 0 and § > 0;
thus f and g are well-defined for a > aope and 8 > Bopy since agpy > 0 and Bype > 0.
In what follows, we will prove the claims for f only. Similar arguments work for g
and thus are omitted.

Assume for the moment that both A and B are irreducible M-matrices. Write
A=sl— N, where s >0and N > 0, and N is irreducible. By the Perron-Frobenius
theorem [Theorem 3.1.1], there is a positive vector u such that Nu = p(N)u. It can
be seen that A\yin(A) = s —p(INV) > 0, where Apin(A) is as defined in Lemma 2.8.1(d).
We have

—C(A;a, B)u = (al — A)(A+ B u = [a — Apin(A)][Amin (A) + 8] Lu.

Since —€'(A; o, 8) > 0 and irreducible for a > o, and 8 > 0, it follows from the

Perron-Frobenius theorem that

p(€ (A, B)) = p(=C(Asa, B)) = [0 = Auain(A)][Muain(4) + 8]
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Similarly, we have for a > 0 and 8 > By,
p(€(B; B, @) = [B = Anin(B)][Ain (B) + ] 7.

Finally for a > aqpe and 8 > Bopt,

fla, B) = p(€(A; 0, B)) - p(€(B; 5, )
(B)

)\mm(: 5
= ha(@)ha (D),
where
o o — )\mln(A) ﬁ )\mm( )
hl(a) - )\min(B) —|—Oé’ h2(5) Amm( )

Now if both A and B are singular, then Apin(A) = Apin(B) = 0 and thus f(a, 8) =1
which proves Item (a). If one of A and B is nonsingular, then Apin(A) + Apin(B) > 0

and thus

/\min(A) + )\min(B)
O‘min(B> + O‘)2

Amin(A) + Amin(B)

Com( D)+ 52 0

() = >0, hy(B) =

So f(a, B) is strictly increasing in o and f for a > aopy and 8 > fope and

fla, B) < lim f(a,8) = 1.

Q=00
B—00

This is Item (b).
Suppose now that A and B are possibly reducible. Let II; € R™*™ and Il €

R™ ™ be two permutation matrices such that

AH —Au e _Alq BH —Blg . _Blp
Ay ... —A By, ... —B
H;I‘Anl _ 22 2q ’ H;BHQ _ 22 2p ’
Aqq Bpp
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where A;; € R">" B;; € R™>™iall A;; and Bj; are irreducible M-matrices, and
all A;; > 0 and B;; > 0 for ¢ # j. It can be seen that
f(a, B) = max p(¥(Aii; @, B)) - p(€(Byy: B, ).
If one of A and B is nonsingular, then one of A;; and Bj; is nonsingular for each
pair (A;;, Bj;) and thus all p(€¢'(Ai; o, 5)) - p(€(Bjj; 5, «)) are strictly increasing in
a and f§ for a > agpt and B > Bopt; s0 is f(a, 8). Now if both A and B are singular,
then there is at least one pair (A;;, B;;) for which both A;; and Bj;; are singular and
irreducible. By Item (a) we just proved for the irreducible and singular case, for that
pair p(€(Aii; o, B)) - p(€(Bj;; B, ) = 1 for a > o and B > Fopy. Since for all other
pairs (A, Bjj;),
p(E (Aii; v, B)) - p(€(Byj; 8, @) < 1

by Item (a). Thus f(«, ) = 1. O

6.2 Framework of ADDA

The framework in this section actually works for any algebraic Riccati equation,
provided all involved inverses exist. It is just that in general we are not able to
establish a convergence theory similar to the one to be given in the next section for
an MARE.

For any solution X of an MARE (1.0.1) and Y of the cMARE (6.0.1), it can be

verified that

I I Y Y
H = R, H = (—9), (6.2.1)
X X I I
where
B —-D
H = , R=B—-DX, S=A-CY. (6.2.2)
c —-A
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Given any scalars o and 3, we have

(H — BI) ! ( R+al)=(H+al)

I
X X

b~<

(H — BI) v (=S +al) = (H +al) (=S — BI).
I I

If R+ al and S + 1 are nonsingular, then

I I
(H —BI) = (H +al) C(R; 3, ),
X X

Y Y
(H — I (S, ) = (H +al)

I 1

Suppose for the moment that A + S and B + al are nonsingular and set
Ag = A+ P, B, =B+ al,

Usp = As —CB.'D, Vop = By — DAS'C,

and
Bojl 0 I 0 I Bole
Zl = 9 22 — ) Z3 =
—CB' 1 0 —Usyg 0 I
It can be verified that
def EO 0
My = Z3ZyZy\(H — BI) = ;
—Xo I
def I _Yb
LO = ZgZQZl<H—|—Oé[) = R
0 Fy

where
Ey=1- (5+a)va;;, Y, = (6+a)B;1DU;Bl,
Fo=1-(B+a)Uy, Xo=(B+a)U;zC0B."
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Pre-multiply the equations in (6.2.3) by Z3Z57; to get

I Y Y
MO = LO %(R, ﬁ, OZ), MO %(S, «, 6) = L() . (628)
X X I I

Our development up to this point differs from SDA of [24] only in our inclusion
of two parameters a and (. The significance of doing so will be demonstrated in
our later comparisons on convergence rates in section 6.5 and numerical examples
in section 8.2. From this point forward, ours is the same as in [24]. The idea is to

construct a sequence of pairs { My, Ly}, k = 0,1,2,... such that

M; = Ly [C(R; B, a)]" M, [€(S; 0, B)]" = L :
X X 1 I

(6.2.9)
and at the same time M} and L, have the same forms as M, and L, respectively,

ie.,
Ek 0 I _Yk
My = . L= . (6.2.10)
The technique for constructing { M1, Liy1} from {My, Ly} is not entirely new and

can be traced back to 1980s in [12, 18, 30] and more recently in [3, 7, 37]. The idea

is to seek suitable M, L € Rm+mx(m+n) gych that

rank (M,L)) =m+n, (M,L) bl _ 0 (6.2.11)

_Mk

and set M1 = M M, and Ly = L L. Tt is not hard to verify that if the equations in
(6.2.9) hold, then they hold for k replaced by k+1, i.e., for the newly constructed Mjq

and Lj,1. The only problem is that not every pair {M, L} satisfying (6.2.11) leads
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to { M1, L1} having the forms of (6.2.10). For this, we turn to the constructions
of {M, L} in [14, 15, 24, 29]:

M Ek(Im — Yka>_1 0 ]m _Ek([m — Yka)_lyk
_Fk(In — XkYk)_le 1, 0 _Fk<[n — XkYk)_l

with which M, = MM, and Ly, = LL;, have the forms of (6.2.10) with

Epy1 = Ey(L, — Vi X)L B, (6.2.12a)
Frp1 = Fu(I, — X Ys) ' Fy, (6.2.12b)
X1 = Xy + Fy(I, — XpYa) ' Xi By, (6.2.12¢)
Yir1 = Yi + Ep(Ln — Vi Xe) Y3 F. (6.2.12d)

By now I have presented the framework of ADDA:

1. Pick suitable o and 3 for (best) convergence rate;
2. Compute My and Ly of (6.2.6) by (6.2.4), (6.2.5), and (6.2.7);

3. Tteratively compute My and L by (6.2.12) until convergence.
Associated with this general framework arise a few questions:

1. Are the iterative formulas in (6.2.12) well-defined, i.e., do all the inverses exist?

2. How do we choose best parameters o and 3 for fast convergence?

3. What do X} and Y} converge to if they are convergent?

4. How much better is ADDA than the doubling algorithms: SDA of Guo, Lin,
and Xu [24] and SDA-ss of Bini, Meini, and Poloni [11]7

The first three questions will be addressed in the next section while the last question

will be answered in section 6.5.
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6.3 Analysis

Recall that W defined by (1.0.2) is a nonsingular or an irreducible singular M-
matrix. An MARE (1.0.1) has a unique minimal nonnegative solution @ in chapter 3
and the cMARE (6.0.1) has a unique minimal nonnegative solution ¥. Some proper-
ties of @ and ¥ are summarized in Theorem 6.3.1 below. They are needed in order

to answer the questions we posed at the end of the previous section.

Theorem 6.3.1 ([19, 20, 21]). Assume (7.0.1).

(a) An MARFE (1.0.1) has a unique minimal nonnegative solution @, and and its
cMARE (6.0.1) has a unique minimal nonnegative solution W,

(b) If W is irreducible, then ® > 0 and A — ®D and B — D® are irreducible M -
matrices;

(c) If W is nonsingular, then A — ®D and B — D® are nonsingular M -matrices;

(d) Suppose W is irreducible and singular. Let uj,v; € R™ and ug, vy € R™ be

positive vectors such that

T
U1 Uy

W =0, W =0. (6.3.1)

V2 U2

1. Ifulv; > ul vy, then B—D® is a singular M -matriz with' (B— D®)v; = 0
and A — @D is a nonsingular M-matriz, and vy = vy and vy < vy;
2. If ufvy = ujvy (the so-called critical case), then both B— D® and A—®D
are singular M-matrices, and vy = vy and Yvy = vy;
3. If uivy < ujvg, then B — D® is a nonsingular M-matriz and A — ®D is
a singular M-matrix, and Pvy < vy and Yvy = v;.
() I — ¥ and I — WP are M-matrices and they are nonsingular, except for the

critical case in which both are singular.

1119, Theorem 4.8] says in this case D®v; = Dvy which leads to (B — D®)v; = Bvy — Dvy = 0.
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Recall our goal is to compute @ as efficiently and accurately as possible and,
as a by-product, ¥, too. In view of this goal, we identify X = @ and Y = ¥ in all

appearances of X and Y in section 6.2. In particular
S=A-C¥, R=B-D?, (6.2.2')

and (6.2.9) and (6.2.10) yield immediately

By = (I-Yi®) [€(R; B,0)]%, (6.3.2a)
b—Xy= L& [€(RBa)], (6.3.2b)
VY= E¥ [€(S;aB), (6.3.2¢)

Fo = (I — XaW) [€(S; a, ). (6.3.2d)

Examining (6.3.2), we see that ADDA will converge if X} and Y are uniformly

bounded with respect to k, and if

p(€(R;B,a)) <1, p(€(S;a,p)) <1, (6.3.3a)
because then Ej and F}, are uniformly bounded with respect to k, and

[€(R; 8,a) =0, [€(S;a,B)] =0 (6.3.3b)

as k — oo, implying that ® — X;, — 0 and ¥ — Y, — 0 as k — oo. This is one of the

guiding principles in [24] which enforces
a=p02> H%%.X{A(i,i)y B} (6.3.4)

which in turn ensures that X and Y}, are uniformly bounded and also ensures (6.3.3a)

and thus (6.3.3b) because, by Theorem 6.3.1(c), both? S and R are nonsingular M-

2That R is a nonsingular M-matrix is stated explicitly in Theorem 6.3.1(c). For S, we apply
Theorem 6.3.1(c) to the cMARE (6.0.1) identified as an MARE in the form of (1.0.1) with its
A -C
coefficient matrix as .
-D B
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matrices if> W is a nonsingular M-matrix. Later Guo, lannazzo, and Meini [22]
observed that SDA of [24] still converges even if W is a singular irreducible M-matrix.
This observation was formally proved in [13]. Guo, lannazzo, and Meini [22, Theorem

4.4] also proved that taking
a=pf= H}%X{A(i,i)a By} (6.3.5)

makes the resulting SDA converge the fastest subject to (6.3.4). Another critical
implication of (6.3.4) is that it makes —Ey and —Fy, Ey and Fy for k > 1, and X},
and Yy for £ > 0 all nonnegative [24], a property that enables SDA of [24] (with
some minor but crucial implementation changes [42]) to compute @ with deserved
entrywise relative accuracy as argued in [42].

We would like our ADDA to have such a capability as well, i.e., computing @

with deserved entrywise relative accuracy. To this end, we require
def def
a > Qopt = max Ay, B> Bopt = mjax B i) (6.3.6)

but allow a and 5 to be different, and seek to minimize the product of the spectral
radii
p(C(R; B, ) - p(€(S; 0, B)),

rather than each individual spectral radius. Later in Theorem 6.3.3, we will see that
it is this product, not each individual spectral radius, that ultimately reflects the true
rate of convergence. In particular, convergence is guaranteed if the product is less
than 1, even if one of the spectral radii is bigger than 1. Moreover, the smaller the
product, the faster the convergence.

That the rate of convergence of a doubling algorithm on a matrix Riccati-type
equation is dependent on the product of some two spectral radii is not new. In fact,

the convergence analysis in [22, 24, 29] all suggested that.

3This is the case studied in [24].
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The assumption (7.0.1) implies that A and B are nonsingular M-matrices by

Lemma 2.8.1(e). Therefore both agpt > 0 and Sopy > 0.

Lemma 6.3.1 (Wang, Wang and Li). Assume (7.0.1). If a« > 0 and B > 0, then
Ag, B, Uap, and Vo defined in (6.2.4) and (6.2.5) are nonsingular M -matrices.

Furthermore, both Uyg and Vog are irreducible of W is irreducible.

