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Abstract 

AN EXPLORATION AND EXPLOITATION PARETO APPROACH TO  

SURROGATE OPTIMIZATION 

 

 

John F Dickson, PhD 

 

The University of Texas at Arlington, 2014 

 

Supervising Professors: Victoria C. P. Chen and Jay M. Rosenberger 

The experiments or simulations conducted by computers can be a tedious task, 

requiring substantial computational time. To find a global solution using a computer 

experiments process, we usually need to perform many function evaluations of the 

computer model. This research focuses on developing an optimization method to find a 

globally optimal solution efficiently using surrogates. The surrogates represent the 

computer model or the system that reads the inputs and generates the output responses 

of interest, so that these surrogate models can be used in place of time-consuming 

simulations runs. In surrogate based optimization, we iteratively build a surrogate model 

(a.k.a, approximate model or a metamodel) and conduct an optimization step, adding 

points in each iteration only as needed. 

The proposed surrogate optimization method, Exploration and Exploitation 

Pareto Approach (EEPA), combines the notions of exploration and exploitation to seek 

the best solution with fewer function evaluations. Exploration is used to explore the points 

in an unexplored region. Exploration does not use the surrogate to look for new points. 

Four different exploration methods were used in this research, specifically maximin 

distance (Johnson, et. al., [43]), cosine  (Corley et.al. [20]), Sobol′ (Sobol’,  [89]) 



vi 
 

sequence and Monte Carlo method (Niederreiter [56]). Maximin looks for points that are 

at maximin distance from the existing points, cosine looks for the maximum angular 

distance between points, Sobol’ looks for points that are evenly spaced and Monte Carlo 

looks for points randomly in the input space.  

Exploitation is used to explore promising areas in the input space. Exploitation 

requires a surrogate or metamodel to be built in order to look for new points. Different 

surrogate or metamodel models, including multivariate adaptive regression splines, radial 

basis functions, and treed regression, are used in this study. The minimum response 

method (Regis and Shoemaker [61]; Regis and Shoemaker [62] is used as the 

exploitation method in this study. Response metric helps to look for points that possibly 

give better solution.  

Exploration and exploitation are combined in EEPA by obtaining a Pareto 

frontier. A Pareto frontier represents the non-dominating solutions given two or more 

solutions. The Pareto frontier is obtained by balancing the tradeoff between maximizing 

the exploration metric and minimizing the predicted response. . Points are then chosen 

from this Pareto frontier at which additional function evaluations using the computer 

model are executed.  

Various test functions were used to compare EEPA to pure exploitation and pure 

exploration methods. In addition, a green building test function is also considered. These 

test functions are of different dimensions and structure. The green building data is 

simulated from a computer model called eQUEST. The results showed that EEPA 

reached the best solution faster than pure exploration or exploitation methods. Also, 

among the exploration methods, the cosine method performed well. 
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Chapter 1  

Introduction 

1.1 Surrogate Optimization  

Surrogate models, or metamodels, are approximate models for black-box 

functions, which are built using sampled data. Surrogate optimization is an optimization 

technique that makes use of surrogate models to find an optimal solution. In surrogate 

optimization, once a surrogate model is built, an optimal solution is then found using 

optimization algorithms such as genetic algorithm (Davis, [19]). Surrogate optimization 

evolved as a successor of Design of Experiments (DOE), Response Surface 

Methodology (RSM), and Design and Analysis of Computer Experiments (DACE). DOE is 

the classical method to gather inputs for experiments, at which will the outputs 

(responses) are observed (Jeffers [39])). RSM is an optimization technique for physical 

experiments with an assumption that, though the response surface is not perfect 

quadratic polynomial in given dimensions, it provides good approximation (Box and 

Wilson [9]). When computer models are used for experiments, DACE is used. It involves 

organizing input points using DOE, obtaining the output from a computer model, and then 

finally analyzing the data by building a metamodel (Sacks et.al [67]). No optimization is 

involved in DACE. DACE is sometimes performed sequentially when computer 

experiments are time consuming. Surrogate optimization performs the optimization over 

the metamodel created by DACE. This research employs a unique approach for 

surrogate optimization. 

