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ABSTRACT

SCALAR EQUILIBRIA FOR

n-PERSON GAMES

NARAKORN ENGSUWAN, PhD

The University of Texas at Arlington, 2013

Supervising Professor: H.W. Corley

In this dissertation we develop a scalarization approach for one-shot, n-person
games by defining the notion of Scalar Equilibria. We first show that existing solution
concepts can be represented as Scalar Equlibria. For example, Regret, Disappointment,
and Joint Equilibrium can be determined by defining Regret, Disappointment, and Joint
Scalar Equilibria. These scalar equilibria are useful for finding pure strategies when
pure Regret, Disappointment, and Joint Equilibria do not exist. Next, we present the
Maximin Scalarization Equilibrium to yield maximin solution concept.

In addition, we propose other Scalar Equilibria for various notions of rationality.
The Aspiration Scalar Equilibrium is developed for an aspiration criterion when players
have specified payoff aspiration levels. Then Risk, Greedy and Cooperative Scalar

Equilibrium are developed for risk, greed, and cooperative criteria, respectively.



Moreover, Sequential, Simultaneous, and Priority Scalar Equilibria are developed as
well as Coalition Scalar Equilibria. In a Sequential Scalar Equilibrium we sequentially,
in some chosen order, apply other scalarizations to Scalar Equilibrium of the game until
we find a unique one if possible. In a Simultaneous Scalar Equilibrium we combine the
criteria for various scalarizations into one. Effectively the multiple criteria are applied
simultaneously. In a Priority Scalar Equilibrium players are prioritized as their ability to
get their highest payoff. A Coalition Scalar Equilibrium consider fixed teams of players
seek team payoffs that are then divided among the players. Finally, we presented

examples to illustrate the usage and theoretical aspects of these equilibria.

Vi
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CHAPTER 1

INTRODUCTION

Decisions are made constantly by individuals, groups, companies, and societies.
In particular, game theory is the study of strategic economic and social interactions
among the agents, also known as players. In the existing decision-making models of
game theory, the players are usually assumed to be rational in sense that they
consistently pursue their own welfare and goals as they define them. However, in many
of these cases the agents do not realize that they are playing a game. They have some
inaccurate idea of their opponents, their environment, their goals, the actions available
to them, and the payoffs associated with any combination of actions for all players.
Therefore, the players often use heuristics that are generated from experience and that
may not yield a perfect outcome for them. The proposed research will provide heuristics
in the form of scalarizations to obtain pure strategy equilibria for one-shot games in
normal form where a game is depicted by a matrix. In other words, the players will
make collective decision by maximizing some scalar function.

In these games the players will be assumed to pursue their individual goals. That
pursuit may involve pre-game negotiation. In one-shot games, each player makes a
single decision resulting in a single outcome, as opposed to repeated games where the

players can learn each other’s tendencies. The proposed research focuses on new
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scalarizations that are applied to one-shot, n-person games. In this chapter we present

relevant literatures, give basic concepts in game theory, and outline our contribution.

1.1 Literature review

A systematic study of game theory effectively began with von Neuman and
Morgenstern [1], who studied zero-sum noncooperative games, as well as cooperative
games where coalitions can be formed. Nash [2] developed their results to the n-person,
non-zero-sum case for noncooperative games by notion of the Nash Equilibrium. In his
solution concept, rational players are assumed to be selfish and act in their individual
self-interest in the sense that each player considers his best responses to the possible
joint actions of the other players. The result is that no player can improve his expected
payoff in the Nash equilibrium by unilaterally changing his pure or mixed strategy. If he
did so, the amount of payoff he would lose is called regret, which is an enforcement
mechanism their essentially eliminates the distinction behavior cooperative and
noncooperative games. Therefore, modern game theory [3-7] usually assumes that any
joint rational action by the players must be a Regret Equilibrium (RE), as a Nash
Equilibrium is called here, to be sustainable.

However, the RE has weaknesses as illustrated in social dilemmas, such well-
known games as the Prisoner’s Dilemma and Chicken games [8-10]. For example, the
paradox of Prisoner’s Dilemma is that the unique RE is strictly dominated by another

outcome and thus may not present the actual cooperative behavior of players in such a



situation. Moreover, multiple pure or mixed REs often exist for a game. Thus, two
rational players could choose from different REs to yield an outcome that is not an RE.

To improve these weaknesses, Schelleing’s focal point effect [11], Harsanyi’s
Bayesian equilibrium point [12], Harsanyi’s purification of mixed equilibria [13],
Selton’s perfect equilibrium [14], Myerson’s proper equilibrium [15], and van Damme’s
quasi-perfect equilibrium [16] have been proposed for refinement of REs.

Furthermore, Harsanyi and Selton [17] also used notions of payoff dominance
and risk dominance to yield a unique RE. Aumann [18] considered possible epistemic
ways what players’reason about their opponents to obtain REs, and also defined the
concept of correlated equilibria [19]. Kahneman and Tversky [20] developed Prospect
Theory as an alternative to expected utility theory. Brams [21] eliminated mixed
strategies and defined a non-myopic pure equilibrium that always exists. Shalev [22]
developed a non-Nash equilibrium emphasizing loss aversion with respect to reference
points for the players. For only two-person games, Rabin [23] defined a fairness
equilibrium that is not always an RE. Stirling [24] outlined an approach for satisficing
solutions with respect to aspiration levels for the players.

Insuwan [25] and Corley [26] presented an alternative, the Disappointment
Equilibrium (DE), for n-person nonzero-sum games in normal form for possible use
when an RE is not satisfactory. It selects a player’s best strategy based on the
disappointment that the responses of his opponents would cause him for each of his
strategies. The stability enforcement mechanism for a DE is that the strategies of every

n-1 players maximize the expected payoff for the remaining players’ DE strategies. For
3



any player to change strategies would negate the situation. Finally, Charoensri [27][28]
studied a new optimization criterion called compromise criterion. Then Corley [29]
applied the compromise criteria to n-person noncooperative games and developed
Compromise Equilibrium (CE), which is the prototype of the scalarizations here.

In most one-shot, n-person games players seek a decision that is a pure strategy
of a game, not a mixed strategy. One reason is that pure DEs and REs do not always
exist. Another reason is that even the concept of mixed strategies has been challenged
as problematic [30]. Rubenstein [31] gave two different interpretation of mixed
strategies. The first is that the mixed strategies interpretation lacks the knowledge of the
players’ information, so the random choices are made by less than rigorous unspecified
factors; The second interpretation is that the game players stand for a large population
of agents. The mixed strategy represents the distribution of pure strategies chosen by
each population. However, this does not provide any justification for the case when
players are individual agents. Game theorists’ attitude about mixed strategies are thus
now ambivalent.

The advantage of the Scalar Equilibrium (SE) approach is that each player can
choose a pure strategy within the context of the players’ individual decision criteria,
which are here assumed identical for all players. These decision criteria, amount to
notions of rationality, and a collective rationality may be either prescribed or may be
due to common beliefs. This situation might occur in arbitration, or in online
competition at a website according to specified rules, or in situations where a

preliminary agreement is made by the players. The various decision criteria in this
4



research consists of greed, cooperation, no risk, high risk, no aspiration, and aspiration.

We therefore present here some new scalarizations for various notions of rationality.

1.2 Definitions and Notation

We follow the standard notation of [5]. Let T"=(N,(S;);.y.(U;);.y) b€ an n-
person, one-shot games in normal form, where N ={l,...,n} is the set of players, S, is
the finite set of pure strategies for player i,and u,(s,,...,S,)is the von Neumann -

Morgenstern utility of playeri for a pure strategy profile (s, ...,s,) e X S;. Write

jeN

X =Sand X =S ..Player i'sset of mixed strategies is denoted by AS;. A

jEN jeN {l} i

mixed-strategy profile o =(o,,...,0,)eX AS; =AS is an n-tuple of individual

jeN
mixed strategies, where o,(s;)is the probability that playerichooses pure strategy

s, €S,.Write X, AS; =AS and X AS; = AS_;.When clear from context, s; will

jeN-{i}
also represent the unique o; € AS, for which o;(s;)=1. For any 7, € AS; the strategy
profile (oy,...,0,,,7;,0,

,0,)1s abbreviated as (o ,,7;). For any o €AS, we can

i+l —i1

thus write o =(o,,0;),Viel...,n.If z,is identified with the pure strategy t;, then
(o ;,t.)will be used. Similarly we may write (t_,,o;). The utility function u, :S > R is
extended to expected utility over AS by writing

u. (o)= Z H o(s;) ui(sy,-.., s,)- In addition, vectors are represented by boldface
(syr--Sn)eS JjeN

lowercase Roman letter such as x and y, while x, denotes the component i'" of vector x.
5



We next define the RE and DE for later reference here.

Definition 1.2.1 [4] For the game T, a strategy o~ € AS is an RE if and only if the
payoff u. (¢ ”) for player i =1,...,n satisfies

u,(c’) =maxu, (o _,,0;).
Definition 1.2.2 [25] For the game T, astrategy o~ € AS is a DE if and only if the
payoff u (¢”),i=1,...,nsatisfies

u(c)=max u(o,0) foro, eA(S)), j=1..nj=ii=1..,n

011000 1104110

Definition 1.2.3 [25] For the game T, a strategy o < AS is a Joint Equilibrium (JE) if

and only if the strategy o is both an RE and DE.

1.3 Dissertation Contributions

The proposed dissertation will make the following contributions:

1. Give theoretical results for the scalar approach to general n-person games;

2. Develop new scalarizations, based on various notions of rationality, for
finding pure strategy solutions;

3. Present computational examples to explain (1) and (2).

In Chapter 2 of this proposed we explain the general approach of scalarizations
and the prototype CE. Then in Chapter 3 we present scalarizations for existing solution
concept. The Regret, Disappointment, Joint, and Maximin Scalar Equilibria are
developed. We proposed a scalarization for aspiration levels of the players in Chapter 4.

6



In Chapter 5 the Risk Scalar Equilibrium, Greedy Scalar Equilibrium, and Cooperative
Scalar Equilibrium is presented. We develop Risk, Greedy, and Cooperative Scalar
Equilibrium in Chapter 6. In Chapter 7, we represent Coalition Scalar Equilibrium. In
Chapter 8, we give an application of SEs. Finally, in Chapter 9, we discuss future

research.



CHAPTER 2

SCALARIZATIONS

In this chapter the scalarization of n-person games is developed. Both a general

approach and a prototype scalarization are presented.

2.1 General approach to scalarization

In this research we present the general scalar approach for one-shot n-person
games. Let s=(s,,...,s,)eSand u(s)=(u,(s),...,u,(s)), where u,(s) is the von
Neumann - Morgenstern (VNM) utility for player i,i=1,...,n. We transform each
vector u(s),Vvse S, into a scalar value between 0 and 1 when a prescribed notion of
rationality is either agreed upon by the players or enforced by external arbiters.
Rationality means here acting consistently to achieve one’s specified goal. The decision
criteria are tantamount to notions of rationality. A list is shown in Table 2.1.

In Table 2.1, we indicate the spectrum of various criteria categories considered
here. First, we have the scale from greed to cooperation. Greed occurs when a player
wants a maximum payoff, and we develop a new scalarization that captures the essence
of an RE. Similarly, one based on cooperation emulated DE. In the risk spectrum, we
develop a scalarization that minimizes risk. The aspiration criterion ranges from a

player having no target value to a definite one. For priority criteria, players are given
8



different priority for games. Finally, the sequential criteria are used when the multiple
solutions exist and we apply secondary, tertiary criteria, etc,. Simultaneous are

compromise between several ones. Scalarizations are developed for range of criteria

categories.
Table 2.1 Range of Criteria
Criteria
Greed <> Cooperation
No risk “— > Risk
No aspiration <> Aspiration
No player priority <> Player priority
Simultaneous  S— Sequential
Individual e ——— Coalition

A scalarization considers payoff combinations of all possible strategies, and the
result is termed as a Scalar Equilibrium (SE). We next state our scalar procedure.

2.1.1. Scalar Approach
a) For i=1,...,n create a numerator which is ((u;(s)) — (a number based on all
possible payoffs for the players and related to the notion of rationality))
b) For i=1,...,n create a denominator which is ((the maximum value of utility
function (u(s))) — (a number based on all possible payoffs for the players and

related to the notion of rationality))



numerator; from 2.1.1(a)

- , for i =1,...,n, then make
denominator; from 2.1.1(b)

c) Form each ratio, ratio, =
a product of all ratio; .

n
Define a scalar transformation formula (T (u(s)) = l_lratioi ) consistent with the notion
i=1

of rationality being considered.
We next formally define Scalar Equilibrium (SE) for the game T.

Definition 2.1.1 Let I'=(N,(S;);.y,(U;)icy)be an one-shot n-person game. Let
s" =(s, .., S,) be a pure strategy profile of T' maximizing the scalar transformation T

specifying some notion of rationality. Then s*is an SE of T'if and only if for all
seS, T (S),, U (8) ST (U, (S7),en U (ST)).
An SE s” =(s;,..,s,) is termed an equilibrium for the following reason. No

player would change his strategy since the scalar measure of rationality cannot be
improved or because an arbitrator based his decision on the scalarization value. The

prototype SE from Charoensri [27] is next presented.

2.2 Prototype SE: Compromise Equilibria

An optimization criterion for selecting compromise or fair solutions to a
mathematical decision problem is shown here to one-shot n-person game theory.
Charoensri [26][27] studied the compromise criterion to give reasonable and

computationally tractable solutions for multidimensional objective function.

10



Corley [28] applied the compromise criterion to n-person games. The CE, a
global scalarization, is an SE defined as follows. Let u,(s)be the associated von
Neumann - Morgenstern (VNM) utility for player i,i=1..,n; and let
u(s) = (u,(s),...,u, (s)). T(u(s))assigns a single real number in (0,1] for each payoff in
the utility matrix of n-person games. A compromise would be a vector s* of pure
strategies that gives each player a highest scalar value with the following property. All
players achieve a payoff with similar ratios between their lowest and highest possible
payoffs in the payoff matrix.

In particular, denote M, = ma}sxui(s) and m, = misn u,(s). Now define
T:u(S) > Rby

u,(s)—m, +1)>< ><(u (s)—-m, +1

M;,-m, +1 M,-m, +1

T(u(s)) =|(

)|, forall seS.

The CE s” is the solution to the scalar optimization problem ma}SxT(u(s)). Moreover, it
Se

is shown in [26] that the set of CEs, defined as Compromiseu(S),satisfies
Compromise u(S) < Vmax u(S), the set of Pareto maxima ofu(S).

We now determine the CE for an example game and compare the results to the

game’s REs and DEs in the following game.
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Example 2.2.1 [27] Two-person game with 3 x 3 payoff matrix.

Player |

Player |1

By B, Py
a | (34 (2,2) (2,1)
a, | @23) (7,1) (7.4)
a, | @1 (5,6) (6,5)

Figure 2.1 Payoff matrix of Example 2.2.1.

Calculate the M, =

payoff value for player i", i =1, 2. So, we obtainM, =7, m, =2. M, =6, m, =1.

max u;(a,B) and m, =
aelay,ay,a3}

BelBr.Ba. B}

min

aefay,az,a3}

BelB1.B2.Bs}

U, (a, p) where u, («, B)is the

We calculate the Compromise scalar value using the transformation,

T(aivﬁ,-){

Player |

Figure 2.2 Compromise matrix of Example 2.2.1.

M, -m +1

ul(ai7ﬁj)_ml+1:| |:u2(ai7ﬁj)_m2 +1

M, -m, +1

Player Il
B, B, Bs
o, | 0.2222 0.0555 0.0277
a, | 0.0833 0.1666 0.6666
a; | 0.0277 0.6666 0.6944

12

}for all i, j=1,2,3.