Proof. If a >0 and g > 0,

—~ al 0 B+al —-D
W =W+ = > min{o, 8} - T+ W

0 BI -C  A+pI

is a nonsingular M-matrix. As the diagonal blocks of /I/I?, Ap and B, are nonsingular
M-matrices; so are their corresponding Schur complements V,5 and U,g in W by
Lemma 2.8.1(e). If also W is irreducible, then W is a nonsingular irreducible M-
matrix, and thus both U,g and V,4 are nonsingular irreducible M-matrices again by

Lemma 2.8.1(e). O

Theorem 6.3.2 (Wang, Wang and Li). Assume (7.0.1) and (6.3.6).
(a) We have

E0§O7 F0§07 %(R,B7OZ)§0, %(S,O@B)SO, (637)

0<Xyg<P, 0<Yy, <V (6.3.8)
If W is also irreducible, then

Ey <0, Fp <0, €(R;B,a) <0, €(S;,5) <0, (6.3.7)

0<Xp<®, 0<Y, <V. (6.3.8)

(b) Both I — Y X} and I — XY}, are nonsingular M-matrices for all k > 0.
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(c) We have

Ey>20, F, 20, 05X, 1 <X, <D, 0<Y, 1 <Y, <V fork>1
(6.3.9)

If W is also irreducible, then

Ek>0, Fk>0, OSXk_1<Xk<¢, 0<Y, 1 <Y. <V fOT’]CZl
(6.3.9)

Proof. Our proof is largely the same as the proofs in [22, p.1088].

(a) That € (R;8,a) <0 and €(S;«, B) < 0 is fairly straightforward because R and

S are M-matrices and « and § are restricted by (6.3.6). For Ey and Fp, we note

Eo =V 5 Vasg — (B+a)]] (6.3.10a)
= V.4 (B—pI—-DA;'0), (6.3.10b)
Fo =U,;[Uas — (B + o)1) (6.3.10¢)
=U5(A—al —CB.'D). (6.3.10d)

Since Ag, By, Vas, and U,p are nonsingular M-matrices by Lemma 6.3.1, we have

Therefore Ey < 0, Fy <0, Xg > 0, and Yy > 0. Equations (6.3.2b) and (6.3.2c) for
k=0 yields ® — Xy > 0 and ¥ — Y, > 0, respectively.

Now suppose W is irreducible. By Lemma 6.3.1, both U,s and V,z3 are irre-
ducible. So U;ﬁl > 0, Va_ﬂl > 0, and no columns of V3 — (8 +«a)I and Uy — (6 + )]
both of which are nonpositive are zeros. Therefore Ey < 0 and Fy < 0 by (6.3.10a)
and (6.3.10c). Theorem 6.3.1(b) implies that (S + gI)~! > 0, (R+ al)™' > 0, and
no columns of S — ol and R — I both of which are nonpositive are zeros, and thus

€(S;a,p8)=(S+BI) S —al)<0,€(R;B,a)=(R+al)"(R—BI) <0.
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Finally
b —Xyg=FPC(R;8,0) >0, ¥—-Yy=FEWES;a,p6)>0

because @ > 0 and ¥ > 0 by Theorem 6.3.1(b) and (6.3.7').

(b) and (c) We have I — XYy > [ — &% and I — Yo Xy > I — ¥®. Suppose for
the moment that W is nonsingular. Then both I — ®¥ and I — ¥® are nonsingular
M-matrices by Theorem 6.3.1(e), and thus I — XY, and I — Yy X, are nonsingular
M-matrices, too, by Lemma 2.8.1(b).

Now suppose W is an irreducible singular matrix. By Theorem 6.3.1(d), we
have Udv; < vy, where v; > 0 is defined in Theorem 6.3.1(d). So p(¥®) < 1 by
[9, Theorem 1.11, p.28]. By part (a) of this theorem, 0 < Xy < @ and 0 < Y, < V.
Therefore 0 < XYy < ®¥. Since PV is irreducible, we conclude by [9, Corollary 1.5,
p.27]

p(YoXo) = p(XoYo) < p(¥P) = p(P¥) < 1,

and thus I — Yy Xy and I — XYj are nonsingular M-matrices. This proves part (b)
for k = 0.
Since Fy < 0 and Fy < 0, and I — Yy Xy and I — XY, are nonsingular M-

matrices, we deduce from (6.2.12) that
B, >0, FL>0, X,>X, Yi>Ye
By (6.3.2b) and (6.3.2¢),
b — X, =FP[E(R;B,0)]*, ¥—-Y,=EW[E(S;a,p), (6.3.11)

yielding ® — Xy > 0 and ¥ —Y; > 0, respectively. Consider now W is also irreducible.
We have, by (6.3.7") and (6.3.8') and (6.2.12),

E1>07 F1>O7 X1>X0207 }/1>}/0207
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and then X; < @ and Y} < ¥ by (6.3.11). This proves part (c) for k = 1.
Part (b) for £ > 1 and part (c) for £ > 2 can be proved together through the

induction argument. Detail is omitted. O]

One important implication of Theorem 6.3.2 is that all formulas in section 6.2
for ADDA are well-defined under the assumptions (7.0.1) and (6.3.6).
Next we look into choosing a and § subject to (6.3.6) to optimize the conver-

gence speed. We have (6.3.2) which yields

0<d— X, = (I — X, 0)[%(S;0,8)) O (R; B,0)) (6.3.12a)
< [€(S; o, )2 @€ (R; B,a)]” (6.3.12b)
0<¥ Y, = - Y [€(R;B,0) ¥[€(S;a,B)> (6.3.12¢)
< € (R B, 0) W [€(S;0,8) . (6.3.12d)

Now if W is a nonsingular M-matrix, then both R and .S are nonsingular M-matrices,

too, by Theorem 6.3.1(c). Therefore
p(€(R;B,a)) <1, p(¢(S;a,5)) <1 under (6.3.4), (6.3.13)

implying X, — @ and Y, — ¥ as k — oco. This is what was proved in [24]. But for
irreducible singular M-matrix W with uf vy # uj ve, it is proved in [22] that one of the
spectral radii in (6.3.13) is less than 1 while the other one is equal to 1, still implying
X, — @ and Y, = ¥ as k — oo. Furthermore, [22, Theorem 4.4] implies that the best
choice is given by (6.3.5) in the sense that both spectral radii in p(%(R; a, o)) and
p(€(S; a, a)) are minimized subject to o > II%?}X{A(Z-’Z‘), Bt

We can do better by allowing a and § to be different, with the help of Theo-

rem 6.1.1. The main result is summarized in the following theorem.
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Theorem 6.3.3 (Wang, Wang and Li). Assume (7.0.1) and (6.3.6). We have

limsup [|@ — Xi||'*" < p(6(S;0, 8)) - p(€(R; B, ), (6.3.14a)
k—oo

limsup | — Yi | > < p(€(R; B,0)) - p(€(S; @, B)). (6.3.14D)
k—o00

The optimal a and B that minimize the right-hand sides of (6.3.14) are a = aopt and
ﬁ = Bopt-

Proof. Since all matrix norms are equivalent, we may assume that || - || is consistent.
By (6.3.12b), we have

1/ 1/2k

L A R [ TE) o i e [ CT0 e

which goes to p(€(S;a,B)) - p(€¢(R; B,a)) as k — oo, unless ¢ = 0 in which case
both sides are 0 for all k. Thus (6.3.14a) holds. Similarly we have (6.3.14b). Since
R=B—D® and S = A— CV¥ are M-matrices and D® > 0 and C¥ > 0,

a > max Ay > max Sy, [ 2> max B ;) > max R j).
7 2 J J

By Theorem 6.1.1, p(€(R; 5, )) - p(€(S; o, B)) is either strictly increasing if at least
one of R and S is nonsingular or identically 1, subject to (6.3.6). So in any case,

a = Qopt and 3 = By, minimize the product p(€'(S; «, 8)) - p(€(R; B, a)). m

6.4 Optimal ADDA
We are now ready to present our ADDA | basing on the framework in section 6.2
and analysis in section 6.3.
Algorithm 6.4.1.
ADDA for an MARE XDX — AX — XB+ (C =0 and,
as a by-product, for the cMARE YCY — YA - BY + D =0.
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1 Pick a > agpy and 8 > Bopi;
2 As € A48l B, ¥ B+al;
3 Compute Agl and B!;
4 Compute V,53 and U,p as in (6.2.5) and then their inverses;
5 Compute Ey by (6.3.10b), Fy by (6.3.10d), X, and Yy by (6.2.7);
6 Compute (I — XoYp) ™! and (I — YpXo) ™
7 Compute X; and Y] by (6.2.12¢) and (6.2.12d);
8 For k=1,2,..., until convergence
9 Compute Ej and F, by (6.2.12a) and (6.2.12b)
(after substituting k + 1 for k);
10 Compute (I — X;Y;)" ! and (1 — Y Xp) ™'
11 Compute Xy 1 and Yi4 by (6.2.12¢) and (6.2.12d);
12 Enddo

REMARK 6.4.1. ADDA differs from SDA of [24] only in its initial setup — Lines 1 — 5
that build two parameters o and /3 into the algorithm. In [42], we explained in detail
how to make critical implementation changes to ensure computed @ and ¥ by SDA
to have entrywise relative accuracy as much as the input data deserves. The key is
to use the GTH-like algorithm [1, 43] to invert all nonsingular M-matrices. Every
comment in [42, Remark 4.1], except the selection of its sole parameter for SDA applies
here. We shall not repeat most of those comments to save space.

About selecting the parameters a and 3, Theorem 6.3.3 suggests o = aopy and
B = PBopt for the best convergence rate. But when the diagonal entries of A and B
are not known exactly or not exactly floating point numbers, the diagonal entries
of A — al and B — I needed for computing Ey by (6.3.10b) and Fy by (6.3.10d)

may suffer catastrophic cancelations. One remedy to avoid such possible catastrophic
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cancelations is to take oo = 1 - apy and B = 1 - Bopy for some n > 1 but not too close
to 1. This will slow down the convergence, but the gain is to ensure computed ¢ and
¥ by ADDA have deserved entrywise relative accuracy. Usually ADDA converges
so fast, such a little degradation in the optimality of o and  does not increase the
number of iteration steps needed for convergence.

Recall the convergence of ADDA does not depend on both spectral radii p(€'(S; «, 3))
and p(€'(R; 5, «)) being less than 1. In fact, often the larger one is bigger than 1 while
the smaller one is less than 1 but the product is less than 1. It can happen that the
larger one is so big that implemented as exactly given in Algorithm 6.4.1 ADDA can
encounter overflown in Fj, or Fj, before X, and Y} converge with a desired accuracy.
This happened in one of our test runs. To cure this, we notice that scaling E; and
Fy to nEy and 5~ ' F}, for some n > 0 has no effect on X}, ; and Y1 and thereafter.
In view of this, we devise the following strategy: at every iteration step after Fj and
Fy, are computed, we pick 1 such that |nEx| = ||n7'Fll, ie, n = /| Fell/[Exl,
and scale Ej and Fy to nE) and n~'Fy. Which matrix norm || - || is not particularly
important and in our tests, we used the ¢;-operator norm || - ||;. <&

The optimal ADDA is the one with o = agp and B = B, Since there is
little reason not to use the optimal ADDA, except for the situation we mentioned in
Remark 6.4.1 above, for the ease of presentation in what follows we always mean the

optimal ADDA whenever we refer to an ADDA, unless explicitly stated differently.

6.5 Comparisons with Existing Doubling Algorithms

In this section, we will compare the rates of convergence among our ADDA, the
structure-preserving doubling algorithm (SDA) of [24], and SDA combined with the
shrink-and-shift technique (SDA-ss) of [11].
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The right-hand sides in (6.3.14) provide an upper bound on convergence rate
of ADDA. It is possible that the bound may overestimate the rate, but we expect
in general it is tight. To facilitate our comparisons in what follows, we shall simply

regard the upper bound as the true rate, and without loss of generality, assume

Qopt dof maxA (i) = Bopt et max B (6.5.1)

Let Apin(S) be the eigenvalue of S in (6.2.2") with the smallest real part among all its
eigenvalues. We know Apin(S) > 0, and let Ay, (R) be the same for R also in (6.2.2").

We have the convergence rate for the optimal ADDA

Tadda = Qopt — Amin(s) . Bopt - )\min(R)
M Bopt + Amin(S) opt + Amin(R)

(6.5.2)

Estimates in (6.3.14) with a = £ hold for SDA. Apply [22, Theorem 4.4] to conclude

that the convergence rate for the optimal SDA is

&opt - )\min(s) . Oéopt - )\min(R>
O5opt + )\min(S) O50pt; + )\min(R>

(6.5.3)

T'sda =

upon noticing (6.5.1).
In order to see the convergence rate of the optimal SDA-ss, we outline the

algorithm below. For

def
B> Bopt = max B (6.5.4)

set

H=I-p"'H A=I+8"'A, B=I-p3"'B, (6.5.5)

where H is defined as in (6.2.2). With S and R given by (6.2.2), we have

. . |(w
( ) i S = , (6.5.6a)
I
=I1-p"

S=I+p7"9)" (6.5.6b)
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Note that A is a nonsingular M-matrix, and let

B, 0 R I —Y,

My=| , Lo= . (6.5.7)
—Xo I 0k
where
Eo=B+ B2DA'C, Y,=B'DA™, (6.5.8a)
Fo =AY, X, =prA"'C. (6.5.8b)

It can be verified that H = E(;l]\/io, substituting which into the equations in (6.5.6)

to get

I

The rest follows the same idea in [24] (and also in section 6.3). SDA-ss seeks to

construct a sequence of pairs {]\//Tk, Zk}, k=0,1,2,... such that

~ — ' ~ 2k ~ 4
M, = L R™, M, ST =1, , (6.5.9)

P P I

and at the same time M\k and Zk have the same forms as ]\//_70 and ZO, respectively,

ie.,
My=| . L= . (6.5.10)
X I 0 Fy

The formulas (6.2.12) for advancing from the kth approximations to the (k+1)st ones
remain valid here after placing a ” hat” over every occurrence of F, F';, X, and Y there.