1.2 Research Motivation and Goal 

The applications in which computer experiments or simulations are used as an 

engineering decision making tool has grown. Computer experiments can be time 

consuming, which might delay a decision-making process because all possible scenarios 
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have to be simulated and studied. Statistical and optimization techniques can help by 

optimally selecting the simulations to be performed knowing the importance of the 

engineering application.  

The goal of this research is to develop a method by combining DACE and 

optimization to minimize the computer experiment runs to obtain the best solution.  

1.3 Framework 

Chapter 2 provides a literature review of surrogate optimization. Chapter 3 

introduces EEPA and provides a detailed discussion of exploitation and exploration 

approaches to surrogate optimization. The computational study performed to 

demonstrate the proposed methodology is discussed in chapter 4. The results of the 

computational study are discussed in chapter 5. A tree based optimization model is 

discussed in detail in chapter 6, and finally conclusions and future research are 

discussed in chapter 7. 
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Chapter 2  

Literature Review 

2.1 Surrogate Optimization 

Surrogate models used in different optimization frameworks in the past include 

response surface models, kriging models, radial basis functions, neural networks, and 

multivariate adaptive regression splines. This section previews some of the optimization 

frameworks developed on the surrogate models. 

A recent study by Müller and Shoemaker in 2014 [53] proposed ensemble 

metamodels in the surrogate optimization process. This study involves two process, 

selection of metamodel combination and selection of candidate points. The Dempster–

Shafer Theory [64] approach is used to combine metamodels and also provides weights 

for the metamodel used in the combination. The candidate points are selected using two 

criteria, distance and response surface with the help of a weighted score. A weight factor 

is assigned to these criteria for each of the candidate points. These weight factors are 

predefined and cycle through iteration until the best score is achieved. The candidate 

point is the one with the best weighted score.  

Regis and Shoemaker [62] proposed a metric stochastic response surface 

(MSRS) method of global optimization to optimize a black box function that used the 

same method to select candidate points as discussed in Muller and Shoemaker [53] but 

with one metamodel, radial basis function. Two approaches for MSRS were discussed 

such as global MSRS and local MSRS. These two approaches differ from each other in 

generation of random points and also in the selection of weights for the distance and 

response surface criterion. In the global MSRS the set of candidate points are randomly 

generated. The weight factor is allowed to cycle from high to low for each of the criterion 

in order to establish a balance. In the case of local MSRS, candidate points are 
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generated by adding random perturbations to the best solution and providing high weight 

to the distance criterion so as to find the candidate points close to the current best 

solution. Another method called multistart local MSRS was proposed, in which the 

algorithm restarts if it failed to produce better function value after certain iterations. The 

process restarts from the beginning by defining a new set of initial points. Regis and 

Shoemaker [61] proposed a method called constrained optimization using response 

surfaces in which the point selection is achieved by specifying constraints. They used 

radial basis functions as the metamodel and were limited to continuous functions. 

Another study by Regis and Shoemaker [63] proposed an algorithm in which they 

parallelized two different radial basis functions from other studies. The objective of this 

study was to identify multiple points for optimization. Regis and Shoemaker in 2013 

[64]proposed a multistart approach to surrogate optimization that searches for the local 

minimum of the objective function. The experimental studies were conducted only using 

radial basis functions, and it is unclear whether the method is metamodel sensitive.  

Booker et.al [8] developed a method to optimize some engineering design 

problems using approximation. This method generates a sequence of approximations for 

the objective function, which are then used as the surrogates for optimization. In 2000, 

Neelakantan and Pundarikanthan [55] studied the complex characteristics of a reservoir 

system using a simulation model. A neural network model is developed to simulate the 

operation of the reservoir system, which is then optimized using a nonlinear programming 

optimization model. A simulation model is developed in Azadivar and Tompkins [5] for 

qualitative decision variables in which simulation models are automatically generated for 

the given combination of decision policies (categorical variables). The response 

generated by the simulation model is also qualitative. The variables for each simulation 

are determined by an object-oriented selection process, and the best solution is obtained 



5 
 

using a genetic algorithm. Queipo et.al. in 2005 [59] developed a surrogate for high-

fidelity models that are computationally time consuming and expensive. The surrogates 

are constructed using data drawn from high-fidelity models and provide fast 

approximations. The application discussed is the design of liquid rocket injectors.  