B, A, By

o | (00 (5.2) (5.3)

Player 1 f o | @) (0,3) (0,0)
a | (15 (2,0) (1,1)
Figure 2.3 Regret matrix of Example 2.2.1

Player II

B, A, By

a | (00 (1,4) (1,4)

Player 11 o, | 5.1) (0,5) (0,1)
a | (43) (1,0) (0,0)

Player 11

Figure 2.4 Disappointment matrix of Example 2.2.1

From Figure 2.2-2.4, the results are includes as follows. REs are at
(o, 5,)=(3,4)and (e,,p;)=(7,4). DEs are at (a,, ;) =(3,4)and (c,, S;) =(6,5).
The JE is at (e, B,) =(3,4).CE is at(¢,, 5,) =(6,5). No RE isa CE. The CE is a DE,

but one DE is not a CE. The reason that some DEs and REs are best solution is that
DEs, like REs, are only local maxima in Definition 1.2.1 and 1.2.2. A JE in Definition

1.2.3 is also local but a smaller subset of AS.
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CHAPTER 3
SCALAR EQUILIBRIA FOR EXISTING

SOLUTION CONCEPTS

In this chapter we present new scalar equilibria based on various notions of

rationality for finding pure strategy solutions.

3.1 Regret, Disappointment, and Joint Scalar Equilibria

In this section, it is shown that REs, DEs, and JEs can be determined by the
scalarization. These scalarizations are useful for finding pure strategies approximating

an RE, DE, or JE when such pure equilibria do not exist.

3.1.1 The concept of Regret, Disappointment, and Joint Matrices
We first define the concepts of Regret, Disappointment, and Joint Matrices

[25][26] abbreviated respectively as RMs, DMs, and JMs.

3.1.1.1 The Regret Matrix

LetR,(s) = max u; (s.;,S; ) —u,(s)be the regret function of any payoff for player
Li=1..nand R(s)=(R,(s),...,R,(s)). Let masxui(sfi,si) be a maximum value of

14



expected payoff when all player strategies fixed except playeri,i=1...,n. R,(s)is a

transformation of a player’s payoff function for pure strategies to a loss function. In
particular, a player’s regret function gives the amount he would lose by not choosing his
best response to fixed pure strategies of his opponent. For any normal form game, the
regret function is completely described by a Regret Matrix (RM) obtained from the

payoff matrix for the players.
Result 3.1.1.1.1 [25] A strategy s~ for " is a pure RE if and only if this strategy s

yields R (s”) =0 for every player i,i =1,...,n, inthe RM.

3.1.1.2 The Disappointment Matrix

Let D,(s) = max u; (s.,S; ) —u,(s) be the disappointment function of any payoff

for player i,i=1...,n,and D(s) = (D,(s),...,D,(s)). Let maxu,(s,s;) be a maximum

ses,
value of expected payoff when we fixed only the strategies of playeri,i =1,...,n. D,(s)
gives the amount he would lose for a fixed pure strategy of the player if his opponents
did not choose the pure strategies yielding his maximum payoff function. For any
normal form games the disappointment function is completely described by a

Disappointment Matrix (DM) obtained from the payoff matrix for the players.
Result 3.1.1.2.1[25] A strategy s  for T is a pure DE if and only if this strategy s

yields D, (s”) = 0 for every player i,i=1,...,n, inthe DM.
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3.1.1.3 The Joint Matrix

Let J,(s)=R,(s)+ D,(s)be the joint function of any payoff for player
Li=1..nand J(s)=(J,(9)....J,(s)). As before, the joint function is completely
described by a Joint Matrix (JM) obtained from the RM and DM for the players. The
next result immediately follows.
Result 3.1.1.3.1 A strategy s~ for ' is a pure JE if and only if this strategy s” yields
J.(s) =0 for every player i,i =1,..,n, inthe JM.
Proof.

Since a strategy s~ is a pure JE, we obtain that R,(s")=0 and D,(s") =0 for
each player i,i=1,...,n. It follows that J,(s") =R.(s")+ D,(s")=0 for every player

i,i=21....n, intheJM. m

3.1.2 Regret, Disappointment, and Joint Scalar Equilibria

The Regret, Disappointment, and Joint Scalar Equilibria are next presented.

3.1.2.1 Regret Scalar Equilibria

The Regret Scalar Equilibrium (RSE) is defined for I as follows. Let R, (s)be
the regret function of any payoff for player i,i=1...,n,and R(S)=(R,(S)....,.R,(S)).
T(R(s))assigns a single real number in [0,1] for each regret value in the RM of n-

person games, where

16



1 1 1
T(R(s)) = (Rl(s)+1)x(R2(5)+1)X”'X(m) forall seS.

We seek s that solves the scalar optimization problem ma}SxT(R(s)).
Se

The RSE is a pure strategy approximation to an RE, where no player can
unilaterally change strategies and improve his payoff. It represent a greedy criteria. \
Theorem 3.1.2.1.1 The game T" has an RE s if and only if T(R(s")) =1.

Proof.

It is first shown that if s”is RE, then T(R(s")) =1. Since s’ is RE, there exists a

strategy that gives R.(s") = max u.(s;,s,)—u,(s) =0 for every player i,i=1...,n. It
1 1 1

follows that T(R(s")) = (R (s*)+1)X(R (s*)+1)xmx(m

)|=1.

It is next shown that if T(R(s")) =1, then an n-person noncooperative game I'

has an RE s”. Since T(R(s")) =1, there exist R (s*) = maxu; (s, s; )—u,(s) =0 for

every player i,i=1,....,n. By the definition 3.1.1.1, the n-person noncooperative game
I' has a pure RE. It follows that an RSE is a pure RE. m

It should be noted that a RSE for a game with no pure RE is not necessarily a
good solution since the regret value for player i is local regret only, i.e., regret with

respect to a fixed strategy s ; for the remaining n—1 players.
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3.1.2.2 Disappointment Scalar Equilibria
The Disappointment Scalar Equilibrium (DSE) is developed for T" as follows.

Let D,(s)be the disappointment function of any payoff for player i,i=1,...,n,and
D(s) = (D,(s),...,D, (s)). T(D(s))assigns a single real number in [0,1] for each regret
value in the DM of n-person games, where

1 1 1
T(D(9)) = (Dl(s)+1)><(DZ(S)+1)><...><(W) , forall seS.

We seek s™ that solves the scalar optimization problem ma}SxT(D(s)).
Se

A DSE is a pure strategy approximation of a DE and represent a cooperative

criteria.

Theorem 3.1.2.2.1 The game T" has an DE s~ if and only if T(D(s")) =1.

Proof.
It is first shown that if s”is DE, then T(D(s")) =1. Since s is DE, there exists a
strategy that gives D,(s”) = max u.(s,s )—u,(s’)=0 for all player i,i=1..,n. It
. 1 1 1
follows that T (D(s )) =] ( —)x( —)x.x(—) | =L
D,(s)+1 'D,(s)+1 D,(s)+1

It is next shown that if T(D(s")) =1. then an n-person noncooperative game I'
has a DE s”. Since T(D(s")) =1, there exist D,(s") = max u; (s ;. s, )-u,(s’)=0 for
all player i,i=1,...,n.By the definition 3.1.2.1, the n-person noncooperative game I

has a pure DE. It follows that a DSE is a pure DE. m
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It should be noted that a DSE for a game with no pure DE is not necessarily a
good solution since the disappointment value is local disappointment only, i.e.,

disappointment for player i with respect to a single fixed strategy s;.

3.1.2.3 Joint Scalar Equilibria

The Joint Scalar Equilibrium (JSE) is developed for I" as follows.

Let J,(s)=R,(s)+D,(s)be the joint function of any payoff for player
Li=1..nand J(s)=(J.(S),....,d,(8)). T(JI(s))assigns a single real number in [0,1]
for each joint value in the Joint Matrix of n-person games, where

1 1
T(s) = (J1(5)+1)X(J2(5)+1)X"'X(Jn(5)+1

)|, forall seS.

We seek s~ as the JS that solves the scalar optimization problem ma}SxT(J (9)).

Theorem 3.1.2.3.1 The game T hasan JE s” ifand only if T(J(s")) =1.
Proof. It is first shown that if s”is JE, then T(J(s")) =1. Since s’ is JE, there exists a
strategy that gives J,(s") =R, (s") + D,(s") = 0. for all player i,i =1,...,n. It follows

1 1 1
Jl(S*)+1)X( ) XX (—————) |=1.

that T(J(s")) =] ( 3,(s)+1 J (s +1

It is next shown that if T(J(s))=1, then a game I' has an JE s”. Since

T(J(s)) =1, there exist J,(s")=R.(s")+D,(s’) =0 for all player i,i =1,...,n. By the
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definition 3.1.3.2, the n-person noncooperative game I' has a pure JE. It follows that a

JSEisapure JE. m

3.1.3 Examples of Regret, Disappointment, and Joint Scalar Equilibria
We now determine the RSE, DSE, and JSE for the following example games.

Example 3.1.3.1 Prisoner’s Dilemma

Player 11
B, (Defect) | B,(Cooperate)
Player | a, (Defect) (1,2) (5,0)
a, (Cooperate) (0,5) (3,3
Figure 3.1 Payoff matrix of Example 3.1.3.1.
Player 11
B, (Defect) | B,(Cooperate)
Player | a, (Defect) (0,0) 0,2)
a, (Cooperate) (1,0) (2,2)
Figure 3.2 Regret matrix of Example 3.1.3.1.
Player 11
B, (Defect) | B,(Cooperate)
Player I a, (Defect) (4,4) 0,3)
a, (Cooperate) (3,0) (0,0)

Figure 3.3 Disappointment matrix of Example 3.1.3.1.
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Player 11
B, (Defect) | B,(Cooperate)

Player | a, (Defect) (4,4) 0,4)
a, (Cooperate) (4,0) (2,2)
Figure 3.4 Joint matrix of Example 3.1.3.1.

We calculate Regret Scalar values using the transformation

1 1 ..
T(a;,B.)=|( ) % ( )|, forall i, j=12.
J L Ri(ai B))+1  Ry(a;,B;)+1
Player 11
B, (Defect) | B,(Cooperate)
Player | a, (Defect) 1.0000 0.5000
a, (Cooperate) 0.5000 0.1111

Figure 3.5 Regret scalar matrix of Example 3.1.3.1.

We calculate Disappointment Scalar values using the transformation

1 1 ..
T(a;,B.)=|( )% ( )|, forall i, j=12.
J L Di(e;, 8;)+1 Dy, B;)+1
Player 11
B, (Defect) | B,(Cooperate)
Player | a, (Defect) 0.0400 0.2500
a, (Cooperate) 0.2500 1.0000

Figure 3.6 Disappointment scalar matrix of Example 3.1.3.1.

We calculate Joint Scalar values using the transformation

1 1 —
T(a;,B;) = (Jl(ai,ﬁj)+l)X(J2(ai,ﬁ,-)+l) ,forall i, j=12.
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Player 11
B, (Defect) | B,(Cooperate)

Player | a, (Defect) 0.0400 0.2000

a, (Cooperate) 0.2000 0.1111
Figure 3.7 Joint scalar matrix of Example 3.1.3.1.

From Figures 3.2 — 3.7, we have the following results. The RSE is (Defect,
Defect) with payoff (1,1) that is the same result as RE. The DSE is (Cooperate,
Cooperate) with payoff (3,3) that is the same result as DE. There are no JE. The JSE
are (Cooperate, Defect) and (Defect, Cooperate) with payoff (0,5) and (5,0),
respectively. Note that the JSE is not a JE, however.

Example 3.1.3.2 Recall Example 2.2.1.

Player II
B, p, B
a | (00 (6.8) 6.7)
Player 1 f o | (6,2) (0.8) (0,1)
a | (58) (3,0) (1.1)

Figure 3.8 Joint matrix of Example 3.1.3.2.

We calculate Regret Scalar values using the transformation

1 1 .
T(a;,B;) = (Rl(ai,ﬁ,-)+1)X(R2(ai,ﬁj)+l) ,forall i, j=123.
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Player I1
By B B

a, | 1.0000 | 0.0555 | 0.0417

Player 1 f 5 | 0.2500 | 0.2500 | 1.0000

oa; | 0.0833 0.6667 0.2500

Figure 3.9 Regret scalar matrix of Example 3.1.3.2.

We calculate Disappointment Scalar values using the transformation

1 1 .
T(a;,B;) = (Dl(ai,ﬁ,-)+l)x(D2(ai,ﬁj)+l) ,forall i, j=123.

Player Il
By B B

a, | 1.0000 0.1000 0.1000

Player I f o | 0.0833 | 01667 | 0.5000

a; | 0.0500 0.5000 1.0000

Fig 3.10 Disappointment scalar matrix of Example 3.1.3.2.

We calculate Joint Scalar values using the transformation

1 1 .
T(a;,B;) = (Jl(ai,ﬁj)+l)X(J2(ai,ﬁ,-)+l) ,forall i, j=123.

From Figures 3.9 - 3.11, the results are includes as follows. RSEs are at

(o, 5,)=(3,4)and (ct,,p;) =(7,4) that is the same results as REs. DSEs are at
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(o, 5,)=(3,4)and (a;, pB;) =(6,5) that are the same results as DEs. JSE is at

(e, B;) = (3,4) that is the same results as JE.

Player |

Player I1
By B, Bs
a, | 1.0000 0.0204 0.0179
a, | 0.0476 0.1111 0.5000
a, | 0.0185 0.2500 0.2500

Fig 3.11 Joint scalar matrix of example 3.1.3.2.

Example 3.1.3.3 Two-person Payoff matrix with 3 x 3 with no pure RE and DE

Player |

Player |

Player |1
By B, Py
a | (92 (3,6) (3,5)
a, | @p) (5,4) (4,6)
a | @7 (4,5) (6,5)

Figure 3.12 Payoff matrix of Example 3.1.3.3.

Player |1
By B, Py
a, | (04 (2,0) (3,1)
a, | ®1) (0,2) (2,0)
a, | (6,0 (1,2) (0,2)

Figure 3.13 Regret matrix of Example 3.1.3.3.

24




Player |

Figure 3.14 Disappointment matrix of Example 3.1.3.3.

Player |

We calculate Regret Scalar values using the transformation

T(a;, B;) = |(

Player |

Figure 3.16 Regret scalar matrix of Example 3.1.3.3.

Player 11

By B, Bs
o, (0,5) (6,0) (6,1)
a, (3,2) 0,2) (1,0)
o, (3,0) (2,1) 0,1)

Player Il
B, B, By
a | (09 (8,0) 9.2)
a, | (11.3) (0,4) (3.0)
a, | (9.0) (33) 0.3)

Figure 3.15 Joint matrix of Example 3.1.3.3.

1 -
Rl(ai,ﬁj)+1)X(R2(ai,ﬁj)+l) ,forall 1, j =1,2,3.
Player II
By B, Bs
a, | 0.2000 0.3333 0.1250
a, | 0.0556 0.3333 0.3333
a, | 0.1429 0.1667 0.3333
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We calculate Disappointment Scalar values using the transformation

1 1 .
T(a;,B;)= (Dl(ai,ﬁ,-)+l)x(D2(ai,ﬁj)+l) ,forall i, j=1,2,3.

Player Il
By B B

o, 0.1667 0.1428 0.0714

Player1 1 o, | 0.0833 | 03333 | 0.5000

a; | 0.2500 0.1667 0.5000

Fig 3.17 Disappointment scalar matrix of Example 3.1.3.3.

We calculate Joint Scalar values using the transformation

1 1 .
T(a;,B;) = (Jl(ai,ﬁj)+l)X(J2(ai,ﬁ,-)+l) ,forall i, j=123.

Player II
By B B

a, | 0.1000 0.1111 0.0333

Player 1 f 5 | 0.0208 | 02000 | 0.2500

a5 | 0.1000 0.0625 0.2500

Fig 3.18 Joint scalar matrix of example 3.1.3.3.
From Figures 3.13 - 3.18, the results are includes as follows. This payoff matrix

has no RE, DE, and JE. However, the RSE, DSE, and JSE still exist. RSEs are at
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(o, B,) = (3,6), (r,, B,) = (5,4), (@, B;) = (4,6),and (a,,B;) =(6,5). DSEs are at
(a,, B3) =(4,6)and (a,,B,;) =(6,5). JISEs are at («,, B;) = (4,6)and (a,, 5,) = (6,5).