At the end, we will have the following equations for errors in the approximations X k

and ?k:
o-X,=(I-X0)S5 oR <S ok, (6.5.11)
—~ ~ A2k: /\Qk A2k A2k
V-V, =(I-Y0)Rk vS <R w8, (6.5.12)
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Consequently
limsup || — X[V, limsup | — Y3| /2" < p(R) - p(S). (6.5.13)
k—o00 k—o00

In view of this inequality, (6.5.4) and Theorem 6.1.1, we conclude that the convergence

rate of the optimal SDA-ss is

]‘ - ﬁo_pltAmiﬂ(R) _ Bopt - >\min<R)
1 + 6;;)1t>\min<s) 50pt + >\min<S) ‘

Now we are ready to compare all three rates of convergence. To simplify notations,

(6.5.14)

Tsda-ss =

we drop the subscript “opt” to o and (3, and write Ag = A\pin(S) and Ag = Apin(R).
We have

Tadda o B_)\R 'Oé‘l‘/\s
T'sda a_)\R /B+)\S
(Ar + As)(a = B)

—1- : 6.5.15
(@~ )3+ As) (0519
Tadda o Oé—)\s
T'sda-ss B a+)\R
AR+ Ag
=1- 0.1
a+ Mg’ (65 6)
T'sda-ss _B_AR‘O[_‘_)\S ‘O[_‘_)\R
reda  BH+As a—As a—Ag

(B +As)(a = Ag)(a — Ag)
If \g+ s = 0 (which happens in the critical case), then all three ratios are 1. In fact,
for the critical case T,qda = Tsda = Tsdass = 1 and thus the three doubling algorithms
converge linearly [13]. Suppose, in what follows, that Az + Ag > 0, and recall (6.5.1).
The first ratio

Tadda/Tsda < 1 always,
with equality for &« = 3, as expected. The ratio can be made much less than 1 if

a/B > 1. The second ratio

Tadda/Tsdass < 1 always.
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There is no definitive word on the third ratio because the sign of

def

¢ =ala—p8)—=As(a—Ag) —a(B = Ag)

can change, dependent on different cases. If ¢ > 0, then SDA-ss is faster than SDA;

otherwise it is slower.

It is worth pointing out that for SDA-ss it is very important how the shift-and-

shrink (6.5.5) is done. For example, instead of (6.5.1), if

max A(z,z) < max B(z,z)

Then we still have (6.5.14), but, instead of (6.5.3),

o _B=As B—Ar
sda B+ As 5—|—)\R.
Then
T'sda _B_AS_ _>\R+>\S
T'sda-ss /8+)\R B_l_ >\R

(6.5.18)

(6.5.19)

<1

always, indicating SDA-ss is slower than SDA. To overcome this, when (6.5.18) holds,

SDA-ss should be applied to the cMARE (6.0.1), instead, and as a by-product, @ is

computed as the minimal nonnegative solution to the complementary MARE of the

¢MARE (6.0.1).

6.6 Doubling Algorithms by General Bilinear Transformations

The doubling algorithms SDA, SDA-ss, and ADDA are constructed, respec-

tively, by

Cayley transformation: ¢t — €(t; o, ) = (t —a)/(t +«) for SDA,

shrink-and-shift transformation: t — ¢/ —1

for SDA-ss,

generalized Cayley transformation: ¢ — € (t;a,5) = (t —a)/(t+ ) for ADDA.
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These transformations are three special cases of the following more general bilinear

(also called Mdbius) transformation:

def

t— B(t;a, a1, 5,61) = (aqt —a)/(Bit + B). (6.6.1)

It is tempting to ask if some faster doubling algorithm than ADDA could be con-
structed with this bilinear transformation because of two additional parameters o
and f; to work with. In what follows we shall explain that optimal ADDA is still the
best among all possible doubling algorithms coming out of (6.6.1).

The framework in section 6.2 can be modified to accommodate A(t; v, vy, 3, f1)

upon noticing that, similar to (6.2.3),

1 1
(ﬁlH_ﬂ-[) = (OélH—f—Oé]) ‘%(R;ﬁaﬁlva)&l)a
X X
(6.6.2a)
Y Y
(61 — BI) B(S;a, a1, B,p1) = (nH + al) : (6.6.2b)
1 1

Assuming no breakdown occurs, i.e., all involved inverses exist, in the end we will

have error equations, similar to those in (6.3.2),

D — X = - Xp¥)[B(S; 0,04, 3, 51)]2k D [B(R; B, b1, a, 041)]2k ; (6.6.3a)

W~ Y, = (I - Yi®) [B(R; B, b1, 0, 0)” ¥ [B(S; 0,01, 8, 81)] (6.6.3b)

There are four cases to consider

1. (&3] 7é 0 and 51 7& 0. Since ’@(t’ a7a1a/6a61) = (al/ﬂl) ) Cg(t;a/&laﬁ//gl)v both
equations in (6.6.3) are the same as those for ADDA with the generalized Cay-
ley transformation €(¢; /oy, $/B1). This implies that any resulting doubling

algorithm is an ADDA.
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2. a1 #0, 81 =0 (and then 8 # 0 in order for A(t; a, a1, 5, 51) to be well-defined):
(a) If « =0, then B(t; o, 1, 5, B1) = (a1/P)t and thus the equations in (6.6.3)

become
®— X, = (I — XW)S*OR?, W—Y,=(-Y,®)R v, (6.6.4)

Convergence of X and Y} to @ and ¥, respectively, is no longer guaranteed.
(b) If o # 0, then B(t;a,a1,8,01) = (a/f)[t(a/ar)™" — 1] and thus the
equations in (6.6.3) are the same as those for an SDA-ss. This implies that
any resulting doubling algorithm is an SDA-ss.

3. a; = 0 (and then o # 0 in order for A(t; 3, 51, a, ) to be well-defined), 51 # 0.

This case is essentially the same as the previous one: oy # 0, 5, = 0.
4. ap = py =0, i.e., B(t;a,ay, 5, 51) is constant. This is the trivial case. Con-
vergence of X and Yj to @ and ¥, respectively, is not possible because no

information on H is built into the algorithm.

In summary, possible doubling algorithms derivable from the general bilinear trans-
formation are SDA, SDA-ss, ADDA, the trivial ones by B(t;,q,3,61) = 1 or
B(t;a, a1, p,0) = 0, and the one by AB(t;a,aq,5,01) = t. Among all, optimal
ADDA is the best.

In principle, possible doubling algorithms can also be constructed by noticing

that, similar to (6.2.3) and (6.6.2),

h(H) = h(R), h(H) [h(S)] ™! = :
X X I I

where h(:) is a rational function (or any other more complicated function). But

without knowing a particular effective h(-), such a generality has no practical value.
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CHAPTER 7
d-ADDA: Deflating irreducible singular M-matrix Riccati equation

Doubling algorithms are linear convergence for critical case. So in this chapter
we will propose a deflation technique to improve the rate of convergence of doubling
algorithms. Since the necessary condition for being in the critical case is H being
singular, to speed up the convergence, Guo, lannazzo, and Meini [22] proposed to

shift away its eigenvalue 0 to a properly chosen positive number 7:

H= H +nzw',

x

before SDA is applied, where z = ,and w € R™™ is entrywise nonnegative
(Y

such that w™z = 1. Dramatic improvements in reducing the number of iterative steps

required for convergence were witnessed. In this chapter, we propose an alternative
approach — deflation — to deflate out the eigenvalue 0 of H, before a doubling algo-
rithm, ADDA in this case, is applied. The idea of shifting away and that of deflating
out known eigenpairs are two common numerical techniques in eigenvalue computa-
tions, but often the deflation idea is preferred. We also argue that this shifting idea
of Guo, Tannazzo, and Meini should be combined with ADDA, instead of SDA, for
better performance.

In the rest of this chapter, A, B, C, and D, unless explicitly stated differently,

are reserved for the coefficient matrices of an MARE (1.0.1) for which

W defined by (1.0.2) is an irreducible singular M-
matrix, and (6.0.2) holds, where 0 < w,z € R™ and (7.0.1)

0<v,yeR™
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Note that assuming (6.0.2) here is more for notational convenience later than a ne-
cessity because W being an irreducible singular M-matrix implies the existence of
0 <wu,z € R"and 0 < v,y € R” that satisfy (6.0.2).

This chapter is organized as follows. We begin by laying out our deflating
framework and its convergent analysis in section 7.2, followed by the analysis of
convergence in section 7.3 and then give out two efficient numerical realizations of
the framework in sections 7.4 and 7.5. We outline the shifting approach of Guo,

Tannazzo, and Meini [22] in section 7.6 for comparison purpose.

7.1 Deflating an Irreducible Singular MARE
Assume that (7.0.1) holds. We have three cases: p = u'z — vty > 0, u =0,
and p < 0. The case 1 < 0 can be converted to the case p > 0 by transposing (1.0.1)
to get
ZDYZ — ZAY - BY*Z +C" =0, (7.1.1)

where Z = XT. This MARE has the unique minimal nonnegative solution ¢, and

T
AT DT v Y AT DT

=0, =0

-ct BT u x -cTt BT
as the result of (6.0.2), and the new p for (7.1.1) is positive. By Theorem 6.3.1, we
have #Tv = u.

If m =1and p > 0, then B — D® = 0 by Theorem 6.3.1(c). An MARE
(1.0.1) after setting X = & becomes C' — AP = 0 to give ® = A~'C because A is a
nonsingular M-matrix.

In light of these considerations, without loss of generality, we assume from now

on

p=ulr—vty >0 m>2. (7.1.2)
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By Theorem 6.3.1, ¢z = y. In what follows, we will first present a general framework
for deflating an irreducible singular MARE with (7.1.2), and then its convergence
analysis. Two numerical realizations of the framework will be discussed in detail in

Remark 7.3.2.

7.2 General Framework

The framework starts with a nonsingular matrix V € R(m+7)x(m+n) guch that

T

Vlz=6e, z= . (7.2.1)
Y

Any numerical realization of this framework in Remark 7.3.2 is simply a way of
constructing such a matrix V.

¢ satisfies the MARE (1.0.1), or equivalently,

I 1
H = R, R=B-D9¢ (7.2.2)
b o
which is equivalent to
I 1
VIHVV ! =V R. (7.2.3)
@ o
Partition
m| Un U
vol= R (7.2.4)
n\ U U
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Assuming that (Uy; + Ulg@)_l exists, we have from (7.2.3)

@

I
=y! (Uu + U12Q5)_1 [(Uu + U12€P) R (Uu + Uu@)_l] . (7.2.5)

)
Since
1 I -1 I
V- (Upn + Upp®)™ = NE
o (Ugr + Up®) (Uyy + Up2®)
we rewrite (7.2.5) as
I I) -
VIHV | | =] | R (7.2.6)
® P
where
® = (Usy + Ups®) (U + Upa®) ", (7.2.7)
R = Uy + Up®) R (Upy + Upa®) " (7.2.8)

Lemma 7.2.1 (Wang, Wang and Li). The first column of V"YHV is 0; so is that of

.

Proof. We have from (7.2.1) Ve; = 67 'z. Thus V1HVe, = 6~ 'V1Hz =0, i.e., the

first column of V-'HV is 0. To show 5@1 = 0, we notice

Sy — Vs — -1 x _ e x _ I . (U + Upp®) x
Y b 03 (Ugy + Ug®) x
which gives
2 =0(Up +Up®) ey, (U + Upd)z=0. (7.2.9)
Therefore dde, = (U1 + Uge®) x = 0 yielding de, = 0, as claimed. O
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Keeping in mind Lemma 7.2.1, we define matrices g, B, C, D, and A, E, 6,

D by the following partitioning

1 m—1 n
~ ~ 1 0 b —d
m| B —D
VIHV = = 1o B DI (7.2.10)
n\C —A R R
n 0o C -A
In particular,
1 m—1 n
1 m—1
- .~ 1 0 b ~ N ~ 1 d
A=A B= | C= (0 C), D= N E (7.2.11)
m—1 0 B m—1 D

Equation (7.2.6) says X = & satisfies the following ARE
XDX —AX —XB+C =0. (7.2.12)

This ARE may have many solutions, and X =dis just one of them. If this particular
solution X = & is known, then the minimal nonnegative solution @ of an MARE

(1.0.1) can be recovered as follows:

(Upy + Up®)(Uyy + Upp®) ! = 57

= Uz + Up® = 5((]11 + Up2?)
= 5[]11 + éUlg@,
= Ug1 — ggU11 = (—Uy + 5U12)¢~

Thus if (—Usy + 5(]12)_1 exists, then

@ = (_U22 -+ 5(]12)71([]21 - 5[]11). (7213)
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While this formula suggests that it needs to do two matrix multiplications and to
solve m linear systems of dimension n to recover @ from ® in general, later we will
see for the two realizations in Remark 7.3.2. It actually costs negligibly O(m + n)
and O(mn) flops (in comparison to the cost that will be incurred by Algorithm 7.2.1
later for computing 5), respectively.

Lemma 7.2.1 allows us to write

In what follows, we look for a determining ARE for ®. To this end, we substitute

¢ = (0 5) and the expressions in (7.2.11) for A, B, C, D into (7.2.12) to get

o) |5) 0 a)-a(0a)-(oa), 5]+ e)=
o (o gz?ﬁg%)—(o g@)—(o 5§)+(0 5):0

& @D — A® — BB+ C = 0.

This says that X = & is a solution of the following ARE:

XDX -AX —-XB+C=0 (7.2.15)
which is equivalent to
m—1 n
~ ]m—l Im—l ~ ~ o~ ~ m—1 E - D
H R = | B-DX), H= R e (7.2.16)
X X n c -A

The complementary algebraic Riccati equation (cARE) of (7.2.15) is

YCY ~YA—-BY +D =0, (7.2.17)
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or equivalently

In the above deflation framework, we assume that both
U+ U@, —Usp + 5U12

are invertible. Later in Remark 7.3.2, this assumption will be verified for the two
realizations of this framework there.