Giunta, et. al. [29] developed a response surface modeling method to enable 

aircraft multidisciplinary design optimization. Giunta, et. al. [29] also compared two 

different approximation methods; quadratic polynomial models and kriging with one, five, 

and ten independent variables. Jones et.al. in 1998 [21] used kriging as the surrogate 

model to develop an efficient global optimization of expensive black box functions. This 

model is more applicable for nonlinear multimodal functions. Jin, et.al. [40] compared four 

different surrogate models, polynomial regression, multivariate adaptive regression 

splines, radial basis functions, and kriging. Performance of each model was evaluated 

based on accuracy, robustness, efficiency, transparency, and conceptual simplicity.  

Hosder et.al. in 2001 [66] implemented polynomial response surfaces for 

multidisciplinary optimization of aircraft with 30 decision variables. Jones [20] discussed 

seven different methods to represent a taxonomy of response surface based global 

optimization. A global optimization method based on a general response surface 

technique is introduced by Gutmann [32]. Bjorkman and Holmstorm [48] developed an 

improved radial basis function algorithm based on Gutmann (2001) with some 

extensions. They used metamodels based on kriging techniques in strategy based 

algorithms, which were developed by Emmerich et.al. [49]. Some issues that occur in 

surrogate based analysis and optimization were discussed in Queipo, et al. [59]. Wang 

and Shan in 2007 [27] presented a review of different metamodeling methods and their 

role in design optimization. A global optimization procedure, by combining multivariate 

adaptive regression splines and response surface methodology, was presented in Crino 
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and Brown 2007 [65]. Some information about surrogate modeling methods and their use 

in optimization strategies were discussed in Forrester and Keane [25]. 

Simpson et. al. [40] studied various metamodels for design and analysis of 

computer experiments (DACE) through statistical modeling and optimization. Different 

metamodels like kriging, radial basis functions, neural networks, and response surface 

were considered for the study. The main approach was to use all methods and to break 

down a complex problem, which helps to build a metamodel efficiently. Better search in 

the design space is also achieved through optimization. Leary et. al. [74] proposed a 

derivative based surrogate model for approximation and optimization of a computer 

model. Two different optimization techniques are used, direct optimization and expected 

improvement optimization. A metamodel was developed using kriging.  

Azadivar [4] discussed some issues on simulation optimization. Some of the 

issues studied were non-existence of analytical expression for objective functions, 

objective functions that are stochastic for a given deterministic simulation, computer 

models that are expensive to run, and how the design/modeling language is totally 

different for simulation and optimization. Carson and Maria [12] reviewed some methods 

employed for simulation optimization and some applications. Some of the simulation 

optimization methods discussed are gradient based search methods like finite 

differences, likelihood ratios, perturbation analysis, frequency domain methods, 

stochastic optimization, response surface methodology, heuristic methods like genetic 

algorithms, evolutionary strategies, simulated annealing, Tabu search, and Nelder and 

Mead’s simplex search. Finally some statistical methods are reviewed, like importance 

sampling methods, ranking selection, and multiple comparisons. 

Swisher et.al. in 2003 [76] compared two frequently used statistical methods, 

ranking and selection, and multiple comparison procedures for selecting the best design 
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through simulation optimization. Truong and Azadivar [79] proposed a hybrid optimization 

approach to optimize the supply chain configuration problem. Simulation, mixed integer 

programming, and genetic algorithms are used to create this hybrid model. The objective 

of the model is to increase the performance of the supply chain. A supply chain simulator 

is used to create the metamodel, which is then optimized. 

A sequential based kriging optimization, also called  efficient global optimization, 

is explained in Huang  et.al. [38]. This is widely used in circuit board manufacturing and 

other manufacturing applications. In this method, an initial metamodel is built, and kriging 

is used to predict the responses. Then a cross validation approach is used to check if the 

predicted responses are valid. The location of the new evaluation points are determined 

to check if there is any improvement in the metamodel, and the metamodel is updated 

accordingly with the new data points. Optimization of a Latin-hypercube design (LHD) 

using sequential sampling is discussed in Xiong et. al. [82]. An efficient quasi-random 

sequential sampling method is described in which the sequential sampling is formulated 

as an optimization problem. Maximin LHD is used to determine the design points.  