Example 3.1.3.4 Three-person game payoff matrix

71 72
i B, By B
o (50, 260, 170) | (100, 200, 170) (50, 260, 170) | (100, 200, 170)
a, (50, 160, 260) | (50, 170, 260) (130, 160, 170) | (130,150,170)

Figure 3.19 Payoff matrix of Example 3.1.3.4.

71 72
i B, By B
oy 0,0,0) (0, 60, 0) (80,0, 0) (30, 60, 0)
a, (0, 10, 0) (50, 0, 0) (0, 0, 90) (0, 10, 90)

Figure 3.20 Regret matrix of Example 3.1.3.4.

71 72
i B, By B
oy (50, 0, 90) (0, 0, 90) (50, 0, 0) 0,0,0)
a, (80, 100, 0) (80, 30, 0) (0, 100, 0) (0, 50, 0)

Figure 3.21 Disappointment matrix of Example 3.1.3.4.

71 72
i B, By B
oy (50, 0, 90) (0, 60, 90) (130, 0, 0) (30, 60, 0)
a, (80, 110, 0) (130, 30, 0) (0, 100, 90) (0, 60, 90)

Figure 3.22 Joint matrix of Example 3.1.3.4.

We calculate Regret scalar values using the transformation

1 1 1
T, B;:7) = (Rl(ai,ﬁj,yk)+1)X(R2(ai,ﬁj,}/k)+1)X(R3(aiiﬁja7k)+l)
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forall i, j,k =1,2.

V1 Vo
By B, By B,
ay 1.0000 0.0164 0.0123 0.0005
o, 0.0909 0.0196 0.0110 0.0010
Figure 3.23 Regret scalar matrix of Example 3.1.3.4.
We calculate Disappointment scalar values using the transformation
T(aB,07) = ( )x( )¢ ()
N Dl(aiiﬁjJ/k)"'l Dz(aiiﬁja7k)+l Ds(ai’ﬁj!yk)-i'l ,
forall i, j,k =1,2.
V1 Vo
By B, By B,
oy 0.0002 0.0110 0.0196 1.0000
a, 0.0001 0.0004 0.0099 0.0196

Figure 3.24 Disappointment scalar matrix of Example 3.1.3.4.

We calculate Joint scalar values using the transformation

1

T(a;, B;7¢) =] ( )% ( )% ( ) |
Ik (i, Byr)+1 " d,(a Brr) +L da(en, By ) +1
forall i, j,k =1,2.
71 V2
B B, B B,
o 0.00022 0.00018 0.00760 0.00053
a, 0.00010 0.00025 0.00011 0.00018

Figure 3.25 Joint scalar matrix of Example 3.1.3.4.




From Figures 3.20 — 3.25, the results are includes as follows. RSE is at

(e, B;,7,) with payoff (50,260,170)that is the same result as RE. DSE is at
(e, B,,7,) with payoff (100,200,170)that is the same result as DE. JSE is at

(e, B,,7,) with payoff (50,260,170).

3.2 Maximin Scalar Equilibria

A scalarization for selecting maximin solutions to a mathematical decision
problem is applied here to one-shot, n-person game theory. The maximin model
maximizes the minimum gain of a player regardless of what the other player does. To
select a pure strategy, each player chooses an action by determining the worst possible
payoff of any of his actions for the various possible actions of his opponent, then selects
an action vyielding the best of these worst payoffs. If any player does not select his
maximin strategy, his payoff could be worse. The Maximin Scalar Equilibrium is next

developed.

3.2.1 Maximin Scalar Equilibria for n-person games
The Maximin Scalar Equilibrium (MSE) is developed for I' as follows. Let

U, (s) be the associated von Neumann - Morgenstern (VNM) utility for playeri; and let
u(s) = (u,(s),...,u, (s)). T(u(s))assigns a single real number in [0,1] for each payoff in
the utility matrix of n-person games.

Now define T : f(S) »> Rby
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T(u(s)){ A B A

M,-m, +1 M,-m,+1 M, -m +1

1 >0
where A, = Ui (8) =, +Lu, (S) forall seS.
0 ,u;(s)—m, <0

Denote M, = maxu; (s), m, _maxmln f.(s,,5),and m, =maxmin f,(s_,,s,),..

S $265; S, €5

SeS SeS

m, =max min u,(s,,s,)
S $,€5;
SZESZ

n

Sn-1€S01

Definition 3.2.1.1 The s” is an Maximin Scalar Equilibrium (MSE) if and only if the

s” is the solution to the scalar optimization problem quxT(u(s)).
Se

A maximin solution would be a vector s~ of pure strategies that gives the best
of the worst possible expected payoff for each player with the following property. All
players achieve a payoff with similar ratios between their maximin and highest possible

payoffs in the payoff matrix. A maximin solution and MSE are risk averse criteria.

3.2.2 Maximin Scalar Equilibria Examples

We now determine MSEs for some example games

Example 3.2.2.1

Calculate the M,= max u;(a,8), m,=max min u(a,B), and
ae{oy,a;,03} a  BeLp.Br. B3}
BB Ba . B}

m, = max min uz(a,,B) where u, (a, B) is the payoff value for player i, i =1, 2.

ae{ay,a;y,05}
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Hence, we obtainM, =10, M, =8, m, =4, m, =6.

Player |

Player |1
By B, Py
a, | (10,3) 4,7) (3,6)
a, | (26) (9,5) (5,6)
a; | (4.8) (5.4) (7,6)

Figure 3.26 Payoff matrix of Example 3.2.2.1.

We calculate Maximin scalar values using the transformation

T(alaﬁj) — _ (Al)(AZ) _
M, -m, +1)(M, —m, +1)
u (e, B;)—m, +L,u,(;, B;) -, >0 .
h A =4 ' erm o foralli, j=12,3.
where A, { 0 (e B,)— 10, <0 oralli, j =1,
Player 11
ﬂl ﬂz ﬂS
oy 0 0.0952 0
Player 1 | o, 0 0 0.0952
o2 0.1429 0 0.1905

Figure 3.27 Maximin scalar matrix of Example 3.2.2.1.

From Figure 3.26, we obtain that MSE is at (e, 5,) with payoff (7,6).
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Example 3.2.2.2

Player I
s i3 2

o | (34 2.2) @1)

Player 1 o, | 23) (7.1) (7,4)

| @ (5,6) (6,5)

Figure 3.28 Payoff matrix of Example 3.2.2.2.

Calculate the M,= max u;(a,8), m,=max min u(a,B), and
ae{oy,a;,03} a  BeLp.Br. B3}
BB Ba . B}t

m, =max min }uz(a,,B) where u, (a, B)is the payoff value for player i, i =1, 2.

B aglo.a;as

Thus, we obtain M, =7, M, =6, m, =2, m, =1.

Player 11

t t ty

a, | 0.2222 0.0556 0.0278

Player 11 o | 0.0833 | 01667 | 0.6667

a3 | 0.0278 0.6667 0.6944

Figure 3.29 Maximin scalar matrix of example 3.2.2.2.

We calculate Maximin scalar values using the transformation

_ (A)(A,)
T(a"ﬁi){(ml—mﬁl)(lvlz—m2+1)}
Ui(aivﬁj)_mi +11ui(ai7ﬁi)_mi20 -
where A, ={ 0 (o, B,) — 1, <0 foralli, j=1,2,3.
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From Figure 3.29, we obtain that MSE is at (a5, ;) with payoff (6,5). Note that
(6,5),(5,6),and (7,4), are intuitively the best outcomes, with (6,5) giving the best

scalar value.
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CHAPTER 4

ASPIRATION SCALAR EQUILIBRIA

A new scalar equilibrium for selecting fixed goal solutions to a mathematical
decision problem is applied here to one-shot, n-person game theory. The satisficing
approach of Stirling in [24], [32], [33], [34] and [35] uses expected epistemic utilities.
Since Stirling’s method requires some assumptions of the players’ behavior for decision
problem by using some probability parameters to decide the player preference. On the
other hand, our method called Aspiration Scalar Equilibrium here uses only VNM
utilities. Therefore our method does not need Stirling’s questionable assumptions
regarding players’ behavior. In addition, our method is simpler. It is obviously a

criterion target-value end of the aspiration spectrum.

4.1 The Scalar Aspiration Criterion

The scalar aspiration criterion is developed here as follows. Let x denote a

Euclidean space, R". Let f :R™ —R*, i=1...,nand consider the objective function
f(x) = (f,(%), ..., f,(x)) over the feasible region A= R™. Let p,;i=1,...,n be the real-

valued aspiration level for f(x) on A Let p =(p,,..,p,)and assume
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A, ={xeAlf,(x)=zp;,i=1.,n}=¢. In other words, it is desired that

f.(X) = p;,i=1 ..,n for x e A.Now for all xe Adefine T: f(A) > Rby

T(T0 =[]0 p)

1 () -p; >0
where A, (x;p;)= 1 (0 p, <0,
1+ p - fi(x)
Consider the following the aspiration order <, on f(A)for fixed p;,i=1, ...n. For

any f(x), f(x,)e f(A), write f(x,)<,, f(X,)ifand only if T(f(x,))<T(f(x,)).

Asp

Write f(x,) <,, f(x,)if and only if f(x,)<,, f(x,)or T(f(x,))=T(f(x,)). The

Asp Asp

associated aspiration decision problem is denoted by D(p,, ..., p,) = Asp[f(x)]. This

XeA,
problem involves finding a vector x* e A — X for which there is no vectorx e Asuch

that f(x*) <,, f(x).The setofsuch x*is written as Asp f (A).

Lemma 4.1.1 For any f (x), f(y) € f(A), p, e R, if f(X)< f(y), then

Pareto

T (F (X)) < Ty (F(¥))-

Proof. Let f(x), f(y)e f(A),suchthat f(x) < f (y). We have the following cases.

Pareto

Casel f,(x) < fi(y)< piforalli=1 .. nand f;(x) < f;(y)for some index j. We

! < ! , foralli=1,...,n, and 1 < 1
1+p - fi(x) 1+p —fi(y) 1+p; —f;(x) 1+p;-b;

have

for some index j. It follows that
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" 1 " 1
T (X)) —];[1+ o (%) <l;[1+ S =T (T ().

Case2 f,(x)<p, < f,(y)foralli=1,..,n.

Case 2.1 f;(x) < p; < f;(y) for some index j. We have
A p) =1<Ai(y; p;) =1, forall i=1..n,and A;(x;p;) =1<A;(b;; p;) =1for
some index j.

Case 2.2 f;(x) < p; < f,(y) for some index j. We have

A,(xp,)=1<A,(y; p;) =1, forall i=1,...,n, and

Aj(X; pj):1

;<Ai(bj; p;) = 1for some index j.
+ pj - fj(X)

From case 2.1 and 2.2, it follows that
Tap (FCO) =T JA (6 ) < JAI(Y: P) = Tagp (F(¥))-
i=1 i=1

Case3 p, < f,(x)< f,(y)forall i=1, ..., n.
Case 3.1 p; < f;(x) < f;(y) for some index j.
We have A;(x; p;) <A;(y; p;) =1, foralli=1 ..,n,and A;(x;p;) =A;(b;; p;) =1for
some index j.
Case 3.2 p; < f;(x) < f;(y) for some index j.
We have A, (x; p;) <A;(y; p;) =1, foralli=1..n,and A;(x;p;)=A,(b;; p;) =1for

some index j.

From case 3.1 and 3.2, it follows that
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T (£00) = [TA 0P < [ 4,5 P) = Tuy (F).

From Cases 1, 2, and 3, T, (f (X)) <T,, (f(y)).- =
The set of Pareto maxima of a set f (A), also called the efficient frontier, and is
written Par f (A). Two results of the Aspiration Scalarization are now stated.
Theorem 4.1.2 Forany p, € Aji =1, ...,n, Asp f(A) c Par f (A).
Proof. To obtain a contradiction, suppose that f(x) ¢ Par f(A). Then there exist

f(y)e f(A)such that f(x)< f(y).By Lemma 411 it follows that

Pareto

f(X) <np f(y) in contradiction to the optimality of f(x). We conclude that

f (x) e Par f(A) to give the result. m

Theorem 4.1.3 The preference order <,_ is a total order on f(A).

Asp

Proof. We show that <

< 18 reflexive, transitive, antisymmetric, and comparable.

a. (Reflexive). Since f(x) = f(x), we have f(x)<,, f(x)forany f(x)e f(A).

b. (Transitive). Let f(x) <,, f(y)and f(y) <,, f(z)for x,y,ze A

Asp
Case b-1: f(X) <p, f(y)and f(y) <, f(2).
Since Pareto order is transitive, we have that f (x) comparable to f(z) and in

particular f(x) < f(z). Therefore, f(x) <,, f(2).

Pareto

Case b-2: f(x) < f(y)and f(y) are not Pareto comparable with f(z) with

Pareto

T (F(¥)) <Tpip (£(2)).
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Case b-2.1: f(x) is Pareto comparable with f(z).

We claim that f(X) <,,.., f(z). Suppose that f(z) <;,., f(X). By Lemma

4.1.1, we have T, (f(2))<T,, (f(x)).Since f(x)< f(y)and by Lemma 4.1.1, we

Asp Asp Pareto

have T, (f (X)) <T,, (f(y)). Therefore we obtain T, (f(z)) <T,, (f(y))in

Asp Asp

contradiction to the assumption that T, (f (y)) <T,, (f (z)). We conclude that

f(X) <paeo F(2)- ThUs F(X) <, F(2).

Pareto

Case b-2.2: f(x) is not Pareto comparable with f (z).

Since f(x) < f(y)by Lemma 1, we have T, (f (X)) <T,, (f(y))

Pareto

Combining with T, (f(y)) <T,, (f (2)), we obtain T, (f(x)) <T,, (f(2)), ie,
f(X) < F(2).

Case b-2.3: f(y) < f(z)and f(x) are not comparable with f(y) with

Pareto

T (T (X)) < Ty, (f(y)). The proof is similar to Case b-2.1.

Asp

From Cases b-1 and b-2, we obtain f (x) <, f(2).

C. (Anti-Symmetric). Let f(x) <., f(y)and f(y)<,, f(x).We must have
f (x) = f(y). To obtain a contradiction, suppose that f (x) = f (y).Immediately we have
F(X) <pp f)AND F(y) <, F (0.

Case c-1: f(x) is Pareto comparable to f (y).

Since f(x) <,, f(y), weobtain f(X) <p,., f(y) Since f(y)<,, f(x), we

obtain f(y) < f (x), which contradicts the previous conclusion.

Pareto
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Case c-2: f(x) is not comparable to f (y).

Since f (x) <, f(y),wehave T, (f(x))<T,,(f(y)). Also,since f(y)<,, f(x),

Asp Asp Asp

we haveT,, (f(y)) <T,, (f(x)), contradicting the fact that T,., (f (x)) < T, (f(y)):
From Cases c-1 and c-2, we conclude that f(x) = f(y).
d.(Comparable). Let f(x), f(y) e f(A)either f(x)<,, f(y)or f(y)<,, f(X).
Case d-1: f(x) is Pareto comparable to f (y).

Give f(x)< f (y). Suppose that f(y) < f (x). By Lemma 4.1.1, we have

Pareto pareto

T (F(Y)) <T g, (f(X))- Since f(X) <p,e, f(y)and by Lemma 4.1.1, we have

T (F (X)) < Ty, (T (y)). Therefore we obtain T, (f (y)) < T, (f(x)).in contradiction

Asp

to the assumption that T, (f (X)) < T, (f (y)). We conclude that f(X) <., f(Y)-

Asp
Thus f (x) <, T(y)
Case d-2: f(x) is not comparable to f (y) with T, (f (X)) <T,, (f(y)).