Theorem 7.2.1 (Wang, Wang and Li). Assume (7.0.1) and (7.1.2). Suppose Uy; +
U12® is nonsingular, and define ® as in (7.2.14). Then

~

elg(H) == {)\]_7 Tty )\m,]_, >\m+1, ey )\m+n}, (7218)

eig(B — D®) = {A1, ..., Am1}, (7.2.19)
and cARE (7.2.17) has a unique solution L/D\, iof exists, satisfying

eig(A — CU) = {=Amits- s —Amants (7.2.20)
where A\; (i=1,...,m+n) are H’s eigenvalues as specified in Theorem 6.3.1.

Proof. Equation (7.2.18) is a consequence of Theorem 6.3.1, the preceding reduction
that leads to the definition of H in (7.2.16), and (7.2.10).

We have (7.2.6) — (7.2.8). Since Rx = (B — D®)x = 0 by Theorem 6.3.1, using
(7.2.9) we find

Rey = (U 4 Upa®@)R(Uyy 4 Upa®) " tey = 6~ (Uyy + Upp®) Rz = 0

and thus the partitioning

1 m-1

~ ~ ~~ 1 0 Elg
R=B— Do = - (7.2.21)

m—1 0 R22



which together with (7.2.11) and P = (() {ﬁ) give Roy = B — D&. Since

eig(R) = eig(R) = {A1,.. ., Am}

and 0 = A\, < Re),,—1 < --- < ReA; by Theorem 6.3.1, we have (7.2.19).
Let Z € Rm+n=1xn b 5 basis matrix of H’s invariant subspace associated
with the eigenvalues Ay,i1,. .., Agn. If Zimangn—1,,) is invertible, then ¥ exists and

is unique, and moreover W= Z(m-1,9Z(mm+n—1,9] " and (7.2.20) holds [28]. O

Theorem 7.2.2 (Wang, Wang and Li). Assume (7.0.1) and (7.1.2). Suppose both
Uy + U@ and —Usy + 5(]12 are nonsingular. Then ARE (7.2.15) constructed as
above has a particular solution X = & characterized uniquely by (7.2.19), and the

~

minimal nonnegative solution ¢ can be recovered by (7.2.13) with b = (0 QS)

Proof. The existence of d is a consequence of the constructive deflation procedure
above, and & satisfies (7.2.19) by Theorem 7.2.1. That this particular solution X=0
is uniquely characterized by (7.2.19) follows from the relation between the solutions

of ARE (7.2.15) and the invariant subspaces of H [28]. O

Theorem 7.2.2 suggests a natural way to compute @ by first solving ARE
(7.2.15) for @ by Algorithm 6.4.1 and then recovering ® by (7.2.13). This leads
to the following deflated Alternating-Directional Doubling Algorithm (dAADDA).
Algorithm 7.2.1.
dADDA for an MARE XDX — AX — XB + C = 0 with (7.0.1).

1 Compute p = utz — vTy;

2 If p >0, then

3 compute A, B, C, and D as defined by (7.2.10) and (7.2.11);
4 solve (7.2.15) by Algorithm 6.4.1 for P
5 recover @ by (7.2.13) with ¢ = (() 5),
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6 else
7 compute @1 instead by working with (7.1.1);
8 Enddo

REMARK 7.2.1. There are a few practically important issues to resolve for this

dADDA.

1. In building ARE (7.2.15), we need Uy + U2® to be nonsingular, and in recover-

ing @ by (7.2.13), we need —Uss + U,y to be nonsingular. These requirements
are satisfied for each of the realizations in Remark 7.3.2, where we will also

investigate the conditioning of both matrices.

. Both (7.2.19) and (7.2.20) uniquely characterize the particular solution @ of

(7.2.15) and the particular solution 7, if exists, of (7.2.17), respectively. Specif-
ically, ® is the unique solution of (7.2.15) such that all eigenvalues ofé — D&
have positive real parts and U is the unique solution of (7.2.17) such that all
eigenvalues of A - CV have nonpositive real parts. These characterizations in
principle can be used to verify that the computed solution of (7.2.15) at Line
4 of Algorithm 7.2.1 is the right one. But such a verification can only be per-
formed at the end of the iterative process. In the next subsection we will show
that with a proper restriction on a and 3, this kind of verification becomes

unnecessary, i.e., Line 4 of Algorithm 7.2.1 will always produces the right .

3. What should « and S be for fast convergence at Line 4 of Algorithm 7.2.17

REMARK 7.2.2. So far, the existence of v is assumed, not proven. If it exists, it

is uniquely characterized by (7.2.20). One way to look into this existence issue,
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naturally, is to relate ¥ to the minimal nonnegative solution ¥ of the original the

cMARE (6.0.1). We shall do it now. ¥ satisfies the cMARE (6.0.1), or equivalently,

W W
H = (—=S), S=A-Cw. (7.2.22)
I

In the same way as we gotten (7.2.6), we can get

v 772 N
VIHV = (-9), S=A-CV, (7.2.23)
I I
where
U = (U + Ury) (UnW + Uyp) ", (7.2.24)
S = (UnW + Usy) S (UnW + Usy) ™, (7.2.25)

assuming (U ¥ + Uyy) ™" exists. Equation (7.2.23) says Y = W satisfies the following
ARE
YCY —~YA—BY +D =0 (7.2.26)

which is the complementary ARE of (7.2.12). Partition

U = (7.2.27)
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and substitute this and (7.2.11) into (7.2.26) to get
(& bl v d
N <O 3 |+ =0
v v D
WOW VA bW d
<! _ |11 _1-1 1+l _1=0
14014 "4 B D

This says that Y = ¥ is a solution of the complementary ARE (7.2.17) and ¢ satisfies
w(zzl\ - 6@\) — W +d. Thus ¥ exists, provided Uy ¥ + Uss is nonsingular. Later
we will show that if p # 0, then Uy W + Usy is nonsingular for the two realizations
in Remark 7.3.2. Unfortunately it is always singular in the critical case as confirmed
by the following lemma. But we emphasize that Uy ¥ + U,y is nonsingular is just a
sufficient condition, not a necessary one, i.e., v may still exist even if Uy W + Uy is
singular. For example, ¥ still exists in all the critical case examples in section 8.2
and in [41]. &
Lemma 7.2.2 (Wang, Wang and Li). If u = 0, then (Un¥ + Uss)y = 0 and thus

U\ ¥ + Uss 15 always singular in the critical case.

Proof. In the critical case p = 0, ¥y = x by Theorem 6.3.1. Therefore

T v UnWw+U
ey =Vl =y Y A I R

Y Y (Un¥ + Us2) y

which 1mphes (Uglﬂp + Ugg)y =0. ]
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7.3 Convergence Analysis

Assume, as in ADDA for the original MARE (1.0.1), that
def def
Q> Qopy = maxAgy), [ 2> Bopt = max B j). (6.3.6)
% J

By Theorem 7.2.1, X=0= Qg(:,g:m) and ¥ are such that

~
~

g |=|_]|R R=B-D®, eig(R)={M,...,Am1}, (7.3.1a)
® ]

7 v\ o .

H = (=5), S=A-CU, eig(S) ={Amst s —Amin}. (7.3.1b)
1 1

Lemma 7.3.1 (Wang, Wang and Li). Assume (7.0.1) and (6.3.6). Let R =B — D®
and S = A—CW, and R and S as given by (7.3.1). Then

p(%(S;0,B)) = p(€(S;0,8)), p(€(R;B,0)) < p(€(R; B, ) (7.3.2)

and in particular

~

p(E(S;a,8)) - p(€(R; B, ) < p(€(S; @, B8)) - p(G(R; B,a)) < 1. (7.3.3)

Proof. By Theorem 6.3.1(b), both R and S are irreducible M-matrices. Since by
(6.3.6)
a 2 max Ay = max S, f 2 max B > max R,
1 7 J J
we have p(€'(S;a, ) -p(€(R; 5,«)) < 1 by analysis in section 6.3. This is the second

inequality in (7.3.3). The first inequality is a consequence of (7.3.2) which we now

prove. It follows from Theorem 6.3.1(d) and Theorem 7.2.1 that

eig(]??) Ceig(R), 0€eig(R), 0¢eig(R), and eig(S) = eig(9).
Thus p(%€(S; a, 8)) = p(€(S;, B)). The proof of [41, Theorem 2.1] implies that

p(€(R; B,0)) = [B — Awin(B)]Muin(R) + 0]
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where Apin(R) = 0 is the eigenvalue of R with the smallest absolute value among
all eigenvalues of R. Since —¢(R;3,a) = —(8] — R)(al + R)™' > 0, by the
Perron-Frobenius theorem 3.1.1, we know p(%(R; 3, «)) is a simple eigenvalue with
the greatest magnitude among all eigenvalues of —€(R; (3, a), i.e., p(¥¢(R; [, a)) is
strictly larger than the absolute value of any other eigenvalue of —%(R; 5, «v). Since
Amin(R) =0 & eig(ﬁ) C eig(R), the eigenvalues of —%”(ﬁ; B, «) are precisely those of
—%(R; B,a), except p(€(R;B,«)). Thus p(¥(R;[,«)) is bigger than the absolute

value of any eigenvalue of —%ﬂ(ﬁ; B, a). Therefore

p(€(R; B,)) < p(€(R; B, ),
as was to be shown. O

Theorem 7.3.1 (Wang, Wang and Li). Assume (7.0.1) and (7.1.2). Suppose Uy; +
U@ is nonsingular. Let {Ey}, {F.}, {X}, {Yi} be the sequences generated by
ADDA applied to (7.2.15) with no breakdowns, i.e., all involved inverses exist. If

(6.3.6) holds, then )?k and }A/k converge quadratically to ® and @, respectively, and

limsup [|& — Xi||V* < p(€(S; 0, 8)) - p(€(1; B, ) < 1, (7.3.4a)
k—o0
limsup | — Yi|/* < p(€(R; B,0)) - p(€(S: 0, 8)) < 1, (7.3.4b)
k—o0
where || - || is any matriz norm.

Proof. Inequalities in (7.3.4) are the consequences of

b X0~ (1 - D) [€(5:0,9) “3 (R 5,0)] > (7.3.50)
7~ Yi= (1~ Vi) [€(R:5.0)] i [4(8:0.5)] > (7.3.5D)
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Take (7.3.4a) for example. We have by (7.3.5a)

@- %) (1-0 [68:0.0)]" @ [e(Ris.0)]")
~ rkA

— (1= 80)|%(5:0,8) Gﬁ[‘ﬁ(ﬁ;ﬁ,a)rk. (7.3.6)

Since by Lemma 7.3.1

1/2% 1/2%

— p(€(S;, B)) - p(€(R; B, ) < 1,

2k 2k

m%@mﬁﬂ

[¢(Rp.0]

k k
def = 25~ 2

r=v [‘5(3 a,ﬁ)} o [Cf(ﬁ;ﬂ,a)] — 0 as k — oo. Therefore for sufficiently

large k, (I — I')~! exists and!

| — X < (2 = D)V 1T — 2

1/2% R .
)2

ok 1/2k

y % (R:5.0)] g (7.3.7)

4(5;0,0)]

Letting k — oo in both sides of (7.3.7) leads to (7.3.4a) because as k — oo,

(I —D)7 Y =1, | I—0|V* =1, |9V -1,

1/2F 1/2k

H (0.5 S oG (R B,0)).

R (R

That X r and ?k converge quadratically to & and L/_U\, respectively, is a consequence of

the inequalities in (7.3.4). O

REMARK 7.3.1. A few comments are in order:
1. If 4 # 0, ADDA applied to the original MARE (1.0.1) is already quadratically
convergent [41]. But it is only linearly convergent if ;1 = 0 [13]. Theorem 7.3.1
says that ADDA applied to the deflated ARE (7.2.15) is still quadratically

convergent.

'We assume ||- || is a consistent matrix norm. This does not lose any generality because all matrix

norms are equivalent and thus limsup ||@ — X [|*/ 2" does not change with the norm used.
k—o0
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2. ADDA applied to the original MARE (1.0.1) generates monotonic sequences,
under (6.3.6). But this monotonicity property is generally lost in the sequences
{X:} and {Y,,} generated by ADDA applied to (7.2.15).

3. Theorem 6.3.2 says that under (6.3.6) p(€(S;,B)) - p(€(R; [, «)) is mini-
mized at @ = aopy and f = [fopt, leading to the optimal ADDA in [41].
For the current case, for fast convergence we should pick « and  such that
p(€(S:a,B)) - p(€¢(R; B, )) is minimized subject to (6.3.6). While it is not
clear whether p(%(g\; a,f)) - p(%(ﬁ;ﬁ,a)) is also minimized at a = a,p; and
B = Bopt, intuitively selecting o = aope and 5 = S, should be good. This is
what we will do in our numerical tests in section 8.2. <&

REMARK 7.3.2. Two numerical realizations of the deflating framework given in sec-
tion 7.2 will be discussed in detail in next two sections. Assume, throughout these

two sections, (7.0.1) and (7.1.2).

7.4 By Elimination

Given an integer ig (1 <ip < m +n), set

PT = (eim €9,y €ig—1,€1,Ci541y- - - 7€m+n> - R(m+n)><(m+n)7 (741)

a permutation matrix. Pz swaps z(1) and z(;,) and serves as a pivoting strategy (or

without one when iy = 1), where z is given as in (7.2.1). Set

1 1
L= , L= , (7.4.2a)
—Z Im+n—1 z Im—i—n—l
Vvi=L"1P V ="PTL, (7.4.2b)
where
2L =200 (22) -+ Zlio—1)s 2(1)s Zlig1)s + -+ » Zmtm))-

76



Then V7'z = z;,)e1. We just mentioned that Pz serves as a pivoting strategy.
We call it a complete pivoting if ig = argmax; z(;), and a partial pivoting if ig =
argmax; «;,,, 2(;)- oimply setting 79 = 1 corresponds to no pivoting. For the complete
pivoting, [|[V]|1]|V "1 < (m+n)?; but otherwise ||[V[|1[|V |1 can be very large if z(;,)
is tiny relative to some other entries of z. The involved formulas can be substantially
complicated when iy > m, but are much simpler when 79 < m, especially so when
1o = 1. In all of our examples in section 8.2 as well as those in the literature, z = 1,,,1,,

and thus it makes no difference with or without a pivoting strategy.