Williams et al. in 2000 [81] proposed a sequential design approach to find an 

optimal response by taking into account both the controllable variables and uncontrollable 

variables that affected the response function. The objective function depends only on the 

controllable variables. Weighted averages of responses are minimized over the values of 

environmental variables. A comparison of several regression models to determine an 

optimal design is explained in Atkinson and Fedorov [3]. Chernoff, [15] developed a 

procedure for sequential design of experiments. In his method, based on each selected 

observation, a decision is made whether to proceed with computer experiments. Several 

experimental techniques that maximize the information per unit are described. The study 

is motivated by testing a simple null hypothesis versus a simple alternative hypothesis for 
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a given computer experiment. Lei et. al. [47] compared three different sequential 

optimization methods, namely a sequential least squares method, a sequential kriging 

method, and a sequential linear Bayesian method. These techniques were implemented 

on the optimization design for an electromagnetic device. Design point improvisation is 

done by following a special technique called coarse optimization in a loop. Results 

showed that this updating method reduced the number of sample points significantly. 

Metamodels are created using kriging and linear Bayesian estimation.  

Improving the efficiency of DACE using a spatial correlation metamodel of 

computer based engineering analyses is discussed in Simpson et. al. [70]. Three different 

case studies were used to validate the metamodel. Gramacy and Lee [30] proposed a 

model that automatically explores the space while simultaneously fitting the response 

surface, using predictive uncertainty to guide subsequent experimental runs. A Bayesian 

treed Gaussian process is used as the surrogate model. An adaptive sequential design 

framework using a hybrid approach is developed that blends optimality from statistics and 

flexible strategies from active learning in which the learning algorithm has some control 

over the inputs. 

2.1.2 Exploration methods 

Exploration is a technique that identifies and explores the key regions in the input 

space that have not been explored in the past. It also helps to sample points near 

discontinuities to make sure they are discontinuous but not steep slopes (Crombecq et 

al., [17]). Exploration methods fill the input space more evenly compared to exploitation. It 

does not typically need the response to sample the points since the goal is to 

appropriately sample the input space.  

Provost et.al. in 1999 [58] described a progressive exploration sampling method. 

Two different progressive sampling methods are discussed, arithmetic and geometric. 
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The objective of using these methods is to arrive at convergence. The arithmetic 

sampling follows an arithmetic progression in which the difference between consecutive 

sample points is a constant: 

�� =  �� + �	 ∗ �∆� = {��, �� +  �∆, �� + 2�∆, … �� + ��∆}. 
The geometric sampling follows a geometric progression 

�� =  ���� = {��, ���, ����, … . . ����}, 
where � is the sampling schedule, and �� is the size of the sample. An optimal 

number of samples are obtained when convergence is detected in both the progressive 

sampling method. The convergence criteria in the study was based on model quality. 

Gehrke et.al. [28] proposed a tree-based method of sampling called Bootstrapped 

Optimistic Algorithm for Tree (BOAT) Construction. This method can handle both 

numerical and categorical types of data points. The split is based on a technique called 

coarse splitting.  

A hybrid sequential design method of integrating exploration and exploitation is 

discussed in Crombecq et. al. [17]. This method integrates both these techniques to 

determine an surrogate approximation for a simulation model. Two different criteria are 

defined for each technique. Exploration uses a Voronoi approximation, and exploitation 

uses a local linear approximation. The exploration part in the hybrid design is used to 

identify an area in the input space. The major goal of the exploitation in the hybrid design 

is to use the responses from old samples to guide the new data points to interesting 

areas in the input space. 

2.1.2.1 Orthogonal arrays 

Orthogonal arrays (Hedayat et.al. [36)] are fractional factorial designs with each 

factor having multiple levels, such that the full factorial of a subspace is fully represented. 

For example, a strength two orthogonal array has the full factorial for every two-
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dimensional subspace represented. The orthogonal arrays will reduce the input points 

considerably (Simpson et.al. [72]). The design is orthogonal if the cross-product for each 

pair of factors ��� and ��� of N input points is zero, given by: 

� ������
�

���
= 0 

2.1.2.2 Latin Hypercube Design 

The Latin Hypercube Design (LHD) was first used in McKay et al. [51] and was 

shown to be better than the random sampling (or Monte Carlo) method. LHD ensures that  

the range of each dimension is well-represented, but LHDs are not typically orthogonal. 