Since T, (f(x)) <T,. (f(y)),weobtain f(x) <,  f(y).From Casesd-1and d-2,

Asp Asp Asp

we conclude that any f(x), f(y) e f(A)either f(x)<,, f(y)or f(y)<,, fX).
It follows that <, is a total order on f(A).m

An obvious scalar equivalence of the aspiration optimization problem is

max T (f()

S.t. Xe A
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The next theorem shows that the payoff matrix determines the set of (p,,...,p,)

for which there is an x* e Ayielding each component’s aspiration level. The set of

Pareto maxima of a set A, also called the efficient frontier, and is written Par A.
Theorem 4.1.4 Let P =Par{(p,,..., p,) : Thereis an aspiration solution for
D(p,...., p,)}and let Q = Par{(f,(X),..., f,(x)): f,(x) e Aji=1...,n} ThenP =Q.
Proof. It is first shown that Pc Q. Let (p,,..., p,) <P. By definition there exists an
aspiration solution to D(p,, ..., p,). If (p,, ..., p,) € Q, there exists (f,(x"), ..., f. (X))
that dominates (py, ...., p,). But for p; = f,(x"),i=1...,n, thus(p,, ..., p.) dominates
(py, - P,) in contradiction to (p, ..., p,) Q. Thus, Pc Q.

It is next shown that Q=P. Let (f,(X), ..., f,(X)) €Q in which case (p,, ..., p,)

for p, = f,(X)that is in P. Because these aspiration levels can be achieved, Q < P.

Hence we conclude that P = Q. m

4.2 Aspiration Scalar Equilibria

We apply the aspiration criterion to n-person games when each player has a

target value to be achieved. Let s e Sbe a vector of pure strategies for playersy, ...,n;
let u, (s)be the associated von Neumann - Morgenstern (VNM) utility for player i; and
let u(s) = (u,(s),...,u, (s)). T (u(s))assigns a single real number in (0,1] for each payoff

in the utility matrix of n-person games. For all s € Sdefine T :u(S) > R by
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TE) =[5

1 1u|(s)_ pi 20
where A, (s; p;) = ; u.(s)—p; <0.
1+p,-u(s) |

For the aspiration transformation, when achieved payoff wu,(s) is equal or

greater than aspiration level p,, of player i. Thus, we assigned 1 value to ratio, for

player i.Otherwise, we assign the term
1+p, -y

( )to ratio, for player i. The smaller
S

u;(s) is less than p;,,the smaller the ratio, is.

Definition 4.2.1 The s” is an Aspiration Scalar Equilibrium (ASE) if and only if the s”

is the solution to the scalar optimization problem ma}SxT(u(s)).
Se

We now determine the ASE for some example games in the following games.

Example 4.2.2
Player 2 Player 2
(a) Bi B, Bs | (b) Bi B, B
o | (34) 2,2) 1) | « | 0.2222 | 0.0555 | 0.0277
Player1 | @ | (23) (7,2) (7,4) a, | 0.0833 | 0.1666 | 0.6666
a, (2,2) (5,6) (6,5) a; | 0.0277 | 0.6666 | 0.6944

Figure 4.1 (a) Payoff, (b) compromise matrices for the Example 4.2.2.
Note: (8,8) and (7,5) is not possible for both players. No value of 1 is attained for any
(e, B). From Figures 4.1 — 4.2, the results are as follows. CE at(a,, ;) =(6,5). The

ASE for p,=8,p,=8 is at(a,,p;)=(7,4).The ASEs for
41
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(a,,B3)=(7,4) and (as, ;) =(6,5).The ASE for p, =6, p, =5 are at(e,, 5,;) = (6,5).

The ASEs for p, =7,p, =5 are at(a,, ;) =(7,4) and (aj, ;) = (6,5).

Player 1

Player 1

Player |

Player |

Player 2 Player 2
(a) P B. B: | (0) B B, B,
o, | 0.0333 | 0.0204 | 0.0179 | «, | 0.1000 | 0.0417 | 0.0333
a, | 0.0238 | 0.0625 | 0.1000 [ «, | 0.0556 | 0.2000 0.5
a, | 0.0179 | 0.0833 | 0.0833 | a; | 0.0333 | 0.333 0.5
(c) P B B | (d) B B, B,
o, | 0.1250 | 0.0500 | 0.4000 | «, | 0.1667 | 0.0625 | 0.0500
a, | 0.0667 | 0.2000 | 0.5000 | «, | 0.0833 | 0.200 | 0.500
a, | 0.0400 | 0.5000 | 1.0000 | a, | 0.0500 | 1.000 | 1.000
Figure 4.2 Aspiration matrices of the Example 4.2.2 (a) for p, =8, p, =8 (b)
Py =7,p,=5(c)p,=6,p, =5 (d)p, =5p, =5.
Player Player
1 1
(a) P B B: | (b) B B, B,
a, 0.1111 | 0.0500 | 0.0417 a, 0.1250 | 0.0500 | 0.4000
a, 0.0625 | 0.1667 | 0.3333 a, 0.0667 | 0.2000 | 0.5000
oy 0.0417 | 1.0000 | 0.5000 a, 0.0400 | 0.5000 | 1.0000
(©) Bi B, B
a, 0.2000 | 0.0556 | 0.0417
a, 0.0833 | 0.2500 | 1.0000
a, 0.0417 | 0.3333 | 0.5000

Figure 4.3 Aspiration matrices of Example 3.3.2.2 (a) for p, =5, p, =6 (b)
P, =6,p,=5(C)p,=7,p, =4
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From Figure 4.1(a) and Theorem 4.1.4, we can get the Pareto maximum

aspiration levels {(5,6), (6,5), (7,4)} for which there exist a solution to D(p,, ..

4P,

Then, we find Aspiration matrices for each aspiration levels. From Figure 4.3, we can

get an aspiration solution (maxT

asp (U(8)) =1) for the Pareto set of payoffs.

Example 4.2.3
Player 2 Player 2
(a) Bi B, Bs | (b) Bi B, B
o, | (10,3) @47 | @6) | « | 01666 | 02777 | 0.2222
Player 1 | @ (2,6) (9,5) (5,7) | a, | 0.0741 | 0.4444 | 0.3703
o,y (4,8) (5,6) (75) | @3 | 0.3333 | 0.2963 | 0.3333

Figure 4.4 (a) Payoff, (b) compromise matrices for Example 4.2.3.
From Figures 4.4 — 4.5 the results show that CE is («,, ,) with payoff of (9,5).
The ASE for aspiration level p, =11 p, =11 and p, =10,p, =10 is at(a,,p,)
= (10,3), while the ASE for aspiration level p, =8,p, =8 is at («,, ;) =(10,3). The
ASE when p, =8,p, =5 isat(a,, 5,) =(7,4).
From Figure 4.4 (a), we can get the Pareto maximum aspiration levels {(4,8),

(5,7), (9,5), (10,3)} for which there exist a solution to D(p,, ..., p,). Then, we find

Aspiration matrices for each aspiration levels. From Figure 3.34, we can get an

aspiration solution (maxT g, (u(s)) = 1) for the Pareto set of payoff.
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Player |

Player |

Player I1 Player II

(a) P B. B | () B B, B,
o, |0.05556 | 0.0250 | 0.0208 | ¢, | 0.1250 | 0.0357 | 0.0285
a, |0.01667| 0.0476 | 0.0333 | o, | 0.0222 | 0.0833 | 0.0417
a, [0.03125| 0.0238 | 0.0333 | «, | 0.0476 | 0.0333 | 0.0417

() Bi B, Bs | (d) Bi B, B
o, | 0.1667 | 0.1000 | 0.0667 | «, | 0.3333 | 0.2000 | 0.2000
a, | 0.0476 | 0.2500 | 0.1250 | e, | 0.1429 | 1.0000 | 0.2500
a, | 0.2000 | 0.0833 | 0.1250 | o, | 0.2000 | 0.2500 | 0.5000

Figure 4.5 Aspiration matrices of Example 4.2.3 (a) for p, =11, p, =11 (b)

Player |

Player |

Figure 4.6 Aspiration matrices of Example 4.2.3 (a) for p, =4, p, =8 (b)

p, =10,p, =10 (c) p, =8,p, =8 (d) p, =8,p, =5.

Player I1 Player I1

(a) P B. B: | (o) B B, B,
o, 0.1667 | 0.5000 | 0.3333 oy 0.2000 | 0.5000 | 0.2500
o, 0.1111 | 0.2500 | 0.5000 o, 0.1250 | 0.3333 1.000
o, 1.0000 | 0.3333 | 0.2500 oy 0.5000 | 0.5000 0.333

(c) P B B | (d) B B, B,
oy 0.3333 | 0.1667 0.1667 oy 1.0000 | 0.1429 | 0.1429
o, 0.1250 | 1.0000 | 0.2000 o, 0.1111 | 0.5000 | 0.1667
o, 0.1667 | 0.2000 0.2222 a, 0.1429 | 0.1667 0.2500

p,=5p,=7() p,=9,p,=5(d) p, =10, p, =3.

We next show the comparison our method with Stirling et al.’s method [31].
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4.3 Comparison of ASE with Stirling’s method

Example 4.3.1 Prisoner’s Dilemma Payoff Matrix [34]

Player 11
Defect (D) | Cooperate (C)
Player | Defect (D) (2,2) (4,1
Cooperate (C) (1,4) (3,3)

Figure 4.7 Payoff matrix of Prisoner’s Dilemma.

We now demonstrate the complexity of Stirling’s approach [24] for comparison.
In this method, we need to create the interdependence mass function from selectability
and rejectability mass function for each joint option. In addition, we have to know the
characteristics of game for creating assumption to define joint rejectability mass
function. For Prisoner’s dilemma example, two attitudes in players’ minds may affect
their decision. First, dissociation is that the agents go their separate ways without
regarding cooperation. Second, vulnerability is that the agents expose themselves to
individual risk in the hope of improving the joint outcome. Let o [0, 1] be a
dissociation index and a measure of the joint value the players place on rejecting the

joint option (C, C). Let g [0, 1] be a vulnerability index and a measure of the joint
value the players place on rejecting the joint option (D, D). With these assumptions and

constraints on wand S, we define the joint rejectability mass function: p, . (C,C) =a,

» Prg, (C.D) = 3 Pag, (D.D) = B. Then, we find the

l-o- l-o-
Pre, (C, D) _ize-f —

conditional selectability on joint rejectability, pgg pg, (V1,V, |W,W,) for all (v;,v,)and

(w,,w,)in action space {(C,C),(C,D), (D,C),(D,D)}, from which the
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interdependence mass function may be obtained by the product rule:

Ps.s,rr, (Vy, vy, W, W, ) = Ps.s, R, (v, v, W, w,)- Prep, (w,,w,).Note that no aspiration

levels are used in Stirling’s method. From [24][34], we get conditional selectability

function in Table 4.1.

Table 4.1 Conditional selectability for satisficing Prisoner’s Dilemma

p5152|RlR2 (V1’V2 | Wy, Wz)
(W, w,)
(V1,V,) (C.,C) (C,D) (D,C) (D,D)
(C.C) 0 0 0 1
(C,D) 0 0 0 0
(D,C) 0 0 0 0
(D, D) 1 1 1 0

We obtain the joint selectability by substituting the conditional selectability
interdependence function given by Table 4.1 and joint rejectability mass function into
Ps.s,rR, (v, v, W, W,) = Ps.s, i, (v, v, | W, w,)- Pre, (w,w,). The joint selectability
function is following: pgs (C,C) =, pss, (C,D) =0, pgs (C,D)=0, pss (D,D)=
1- 3. After finding joint rejectability mass function, selectability mass function and
conditional credibility for the satisficing Prisoner’s Dilemma, we compare the

selectability function with rejectability following pgg (W, w,) >b- pgg (w;,w,)of all

decision pairs, w,,w, in action space. We can get the satisficing solution shown as
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satisficing equilibrium set parameterized by aand g, for the special case b=1, is

1(C.C)} for g >1
Sp = {(D,D)} for f<a
{(C,C),(D,D)} fora < g <1

In comparison, an ASE method vyields {(C,C)}, {(D,C)}, and {(C,D)}for the

aspiration levels p, =3,p, =3, p, =4,p, =1and p, =1, p, =4, respectively.

Player I1 Player I1
€)] D C (b) D C
Player | D 0.2500 0.3333 D 0.3333 1.0000
C 0.3333 1.0000 C 0.2500 0.5000
(c) D C
D 0.3333 0.2500
C 1.0000 0.5000

Figure 4.8 Aspiration matrices of Example 5.1.2.1 (a) for p, =3, p, =3 (b)
p=4p,=1(c) p,=1p, =4

From Figure 4.8, we obtain an aspiration solution (maxT ,, (u(s)) =1) for each

aspiration level. Although (D, C) and (C, D) strategies for p, =4,p,=1 and
p, =1 p, =4, respectively, can make the aspiration solution, the expected payoffs for
the strategies are undesired and unfair for players which one of them get the worst
payoff. In addition, (C, C) for p, =3, p, =3 can also create aspiration solution which is

the fairest strategy for the game. Moreover, if we reduced the aspiration levels from

p, =3,p, =310 p, =2, p, =2, we will also get strategy (D, D) that get desired level.
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Example 4.3.2

Player II
t, t, t,

s | (34 (2,2) (2.1)

Playerl s | (23 (7.1) (7.4)
ss | (20) (5.6) (6,5)

Figure 4.9 Payoff matrix of Example 4.3.2.

From Stirling’s method [31], we need to create the interdependence mass
function from selectability and rejectability mass function for each joint option. In
addition, we have to know the characteristics of game for creating assumption to define
joint rejectability mass function. For this example, let « €[0, 1] be an index measure of
the joint value the players place on rejecting the joint option (s,,t,). Let g €[0, 1] be
an index measure of the joint value the players place on rejecting the joint option

(s,,t,). Let y [0, 1] be an index measure of the joint value the players place on
rejecting the joint option (s;,t,). With these assumption, we define the joint rejectability

l-a-y

mass function: pgp (S,1,) = @, Pgg, (S1:1,) = » Prp, (S1:13) = :

l-a-p
2

pRle (51 | tz) =

l-o- 1—a —
Tﬁa pRle(Sl’tz):ﬁ’ Prir, (S5:15) = ‘ 7/,

l-a-y

1-y-p
2

Prpg, (s3.,t) = + Prpr, (s3.t,) = + Prp, (s3:t) =7

Then we find the conditional selectability on joint rejectability, pgg e (V3,V, |

w,w,) for all (v,,v,)and (w,,w,)in action space {(s,,t,),(s;,t,),(S,,t,),(S,,t,),(S,,t5),
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(S5,t,),(s5,t,),(s5,t;)} from which the interdependence mass function may be obtained
by the product rule: ps¢ pa (Vi V,, Wy, Wy) = P s, (Vis Vo [ Wi, W) - P, (W, W)

We obtain the joint selectability by substituting the conditional selectability
interdependence function given by Table 4.2 and joint rejectability mass function into

Pss,rr, (Vi V2 Wi, W,y) = Pggpe (Vi V, [ W, W,) - Prg (W, W,). The joint  selectability
function is  following: Pss, (51, 4) =B +7, Pss, (S1:1,) =0, pgg, (5,,t;) =0,
Psss, (Slitz) =0, Psss, (Slitz) =1-p+y, Psss, (Szats) =0, Pss, (Sg,tl) =0,

Pss, (s;,t,) =0, Pss, (S5,t,)=2-2y.