We can write

PT=P=1—-ww", w=e —e;. (7.4.3)
Partition
1 m LH 0 m | Wi m Pll P12
L = s w = s P =
n L21 I n W2 n P21 P22

Use (7.4.2a) and (7.4.3) to see

1
Ly = ) Loy = _é(m:m—i-n—l)e’lI‘; (744&)

_2(1:m71) [m—l

m([ Ly 0 1
L= H : L = : (7.4.4b)
n\ —Log [ 2(1:m71) Iy
P =1 —ww;, Py = —wyw; for i+ j. (7.4.4¢)

So the four submatrices U;; of V! = L' P partitioned as in (7.2.4) are
U11 = Lll([ — wlwlT), U12 = —Lllwlng, (745&)
Ugl = Lgl(f - wlwlT) - wgwlf, U22 = —LglwleT + 1 - w2w2T. (745b)
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Equations (7.2.7) and (7.2.13) that relate ® and @ remain valid, provided that Uy, +
Ui9® and —Uyy + 5U12 are invertible, as ensured by Theorem 7.4.1 below.

Lemma 7.4.1 (Sherman-Morrison-Woodbury). Let E, F' € RP*?. The matriz I, —
EFT is invertible if and only if I, — FTE is nonsingular. Moreover

(I, -EFYY ' =1,+E(I,— FTE)'F".

Proof. Suppose matrix I, — EF" is invertible, then

p q p q p q p q p q
o[ I, 0O I,—EFT E L, oy »f L, 0 I, E
o\ —FT I, 0 )] \FT I : J\—F" I1,] \F' 1,
p q
o[ I, E

g\ 0 I,—F'E
It is easy to see that with non-singularity of I, — EFT, we also have [, — FTE
invertible. The proof of the other direction is almost the same. Moreover, we have
(I, + E(I, — FTE)"'FY) (1, — EF7)

=I,— EF'+E(l,— F'E)"'F'(I,— EF")

=I,— EF' + E(l,- F'E)"Y(F' — FTEF")

=I,— EF' + B(I,- F'E)*(I,- F'E)F"

=I,— EF' + EF"

=1,
Since I, — EF" is square, we have (I, — EF")™' =I,+ E(I,— F'E)~'F". O
Theorem 7.4.1 (Wang, Wang and Li). Let U;; be defined by (7.4.1) — (7.4.5). Then

both Uyy + U@ and —Usy + U,y are invertible, where @ relates to @ by (7.2.7).
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Proof. We have by (7.4.5)

U11 + Ulggp = LH(I — wlwlT) — L11’LU1UJ2T¢

Since Ly is invertible, Uy; + U@ is invertible if and only if I —w; (w] +wg @) is. By

Lemma 7.4.1, I — wy(w] + w3 @) is invertible if and only if

= (W} + wy ®)w; # 0.

There are three cases to consider:
1. If g = 1, then w; = 0 and wy = 0 and thus ( =1 — (w] + wjP)w; =1 > 0;

2. If 1 <ip <m, then wy = e; —e;, and wy = 0 and thus

(=1—(wf +wy@)w; =1—wjw; =—1<0;
3. If ig > m, then wy; = e; and we = —e;,_,,, and thus
g =1 (wlT + w2T¢)w1 = —w2T€15w1 = ¢(i0—m,1) >0

since ¢ > 0 by Theorem 6.3.1.

Thus Uy + U2® is invertible and moreover

(Ui +Ui2®) ™' = [I+ ¢ wi(w] +wy®)] L
4

=9 [I = wiwf] Ly, for 1 <ig <m, (7.4.6)

\ [I + @&;—m,n ei(e] — fﬁ(io_m’;))] Ly, for m < .
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Getting to —Usys + 5U12, we have

—U22 -+ 5[]12 = L21w1w2T -1 —+ U)Q'LU;F — éanleT, (747)

U21 + UQQ@ == L21 (] - wlwlT) — wgwlT + (—Lglwlwg + I — wgwg)@,
(7.4.8)

(UH + Ulggp)_l LH’LUlUJQT = [[ + Cil w1 (w’lf + wgdi)] wlsz. (749)

Again there are three cases to consider:
1. If 7o = 1, then w; = 0 and we = 0 and thus —Usyy + 5U12 = —1I;
2. If 1 <ig <m, then wy = e; —e;, and wy = 0 and thus also —Uy + 5U12 = —1I;

3. If 49 > m, then w; = e; and wy = —e;,_,, and thus
(Un + Um@)_l anlsz = CflwleT. (7410)
Therefore by (7.4.8) and (7.4.10)

5L11w1w§ = (U1 + Ux®) (Uy1 + U12@)71 L11w1w2T

= [Lo1(I — wiw]) — wow{ + (—Lajwiwy + I — wowy D] ¢~ wiwy
= C_l [—w2w2T + CLglwlsz + @wlsz + ngwﬂ
= (1 — C_l)UJQ’LU;F + LglwleT + C_lépwleT.

Combine this with (7.4.7) to get

—U22 + 5[]12 =1+ Cil’UJQU)QT — CilgﬁwleT

= — [I — (" Hws — Pwy)wy | (7.4.11)
which, by Lemma 7.4.1, is invertible if
1 — ¢ twy (wy — Pwy) = (7 = _45&;—7?%1) # 0.
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Thus —Usyy + QN5U12 is invertible, too, and moreover

~ -1 _[7 for 7/-0 S m,
(—U22 + @Uu) - (7.4.12)

- [[ — (€ig—m + @(;,1))6%_,”] , for ig > m.

This completes the proof. O

The inversion formulas (7.4.6) and (7.4.12), together with (7.4.4) and (7.4.5),
lead to fast algorithms via (7.2.7) and (7.2.13) to go from one of ® and & to the other
at the cost of O(m + n) flops. The numerical stability of going from ® to @ this way
depends on ||Uyy 4 Upa®||1 || (Uny + Ure®) 7|1 and || — Usy + ®Uss||1||(—Usz + SU 1
for which we have, provided ;)| < 1for 1 <i<m+n —1,

(

(m+ 1), if iy < m,
U1 + Ure®|1 < (7.4.13a)
(m+1) (1 + max, Q')(iom’j)) , if ig > m,
)
(m+1), if ig < m,
(U114 Upe®) M|y < . (7.4.13b)
—1 ig—m,J : .
(m+1) (Q(io_mm + 221%};1 —Q’Eis—m,i;) . ifig > m,

\

and

~ - 1, if io S m,
| = Usz + @Urz|x (7.4.14a)
<140 1+ 19y lh), if i > m,

\
(

~ = 1, if io S m,
[(=Usg + ®U12) Iy (7.4.14b)

<1+ ||§p(1,:)||1, if 19 > m.
\

In particular, if iy < m, all bounds by (7.4.13) and (7.4.14) are independent of ¢ and

@, and thus calculating @ or @ via (7.2.7) or (7.2.13) is numerically stable.
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It is rather straightforward to extract g, B , C , and D from
VIHV = (I — zel )PHP(I + Ze7)
= PHP — (e PHP) + (PHPZ)e] — (ef PHPZ)zZe] . (7.4.15)

where Z = (0, 27)T. The right-hand side of (7.4.15) lends itself for a fast evaluation

of V-YHV. In the case iy = 1, we have?

o = (0 @(:,2:771)) ) ¢ = @(:,2:m)7 Qp(;,l) = ZL‘(_S [y — @(:72:m)1'(2:m)} y (7416)
and

~ 1 ~ -1
B = B(2:m,2:m) - $(1) x(?:m)B(l,Zm)) D = D(Q:m,:) - iC(l) x(2:m)D(1,:)7 (74173)

Q)

= C(:72;m) — :c(’ﬁ yB(Lg;m), 121\ =A-— x&% yD(L;). (7.4.17b)

Note also in this case

A—dD=A—-9D. (7.4.18)
This is because . ) = a:(_ﬁ [y — $x(2;m)], and thus

A-®D=A— x(_ﬁ yDa,y — gg(D(zzm,z) — 968 T(2:myD(1,:))

-1 = 3
= A — 1’(1) [’y — @l’(gm):| D(l,;) - gpl)(Q:m,:)

~

=A—&.1)Day — PD(2m,

=A—-&D.

In Remark 7.2.2, we show ¥ exists if U1 W+Uss is nonsingular, and in Lemma 7.2.2
we show Ug1 ¥ + Uss is always singular if g = 0. Theorem 7.4.2 asserts that Us W + Uss
is guaranteed nonsingular if p £ 0. Thus the existence of ¥ is unresolved for the case
1 =0, but otherwise U exists. We point out that ¥ does exist for all our critical case

examples in section 8.2 though.

2This is not a misprint: the last m — 1 columns of @ are the same as those of ®.
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Theorem 7.4.2 (Wang, Wang and Li). Let U;; be defined by (7.4.1) — (7.4.5). Then

UV + Uss is singular when and only when p = 0.

Proof. We already know that Us ;¥ + U, is singular when p = 0 by Lemma 7.2.2.
But the conclusion of the theorem is stronger than this. The proof below uses the

explicit expressions for U;; given in (7.4.5) which gives
Uglw + U22 = [LQl (I — wlwlT) — IUQUJ;F} v — Lglwlwg + I — wgwg. (7419)

There are three cases to consider.

1. If iy = 1, then w; = 0 and we = 0 and thus (7.4.19) becomes
Lo+ 1= —x(_ﬁ yelTLl'/ + 1

which is nonsingular if and only if 1 — x(_ﬁ efWy # 0. Now for u > 0, ¥y < x by
Theorem 6.3.1 and then x(*ﬁ elWy < m@% elz = 1 implying 1 — x@% elWy > 0.
But for 4 = 0, ¥y = x by Theorem 6.3.1 and then x(’ﬁ elWy = x(’ﬁ efr =1
implying 1 — x@% elWy = 0.

2. If 1 < ig < m, then w; = e; — ¢;, and wy = 0. Write P, = I — wyw] which
is the permutation matrix that swaps the first entry and the igth entry of x.

(7.4.19) becomes

Loy(I —wiw) W+ I = =z yey P + 1

0
which is nonsingular if and only if 1 — :17(_13) el PiWy # 0. Now for u > 0,

Yy < x by Theorem 6.3.1 and then :Ea;) el PlWy < IL‘(_l el Pyx = 1 implying

i0)
1 - :E(_Zj) el P\Wy > 0. But for u = 0, ¥y = 2 by Theorem 6.3.1 and then
x(l el PWy = x(_lé) el Pz = 1 implying 1 — x(_l el PiWy = 0.

i0) io)

3. If ig > m, then w; = e; and wy = —e;,, where jo = ip — m. We have

Loy = —gey, §= y(_j;) Y—ej+ y(_j;)x(l) Ejio-
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It can be verified that Ly (I —wyw]) = 0. Therefore

U21W + U22 = —U)QUJ;FW — Lglwlwg + I— w2w2T
=eje ¥ — g)e% +1— ejoe;ro
=I—(g+ ejo)e;g + ejoelTLl'/
T
A o
4
which, by Lemma 7.4.1, is invertible if and only if
el
Lo | <y e, _%> (7.4.20)

T
etv

is invertible. Use § + €;, = y(j;) Y+ y(j;)x(l) e;, to simplify the matrix (7.4.20)

to
YT !
—y(_j;) [elWy + zayefWej,| 1+ efWey,
whose determinant is y(’];) [elT@y — x(l)]. Now if u > 0, then ¥y < x by The-
orem 6.3.1 and thus y(;;) [efWy — xz)] < 0. If g = 0, then ¥y = x by Theo-

rem 6.3.1 and thus y(_j;) [elTWy — :1:(1)] = 0 implying Us;¥ + Us, is singular.

This completes the proof. O

7.5 By Orthogonal Transformation

We take V' to be an orthogonal matrix @ € R(m+m*(m+n) guch that QT2 = Je;.

Partition
Q= m| Q11 Q12 | (751)
n\ Qa1 Q2
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Then V! = Q" gives U;; = QJTz and consequently

¢ = (Qhy + Qu?) (Qn + Q2T1q§)_1 ; (7.5.2a)
¢ = (_QEQ + 5@31)_1(62?2 - 5@?1)7 (7.5.2b)

assuming QT + QL@ and —QL + ®QL, are invertible. We know Pe; = 0 by
Lemma 7.2.1, and o= 5(:72:7”) satisfies ARE (7.2.15).

Possible candidates for () include a product of m +n — 1 Givens rotations or a
Householder transformation [16]. In what follows, we will use V' = @, the Householder
transformation such that Qz = —||z[|ze1, as an example, partly because then both

QL + QL ¢ and —QL, + ®QY, are guaranteed invertible® by Theorem 7.5.1 below.