The range of each input is divided into equal intervals and one observation in each 

interval is obtained through random sampling. Mathematically it is represented as, 

��� =  !"� #�
$ %&�� − (��)*, 

where ���  is the sample point (	+, value of the -+,  variable), ! is a function of the input 

variables, � is the number of intervals, &�� is the element of an 	 ×  - matrix, and (�� is a 

sampled value of a uniform /0,11 random variable, which is independent of &. 

2.1.2.3 Sobol’ Sequence 

A Sobol’ sequence is a quasi-random low discrepancy sequence introduced by 

Sobol′ in 1967 [75].  Other low discrepancy sequences are a Faure sequence (Faure  

[37]), a Halton sequence (Halton [33]), and a Hammersley sequence (Hastie et.al., [35]). 

These sequences place points more uniformly than the Monte Carlo sampling method. 

Low discrepancy sampling is frequently applied in numerical integration (Niederreiter 

[56]). Kung in 2012 [46] proposed a new method of sampling that combines a mixed 

array design and the Sobol’ sequence, which makes it easier to handle both categorical 

and continuous variables simultaneously. 
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2.1.2.4 Maximin distance method 

Johnson, et. al. [42] proposed a method of sampling for computer experiments 

called the maximin distance sampling method. In this method the distance between the 

sample points in the existing set and the new set is determined. The winning candidate 

points �2� are the ones that maximize the minimum distance between the two sets. It is 

given by: 

2 ∈ arg  max9∈:;  min:∈:>  ‖� − @‖, 
where � ∈ �$ and @ ∈ �A 

2.1.3 Exploitation Method 

Exploitation is a technique of sequential design of experiments that looks for 

sample points in areas that are already identified as interesting, where the (potential) 

optima might be. We seek to learn more detail about the region by collecting more points. 

One method of exploitation is explained in Farhang‐Mehr and Azarm [24] in which a 

Bayesian metamodel approach is used to design the computer experiment in a 

sequential manner. This approach identifies irregularities in design areas by creating 

several metamodels using information previously gathered. Another novel method to 

select points for computer experiments is proposed in Kleijnen and Van [44]. This is an 

application-driven method since the input/output function is specific for a given 

simulation, deterministic or stochastic. In this method, a set of possible points is selected 

using a space-filling design, and the winning candidate is then decided by cross-

validation. These new points are added to the original set and then simulated, thereby 

using fewer points in the actual computer experiment. An adaptive sequential sampling 

methodology for a metamodel defined with Non Uniform Rational B-splines (NURBs) is 

proposed in Turner  et.al [80]. The initial sampling is done using a traditional factorial 
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design or Latin hypercube design. However, the sequential sampling is performed by an 

adaptive method in which the computer design itself is modified between the iterations. 

The metamodel used in this design is the hyper-dimensional performance model or 

HyPerModel. This method also employs various nonlinear optimization techniques to 

determine the new sample points. The method is demonstrated through five different 

applications that prove its efficacy. Jin et.al. [41] propose a sampling technique using 

sequential sampling to build a metamodel for optimization of complex systems that 

includes expensive computer experiments.  The sequential sampling is performed by two 

techniques, namely maximin scaled design approach and cross-validation. The maximin 

scaled approach is a modification of the traditional maximin distance method, except that 

a weight parameter is added to the equation. The weight parameter depends on the 

importance of the variable.  The weight equation is given by  

Max /min�C�DE , DF��1, 

where  C�J, 2� =  K∑ �,�J, −  2,���,��  , DE is the new set of points, DF is the initial 

set of points, �, is the weight parameter, J, is the point from new set and 2,  is the point 

from the initial set. The types of metamodeling used in this paper are a kriging and a 

radial basis functions. Two metamodels are used to generate different functions and 

perform a comparison study. Osio and Amon [57] propose an optimal sampling 

technique, in which a Bayesian procedure is applied to generate the surrogate model, 

which is sequentially updated by adding samples to improve accuracy. The samples are 

selected using a nonlinear programming technique that is solved using a generalized 

reduced gradient. This methodology is called sampling site optimization. 
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2.2.2.1 Adaptive sampling 

In adaptive sampling, more sample points are collected only on the variables that 

are of more interest, or variables that highly affect the response (Thompson and Collins, 

[77]; Thompson and Seber,[78]). This method is commonly used when the population of 

interest is rare or hard to reach. It also helps to explore hidden points. This method is 

commonly used in health care problems. A major drawback of this method is that a lot of 

areas might be left unexplored.  