Table 4.2 Conditional selectability for Example 4.3.2

Pss,rRr, (Vl’VZ | Wy, Wz)

(W, W, )
(v, V,) | (St | (5ty) | (Sits) | (S,0t) | (S,,t,) | (Souts) | (Sauty) | (Seuty) | (Ssits)
(s,,t,) 0 0 0 0 1 0 0 0 1
(s,,t,) 0 0 0 0 0 0 0 0 0
(51,t;) 0 0 0 0 0 0 0 0 0
(s,,t,) 1 1 1 0 0 0 0 0 0
(s,,t,) | © 0 0 0 0 0 0 0 0
(sp,t3) | 1 1 0 1 0 0 0 0 1
(s3,1,) 0 0 0 0 0 0 0 0 0
(s5t,) | 0 0 0 0 0 0 0 0 0
(s;,ty) | 1 0 1 0 1 1 1 1 0
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After finding joint rejectability mass function, selectability mass function and
conditional credibility for Example 4.3.2, we compare the selectability function with

rejectability following pgg (w,,w,)>b- pge (W, w,)of all decision pairs, w;,w, in

action space. We can get the satisficing solution shown as satisficing equilibrium set

parameterized by a,Bandy, for  the special case b=1, IS
{(s,;,1))} fora <3
{(s;.1,)} fora > p
- {(s5,t5)} forf+a >3
=

{(s;,1,),(s,,1,)} fora>1,a<p
{(s;,1,),(s5,t5)} fora>3,B+a>%

{(s,,1,).(S5,t,)} fora<p,B+a <.

Player Player
] ]

€)] t t, ty (b) t t, ty

S, 0.1111 | 0.0500 | 0.0417 S, 0.1250 | 0.0500 | 0.4000

Player | | s, | 0.0625 | 0.1667 | 0.3333 [ s, | 0.0667 | 0.2000 | 0.5000

S3 0.0417 | 1.0000 | 0.5000 S, 0.0400 | 0.5000 | 1.0000

(©) t, t, t,

s, | 0.2000 | 0.0556 | 0.0417
Player | | s, | 0.0833 | 0.2500 | 1.0000
s3 | 0.0417 | 0.3333 | 0.5000

Figure 4.10 Aspiration matrices of Example 4.3.2 (a) for p, =5, p, =6 (b)
P, =6,p,=5(c) p,=7,p, =4
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In comparison, an ASE method yields {(s,,t,)}, {(s;.t;)}, and {(s,.t;)} for
the aspiration levels p, =5,p, =6, p, =6,p, =5, and p, =7,p, =4, respectively.
From Figure 4.10 above, we can get max T, (u(s)) =1 for these values.

From these examples above, we can see that the Stirling’s method required
numerous steps to get the solutions and is difficult to interpret. On the other hand, an

ASE is easily computable and interpreted.
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CHAPTER 5
RISK, GREEDY, AND COOPERATIVE SCALAR

EQUILIBRIA

5.1 Risk Scalar Equilibria

A new optimization criterion for selecting risk avoiding solutions to a
mathematical decision problem is applied here to n-person game theory. We formulate a
new scalarization using risk dominance [17], [37]. It seeks a least risky solution in the
sense of minimizing each player’s lost utility when the other players change strategies.
The basic idea is that no player wants to decrease his utility much if other player
changes strategies. This scalarization can be used as a second criterion for choosing a

pure strategy when a game has more than one solution.

5.1.1 Risk Scalar Equilibria for n-person games

The Risk Scalar Equilibrium (RISE) is developed for T" as follows. Letu, (s)be
the associated von Neumann - Morgenstern (VNM) utility for playeri, and let
u(s) = (u,(s),...,u, (s)). T(u(s))assigns a single real number in (0,1] for each payoff in
the utility matrix of n-person games. Let

1 1 1

x X ... X forall seS§,
u(s)—v,+1 wu,(s)-v, +1 u,(s)y-v, +1

T(u(s)) =
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where v, =V, (s;) = smisn Uy (8%1,81), Vo =V, (S,) = s!?isnz Up(8l2182) e Vy =V, (8,) =
_1€9_1 _p€9_

min u,(s’,,s,).In other words v, (s;) is a mimimum value of expected payoff when the

—-n =Y-n

strategies of playeri,i =1,...,n, are fixed.

Definition 5.1.1.1 The s is an Risk Scalar Equilibrium (RISE) if and only if the s™ is

the solution to scalar optimization problem ma}SxT(u(s)).
Se

5.1.2 Risk Scalar Equilibria Examples
We now determine RISE in the following games with RISE being the sole

criteria to illustrate its purpose.

Example 5.1.2.1 Stag Hunt game

Player 11
B, (Hunt) | B,(Gather)
Player I | o, (Hunt) (5,5) (0,4)
o, (Gather) |  (4,0) (2.2)

Figure 5.1 Payoff matrix of Example 5.1.2.1.

Here v, =v,(s,) =Vv,(a) = ﬂer{r);ligz}ul(aivﬁ)vi =12.v, :VZ(SZ) =V, (B)=

ﬂr&ig }uz(a,,Bj), =12, where u,(a, f)and u,(c, B) is the payoff value for player 1

and player 2. Then, we obtainv, =0;i=1 v, =2;i=2,v, =0, j=1v, =2, ]=2.
Risk scalar values are calculated using the transformation

1 1
X
ul(ai’ﬁj)_vl-'_l Uz(ai’ﬁj)_vz"'l

T(a;,B;) = ,forall i, j=12.
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Player 11
B, (Hunt) | B, (Gather)
Player I | o, (Hunt) 0.0277 0.3333

a,(Gather) | 0.3333 1.0000
Figure 5.2 Risk scalar matrix of Example 5.1.2.1.

From Figures 5.1 and 5.2, we obtain that RISE are at («,, 3,) with payoff (2,2).
The payoff at strategies («,, ;) is better that payoff at strategies («,, 3,). However,
RISE is at («,, 8,) instead of («,, ;) because the risk of (c,, 3,) is less than the risk

of (ay, B;). It should be noted that RISE obtains the risk dominance solution proposed
in [17].

Example 5.1.2.2

Player I]
B B> Bs
o | (34 2.2) @1)
Player 11 1 2.3) (7.1) (7.4)
o | @ (5.6) (6.5)

Figure 5.3 Payoff matrix of Example 5.1.2.2.

Calculate v, =v,(s,) =V, (@) = ﬂe{/rmgﬂs}ul(ai P),i=123 v, =V,(S,) =V, (f)

= min U,(a,B;), j =123, where u,(a, B)and u,(a, B) is the payoff value for

a{ay,a;,a3}

player 1 and player 2. Then, we obtainv, =2;i=1 v, =2;i=2,v, =2;i =3,
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Player I1
B B B

a, | 0.1250 0.5000 1.0000

Player1 1 | 03333 | 01667 | 0.0417

o, | 1.0000 0.0333 0.0400

Figure 5.4 Risk scalar matrix of Example 5.1.2.2.
Risk scalar values are calculated using the transformation

1 1

X ,forall i, j=123.
ul(ai’ﬂj)_vl+1 uz(ai’ﬂj)_vz +1

T(ai’ﬂj):

From Figure 5.4, we obtain that RISEs are at (a5, 3,) and (e, ;) with the same payoff

,1).

5.2 Greedy Scalar Equilibria

A scalarization for selecting greedy solutions to a decision problem is applied
here to one-shot n-person games. The new scalar equilibrium finds a pure strategy when

each player desires the maximum payoff.

5.2.1 Greedy Scalar Equilibria for n-person games

The Greedy Scalar Equilibrium (GSE) is developed for I" as follows. Letu,(s)

be the associated von Neumann - Morgenstern (VNM) utility for playeri,i =1,...,n; and
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let u(s) = (u,(s),...,u,(s)). T(u(s))assigns a single real number in (0,1] for each payoff
in the utility matrix of n-person games.

In particular denote M, = max u; (s). Now define T :u(S) > R by

1 1 1
R T P L VBT P L VIR R L) B

In the greedy transformation, each player i seeks his maximum payoff, so ratio, is the

term _ to make it close to value 1 when payoff u;(s) is close to M,.We
M, —u,(s)+1

next establish that a GSE is a Pareto solution.

Lemma 5.2.1.1 For anyu(s’),u(s") e R, if u(s’) < u(s")then T (u(s")) <T (u(s")).

Pareto

Proof. Let u(s"),u(s") € R,such that u(s") < u(s”). Then, u,(s") <u,(s")for all

Pareto

i=1..,nand u;(s’) <u,(s")for some index j. We have

1 1

< < ,forall i=1,...,n, and
M, -u,(s)+1 M, —u,(s")+1

< 1, <
M;-u;(s)+1 M, -b;+1

for some index j. It follows that

ny _ : 1 : 1 _ "
T ))_I;IMi —ui(s')+1<1;[Mi —ui(s”)jtl_-l-(u(S )-m

Now let Gru(s) be the set of GSE’s for I'. The set of Pareto maxima of a set u(S),

also called the efficient frontier, and is written Par u(S).
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Theorem 5.2.1.2 For anyu(s) € R, Gru(S) < Par u(S).

Proof. To obtain a contradiction, suppose that u(s’) ¢ Paru(S). Then there exist
u(s”")y e Rsuch that u(s’) <p.,e U(S"). By Lemma 5211 it follows that
T(u(s") <T(u(s") in contradiction to the optimality of u(s’). We conclude that
u(s") e Paru(S) to give the result. m

Definition 5.2.1.3 The s” is a Greedy Scalar Equilibrium (GSE) if and only if the s* is

the solution to scalar optimization problem ma}SxT(u(s)).
Se

5.2.2 Greedy Scalar Equilibria Examples
We now determine GSEs for some example games.

Example 5.2.2.1 Two-person Payoff matrix with 3 x 3

Player I]
B B> Bs

o | (34 2.2) @1)

Player 11 1 2.3) (7.1) (7.4)

o | @ (5.6) (6,5)

Figure 5.5 Payoff matrix of Example 5.2.2.1.

Calculate the M, = E{max }ui(a,,B) where u, (a, B) is the payoff value for

BB, By B}
player i, i =1, 2. So, we obtain M, =7, M, =6. We calculate greedy scalar values

using the transformation
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1 1 .
T (ai'ﬁj):{Ml—ul(ai,ﬁj)ﬂ}{mz—uz(ai,ﬁj)+1}for all i, j=123.

Player Il
B B B

a, | 0.0667 0.0333 0.0278

Player 1 1 | 00417 | 01667 | 0.3333

o, | 0.0278 0.3333 0.2500

Figure 5.6 Greedy scalar matrix of Example 5.2.2.1.

From Figures 5.5-5.6, the results are includes as follows. GSEs are at
(r,,B5)=(7,4) and (a5, B,) =(5,6). One GSE is an RE, but the other GSE is not.
Thus some REs are not greedy. In particular, the GSE (a,, B,) = (7, 4) dominates payoff
(3,4), the other pure RE.

Example 5.2.2.2 Prisoner’s Dilemma

Player I1
B, (Defect) | B,(Cooperate
Player | a, (Defect) (1,1) (5,0)
o, (Cooperate) (0,5) (4,4)

Figure 5.7 Payoff matrix of Example 5.2.2.2.

Calculate the M, = rpax }ui(a,ﬁ)where U, (a, B) is the payoff value for player

Be{Br. B2}
I, 1 =1, 2. So, we obtain M, =5, M, =5. We calculate greedy scalar values using the

transformation
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1 I 1 .
T (ai'ﬁj)_|:Ml—ul(ai,ﬁj)+l}_M2 uy@,p)l forall i, j =12.

Player 11
B, (Defect) | B,(Cooperate)
Player | a, (Defect) 0.0400 0.1667
a, (Cooperate) 0.1667 0.2500

Figure 5.8 Greedy scalar matrix of Example 5.2.2.2.

Player 11
B, (Defect) | B,(Cooperate)
Player | a, (Defect) 1.0000 0.2000
a, (Cooperate) 0.2000 0.0400

Figure 5.9 Risk scalar matrix of Example 5.2.2.2.
From Figure 5.8, the results are includes as follows. GSEs are at(«,, ,) = (4,4).

Note that the GSE is not an RE even though it is based on greed. The pure RE is (1,1).
In other words, greed can have more than one interpretation. On the other hand, the
RISE value is 0.400 for (4,4) that is less than the value 1.0000 for (1,1) in Figure 5.9.

Thus, in the GSE the lower risk of (1,1) is the determining factor.

5.3 Cooperative Scalar Equilibria

A Cooperative Scalar Equilibrium related to the GSE is now developed by using

scalarization concepts.

59



5.3.1 Cooperative Scalar Equilibria for n-person game
The Cooperative Scalar Equilibrium (CSE) is developed for I' as follows. Let

U, (s) be the associated von Neumann - Morgenstern (VNM) utility for playeri; and let

u(s) = (u,(s),...,u, (s)). Let misn u,(s;,s;) be a minimum value of expected payoff
when we fixed only the strategies of player i,i=1,...,n.Denote M, :ma}sxui(s) and
m, = nS1|Sn U, (s). Then we define the transformation

u,(s)—v, +1>< u,(s)-v, +1>< y u,(s)y—v, +1

forall seS,
M,-m+1 M,-m,+1 M,-m +1

T(u(s)) =

where v, =v,(s;) = Smisn Uy (S.1,S1), Vo =V, (S,) = Smisn Uy(S5,S;5) e V, =V, (S,) =
_1€S IS

—2=9-2

misn u,(s_,,S,). T(u(s))assigns a single real number in (0,1] for each payoff in the

utility matrix of n-person games.
From cooperative transformation, every n-1 players chooses strategies to
maximize the expected payoff for the remaining players’ strategy, so we make the

interval between u;(s) and v, as the numerator term u,(s)-v; +1. We make the
interval between M, and m, as the denominator term M, —m, +1 for ratio, to make
it close to value 1 when payoff wu,(s) is close to M, and far from the possible
minimum value v, when other players change their strategies.

Definition 5.3.1.1 The s is a Cooperative Scalar Equilibrium (CSE) if and only if the

*

s” is the solution to the scalar optimization problem quxT(u(s)).
Se
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5.3.2 Cooperative Scalar Equilibria Examples

We now determine the CSE in the following example games.

Example 5.3.2.1 Recall Example 5.2.2.2 (Prisoner’s dilemma)

Calculate v, =v,(s)) =V,(a) = , {gnLnﬂ}ul(ai,,B),i =12,v, =V,(S,)=V,(B) =

min }uz(a,,Bj),j =1,2, where u, (e, B)and u, (e, B) is the payoff value for player 1

ae{ay,o, 04
and player 2, respectively. Cooperative Scalar values are calculated using the

transformation

ul(O‘iv,Bj)_Vl+1>< uz(aivﬁj)_vz +1

T(u(s)) = ,forall i, j =1,2.
(u(e) M,-m +1 M, -m, +1 .
Player 11
B, (Defect) | B,(Cooperate)
Player | a, (Defect) 0.0278 0.1389
a, (Cooperate) 0.1389 0.6944

Figure 5.10 Cooperative scalar matrix of Example 5.3.2.1.

Player I1
B, (Defect) | B,(Cooperate)
Player | o, (Defect) (4,4) (0,4)
a, (Cooperate) (4,0 (0,0)

Figure 5.11 Disappointment matrix of Example 5.3.2.1.

From Figures 5.10-5.11, the results are includes as follows. CSE is at

(o, B;) = (4,4) that is the same as DE. It should be noted that GSE and CSE are the
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same for Prisoner’s dilemma. Both greed and cooperation yield the best payoff for such

player. However, (4,4) is riskier as shown in the previous example.

Example 5.3.2.2 Stag Hunt game

Player 11
B, (Hunt) | B,(Gather)
Player I | o, (Hunt) (5,5) (0,4)
o, (Gather) | (4,0) (2.2)

Figure 5.12 Payoff matrix of Example 5.3.2.2.

Calculate v, =v,(s,) =V, (@) = , {gnLnﬂ}ul(ai,,B),i =12,v, =V,(S,)=V,(B) =

min U, (e, B;), ] =1,2, where u,(a, 8)and u, (e, B) is the payoff value for player 1

ae{ay, o, 03}
and player 2, respectively. So, we obtain v, =0;i=1 v, =2;i=2,v, =0; j =1,
v,=2;j=2.