The Householder transformation V' = @ such that Qz = —||z||2 e; is given by
-0 -0
Q=1-2ww", w= S S 61, (7.5.3)
|2 — dexl|s gl
where
6 =—llzll2, v=lz—deil2= \/2w<1)||2||2 + 2[|zJ3. (7.5.4)
w1y
Partition w = , where
Wa
0<w =7z —0be)) €ER™, 0<wy=nr"ty R (7.5.5)
3This is not so for the Householder transformation such that Qz = ||z|[e;. For example, m =

3 -1
n=2 B= ( ), D =155, A= B, and C = D. For this example W1, = 0, 1]W = 0,
-1 3

1 1
® = 1155, ¥ = 1155, and thus p = 0. We have Qf; + Q5,0 = ( ) for the Householder
0 0

transformation @ such that Q1, = 2e;, but Qf;, + Q,¢ = ( ) for the Householder

—-2/3 2/3
transformation () such that Q14 = —2e;.
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Then the four submatrices );; as defined by (7.5.1) are

Qll = Im — 2w1w1T, ng = —2w1w2T, (756&)

Qo = I, — 2wowy, Qg = —2wyw; . (7.5.6b)

Theorem 7.5.1 (Wang, Wang and Li). Let Q € RMm+)>x(m+n) pe the Householder
transformation as given by (7.5.3) and (7.5.4). Then both QT +QL® and —QL,+dQT,

are invertible, where  relates to ® by (7.5.2a).

Proof. We have (7.5.3) — (7.5.6), and thus
QL + Q@ = I, — 2wiw — 2wywy @ = I, — 2wy (w] + wy P).

By Lemma 7.4.1, QT, + Q3,® is invertible if and only if 1 —2(w] + w3 ®)w; # 0 which

we will verify. We have

¢ —2wT + wld)u, (7.5.7)

=1 — 2w w; — 2w, dw,

|l — deall
—1 _QT

_ el + el

zallzllz + 11215

— 2?1);@?1]1

— 2wy Pw, < 0 (7.5.8)

because x > 0, y > 0, ® > 0, and w; > 0. So Qf; + Q3P is invertible and

2wy (w] 4wy P)

1 — 2wiw; — 2widw,

( 1T1 + leds)_l =In+
Next we have
—Q3, + 5@;1 = —I + 2wowy — 25w1w2T =—|I—2(wy — 5w1)w2T
which is invertible if and only if

1 — 2w) (wy — Puy) = 1 — 2wl wy — widuy) # 0
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which we will now verify. We have

wy (Qy + Q5®) = wy [~2wpw] + (I - 2wpwy)P]

= (—2wi wy)w] + (1 — 2wy wy)wy P,
2wl wy + 2wy Pwy
1 — 2wiw; — 2w3 dw,
1

1 —2wiw, — 2widw;

w2T§Z5w1 = w2T (QlTQ + Q;F2¢) : (Q1T1 + Q;Flgp)il wy

_(—2wywa)wwy + (1 — 2wy wa)wy Pwy

(Q1T1 + Q;Fﬁp)il wy = |1+

w1

b

1 — 2wiw; — 2wy Pwy

T T
Wy Wo — Wy Pwy =

1 — 2wiw; — 2wl dw,’

~ 1 —2uwiw, — 2w}
1 — 2(wy wy — wy Pw,) = e S R

1 — 2uwiw; — 2w dwy
1

_— >0
1 — 2wiw; — 2w} dw, ’

as expected. O]

REMARK 7.5.1. Theorem 7.5.1 is proved under the inherited conditions x > 0, y > 0,
¢ > 0, and ¢x = y. Carefully examining the proof, one finds that the condition of

the theorem can be relaxed to
x>0, x#0, y>0, @>0,

and @ relates to @ by (7.5.2a). Since ®x = y is never referenced, it is not required. <

The above proof also yields

(errl + le@)*l = I, +2¢ g (wi + wy @), (7.5.9a)
(—QQTQ + 56251)_1 = - [In — 2¢(wy — Pwy)wy | (7.5.9b)
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where ¢ is defined by (7.5.7). With the help of (7.5.9), we can express any one of ¢
and & in terms of the other via a rank-one update. Details are as follows. By (7.5.2),

we have

b = [—QwalT + (I — 2wyw, )qi] [[ + 20 wy (wy + wy gﬁ)}
= [ = 2ws(wi +wy @)] [T+ 2 w1 (wy + w; )]
=d+2( 1¢w1(w1 + wy QS)

— 2wy (wi + wy D) — 4¢  wy (w] + sz@)wl(wl + 1wy D)

scalar

=& + 2¢"'Pwy (w] + wy D) — 2 [1+ 2 (w] +wy P)ywy | wa(w] + wy P)

=& +2{('Pw — [1+2¢ (w] +wy P)wi] wo} (w + wy D), (7.5.10a)
b= [_]n + 2¢ (w2 — gﬁwl)wg} [—2w2w1T — (I - 2w1w1T)]

- [—]n 42 (ws — qﬁwl)wQ} [ G — 2w, — 5w1)wﬂ

= & + 2(wy — Dwy)wy

— 2 (wy — Py )wi D — 4¢(wy — Pwy) wy (wy — Py ) w
—_————
scalar

=P +2 [1 — 2wy (wy — 511}1)} (wy — Pw)wl — 2¢(wy — Pwy)wi

=& + 2(wy — Dwy) { [1 — 2Cw; (wy — 95101)] wi — CwQTGE} : (7.5.10Db)

Equation (7.5.10b) will become handy in coding up Algorithm 7.2.1, where recovering
@ is needed from computed @ by (7.5.10b) with & = (0 5) Equation (7.5.10a)
expresses @ in terms of ®. The cost of getting one of @ and @ from the other is only

O(mn) flops. The numerical stability of doing so depends on ||QT; + Q3,P|||(QF,
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Q38) 7|2 and || — QF, + Q3 |l2|(~Q3, + $QF,)~|> for which we have, upon using

H’U)ZHQ S 1 for i = ].,2,

101, + @2 Pl < 1+2(1+[|2]2), (7.5.11a)
(@11 + @2 ®) M l2 < 1+ 2[¢C7H(1 + [|2]]2), (7.5.11b)
| = Q5+ PQ5 [l < 1+ 2(1 + [|€]2), (7.5.11c)

1(=Q3% +2Q5) [l < 1 +2[¢| (1 + | @]). (7.5.11d)

Lower and upper bound on [(| can be easily gotten from (7.5.8), for example
l2l3/112113 < I¢1 < 1+ 2[|2l2.

Thus calculating @ or @ via (7.5.2) is numerically stable unless ||z/|2 < ||z||2.
Extractions of the coefficient matrices A\, é, 6, and D for ARE (7.2.15) can be

easily done from the partitioning (7.2.10) for

VIIHV = (I — 2ww)H(I — 2ww™)

=H —2ww'H — 2Hww™* + 4(w” Hw)ww", (7.5.12)

where the expression in the right-hand side of (7.5.12) suggests an economical way
to numerically compute V-1HV.

In Remark 7.2.2; we show U exists if Us1W+Uss is nonsingular, and in Lemma 7.2.2
we show Ug ¥ + Uy is always singular if g = 0. Theorem 7.5.2 asserts that Us W + Uss
is guaranteed nonsingular if @ # 0. Thus the existence of ¥ is unresolved for the case
1 =0, but otherwise ¥ exists. We point out that ¥ does exist for all our critical case
examples in section 8.2 though.

Theorem 7.5.2 (Wang, Wang and Li). Let Q € Rm+)>x(m+n) pe the Householder
transformation as given by (7.5.3) and (7.5.4). Uy ¥ + Uy is singular when and only

when p = 0.
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Proof. We have by (7.5.6) and U;; = Qj; that
Ung + U22 = —2w2w1T¢ + I — 2’[1)211}; =71 - 2w2(w2T + U)ITL_D)

which is invertible if and only if 1 — 2(w3 + wl¥)wy # 0 which we now verify. Recall

(7.5.4) and (7.5.5) and that ¥y < x for g > 0 and Yy = x for u = 0. We have

2yt 2 Ty
s+ ey = 22 Loy

yly + (z + ||2]|2e1)
zyllzllz + 1213

=1,

where the equality occurs when and only when p = 0. Therefore 1—2(w] +w{ ¥)w, >

0 with equality when and only when p = 0. [

7.6 Shifting Approach of Guo, lannazzo, and Meini

Having recognized slow convergence of SDA on irreducible singular MARESs
in the critical case, Guo, lannazzo, and Meini [22] proposed to perform a rank-one
update on H to shift away one of H’s eigenvalue 0, and then apply SDA on the
resulting ARE (which is no longer an MARE, however).

Suppose an MARE (1.0.1) with (7.0.1) and p = uTx —vTy > 0. Pick n € R to

be specified in a moment, and let

. m|B —D
H=H+nuw' = . (7.6.1)

where w € R™™ is entrywise nonnegative such that w'z = 1. This gives arise the
following ARE
XDX —-AX -XB+C=0. (7.6.2)



It is proved in [22] that X = & is the solution of (7.6.2) uniquely characterized by

~

elg(R) = {>\1, ceey )\mflv 7]}7

and at the same time the complementary ARE of (7.6.2) has the solution ¥ uniquely

characterized by

-~

elg(S) = {_>\m+17 ey _>\m+n}a

where

A~~~

R=B-D®&, S=A-CU.

In solving (7.6.2) by SDA [24], Guo, lannazzo, and Meini [22] picked

W= Lyin/(1yin?) (7.6.3)

for simplicity, and
o= /8 =n= max{aopta ﬁopt} (764)

to ensure! 7 € eig(R) contributes nothing to p(‘ﬁ(ﬁ; n,1)), where agpy and By are
as in (6.3.6).

It has been noted [41] that compared to ADDA, SDA will experience slow
convergence if ape and Fopy differ substantially. Naturally applying ADDA to (7.6.2)
would likely lead to a faster algorithm for the same reason. The rate of convergence

of ADDA on (7.6.2) is determined by p(€(S;a, 8)) - p(€(R: B, )), and we will pick

Q= Qlopt, ﬂ = Bopta n= 50pt7 (765)

~

as discussed in Remark 7.3.1 and to make sure n € eig(R) contributes nothing to

p(€(R; B,a)).

4Recall that SDA is ADDA (Algorithm 6.4.1) after setting o = 3, and its rate of convergence is

determined by p(‘f(g; o, ) - p(€(R; a,a)).
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For their references in the section 8.2, we denote these two methods for solving
the MARE (1.0.1) via ARE (7.6.2) by SDAs and ADDAs, respectively, with the suffix
“s” standing for the shift in (7.6.1). We will use the parameters in (7.6.3) and (7.6.4)
for SDAs and those in (7.6.3) and (7.6.5) for ADDAs.
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CHAPTER 8
Numerical examples

In this chapter, we present numerical examples for ADDA in section 8.1 first

and then for d-ADDA in section 8.2.

8.1 Numerical Examples of ADDA

In this section, we shall present a few numerical examples to test numerical
effectiveness of ADDA, in comparison with SDA and SDA-ss, as well as their ability
to deliver entrywise relative accurate numerical solutions as argued in [42]. We will

use two error measures to gauge accuracy in a computed solution @: the Normalized

Residual (NRes)

|@DP — AD — DB + C||
s=—— : (8.1.1)
22PN + 1Al + 1B + Il

a commonly used measure because it is readily available, and the entrywise relative
error (ERErr),

ERErT = max |(® — ®);)|/B) (8.1.2)
27]

which is not available in actual computations but is made available here for testing
purpose. In the case of ERErr, the indeterminant 0/0 is treated as 0. In using (8.1.1)
hereafter, we use ¢;-operator norm || - ||; as an example. For all practical purpose,
any matrix norm should work just fine.

Both errors defined by (8.1.1) and (8.1.2) are 0 if d is exact, but numerically
they can only be made as small as O(u) in general, where w is the unit machine
roundoff. As we will see, to achieve & with deserved entrywise relative accuracy,
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tiny NRes, as tiny as O(u), is not sufficient. To get some idea about what deserved
entrywise relative accuracy should be expected, we will first outline some of the main
perturbation results in [42] and then present them along with our numerical results.

Let! W be perturbed to W in such a way that
|A— Al <€lA|, |B—B| <¢€B| |C—C|<eC, |D—D|<eD, (8.1.3)

where 0 < e < 1. It has been shown [42] that 5(1-,]-) = 0 if and only if @(; jy = 0, under
(8.1.3) and the assumption that both W and W are M-matrices. This fact paves the

way to investigate how much each entry changes relatively.

Split A and B as

A= D1 — Nl, D1 = dlag(A), (8148,)

B = Dy — Ny, Dy = diag(B). (8.1.4Db)
Correspondingly
A—®D =Dy — N, —®D, B—DP=Dy— Ny— D®P,
and set

A = p(D7Y Ny +DD)), Ao = p(Dy'(No+ DP)), A =max{\, s}, (8.1.5)

min; Ay ; min; B, ;
=) Tp= W) (8.1.6)
max; B j max; A,

If W is nonsingular, then A — @D and B — D@ are nonsingular M-matrices by
Theorem 6.3.1; so A\; < 1 and Ay < 1 [38, Theorem 3.15 on p.90] and thus 0 < A < 1. If
W is an irreducible singular M-matrix, then by Theorem 6.3.1(d)

1. if ulvy > udvy, then Ay < 1 and Ay = 1;

2. if uTvy < ujve, then \; = 1 and Ay < 1;

'We’ll denote each perturbed counterpart by the same symbol but with a tilde.
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3. if ulTvl = ugvg, then \{ = Ay = 1.
The third case uj vy = uj vy, the so-called critical case, is rather extreme. It is argued
in [21] that for the critical case for sufficiently small ||ﬁ7 — W|| there exists a constant
f such that

L[| = || < 0 — W'

2. ||@ — | < O|W — W| if W is also singular.
This 6 is only known by its existence.