2.2.2.2 Entropy  

Entropy was used as a measure of information available by Shannon [69]. Later, 

Currin et.al [18] modified Shannon’s work and used entropy to sample points in design of 

experiments more like D-optimality, where the covariance matrix is maximized while 

adding more points (Shannon [69]). Categorical variables cannot be sampled using this 

method. Entropy sampling is a method to maximize the information available in the 

sample set and hence the criterion to select the new points  is given by (Koehler and 

Owen [45]): 

max�|NO| ∗  |PQNO"�P|�, 

where NO is the correlation matrix of all the points (new, n plus existing sample 

points, m), P is the �� + R� vector of 1′T. 

2.2.2.3 MSE method sampling method 

Mean squared error (MSE) sampling is the method of selecting a new sample 

point � with the largest prediction error in the existing metamodel. The MSE criterion is 

given by: 

2 = max %T2���), 

where T� is the prediction error of the metamodel and 2 is the new point. 
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2.2.2.4 IMSE sampling method 

Sacks et.al. [67] proposed the integrated MSE (IMSE) method of sample 

selection. Let �$ be the set of existing sample points and �A be the set of new possible 

sample points, then the selected new set of sample points ��� consists of those that 

minimize the integrated mean square error. The criteria to select points using the IMSE 

method is given by: 

2 = min: U T����C�. 

2.2.2.5 Cross-validation 

Kleijnen and Van [44] used cross-validation for sampling data points in their 

research. In this method new points are obtained by predicting the output without 

executing the computer model at each new candidate point and obtaining the variance of 

the predicted output. This is performed by leaving out one point at a time and determining 

the prediction error on those left out points. No new sample points are needed in this 

method. This is given by: 

V��� =  K�
$ ∑ �@W"� ��� −  @W�����$��� , 

where � is the total number of points in the existing sample set, @W��� is the prediction of 

the responses of all n points and @W"� is the prediction of the responses after removing 

one point �� − 1�. 
2.3 Surrogate Modeling or Metamodeling Techniques 

The metamodels or the surrogate models are the approximate models that try to 

replicate the outputs of the simulation that are being studied. A good metamodel can be 

obtained when a reasonable number of sample points are selected using a sequential 

design process. Approximation models are often referred to as metamodels because they 

provide a “model of the model” (Kleijnen [43]). A metamodel can replace an 
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computationally expensive simulation and hence it is widely used in many engineering 

applications.  

Metamodeling techniques include Response Surface Methodology (Box and 

Draper [9]; Myers and Montgomery [54]), Artificial Neural Networks (ANN) (Smith [73]; 

Cheng and Titterington [14]), Kriging methods (Sacks, et al. [67]; Booker, et al. [8]]), 

Multivariate Adaptive Regression Splines (MARS) (Friedman [26]), Radial Basis 

Functions (Hardy [34]; Dyn, et al. [22]) Tree models and Treed regression (Alexander and 

Grimshaw [1]), TreeMARS (Sahu [68]), Polynomial Regression (Simpson et.al. [71]) and 

linear regression. 

Selection of a metamodel depends on several factors like the data sampling 

technique, nonlinearity of the model, dimensionality, model parameter settings, and 

variable types used in the design (Jin et.al. [40]). It is important to consider multiple 

criteria while selecting the metamodel. Plenty of research has studied metamodels in the 

past, of which a few of them are reviewed below. 

2.3.1 Polynomial Function 

In a polynomial function, the relationship between the decision variable and the 

response is modeled as an �+, order polynomial.  

A second order polynomial function is given by: 

@W =  X� +  ∑ X����� �� +  ∑ X������ ��� +  ∑ ∑ X���� ����. 