Cooperative Scalar values are calculated using the transformation

ul(O‘iv,Bj)_Vl+1>< uz(aﬂﬁj)_vz +1
M,-m +1 M, -m, +1

T(u(s)) = forall i, j=12.

Player I1
B, (Hunt) | B, (Gather)

Player I | o, (Hunt) 1.0000 0.0833

a,(Gather) | 0.0833 0.0277
Figure 5.13 Cooperative scalar matrix of Example 5.3.2.2.
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Player I1
B, (Hunt) | B, (Gather)
Player I | o, (Hunt) (0,0) (0,4)

a, (Gather) (4,0) (2,2)
Figure 5.14 Disappointment matrix of Example 5.3.2.2.

From Figures 5.13-5.14, the results are includes as follows. The CSE is the same
as DE. CSE is at (a,, B,) = (5,5).
Example 5.3.2.3 Recall Example 5.1.2.2

Calculate v, =v,(s,) =V, (@) = ﬂe{/rmgﬂs}ul(ai P),i=123 v, =V,(S,) =V, (f)

= min }uz(a,,Bj), j =123, where u, (e, f)and u, (a, B) is the payoff value for

ae{ay,a;,04
player 1 and player 2, respectively. Then, we obtainv, =2;i=1, v, = 2;i =2,
v,=2i=3,v,=Lj=1v,=Lj=2v,=1j=3
Cooperative Scalar values are calculated using the transformation

ul(O‘iv,Bj)_Vl+1>< uz(aivﬁj)_vz +1

T(u(s)) = ,forall i, j=1,2.
(u(e) M,-m +1 M, -m, +1 .
Player 11
ﬂl ﬂz 183

a, | 0.2222 0.0556 0.0277

Player1 1 | 0.0833 | 0.1667 | 0.6667

o, | 0.0277 0.6667 0.6944

Figure 5.15 Cooperative scalar matrix of Example 5.3.2.3.
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Player 11

sy 3 2
o | (©0) (1,4) (1,4)
Player 1 1 o, 1 5.1) (0,5) 0,1)
a | @3 (1,0 0,0)

Figure 5.16 Disappointment matrix of Example 5.3.2.3.
From Figures 5.15-5.16, we obtain that CSE is at (a5, 5;) with payoff (6,5).
The CSE is a DE, but the other DE is not a CSE and has a poor metric value. Thus some
DEs are not necessarily very cooperative. In particular, the GSE (a,,f;)=(6,5)
dominates payoff (3,4), the other pure DE. The significant point here is that the GSE

and CSE matrices provide an approach to selecting among REs and DEs. The SE theory

attempts to do so via the notion of refinements based on various approaches. Scalar

matrices represent another approach to refining RE’s and DE’s.
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CHAPTER 6
SEQUENTIAL, SIMULTANEOUS, AND

PRIORITY SCALAR EQUILIBRIA

In this chapter, Sequential, Simultaneous, and Priority Scalar Equilibria are
developed. In a Sequential Scalar Equilibrium we sequentially, in some chosen order,
apply other scalarizations to SEs of the game until we find a unique one if possible. In a
Simultaneous Scalar Equilibrium we combine the criteria for carious scalarizations into
one. Effectively the multiple criteria are applied simultaneously. In a Priority Scalar

Equilibrium players are prioritized as their ability to get their highest payoff.

6.1 Sequential Scalar Equilibria

When the SEs of Chapter 3, 4, and 5 give more than one pure strategies solution,
we may use sequential criteria to find a pure strategy that satisfies secondary criteria.

The procedure for determining a Sequential Scalar Equilibrium (SSE) is now presented.

6.1.1 Procedure of the Sequential Scalar Equlibrium
a) Some criteria is applied, and multiple pure strategy solutions exist.
b) Another criterion is then applied to the SE’s of (a) that is agreed upon by all

players to find the best solution among the solution.
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c) If multiple solutions still exist, repeated step b) until a unique solution is

obtained if possible.

6.1.2 Examples of Sequential Scalar Equilibria
We now determine SSE in the following games.
Example 6.1.2.1 Consider two person game with 3x3 payoff matrix that CE gives

multiple solutions

Player II
B B, Ps
a | (34 2,2) (5.6)
Player 1 [ o |  (23) 4,7) (7,4)
a | (65) (4,5) @7)

Figure 6.1 Payoff matrix of Example 6.1.2.1.

Player Il
By B> Bs
o, | 01667 | 00277 | 05556
Player 1 f 5 | 0.0556 | 0.1667 | 0.5000
a, | 05556 | 03333 | 0.1667

Figure 6.2 Compromise matrix of Example 6.1.2.1.

First we use find the best pure CE’s. From Figure 6.2, there are multiple CE’s:

(a5, B;) and (ay, B,) with payoff (6,5) and (5,6), respectively. Next we apply the RISE
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as a secondary criterion to find the best pure strategies among them. In Figure 6.3, after

we apply RISE the numerical terms and find the unique pure strategy (o, f5).

Player Il
B B, Bs
o, XXXX XXXX 0.0833
Player I f ) XXXX XXXX XXXX
o 0.0667 XXXX XXXX

Figure 6.3 Risk scalar matrix of Example 6.1.2.1.
Example 6.1.2.2 Consider two person game with 3x3 payoff matrix that GSE gives

multiple solutions

Player II
A, s, B

a | (35 2,1) 6,7)

Playerl f o | (5.2) (8,5) (4,2)

a, | (45) (7.5) (2,6)

Figure 6.4 Payoff matrix of Example 6.1.2.2.

First we use the GSE to find the best pure strategies. From Figure 6.5, GSE
gives the pure strategies («,, 8,) and (a,, B,) with payoff (8,5) and (6,7), respectively.
Next we apply the CSE as a secondary criterion to find the best pure strategies among
them. In Figure 6.6, after we use CSE to find the best solution among them, we get the

unique pure strategy that is (o, f5).
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Player |

Figure 6.5 Greedy scalar matrix of Example 6.1.2.2.

Player |

Figure 6.6 Cooperative scalar matrix of Example 6.1.2.2.

Player I1

B B, Bs
a, | 0.0556 0.0204 0.3333
a, | 0.0417 0.3333 0.0333
a; | 0.0667 0.1667 0.0714

Player I1
B B, Bs
oy XXXX XXXX 0.6122
o, XXXX 0.5100 XXXX
o2 XXXX XXXX XXXX

Example 6.1.2.3 Consider two-person game with 3x3 payoff matrix

Player |

Player |1
By B, Bs
a, | (35) (2,1) (6,7)
a, | 62 (8,5) (7,7)
a, | (86) (4,5) (2,1)

Figure 6.7 Payoff matrix of Example 6.1.2.3.
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Player 11

By B> Bs
o, | 01634 | 00204 | 0.7143
Player 1 1 o | 00204 | 0.4082 | 0.4286
a, | 07143 | 03061 | 0.0204

Figure 6.8 Cooperative scalar matrix of Example 6.1.2.3.

First we use the CE to find the best pure strategies. From Figure 6.8, the CE
gives the pure strategies (a5, 5,) and (a,, ;) with payoff (8,6) and (6,7), respectively.
Next we apply the GSE as a secondary criterion to find the best pure strategies among
them. In Figure 6.9, after we use GSE to find the best solution among them, we get the

unique pure strategy that is (o, ;).

Player Il
By B, Bs
o, XXXX XXXX 0.3333
Player | a, XXXX XXXX XXXX
o 0.5000 XXXX XXXX

Figure 6.9 Greedy scalar matrix of Example 6.1.2.3.
Second, we use the GSE to find the best pure strategies. From Figure 6.10, the
GSE gives the pure strategies (a,,f,) and (a,,f;)with payoff (8,6) and (7,7),

respectively. Next we apply the CSE as a secondary criterion to find the best pure
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strategies among them. In Figure 6.10, after we use the CSE to find the best solution

among them, we get the unique pure strategy that is (o, ;).

Player Il
B B, Bs
o, | 00556 | 00204 | 0.3333
Player I f o | 0.0417 | 03333 | 05000
a, | 05000 | 00667 | 0.0204

Figure 6.10 Greedy scalar matrix of Example 6.1.2.3.

Player Il
B, B, B3
o, XXXX XXXX XXXX
Player I f o | xoox XXXX 0.4286
o, 0.7143 XXXX XXXX

Figure 6.11 Cooperative scalar matrix of Example 6.1.2.3.

6.2 Simultaneous Scalar Equilibria

The Simultaneous Scalar Equilibrium (SISE) may be considered as compromise

between criteria. We next present two different methods to create the SISE.
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6.2.1 SISE by multiplying between two SEs together
We create the first method of SISE by multiplying between greedy and risk

criteria, cooperative and risk criteria, as well as greedy and cooperative criteria.

6.2.1.1 Greedy and Risk criteria

The SISE combining the greedy and risk criteria is next developed for T'. Let

u,(s) be the associated von Neumann - Morgenstern (VNM) utility for player
I,i=1..,n;and let u(s) = (u,(s),...,u, (s)). Let v, (s;)be a mimimum value of expected
payoff when we fixed only the strategies of playeri,i =1,...,n.

In particular denote M, = max u; (s). Now define T :u(S) > R by

TUE) =] (b Yxx (ot )H 1 L

X ... X ,
M, -u,(s)+1 M, -u,(s)+1 u,(s)—-v, +1 u,(s)—v, +1

for all seS, where v, =v(s)= Smeisn U, (S'1,81), Vo =V, (S,) = S,meisn Uy (S'5,5;)

-1=°-1 —-2=9-2

v, =V, (s,)= misn u,(s’,,s,). T(u(s))assigns a single real number in (0,1] for each

payoff in the utility matrix of n-person games.
Definition 6.2.1.1.1 The s* is an SISE combining greedy and risk criteria if and only if

the s” is the solution to the scalar optimization problem quxT(u(s)).
Se
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Example 6.2.1.1.2 Recall 5.2.2.2

Player 11
B, (Defect) | B,(Cooperate)
Player | a, (Defect) 0.0400 0.0333
a, (Cooperate) 0.3333 0.0100

Figure 6.12 Greedy and Risk scalar matrix of example 6.2.1.1.2.

From Figure 6.12, the SISE combining greedy and risk is at («;, ;) = (1,1).

6.2.1.2 Cooperative and Risk criteria

The SISE combining the cooperative and risk criteria is developed for I". Let

u,(s) be the associated von Neumann - Morgenstern (VNM) utility for player

ILi=1..n;and let u(s) = (u.(s),....u,(s)). Let misn u,(s,s; ) beaminimum value of

expected payoff when we fixed only the strategies of player i,i=1,...,n.Denote

M, = ma}sxui(s) and m, = ngisn U, (s). Let define

T () = U (8) -V, +1 ><un(s)—vn+l}{ 1 1 or

XX
M, -m, +1 M,-m, +1 u(s)-v, +1 u,(s)-v, +1

all seS, where v, =v,(s,) = Smisn U, (S4,8;), V, =V, (S,) = Smisn Uy (S 5,S5)ees
_1€S IS

—-2=9-2

v, =V, (S,)= misn u,(s_,,s,). T(u(s))assigns a single real number in (0,1] for each

payoff in the utility matrix of n-person games.
Definition 6.2.1.2.1 The s* is an SISE combining cooperative and risk criteria if and

only if the s™ is the solution to the scalar optimization problem ma}SxT(u(s)).
Se
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Example 6.2.1.2.2 Recall Example 5.1.2.1

From Figure 6.13, SISE’s combining greedy and risk are at(c,, ;) =(2,1),

(a,,B,) =(7,1),and (ay, B;) = (2,1).

Player Il
B B B

a, | 0.0083 0.0167 0.0278

Player I f o | 0.0139 | 00278 | 0.0139

a; | 0.0278 0.0111 0.0100

Figure 6.13 Cooperative and Risk Scalar matrix of Example 6.2.1.2.2.

6.2.1.3 Greedy and Cooperative criteria
The SISE of greedy and cooperative criteria is developed for I". Letu,(s) be
the associated von Neumann - Morgenstern (VNM) utility for playeri,i =1,...,n; and let

u(s) = (u,(s),...,u, (s)). Let T (u(s)) be the transformation

AP 1 U@ ALl Un(S) v, +1
T(u(s)) = (Ml—ul(s)+1) (Mn—un(5)+l)} {Ml—mlﬁtl Mmool |

for all seS,  where v, :vl(sl):smisn Uy (S.1,S1), Vo =V, (S,) = misn Uy (S_5,5;)es
_1ES_. e

1 —-2=9-2

v, =V, (S,)= Sfneisr) u,(s.,,s,). Denote M, :n;lgsxui(s) and m, = nS1|Sn u;(s). Let

min u;(s;,s;) be a minimum value of expected payoff when we fixed only the

s_;eS
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strategies of player i,i=1,...,n. T(u(s))assigns a single real number in (0,1] for each
payoff in the utility matrix of n-person games.
Definition 6.2.1.3.1 The s* is an SISE combining greedy and cooperation criteria if and

only if the s™ is the solution to the scalar optimization problem ma}SxT(u(s)).
Se

Example 6.2.1.3.2 Recall 5.1.2.2

Player Il
ﬂl ﬂz 183

a, | 0.0148 0.0019 0.0008

Player I 1 5 | 0.0035 | 00278 | 02222

o, | 0.0008 0.2222 0.1736

Figure 6.14 Greedy and Cooperative Scalar matrix of Example 6.2.1.3.2.

From Figure 6.14, the SISE’s combining greedy and cooperation are

(ay,B;)=(7,4) and (a5, B,) = (5,6).

6.2.2 SISE with weighted criteria
We create the second method of SISE by weighted the criteria. The SISE is

developed for I' as follows. Letu,(s) be the associated von Neumann - Morgenstern
(VNM) utility for playeri,i=1,...,n; and let u(s) = (u,(s),...,u,(s)). Denote 0< A <1.
Let T (u(s)) be the transformation

T (u(s)) = A(a SE value of u(s)) + (L— A)(another SE value of u(s)),
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for all seS. T(u(s))assigns a single real number in (0,1] for each payoff in the utility
matrix of n-person games. It should be noted that the well-known Hurwigz criterion
[38] is in effect an SISE.

Definition 6.2.2.1 The s* is an SISE if and only if the s* is the solution to the scalar

optimization problem ma}SxT(u(s)).

Example 6.2.2.2 Recall Example 5.1.2.2 and consider GSE and RISE at the same time.
Given A =0.5 calculate T (u(s)) = 0.5(GSE transformation value of u(s)) +

(1-0.5)(RISE transformation value of u(s)),

Player I1
ﬂl ﬂz 183

o, | 0.0959 0.2667 0.5139

Player 1 1 | 01875 | 0.1667 | 0.1875

o, | 0.5139 0.1833 0.1450

Figure 6.15 Simultaneous scalar matrix of Example 6.2.2.2 for A =0.5
From Figure 6.15, SISE are at(a,, 5,) = (2,1)and («,, B;) =(2,1).
Given A =0.7 calculate T (u(s)) =0.7(GSE transformation value of u(s)) +

(1-0.7)(RISE transformation value of u(s)). From Figure 6.16, SISE are at(c,, ;) =

(2,1)and (o, ;) = (2,1).

75



Player I1
B B B

a, | 0.0842 0.1733 0.3195

Player I | 01292 | 01667 | 0.2458

o, | 0.3195 0.2433 0.1870

Figure 6.16 Simultaneous scalar matrix of Example 6.2.2.2 for A =0.7.
Example 6.2.2.3 Recall Example 5.1.2.2 and consider GSE and CSE at the same time.
Given 4 =0.5 calculate T (u(s)) = 0.5(GSE transformation value of u(s)) +

(1-0.5)(CSE transformation value of u(s)),

Player Il
B B B

o, 0.1445 0.0444 0.0278

Player1 1 | 0.0625 | 0.667 | 0.5000

o, | 0.0278 0.5000 0.4722

Figure 6.17 Simultaneous scalar matrix of Example 6.2.2.3 for 1 =0.5.
From Figure 6.17, SISE are at(a,, 5,) = (5,6) and (et,, B,) = (7,4).
Given A =0.7 calculate T (u(s))=0.7(GSE transformation value of u(s)) +

(1-0.7)(CSE transformation value of u(s)). From Figure 6.18, SISE are at(a,,5,) =

(5,6)and (a,,B;) = (7,4).
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Player I1
ﬂl ﬂz 183

a, | 0.1134 0.0399 0.0277

Player 1 | 00542 | 01667 | 04333

o, | 0.0277 0.4333 0.3833

Figure 6.18 Simultaneous scalar matrix of Example 6.2.2.3 for 1 =0.7.
We summarize the SSE and SISE solution in the following table.