The following results are taken from [42]. They are more informative, but do

not work for the critical case. Suppose that W is a nonsingular M-matrix or an
irreducible singular M-matrix with ui v, # uj vy, € in (8.1.3) is sufficiently small, and

W is an M-matrix. We have

1.
& — & < [27e1,m + O ()] 2, (8.1.7)

where 7 is given by

1 — | < [2mnkrxe+ O ()] 2, (8.1.9)

where k is given by

(A= ®D)Py + D (B—D®) = C, k=max(P1),)/Piip),

/L?]

and dependent on different cases, y is given by

(a) for nonsingular M-matrix W,

{1+A1+(1+A2)¢;1 1+A2+(1+>\1)T;1} 1+ )
X = max —» — <
L=+ =2) 1=+ (1= M)7y 1—)\
(8.1.10)
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Example H T'adda ‘ Tsda-ss ‘ Tsda ‘ o(I — V) ‘ o(I — V) ‘
8.1.1 (¢=15) 0.58 0.75 0.64 0.5 0.5
811 (-1+109]1-10°1-7-107] 1—-10° |1-2-10°|1-2-.10°°
8.1.2 0.06 0.14 0.25 6.3- 1072 6.3 - 102
8.1.3 0.11 0.11 1—-2-107*| 5.9-1072 1.1-1071
Table 8.1. Rates of convergence of ADDA, SDA-ss, and SDA
(b) for singular M-matrix W with u] v # ug vs,
L+ A +2m "
X = L= (8.1.11)
——, ifujv <uyvs.
1— X

It is proved both -y and « are finite [42]. Between (8.1.7) and (8.1.9), the linear term in
the former is sharp while the one in the latter is not. But (8.1.9) is more informative
in that it reveals the critical role played by the spectral radii \; in @’s sensitivity.

In view of these perturbation results under (8.1.3) with ¢ = O(u), it is rea-
sonable to define the deserved entrywise relative accuracy in any computed ® to be
that the associated ERErr is about O(yu) or O(kxu). In our examples in the next
subsection, we shall compare ERErr against (m+n)yu to verify if all of our computed
® at convergence have the deserved entrywise relative accuracy.

All computations are performed in MATLAB with u = 1.11 x 1076, Optimal
parameters as specified in section 6.5 are used for ADDA, SDA, and SDA-ss. Kahan’s
stopping criteria [43]:

(X1 — Xi)?

(1,5)
(Xk — X)) — Xy — Xi) )

(8.1.12)

S € - (Xk+1>(i,j) for all 7 and ]

is used to terminate iterations, where € is a pre-selected tolerance. After numer-
ous numerical experiments, we find that ¢ about 1071° to 1072 works the best for

computed ® to achieve its deserved accuracy without wasting the last iteration step.
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’ Example H A1 ‘ A2 ‘ 27y K KX

8.1.1 (¢ =1.5) 0.78 1.0 15.0 3.0 84.0
811 (€=1+10°%1-67-10"7]1.0|6.0-10° | 1.0-10° | 1.2-10'3
8.1.2 1 0.4 3.2-10? 30.9 1.6 - 10?
8.1.3 0.11 1 [21-10% 1.1 4.8 - 10*

Table 8.2. Parameters in the first order error bounds

Since ADDA is SDA if apy = Bopt, for which there are numerous tests in litera-
ture, our examples will mainly focus on the case:

def def
Qopt = INax A(i,i) # 5opt = Inax B(i,i)~
7 T

We will present three examples here. More examples can be found in [41]. Table 8.1
summarizes rates of convergence for ADDA, SDA-ss, and SDA for the examples,
computed according to (6.5.2), (6.5.3), and (6.5.14). Also included in the table are
quantities o(I — @¥) and o(I — ¥P) which tell us how accurately all inverses of M-
matrices I — XYy and I — Y, X} arising from the methods may be computed [43].
Table 8.2 summarizes various stability parameters in the first order error bounds at
the beginning of this section. They can and will be used to explain the entrywise
relative accuracy in computed .

Example 8.1.1. In this example, m =n = 2 and

3 —1
B—

-1 3

5 D:]_Q’Q, Asz, C:£D

Making & = 1 and scaling W by 1072 recovers a null recurrent case example in [6]
(see also [22, Test 7.2]). It can be verified that & = 11,5 and ¥ = %1272. Note also

W is an irreducible singular M-matrix:
T

1,

W1, =0, W =
&1,
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Figure 8.1 shows plots for ¢ = 1.5 and & = 1+ 107%: the left ones for NRes and the
right ones for ERErr. The horizontal dotted line in the right plots are (m + n)yuw. If
ERErr falls below the dotted line, we regard the computed P as having the deserved
entrywise relative accuracy. We will follow this way of presenting iteration histories
in the rest of examples.

The case in which ¢ = 1 is the critical case for which the doubling algorithms
still converge but only linearly [13]. But for 0 < £ # 1 all three methods converge
quadratically. In Figure 8.1 for £ = 1.5, ADDA is the fastest, SDA comes in second,
and SDA-ss is the slowest. Little differences between SDA and ADDA for £ = 1 +
107% as expected and both are faster than SDA-ss, but not by much, and all three
algorithms take about 24 iteration steps, about 3 times as many as that for £ = 1.5.
&

Example 8.1.2.

A= ' € R™™ C =2I,, B =104, D = 10C.
S

-1 3
W is an irreducible singular M-matrix: W1,, = 0, but ulv; # ujv,. For testing
purpose, we have computed for n = 100 an “exact” solution? @ and ¥ by the com-

puterized algebra system Maple with 100 decimal digits. This “exact” solution @’s

2Thanks to an anonymous referee, these exact solutions can also be constructed explicitly. How-
ever, evaluating such explicitly constructed solutions does not guarantee the smallest entries in
magnitude to be fully accurate due to harmful cancelations, unless the evaluation is done in a float-
ing point arithmetic environment with precision about twice as much as the IEEE double precision
floating point arithmetics. We outline the construction as follows. Since A is the sum of [,, and
a special circulant matrix, we have [10, p.356] A = QAQ*, where @ is unitary and A is diagonal

and both are complex and known explicitly. Here Q* is the complex conjugate transpose of Q. Let
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NRes: Normalized Residual ERETrr: Entrywise Relative Error

0 0
10 10 s ADDA
SDA
+ SDA-ss
107° | 10—5
-10
10 "+ -
10% £=15
\
10738, e (m+n) yu =6.6613e-015 ' \
107°F
L T
4 0 2 4 6 8
Iteration Iteration
NRes: Normalized Residual ERErr: Entrywise Relative Error
T 0 T T T
100 /=&, o ADDA| 10 P o ADDA
N SDA e SDA
SN - SDA-ss TR + SDA-ss
SN “\2}\*
AN S5
i NN S
10° ¢ I ] S,
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107 g=1+10"° SN
U\S\i (m+n) yu =2.6645e-009
<
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s -10
. 10 "¢
107 \\0 1
0] 5 10 15 20 25 [0} 5 10 15 20 25
Iteration Iteration

Figure 8.1. Example 8.1.1 for ¢ = 1.5 and £ = 1 + 1075, The case for £ = 1+ 1076 is so
much close to the critical case, convergence by the three algorithms looks like linear, except
towards the very end. Note also much larger error bounds for the case & = 1 + 107 than
for the case £ = 1.5. SDA-ss is actually slightly slower than SDA (and ADDA) for the two
runs. .

entries range from 5.7 - 1073! to 6.3 - 1072 and ¥’s entries range from 5.7 - 1073 to

6.3-107. Despite of this wide range of magnitudes in their entries, all three methods

Pg = Q*PQ. MARE ¢DP — AP —PB+C = 0 can be transformed to 2095%2 — AP —109pA+21 =0

whose interested solution can be constructed from a basis matrix of the invariant subspace of
104 —201I
associated with those eigenvalues of positive real parts. It can be seen that one
2 —A
such a basis matrix takes the form (X, X3 )T with diagonal X;, and consequently &g = X, X, ! is
diagonal. The n diagonal entries of $¢ can then be computed by solving n scalar quadratic equa-
tions 20t%2 — 11ut +2 = 0 in ¢ for each diagonal entry u of A, and picking the root ¢ such that pu > t
(because B — D@ = Q(20A — 209)Q*. Similarly ¥CW — WA — B¥ + D = 0 can be transformed to
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NRes: Normalized Residual ERETrr: Entrywise Relative Error

10° 10°
-5
10 " _
10°
10—107
-10
0 (M+n) yu =7.1054e-012
_15 o DDA
10 SDA
+ SDA-ss
4 8 0 2 4 6 8
Iteration Iteration

Figure 8.2. Example 8.1.2. Uneven convergence towards entries with widely different
magnitudes. ERErr is still large even when NRes is already tiny before @ is fully entrywise
converged. .

are able to deliver computed ® and ¥ with entrywise relative errors at the level of
O(u). See Figure 8.2. Notice how little improvements in ERErr for the first four
iterations, even though NRes decrease substantially during the period. For example,

at iteration 5,

ADDA SDA-ss SDA

NRes | 1.6950 - 10717 | 7.4124 - 10715 | 5.7149 - 10~

ERErr | 2.0093-1073 | 6.6470-1072 | 8.1583 - 10~}

This is because it takes a while for the tiny entries to gain some relative accuracy. <
Example 8.1.3 ([6, 22]). This is essentially the example of a positive recurrent

Markov chain with nonsquare coefficients, originally from [6]. Here

A - 18 . IQ, B == 180002 . Ilg - 104 . 118,187 C - 12,187 D - CT.

2y75 —YoA—10A¥ + 201 = 0 whose interested solution is also diagonal for the same reason, where

Yo = Q*¥(Q. As by-product, one can argue that Wy = 109¢ to conclude ¥ = 109.
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NRes: Normalized Residual ERETrr: Entrywise Relative Error

s ADDA|| 10 [¢ ‘ " [ = ADDA
SDA SDA
+ SDA-ss + SDA-ss
107°
10 % (M+n) y u =4.6629e-011
0] 5 10 15 20 0 5 10 15 20
Iteration Iteration

Figure 8.3. Example 8.1.3. ADDA and SDA-ss are barely distinguishable. Both are much

faster than SDA. .

It is known @ = 1—18 1918 = ¥T. In this example, A and B differ a great deal in

magnitude. Figure 8.3 shows the performance of the three methods. We see that

ADDA and SDA-ss are about the same, and both are much faster than SDA. &
Along with three examples above, we have conducted numerous other tests,

including many random ones. We come up with the following two conclusions about

speed and accuracy for the three doubling algorithms:

e ADDA is always the fastest among all three. SDA-ss can even run slower than
SDA when max; A(; ;) and max; B(; ;) are about the same or differ within a factor
of two. However, when max; A(; ;) and max; B; ;) differ by a factor over, say 10
for example, ADDA and SDA-ss take about the same number of iterations to
deliver fully converged & and both can be much faster than SDA.

e With the suggested optimal parameter selections in section 6.5, all three meth-
ods are capable of delivering computed & with the deserved entrywise relative

accuracy as warranted by the input data.
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8.2 Numerical Examples of d-ADDA

In this section, we will also present three numerical examples to test numerical
effectiveness of d-ADDA, in comparison with ADDA, SDA, and SDA-ss. As in the
last section, we will use the normalized residual (NRes) error (8.1.1) to gauge accuracy
in a computed solution @ and the entrywise relative error (ERErr) (8.1.2). Moreover,

we will use normalized error (NErr),

2 — 2|,

|
NErr = (8.2.1)
1@]]2

which is not available in actual computations but is made available here for testing
purpose like NRes in section 8.1. These errors defined in (8.1.1), (8.1.2) and (8.2.1)
are 0 if @ is exact, but numerically they can only be made as small as O(u), where
u is the unit machine roundoff.

In [41, 42], it was argued that the doubling algorithms SDA [24, 22], SDA-ss [11],
and ADDA [41] all can deliver computed minimal nonnegative solutions of an MARE
with deserved entrywise relative accuracy, if properly implemented to avoid harmful
cancelations. But both our deflated ARE (7.2.15) and the shifted ARE (7.6.2) are no
longer MAREs and thus there is no guarantee that all harmful cancelations can be
avoided when SDA or ADDA is applied to either one of them. This means that in
general computed minimal nonnegative solutions ¢ may not have deserved entrywise
relative accuracy if some of the entries of @ are very tiny relative to others, even though
NRes is reduced to the level of O(u). For this reason, we will use NRes < 5 x 1074
as the stopping criteria in our tests here, instead of Kahan’s criteria [43, 41] designed
to stop the iterations only when @ is computed to its deserved entrywise relative
accuracy.

All computations are performed in MATLAB with w = 1.11 x 10716, Five

methods are tested, and they are
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| Example || | ADDA SDAs ADDAs | dADDAe | dADDAq
8.2.1 NRes | 2.1-107™ | 3.0-1071 | 3.0-107 | 5.1-1071° | 1.0- 1071
NErr | 36-1077 | 35-107" | 35-107" | 6.3-107 | 7.5.10715

(¢=1) | ERErr | 4.8-10°6 | 62-1071 | 6.2-1071 | 85-1071 | 1.5-10713
8.2.1 NRes |2.4-10717 | 84-10716 | 4.3-10716 | 53.1071 | 1.0-10°%
NErr | 7.5-1077 | 21-107% | 1.3-107% | 1.5-107" | 3.3.10715

(¢ =10) || ERErr | 2.0-1073 | 2.4-10'2 | 2.3.10'! | 58.10'3 | 4.8.10'2
8.2.2 NRes |4.9-10716 | 3.6-10716 | 2.6-10716 | 99.1071 | 7.5.1071'6
NErr | 22-1071% | 1.5-107* | 1.1-107™ | 2.3-10714 | 3.2.10715

ERErr | 4.4-1071 | 28.107% | 23-107" | 1.3-10713 | 85-10715

8.2.3 NRes | 1.8-107' | 1.3-10716 | 1.3.10716 | 7.9.10716 | 2.5.10716
NErr | 1.0-107'2 | 3.7-10716 | 2.5.107%6 | 1.5-1071 | 5.6-10716

ERErr | 1.5-10712 | 3.7-10716 | 25.10716 | 1.5-10"% | 1.0- 10715

Table 8.3. NRes, NErr, and ERErr at convergence for all examples. Boldfaced entries are
worth paying attention to. For the critical case (Example 8.2.1 with & = 1), ADDA on
the original MARESs returns solutions with NErr about O(y/u), consistent with the error
analysis in [21], even though the corresponding NRes is already O(w). Examples 8.2.1
(£ = 10) is special in that @’s entries varies greatly in magnitude and consequently SDAs,
ADDAs, dADDAe, and dADDA(q have trouble getting tiny entries of @ correct, even though
all NErr are already O(u). ADDA would have computed € to nearly full entrywise relative
accuracy if it had continued for two more iterations as in last section.