The noisy functions converge faster when using polynomial regression because of its 

smoothing capability (Jin et al.[40] ).This model can handle larger dimensional problems. 
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2.3.2 Kriging 

A kriging model (Sacks, et al. [67]; Booker, et al. [8]) is a technique to estimate 

points randomly in the unexplored region of the given samples. The deterministic output 

of the kriging process is usually treated stochastically. 

@W =  � X�
�

���
Y���� + Z���,  

where Z��� is stochastic process realization. A major disadvantage of the kriging model is 

that the fitting process is time consuming. 

2.3.3 Multivariate Adaptive Regression Splines 

MARS, proposed by Friedman [26], adaptively selects a set of basis functions for 

approximating the response function using a forward algorithm and a backward 

algorithm. MARS is written as a statistical linear model form: 

@W =  X� + ∑ X[\[�� ][���, 

where for each R =  1, … , ^, ][  is a basis function and X[ is its modelcoefficient. The 

basis function of the MARS model consists of a single or a product of truncated linear 

models. A single truncated function is given by 

�� − _�` = 

or 

 

�_ − ��` = 

 

where the functions �� − _�` and �_ − ��` are called as the reflected pair, and t is the knot 

of the basis function. The basis function is given by: 

� − _      � > _ 

0 otherwise 

_ − �      � < _ 

0 otherwise 
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][��� = cd��,[ %�e��,[� −  _�,[)f`

gh

���
 

where i[ is the number of factors in the R+, basis function, ��,[ = +/-1, �e��,[� is the 

J+, input variable corresponding to the �+, linear function in the R+,  basis function, and 

_�,[ is a knot location on each of the corresponding variables. The MARS function is 

validated using a generalized cross-validation (GCV) criterion that is given by: 

jk! %Yl\) =  mnN�^� =  
1o  ∑ d@� −  Yl\����f�����

p1 −  n�^�
o q�  

 

where n�^� is the complex cost function. MARS is not effective in modeling categorical 

decision variables (Jin et al., 2001). 

2.3.4 Radial basis functions 

Radial basis functions (Hardy [34]; Dyn, et al. [22]) are helpful for models 

needing multivariate data interpolation. Radial basis functions use linear combinations of 

radially symmetric functions like Gaussian, polyharmonic or multiquadric based on some 

distance metrics like Euclidean distance to approximate the response functions. The form 

of radial basis functions is given by: 

@W = ∑ ��‖� −  �r�‖A
��� , 

where @W, approximate function is given by the sum of & radial basis functions with 

different center �r� and a coefficient ��.Radial basis function is suitable for deterministic 

computer experiments. 

Jin et.al [40] did a comparison study between four different metamodels namely, 

polynomial regression, kriging, MARS, and radial basis functions.  
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2.3.5 Tree based Models 

2.3.5.1 Classification and Regression Tree (CART) Models 

Classification and regression trees were developed by Breiman, Freidman, 

Olshen and Stone (Brieman et al. [10]) to construct decision trees by recursively splitting 

the input variable space. When the output variable is binary, then the goal is 

classification, and classification trees are employed. When the output variable is 

numerical, then the goal is regression, and regression trees are employed. As a result of 

data splitting, hyper-rectangles are formed at each terminal node over which a simple 

model is built. Input variables can be both categorical and numerical.  

2.3.5.2 Treed regression 

Treed regression is a technique proposed by Alexander  and Grimshaw [1] that 

modifies the regression tree structure to fit linear regression models at the terminal 

nodes. The tree part of the model can handle categorical and numerical variables, 

whereas the terminal nodes regression models consist of only the numerical variables. 

2.3.5.3 TreeMARS 

Sahu [68] developed a new tree based model in which MARS is fit at the terminal 

nodes, instead of linear regression as in the case of Treed regression. MARS functions 

handle only the numerical variables, whereas the tree handles both the categorical and 

numerical variables. If the underlying function is complex, TreeMARS can yield a better 

approximate model than treed regression. 