Table 6.1 The SSE and SISE solution with different criteria

Example Criteria Solution

6.1.2.1 SSE with Compromise and Risk (e, B5) with payoff (5,6)

6.1.2.2 SSE with Greedy and Cooperation (e, B5) with payoff (6,7)

6.1.2.3 SSE with Cooperation and Greedy (o4, B,) with payoff (8,6)

6.1.2.3 SSE with Greedy and Cooperation (a4, B,) with payoff (8,6)

6.2.1.2.2 | SISE’s combining greedy and risk (as, B,) (a,,B,),and
(ey, B5) with payoff (2,1),

(7,2), (2,1)
6.2.1.3.2 | SISE’s combining greedy and (a,,B;) and (a,, B,) with
cooperation payoff (7,4) and (5,6),

6.2.2.2 SISE with A = 0.5 of GSE and RISE | («,,f,) and («,, B;) with
payoff (2,1), (2,1)

6.2.2.2 SISE with 4 =0.7 of GSE and RISE | («,,f,)and («,, 8,) with
payoff (2,1) and (2,1)

6.2.2.3 SISE with A =0.5 of GSE and CSE | (., 8,)and («,, ;) with
payoff (5,6) and (7,8)

6.2.2.3 SISE with A =0.7 of GSE and CSE | (a,, 8,)and («,, ;) with
payoff (5,6) and (7,8)
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6.3 Priority Scalar Equilibria

Players are next prioritized as their ability to get their highest payoff. In other
words, players are given preference much as in sense practical situations. The priority is
not preemptive. It only influences the scalarization. We focus only on greediness for

this criterion.

6.3.1 Priority Scalar Equilibria for n-person games

The Priority Scalar Equilibrium (PSE) is developed for I" as follows. Letu,(s)
be the associated von Neumann - Morgenstern (VNM) utility for playeri,i =1,...,n; and
let u(s) = (u,(s),...,u,(s)). Let p, be the integer-valued priority rank for each player

I,i=1,...,n, where 1 denotes the highest priority. In particular denote M, = ma}sxui(s).

Now define T :u(S) —» R by

1 1 1
B T BTN O B VIR O B
' P1 ’ P, " Pn

s € S. T (u(s))assigns a single real number in (0,1] for each payoff in the utility matrix
of n-person games.
Definition 6.3.1.1 The s is a Priority Scalar Equilibrium (PSE) if and only if the s™ is

the solution to the scalar optimization problem ma}SxT(u(s)).
Se
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Note that we have used integer priorities above. In fact, we could have any
positive numbers as priorities. A higher priority is assigned by a lower positive number.
Therefore, some players could be given more favorable treatment for some reason by an

arbiter.

6.3.2 Priority Scalar Equilibria Examples

We now determine PSEs in following example games.
Example 6.3.2.1 Two-person 3 x 3 payoff matrix where Player 2 has greater priority
than Player 1.

Let p, =1, p, = 2. Calculate the M; = max u;(a, ) where u; (e, B)is the

aday,a,,a5}

BelB.Ba. B}

payoff value for player i, i =1, 2. So, we obtain M, =7, M, =6.

Player I]
B B> Bs

o | (34 2.2) @1)

Player 11 1 2.3) (7.1) (7.4)

o | @ (5.6) (6,5)

Figure 6.19 Payoff matrix of Example 6.3.2.1.

We calculate priority scalar values using the transformation

1 1 ..
= X forall 1,]=123.
T (u(s)) (Ml_ul(s)+1) (Mz_u2(3)+1) orall i, j=1,
P1 P>
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From Figure 6.20, we obtain that PSE is at (a5, ,) with payoff (5,6). This

solution is reasonable because Player 2 can get the highest payoff.

Player Il
ﬂl ﬂz 183

o, | 0.0513 0.0286 0.0238

Player1 1 | 0.0357 | 00370 | 0.0741

o, | 0.0238 0.1818 0.1000

Figure 6.20 Priority scalar matrix of Example 6.3.2.1.
Example 6.3.2.2 Recall Example 6.3.2.1. Assume now that Player 1 has greater priority
than Player 2.

Let p, =1 p, =2. Calculate the M; = max u;(a, ) where u. (a, f)is the

aelay,0p,a3}

Belfr. B B3}
payoff value for player i, i =1, 2. So, we obtain M, =7, M, = 6. We calculate priority

scalar values using the transformation

1 1 ..
= X forall 1,]=12,3.
T (u(s)) (Ml_ul(s)+1) (Mz_u2(3)+1) orall i, j=1,
P P,

In Figure 6.21, we obtain that PSE is at («,, 8,) with payoff (7,4). The result is

different from Example 6.3.2.1 because the priority rank has changed.
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Player I1
B B B

o, | 0.0400 0.0278 0.0256

Player 1 1, | 00303 | 01538 | 0.2000

o, | 0.0256 0.0833 0.1111

Figure 6.21 Priority scalar matrix of Example 6.3.2.2.
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CHAPTER 7

COALITION SCALAR EQUILIBRIA

Previous chapters have treated players individually. Here we consider given
coalitions of players. In general, coalitions can be formed for any n> 2. But effectively
in the n=2 case, we merely have cooperative behavior as in the DE. We limit
coalitions to the greedy criterion. Effectively each coalition wishes to maximize its total
payoff. After the game is played, each coalition divides its total payoff in any way it
chooses, perhaps using some other game-theoretic approach. In fact, there is a topic in

game theory known as fair division [39].

7.1 Coalition Scalar Equilibria for n-person games

The Coalition Scalar Equilibrium (COSE) is developed for I" as follows. Let

u,(s) be the associated von Neumann - Morgenstern (VNM) utility for player

ibi=1..,n;and let u(s)=(u,(s),....u,(s)). Let k be the number of coalitions. Let n,
k

be the number of players in coalition j, j =1,2,...,k;an =n. Let J; be the set of
j=1

players in coalitions j, j =1,2,....k.. Let u’(s) be the average value of players’ payoff
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2 Ui (s)

ied;

for each coalition j, j=12,...k, ul(s)= Let u™i(s) be the average

]

2M,

ied;

maximum value of players’ payoff for each coalition j, j =1,2,....k, u" (s) =

In particular denote M, = maxu; (s). Now define T :u(S) > R by

) () XX (e
uMi(s)—ut(s)+1" uM(s)—u?(s)+1" T “uM(s)-u*(s)+1

T(u(s)) =] ( ) |, for

alls € S.

T (u(s)) assigns a single real number in (0,1] for each payoff in the utility matrix of n-
person games.

Definition 7.1.1 The s” is an Coalition Scalar Equilibrium (COSE) if and only if the s*

is the solution to the scalar optimization problem ma}SxT(u(s)).
Se

7.2 Coalition Scalar Equilibria Examples

Example 7.2.1 Consider the four-person game with coalitions. Player 1 and 2 form the
first coalition, and Player 2 and 3 form the second coalition.

Let each player have two strategies. In particular let Player 1 have strategies

a,,a,, Player 2 have strategies S, B,, Player 3 have strategies y,,y,, Player 4 have

strategies ¢,,¢,. Suppose J, ={12} and J, ={3,4}. From Figure 7.1 we first obtain
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M,=8M,=6,M,=7,M,=9, and then u™(s)=7and u:(s)=8 from the

>,

ied;

formula u™i (s) = , ] =1,2.We finally calculate coalition scalar values using the

i

1 )% ( 1
uM(s)—ul(s)+1 uMz(s)—u?(s)+1

transformation T (u(s)) = {( )} , foralls e S.

Set of strategies Payoff Set of strategies Payoff
(o, Br. 71 91) (35,6,4) (a5, B 01) (8:4,7,3)
(o1, B1,71:9,) (8,3,57) (0ty, B 71,0,) (3,2,4,4)
(o, B 72, 91) (3,5,7,9) (&, BrV2: 1) (8,6,6,5)
(@1, 85,71, 01) (4,2,4,8) CARD (6,6,7.5)
(1, 81,721 92) (7,157) (ay, B2 71,9,) (4,3,4,3)
(@, By 71:0,) (3,5,6,9) (ay, By:72,91) (2,5,2,9)
(01, 8,.75,¢1) (6,2,4,7) (0, By 721 0,) (4,2,5,6)
(01, B5.72,9,) (34,22 (0, By ' 721 0,) (8,4,6,7)

Figure 7.1 Payoff matrix of Example 7.2.1.

Set of strategies Trans\,;‘;nlrun;atlon Set of strategies Trans\,;‘;nlrun;atlon
(o, Biy 71, 1) 0.0625 (&3, Bir 71, 0,) 0.1250
(2, Bi71.0,) 0.1333 (a3, B 71, 90,) 0.0364
(o), B, 72, 0,) 0.2500 (&, BrV2: 1) 0.2857
(a1, 8271, 91) 0.0667 (a3, By 71, 01) 0.1667
(2, Bi72:9,) 0.0833 (o0, B,,71,95) 0.0404
(a1, By 71:92) 0.1667 (a3, ,.72.0,) 0.0634
(@, B5.72:0) 0.0714 (a3, B1,72.9,) 0.0571
(ay, By 72:0,) 0.0317 (), By, V2:0,) 0.2000

Figure 7.2 Coalition scalar matrix of Example 7.2.1.
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These transformation values are shown in Figure 7.2, where we obtain that COSE is at
(et,, B1,7,,0,) with payoff (8,6,6,5) when Player 1 and 2 form the first coalition and
Player 2 and 3 form the second coalition.

Example 7.2.2 Recall Example 7.2.1 and Figure 7.1. Now let Player 1 and 4 form the

first coalition and Player 2 and 3 form the second coalition. Hence J, ={1,4} and

J, ={2,3}. From Figure 7.1 we first obtain M, =8 M, =6, M, =7, M, =9, and then

M
ied;

uM (s) =8.5and uM(s) = 6.5 from the formula u" (s) = . j =1,2. We finally
n.

]

calculate coalition scalar values using the transformation

1 1
T(u(s)) = {(u“"l 50 +1) x (uMz o) +1)} ,foralls eS.
Set of strategies Transformation Set of strategies Transformation
value value
(o1, B1, 71, 91) 0.0833 (o, B 71, 91) 0.1250
(2, Bi71.0,) 0.1429 (@3, B 71, 0,) 0.0370
(o1, 1,72, 1) 0.1905 (@3, Brr V21 P1) 0.2222
(o1, 8. 71, 01) 0.0635 (o, B, 71, 91) 0.2500
(01, 81,72, 9,) 0.0889 (o, B, 71, 9,) 0.0417
(a1, By 71:92) 0.1429 (o3, 85,72, 91) 0.0625
(o1, 8,75, ¢1) 0.0741 (&, Brr72.0,) 0.0556
(@1, 8,.72.0,) 0.0317 (&, 8,72, 9,) 0.2000

Figure 7.3 Coalition scalar matrix of Example 7.2.2.
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From Figure 7.3, we obtain that COSE is now (a,,p,,7,,¢,) With payoff
(6,6,7,5) when Player 1 and 4 form the first coalition, and Player 2 and 3 form the

second coalition.

Example 7.2.3 Recall Example 7.2.1 and Figure 7.1. Now let Player 1 form the first

coalition and Player 2, 3, and 4 form the second coalition. Hence J, ={1} and

J, ={2,3.4}. From Figure 7.1 we first obtain M, =8, M, =6, M, =7, M, =9, and

M,
ied;

then uM:(s)=8and u™:(s)=7.33 from the formula u™i(s)= Lj=12. We
n.
J

finally calculate coalition scalar values using the transformation

1 1
T(u(s)) = {(u“"l 50 +1) x (uMz o) +1)} ,foralls eS.
Set of strategies Transformation Set of strategies Transformation
value value
(ay, B 71 91) 0.0501 (ay, By, 71, 0,) 0.2730
(ay, Birv1, @) 0.3003 (@3, B 71,0,) 0.0334
(ay, B1,v2 1) 0.1253 (@5, B, 72:91) 0.3755
(o1, By 71,91) 0.0546 (0, B, 71, 91) 0.1431
(a1, B1:72.9,) 0.1251 (@5, B2:71,9,) 0.0400
(ay, By 71:0,) 0.1002 (cty, Byy¥0:0,) 0.0477
(ay, B2, 72, 1) 0.0834 (a3, B 72.9,) 0.0500
(ay, By 72:0,) 0.0295 (), By, V2:0,) 0.3755

Figure 7.4 Coalition scalar matrix of Example 7.2.3.
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From Figure 7.4, we obtain the COSE are (c,,f;,7,,¢,) with payoff (8,6,6,5)
and another COSE («,, ,,7,,¢,)with payoff (8,4,6,7) when Player 1 form the first
coalition and Player 2,3, and 4 form the second coalition.

Example 7.2.4 Recall Example 7.2.1 and Figure 7.1. Now let Player 1 form the first
coalition, Player 2 form the second coalition, and Player 3 and 4 form the third

coalition. Hence J, ={1}, J, ={2},and J, ={3,4}. From Figure 7.1 we first obtain

M,=8M,=6,M,=7,M,=9, and then u":(s)=8,u":(s)=6,and u":(s)=8

M
ied;

from the formula u" (s) = , 1 =1,2,3.We finally calculate coalition scalar values
n.
J

using the transformation

1 1 1
Te) = (uMl (s)—u*(s) +1)>< (uMZ (s)—u?(s) +1) * (uM3 (s)—u®(s) +1) forall
ses.
Set of strategies Transformation Set of strategies | | ansformation
value value

(ay, Bi, 71, 0,) 0.02083 (ay, BV 01) 0.08333
(ay, B, 71, 0,) 0.08333 (ay, By 71, @,) 0.00667
(ay, B Y2, 01) 0.08333 (ay, B2, ®,) 0.28571
(ay, By 71,01) 0.01333 (ay, Brr71:0,) 0.11111
(0511,311721@2) 0.02778 (a2”3217/11€02) 0.00909
(ay, By 71:0,) 0.05556 (@y, By V0 1) 0.02041
(@1, 55,75, ¢) 0.01905 (s Bor Vs ®,) 0.01143
(@1, 82172, 02) 0.00794 ()2 B Vs ®,) 0.13333

Figure 7.5 Coalition scalar matrix of Example 7.2.4.
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From Figure 7.5, we obtain the COSE («,,f,,7,,¢,) with payoff (8,6,6,5)
when Player 1 forms the first coalition, Player 2 form the second coalition, and Player 3
and 4 form the third coalition.
Example 7.2.5 Recall Example 7.2.1 and Figure 7.1. Now let Player 1 form the first
coalition, Player 2 and Player 3 form the second coalition, and Player 4 form the third

coalition. Hence J, ={1}, J, ={2,3},and J, ={4}. From Figure 7.1 we first obtain

M,=8M,=6M,=7,M,=9, and then u":(s)=8,u":(s)=6.5,and u™:(s)=9

2.M,

ied;

from the formula u™i (s) =

, 1 =1,2,3.We finally calculate coalition scalar values

using the transformation

L )x( L )% ( L )|, for all
uMi(s)—ut(s)+1" “uM:(s)—u’(s)+1 uM(s)-u’(s)+1

T(u(s)) =] (

seSs.