1. ADDA introduced in Chapter 6. We use it as a representative for all doubling
algorithms derivable from bilinear transformations, including SDA [24, 22] and
SDA-ss [11], since ADDA is the fastest among all.

2. SDAs of [22] (as outlined in section 7.6). It is the first method ever proposed
to improve SDA for irreducible singular MAREs.

3. ADDAs (as outlined in section 7.6). Since ADDA improves SDA, naturally we
would expect ADDAs improves SDAs.

4. dADDAe which is Algorithm 7.2.1 combined with the elimination approach in
subsection 7.4. For simplicity, all 70 = 1. Actually in all examples, z = 1,,.,;

so there is no need to do pivoting to control |V ||V 7.
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5. dADDA(q which is Algorithm 7.2.1 combined with the Householder transforma-
tion approach in subsection 7.5.

Example 8.2.1 (Section 8.1 Example 8.1.2).

B= ' eR™™ D=2I, A=¢(B, C=£ED.

-1 3

W is an irreducible singular M-matrix:

T

n

Wiy, =0, W=0 p=(1-¢"n.
5_1 ' ]-n

For testing purpose, we computed for n = 100 the “exact” solutions @ by the com-

puterized algebra system Maple with 100 decimal digits. We find that

7.4339-107* <d(; ;) < 3.8270- 107", for £ =1, (8.2.2)

5.7251-107% <&(; ;) < 6.3012- 10", for £ = 10. (8.2.3)

Large variations in magnitudes in @’s entries for £ = 10 suggest that all methods,
except ADDA, may have trouble getting @’s tiny entries right. Indeed, they do.
Figure 8.4 plots the convergence histories of the five methods. For £ = 1, ADDA
converges linearly because the case falls into the critical case [13]. All methods are able
to reduce NRes to about O(u) as they should. Since @’s entries vary in magnitude by
a factor about 500, we would expect that ERErr for all be about O(500u) = O(1072)
which is true for all methods, except ADDA as shown in Table 8.3. It can be explained.
ADDA is applied to the original MARE in the critical case for which case it is argued
by Guo and Higham [21] that roughly speaking a perturbation of size € to W will

result in an error in @ about O(y/€). On the other hand, the shifting technique built
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NRes: Normalized Residual

ERErr: Entrywise Relative Error

10° & ‘ : 10
ADDA ADDA
\ox o SDAs o SDAs
o ADDAs ADDAs
: * dADDAe o dADDAe
dADDAq 10 dADDAq
5 -
10 " e
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10754 ‘ ‘ ‘ ‘ d 10 ‘ ‘ ‘ ‘ i
5 10 15 20 25 5 10 15 20 25
Iteration Iteration
NRes: Normalized Residual %0 ERErr: Entrywise Relative Error
0 ; ; ; ; u 10 T T T T T
10 ADDA ADDA
o SDAs o SDAs
ADDAs ADDAs
* dADDAe *~ dADDAe
10° | dADDA(q] | 102 dADDAq |
107 £=10 ;
10+ &=10
10—15
10° —
10’207 . . . . . . P . . . . . \‘ .
0 1 2 3 4 5 6 0 1 2 3 4 5 6
Iteration Iteration

Figure 8.4. Example 8.2.1. For & = 1 ADDA converges linearly and for & = 10
ADDA performs the best. Also for ¢ = 10, all methods, except ADDA (which took
7 iterations in last secion, two more than here, to deliver @ with about 15 correct
decimal digits entrywise), fail to compute accurately @’s tiny entries..

into SDAs and ADDAs and the deflating technique built into dADDAe and dAADAq
make the resulting ARE (7.2.15) and (7.6.2) sufficiently well-conditioned to be solved
accurately. Guo, Tannazzo, and Meini [22] have already reported that SDAs produces
more accurate solutions than SDA. Our explanation here for ERErr applies to the rest
of examples, too.

Also for £ = 1, quadratic convergence is evident for all methods, except ADDA,

as expected. It is no longer in the critical case for £ = 10. That partially explains
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NRes: Normalized Residual ERETrr: Entrywise Relative Error
‘ ‘ ‘ ‘ ‘ = 10° F ; ; ; ‘ ‘

100 [ @

" dADDAq
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10 T . . . . . .4 10
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Figure 8.5. Example 8.2.2. ADDA is even faster than SDAs. ADDAs, dADDAe, and
dADDAq work about equally well..
ADDA’s superior performance. ADDA would have computed @ to with almost full
entrywise accuracy if it had not been stopped prematurely by one stopping criteria
NRes < 5 x 107" used for all. In fact, this example is the same as example 8.1.2
in Section 8.1, where ADDA delivered @ to have almost 15 correct decimal digits
entrywise in 7 iterations. The inability of the other methods to compute @’s tiny
entries accurately is evident from the right-bottom plot in Figure 8.4 and Table 8.3,
even though at the same time all methods are able to reduce NRes to about O(u). <
Example 8.2.2. W is an irreducible singular M-matrix, randomly generated by the
following piece of MATLAB code:

n=100;

W=rand (2*n) ; W(n+1:2*n,:)=10%W(n+1:2*n,:);

W=round (1000%*W) ; W=diag(Wxones(2*n,1))-W;
In the end, W1,, = 0, and with m = n, the coefficient matrices A, B, C, and D
for an MARE (1.0.1) can be readily extracted. There are a couple of comments to
make about constructing W this way. The factor 10 applied to the last n rows in the

second line serves two purposes: (1) to make A and B differ in magnitude by a factor
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about 10, and (2) to make sure u > 0 (although not always guaranteed in theory but
often it is). At the beginning of the third line, we multiply W by 1000 and round its
entries to integers so that we can save one such a W and then move the generated W
error-free to Maple to compute the “exact” @ for testing purpose. For this saved W,
we find that

4.7301-107° < P; ;) < 1.5684 - 107>

So all entries of @ have about the same magnitude which suggests that tiny NRes
implies tiny ERErr. This is clearly the case as shown in Figure 8.5. What is interesting
to see is that SDAs is actually slower than ADDA. The reasons are twofold: (1) this
is not a critical case example, and (2) A and B have different magnitudes which SDAs
(and SDA) choose to ignore but ADDA doesn’t. ADDAs, dADDAe, and dADDAq
work about equally well, with dADDAe a little worse in accuracy, however. <&
Example 8.2.3. This is essentially the example of a positive recurrent Markov chain

with nonsquare coefficients, originally from [6]. Here
A=18-1,, B=180002 I ;3 — 10" 11515, C=1915, D=C".

It is known @ = % 118 = W' and p = 16 > 0. It is interesting to note that
both SDAs and ADDAs get the solution in Xy, the initial setup for the doubling
algorithms, rather unusual and atypical®, to say the least. In fact, our Maple code

for ADDAs with arbitrary o and 8 but n = [ gives, in exact arithmetic,

1 20-3
Xo=®, Yp=—-
0= T8 20+ 8

X 118,2'

We did not see this phenomenon in Examples 8.2.1 and 8.2.2 both of which are
nontrivial, relatively speaking. So this kind of pleasant surprise shouldn’t be expected

in general. Figure 8.6 displays convergence histories for all tested methods. That both

3More examples like this can be found in last section.
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NRes: Normalized Residual

ERErr: Entrywise Relative Error
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Figure 8.6. Example 8.2.3. Again SDAs and ADDAs get the solution in X from their
initial setup as they should because Xy = @, independent of o and 5. Both dADDAe and
dADDA(q take two iterations after the initial setup, while ADDA takes five iterations. .

NErr and ERErr for ADDA at convergence are about 107'2 can be explained by the

relevant parameters in Table 8.2.

&

From these examples as well as many more others, we come to the following

conclusions about speed and accuracy for the tested algorithms:

1. ADDA is linearly convergent for the critical case, but is able to deliver entrywise

accurate approximations to @, even when some of the entries of @ are extremely

tiny relative to others. But entrywise accuracy in computed @ is limited to

about O(y/u).

2. The shifting technique of Guo, lannazzo, and Meini [22] and the deflating tech-

nique in Chapter 7 can greatly improve the conditioning of an MARE in the

critical case, enabling @ to be computed much more accurately in the sense of

making normalized error NErr to about O(w). But when @’s entries vary too

much in magnitude, tiny entries may lose some or even all significant digits.

When that happens, ADDA should be used directly to the original MARE.
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3. The last example is accidental for both ADDAs and SDAs in that X, = @,
independent of the parameters o and 5. In general, ADDAs is faster than
SDAs as one might expect from the conclusion in [41] that ADDA is at least as

good as SDA and can be faster if A and B are very different in magnitude.
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CHAPTER 9
Conclusion

Throughout this thesis, after some fundamental knowledge, we first mentioned
the ADI method and the doubling algorithm before introducing our ADDA (Alternating-
Directional Doubling Algorithm), which is the combination of the alternating-directional
idea of ADI for Sylvester equation and the idea of SDA. We have proved theoretically
and numerically that our ADDA method is always the best comparing with all the
other doubling algorithms. Next, for the critical case, for which our ADDA method
converges linearly (instead of quadratically), we established a deflation method called
d-ADDA (deflated ADDA) to deflate an irreducible singular MARE. It is widely
accepted that in computing eigen-decompositions, deflation approaches are often pre-
ferred to shifting mechanisms. There we also demonstrated the effectiveness of d-
ADDA and compared it with existing methods by theoretical analysis and numerical

examples.
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APPENDIX A

Application to M-matrix Sylvester equation
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When D =0, MARE (1.0.1) degenerates to a Sylvester equation:

AX +XB=C. (A.0.1)
B 0

The assumption (7.0.1) on its associated implies that A and B are non-
-C A

singular M-matrices and C' > 0. Thus (A.0.1) is an M-Matriz Sylvester Equation
(MSE) as defined in [43]: both A and B have positive diagonal entries and nonposi-
tive off-diagonal entries and P = I,, ® A + BT ® I, is a nonsingular M-matrix, and
C>0.

MSE (A.0.1) has the unique solution ¢ > 0 and its cMARE has the solution
¥ = 0. Apply ADDA to (A.0.1) to get

Ey =% (B;B,a) = (B+al) (B - BI), (A.0.2a)
Fo=%(A;0,8) = (A+BI) (A - al), (A.0.2b)
Xo=(B+a)( A+ 'C(B+al)™t, (A.0.2¢)
and for k >0
Ep = E2, Fr1 = FZ, (A.0.2d)
Xk—i—l == Xk + FkaEk (AOQG)

The associated error equation is
0< &= X, = €A, ) ®[6(B; f,0) . (A.03)

Smith’s method [36, 43] is obtained after setting v = 5 in (A.0.2) always.
Alternatively, we can derive (A.0.2) through a combination of an Alternating-
Directional-Implicit (ADI) iteration and Smith’s idea in [36]. Given an approximation

X =~ &, we compute next approximation Z by one step of ADI:
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1. Solve (A+B1)Y =C —-X(B—pI) forY;
2. Solve Z(B+al)=C —(A—al)Y for Z.

Eliminate Y to get
Z = Xy + FyX Ey, (A.0.4)

where Ey, Iy, and X, are the same as in (A.0.2a) — (A.0.2c). With X = 0, keep

iterating (A.0.4) to get

k
Zy =Y FXoE,

=0

If it converges, it converges to the solution @ = Z,, = > ;o FiXoE§. It can be
verified that {Z;} relates to {X;} by Xy = Z,«. Namely, instead of computing every
member in the sequence {Z;}, (A.0.2) computes only the 2*th members. In view
of its connection to ADI and Smith’s method [36], we call (A.0.2) an Alternating-
Directional Smith Method (ADSM) for MSE (A.0.1). This connection to ADI is also
the reason for us to name our Algorithm 6.4.1 an Alternating-Directional Doubling
Algorithm (ADDA).
Equation (A.0.3) gives

limsup & — Xi|/*" < p(%(A; 0, 8)) - p(€(B; B, ), (A.0.5)

k—00

suggesting us to pick a and 5 to minimize the right-hand side of (A.0.5) for fastest

convergence. Subject to again
def def
a > Qopt = max Aiays B2 Bopt = mjax B 5 (6.3.6)

in order to ensure fy < 0, Ey <0 and all F}, > 0 and E, > 0 for £ > 1, we conclude

by Theorem 6.1.1 that o = apt and = [opy minimize the right-hand side of (A.0.5).
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APPENDIX B

Spectral Radius
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Here we only give the basic definition of spectral radius and an important
property of it.

For a square matrix A, the number

A) = A
p(A) = max [

is called the spectral radius of A, where o(A) stands for the spectral of A. It is
not uncommon for applications to require only a bound on the eigenvalues of A, i.e.
precise knowledge of each eigenvalue may not be required, but only just an upper
bound on p(A) is all that is often needed.

A rather crude but cheap and useful property about spectral radius is that
p(A) < || Al

The proof of this is easy. Take (A, x) as an eigenpair of A, then we have \x = Az,
which implies

(Alllzll = lIAzll = [ Az|] < [|AJl|=]].

So |A| < ||A]| for all A € a(A).
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