These transformation values are shown in Figure 7.6, we obtain the COSE
(et,, B,7,,0,) with payoff (8,6,6,5) and (a,,p,,7,,9,)with payoff (8,4,6,7)when
Player 1 forms the first coalition, Player 2 and Player 3 form the second coalition, and

Player 4 form the third coalition.
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Set of strategies Transformation Set of strategies Transformation
value value
(o, Biy 71, 1) 0.0139 (&3, Bir 71, 0,) 0.0714
(o1, B1, 71, 9,) 0.0952 (¢, Br71,0,) 0.0062
(o1, 1,72, 01) 0.1111 (. B 72, 0,) 0.1333
(o1, By 71,91) 0.0222 (@, By 71, 1) 0.0667
(a1, B1,72,9,) 0.0370 (&, By, 71, 0,) 0.0071
(a1, By 71,0) 0.0833 (@3, B5.72:0,) 0.0357
(21, B2 72.01) 0.0247 (&, Bir V21 0,) 0.0125
(ay, By 72:0,) 0.0046 (s, BryV0:0,) 0.1333

Figure 7.6 Coalition Scalar matrix of Example 7.2.5.
Example 7.2.6 Recall Example 7.2.1 and Figure 7.1. Now let Player 1 form the first

coalition, Player 2 form the second coalition, and Player 3 form the third coalition, and

Player 4 form the fourth coalition. Hence J, ={1}, J, ={2,}, J, ={3},and J, ={4}.

From Figure 7.1 we first obtain M, =8, M, =6, M, =7, M, =9, and then u":(s) =8,

M,
ied;

uM2(s)=6,uM(s)=7,and uM (s)=9 from the formula u™ (s)= i =1234.
n.
J

We finally calculate coalition scalar values using the transformation

e N P a—
uMi(s)—u'(s)+1° “uM(s)—u’(s)+1 uM(s)-u’(s)+1

T(u(s)) =] ( ) |, for all

seSs.
These transformation values are shown in Figure 7.7, we obtain the COSE

(et,, B1,7,,0,) with payoff (8,6,6,5) when Player 1 forms the first coalition, Player 2
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forms the second coalition, Player 3 forms the third coalition, and Player 4 form the

fourth coalition.

Set of strategies Trans\,;‘;nlrun;atlon Set of strategies Trans\,;‘;nlrun;auon
(Oél,,Bl, 711(01) 0.0069 (0521,31,711(01) 0.0476
(o), B, 71, 0,) 0.0278 (&, Brr71:9,) 0.0014
(Oél,,Bl,j/Z,(Dl) 0.0833 (0521,31,72,(01) 0.1000
(Oél,,BZ,j/l,(Dl) 0.0050 (0521,32,71,(01) 0.0667
(01, 81,72, 9,) 0.0093 (. By 71,0,) 0.0018
(a1, By, 71, 9,) 0.0417 (@3, B5.72:0,) 0.0120
(2, B5.72:9) 0.0056 (o0, B1,72,9,) 0.0033
(a1, 5172, 9,) 0.0012 (05, B5.72:9,) 0.0556

Figure 7.7 Coalition Scalar matrix of Example 7.2.6.

Note that the total sum of payoffs of COSE for J, ={12}, J, ={3,4} is the same as for
J,={8, J,={234}, for J,={8, J,={2}, J,={34}, for J,={8, J,={23},
J,={4}, and for J, ={1}, J, ={2}, J,={3}, J, ={4}. Moreover, the total sum of
payoffs of COSE for J, ={1,2}, J, ={3,4},for J, ={1}, J, ={2,34}, for J, ={1},
J, ={2}, J,={34} for J,={8, J,={23}, J,={4}, and for J, ={8}, J, ={2},
J,={3}, J, ={4} is greater than for J, ={14}, J,={23}. In addition, the

transformation value of COSE for J, ={1}, J, ={2,3,4}, has the highest value.
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CHAPTER 8

APPLICATION

In this chapter we present a real life situation where SEs provide solutions for

determining market strategies in the car industry.

8.1 Scenario

In this application, we consider three competitors Mercedes, BMW, and Audi,
each of which is trying to obtain the business from a finite number of customers. Each
competitor has a fixed advertising percentage of its total budget (40%, 80%, 100%) that
must be allocated among the potential customers. We assume here that a car company
will get more market share that a competitor when the company allocates a larger
advertising budget than the competitors, and the market share will be equal when all
companies allocate the same budget of advertising. In addition, the utility function is
market share values to Mercedes, BMW, and Audi that are shown in the Figure 8.1. We
use Scalar Equilibria to provide pure strategies solutions for determining the advertising

strategies for Mercedes, BMW, and Audi.
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8.2 Calculation of SE’s

Each company have three strategies. In particular let Mercedes (Player 1) have

strategies a,,a,,0,, BMW (Player 2) have strategies S,,3,,5,, and Audi (Player 3)

have strategies y,,7,,7,. We calculate the RM and DM that are shown in Figures 8.2 -

8.3 for comparison with SEs.

40% 80%
40% 80% 100% 40% 80% 100%
40% | (13,13,13) | (10,20,10) | (4,40,4) | (10,10,20) | (10,20,20) | (4,35,15)
80% | (20,10,10) | (20,20,10) | (15,35,4) | (20,10,20) | (14,14,14) | (10,25,10)
100% | (40,4,4) (35,15,4) (30,30,8) | (35,4,15) | (25,10,10) | (25,25,12)
100%
40% 80% 100%
40% (4,4,40) (4,15,35) (8,30,30)
80% | (15,4,35) (10,10,25) | (12,25,25)
100% | (30,8,30) (25,12,25) | (20,20,20)
Figure 8.1 Payoff matrix of three car brands in the car industry.
71 V2
ﬂl le ﬁS ﬁl le ﬁS
o, | (27,27,27) | (25,20,25) | (26,0,26) | (25,25,20) | (15,15,15) | (21,0,15)
o, | (20,25,25) | (15,15,15) | (15,0,21) | (15,15,15) | (11,11,11) | (15,0,15)
o; | (0,26,26) (0,15,21) (0,0,12) (0,21,15) | (0,15,15) | (0,10,8)
V3
By B, Bs
o, | (26,26,0) (27,15,0) (27,0,0)
o, | (15,21,0) (20,15,0) (20,0,0)
2F (0,12,0) (0,8,0) (0,0,0)

Figure 8.2 Regret matrix of three car brands in the car industry.
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2 75
B B, B, B B, B,
a | (0,0,0) (3,0,3) 9,09 | 330 | 300 | (955)
a, | (53,3) (5,03 | (1059 | 530 | (9,66 |(0,15,10)
o, | (0,9,9) (559 | (10,105) | (5,95 | (15,10,10) | (15,15,8)
Vs
B B, B,
a | (2690) | (2755 |(27,10,10)
a, | (1595 | (20,10,15) | (20,15,15)
a, | (10,5,10) | (15,8,15) | (20,20,10)

Figure 8.3 Disappointment matrix of three car brands in the car industry.

Note that the RE of Figure 8.2 dominates the DE of Figure 8.3. We next

calculate other SEs that are shown in following figures.

71 72
By B, B By B, B
a, | 0.0000456 | 0.0000496 | 0.0007305 | 0.0000496 | 0.0000731 | 0.0001733
a, | 0.0000496 | 0.0000731 | 0.0001733 | 0.0000731 | 0.0000508 | 0.0000650
a3 | 0.0007305 | 0.0001733 | 0.0002504 | 0.0001733 | 0.0000650 | 0.0001347
73
By B B
a; | 0.0007305 | 0.0001733 | 0.0002504
a, | 0.0001733 | 0.0000650 | 0.0001347
a3 | 0.0002504 | 0.0001347 | 0.0001080

Figure 8.4 Greedy scalar matrix of three car brands in the car industry.

Note that the GSEs of Figure 8.4 are only good for one car company.
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In Figure 8.5 the CSE yields cooperate DE as expected.

71 72
By B2 B By B2 B
a; | 0.0197422 | 0.0106410 | 0.0004146 | 0.0106410 | 0.0167216 | 0.0006120
a, | 0.0106410 | 0.0167216 | 0.0018952 | 0.0167216 | 0.0024678 | 0.0001185
a3 | 0.0004146 | 0.0018952 | 0.0119440 [ 0.0018952 | 0.0001185 | 0.0078179
73
By B, Bs
a, | 0.0030798 | 0.0018952 | 0.0119440
a, | 0.0018952 | 0.0001185 | 0.0021322
03 | 0.0119440 | 0.0021322 | 0.0000197

Figure 8.5 Cooperative scalar matrix of three car brands in the car industry.

(20,20,20). DE is (40%,40%,40%) with payoff (13,13,13). GSEs are (100%,40%,40%),

71 72
By B, B By B, B
a; | 0.0010000 | 0.0018553 | 0.0476190 | 0.0018553 | 0.0011806 | 0.0322581
a, | 0.0018553 | 0.0011806 | 0.0104167 | 0.0011806 | 0.0080000 | 0.1666667
a3 | 0.0476190 | 0.0104167 | 0.0016529 | 0.0104167 | 0.1666667 | 0.0025253
73
By B B
a; | 0.0064103 | 0.0104167 | 0.0016529
a, | 0.0104167 | 0.1666667 | 0.0092593
a3 | 0.0016529 | 0.0092593 | 1.0000000

Figure 8.6 Risk scalar matrix of three car brands in the car industry.

In Figure 8.6 the RSE is actually the RE with its stability enforcement.

In summary, from Figures 8.2-8.5, RE is (100%,100%,100%) with payoff
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with a payoff of (40,4,4), (4,4,40), and (4,40,4), respectively. The CSE is
(40%,40%,40%) with a payoff of (13,13,13). The RE is not a GSE. Thus, the RE is not
greedy in this case. Moreover, the DE is a CSE. From Figure 8.6, RSE is

(100%,100%,100%) with a payoff of (20,20,20). The RSE is same as RE.

71 72
By B B By B B
a, | 0.12500 0.04000 0.00826 0.04000 0.20000 0.00826
a, | 0.04000 0.20000 0.09091 0.20000 1.00000 0.04000
a3 | 0.00826 0.09091 0.14286 0.09091 0.04000 0.33333
73
By B, B
a; | 0.09091 0.09091 0.14286
a, | 0.09091 0.04000 0.33333

a3 | 0.14286 0.33333 1.00000

Figure 8.7 Aspiration scalar matrix of three car brands in car industry for
p, =14, p, =14, p, =14.

Now assume that all companies have an aspiration level of market share payoff,
suppose the target payoff of Mercedes is 14, the target payoff of BMW is 14, and the

target payoff of Audi is 14. Hence, p, =14, p, =14, p, =14. In this case, we find the
ASE for p,=14,p,=14,p,=14. From Figure 87 the ASEs for
p, =14,p, =14, p, =14 are (80%,80%,80%) and (100%,100%,100%) with payoff

(14,14,14) and (20,20,20), respectively. Thus the three companies should select

95



(80%,80%,80%) and (100%,100%,100%) strategies to achieved their market share
target payoff.

Next suppose the target payoff of Mercedes is 24, the target payoff of BMW is
10, and the target payoff of Audi is 10. Hence, Then, we calculate the ASE for
p, =24, p, =10, p, =10. From Figure 8.8, the ASEs for p, =24, p, =10, p, =10 are
(100%,80%,80%), (100%,100%,80%) and (100%,80%,100%) with payoff (25,12,12)
(25,12,25), and (25,12,25), respectively. Thus, the three companies should select these

strategies to achieved their market share target.

greater priority than Audi. Then, we calculate the priority scalar value matrix. From

Now assume that Mercedes has greater priority than BMW, and BMW has

p, =24,p, =10, p, =10.

71 72
By B, B By B, B
a,; | 0.08333 0.01333 0.00433 0.06667 0.06667 0.04762
a, | 0.20000 0.20000 0.00909 0.20000 0.09091 0.08333
a3 | 0.00826 0.09091 0.14286 0.09091 1.00000 1.00000
73
By B B
a, | 0.04762 0.04762 0.05882
a, | 0.00909 0.06667 0.07692
o3 | 0.14286 1.00000 0.20000

Figure 8.8 Aspiration scalar matrix of three car brands in the car industry for

Figure 8.9, we obtain that PSE is at are (100%,40%,40%) with payoff (40,4,4).
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71 72
By B B By B B
a, | 0.0000282 | 0.0000276 | 0.0000324 | 0.0000261 | 0.0000303 | 0.0000250
a, | 0.0000351 | 0.0000408 | 0.0000413 | 0.0000385 | 0.0000300 | 0.0000461
a3 | 0.0006464 | 0.0001254 | 0.0000912 [ 0.0001187 | 0.0000300 | 0.0000593
73
By B, B
a, | 0.0000319 | 0.0000275 | 0.0000376
a, | 0.0000336 | 0.0000274 | 0.0000370
a3 | 0.0000793 | 0.0000547 | 0.0000447

Figure 8.9 Priority scalar matrix of three car brands in the car industry when
Mercedes has greater priority than BMW and BMW has greater priority than Audi.
We next assume that Mercedes forms one coalition into itself, while BMW and
Audi form another coalition. We then calculate coalition scalar values in Figure 8.10. In
Figure 8.10, we obtain the COSE are (100%,40%,40%) with payoff (40,4,4).
In summary, our method may applied to the real world situation to find the
solution. We can use our SEs approach for finding solutions in pure strategies that

depend on the criteria considered.
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71 72
By B2 B By B2 B
a, | 0.00128 0.00124 0.00142 0.00124 0.00154 0.00169
a, | 0.00154 0.00183 0.00179 0.00183 0.00137 0.00137
a3 | 0.02703 0.00529 0.00413 0.00529 0.00202 0.00278
73
By B, Bs
a,; | 0.00142 0.00169 0.00275
a, | 0.00179 0.00137 0.00216
a3 | 0.00413 0.00278 0.00227

Figure 8.10 Coalition scalar matrix of three car brands in the car industry when
Mercedes form the first coalition, and BMW and Audi form the second coalition.
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CHAPTER 9

CONCLUSION

9.1 Summary

In the preceding chapters, a general scalarization approach for one-shot, n-
person games has been presented by defining the notion of a Scalar Equilibrium. New
scalar equilibria for existing solution concepts based on various notions of rationality
have been presented for finding pure strategy solutions. We showed that REs, DEs, and
JEs can be determined by defining Regret, Disappointment, and Joint Scalar Equilibria.
These scalar equilibria are useful for finding pure strategies when pure REs, DEs, and
JEs do not exist. Next, we presented the Maximin Scalarization Equilibria for the
standard maximin solution concept. Computational examples were presented for these
cases.

In addition, we proposed new Scalar Equilibria with various notions of
rationality. Aspiration Scalar Equilibria are developed for an aspiration criterion when a
player has a target payoff goal. Risk, Greedy and Cooperative Scalar Equilibrium were
developed for risk, greed, and cooperative criteria, respectively. On the other hand,
Sequential and Simultaneous Scalar Equilibria combine decision criteria. In a

Sequential Scalar Equilibrium we sequentially, in some chosen order, apply other
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scalarizations to SEs of the game until we find a unique one if possible. In a
Simultaneous Scalar Equilibrium we combine the criteria for various scalarizations into
one. Effectively the multiple criteria are applied simultaneously.

Two further Scalar Equilibria were then presented. In a Priority Scalar
Equilibrium, players are prioritized so that higher priority players get better payoffs
than lower priority players. A Coalition Scalar Equilibrium next considers fixed teams
of players seek team payoffs that are then divided among the players. Examples

illustrated the usage and theoretical aspects of all Scalar Equilibria defined here.

9.2 Future work

Future work will develop further theory for the SEs of this dissertation. Further
SEs will be developed for other notions of rationality, i.e., decision criteria.
Scalarizations should also be developed so that each player may pursue an individual
criterion possibly different from the other players’ criteria. Empirical experiments
should be presented to see how people accept the decision determined by Scalar
Equilibria. Finally a computer program should be developed for the Scalar Equilibria

so that SEs can be computed for games with large number of players.
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