2.4 Contribution  

In this dissertation, an approach for surrogate optimization is presented that 

combines exploration and exploitation in a process that seeks to find an optimum faster 

than the methods available in literature. Most of the surrogate-based optimization 
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methods available in literature focus on augmenting the surrogate optimization or the 

surrogate models and weight factors (Müller and Shoemaker [52]; Regis and Shoemaker 

[62] ). The proposed method combines the notions of exploration and exploitation without 

using a weight factor, which has not been previously studied. This method is not 

concerned about the type of metamodel used, but rather addresses how to search the 

input space for an optimum using both exploration and exploitation criteria. Most of the 

existing surrogate optimization methods (Regis and Shoemaker [62]) use multiple criteria 

to locate points, with a weight factor added to each criterion. Hence the limitation of these 

methods is to determine the weight factor before optimization or during optimization. The 

proposed method uses two different criteria to select points using a Pareto (Censor,1977 

[15]) approach without any weightage factor added to the criterion. 
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Chapter 3 

Exploration and Exploitation Pareto Approach (EEPA) 

In this research a unique approach called Exploration and Exploitation Pareto 

Approach (EEPA) is developed to combine the notions of exploration and exploitation in 

the optimization part of the surrogate optimization algorithm. Classic surrogate 

optimization is performed by starting with sampling points using a space filling design 

over the input space, collecting the response for each of the sample points typically using 

computer experiments, constructing a surrogate model, and then finally performing the 

optimization using the surrogates. Surrogate optimization methods discussed in Chapter 

2, focus more on metamodel selection, choosing points randomly to optimize the 

metamodel. In this research, the surrogate optimization is achieved by adding point(s) 

sequentially by simultaneously using exploration and exploitation techniques.  

3.1 Exploration and Exploitation Pareto Approach (EEPA) 

Exploration looks for point(s) in areas that have not been explored, whereas 

exploitation looks for point(s) in areas that have already been explored and found to be 

promising for optimal solution. EEPA combines both the ideas of exploration and 

exploitation in a novel approach for surrogate optimization. EEPA process uses two types 

of metrics, specifically, representation of the input space and the predicted response. The 

representation of the input space metric is the exploration part that ensures the new 

points sample unexplored areas. The predicted response metric is the exploitation part 

that identifies regions where the optimal solution seems promising. A detailed explanation 

of EEPA is given below, specifically using the maximin distance exploration metric (refer 

to Section 2.1.2.5) The computational study settings are explained in Chapter 4, and the 

results are discussed in Chapter 5. 
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Algorithm 3-1 EEPA Algorithm 

s is the initial set, t is the random data set 

For each � ∈ s , determine Y��� 

While � < i  

Construct a metamodel Yl using {��, Y���� | � ∈ s} 
For each � ∈ t, determine  Yl��� 

For each � ∈ t, determine C��� =  min:u ∈ F ||� − �u||  
Determine  ! = {� ∈ t |∄ �u  ∈ t,  Yw ��u� ≤   Yl��� and C��u� ≥  C���} 
Set !z = ∅; �′ = 1 

Determine !z = !z  ∪  {� }, �  ∈ arg min  } Yl��� ~� ∈ ! }  

While �′ < i′ and !z  ⊂ !  

For each � ∈ !, determine Cz��� = min:u ∈F ∪ �z‖� − �u ‖ 

Determine !z = !z  ∪  {� }, �  ∈ arg max  { C′��� |� ∈ ! ′ }  
�′ =  �′ +  1  

End while 

For each � ∈ !′ , determine Y��� 

s = s ∪  !z 

t =  t\{!’} 
End while  

3.3.1 Step 1 – Initialization 

EEPA is initialized by creating an initial data set s with 	 observations and - 
decision variables or factors. A random data set t is also generated referred to as “weak” 

points from which candidate points will be selected. The Sobol′ sequence is used to 
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sample points in s whereas Monte Carlo sampling method is used to sample points in t.  

The size of s is small whereas size of t is large.  

3.3.1.1 Handling Categorical Variables 

A challenging part of this technique is sampling categorical variables and 

discrete-numerical variables alongside continuous variables. In 2012, Kung  [46] used 

different sampling techniques to sample continuous variables and categorical variables 

separately, and then combined them. In this research all variables are sampled as 

continuous variables including the categorical variables. The categorical variables are 

scaled to continuous space with a range of [-1,1] using a uniform distribution. Once the 

categorical variables are converted to continuous variables, they are combined with the 

other continuous variables and sampled together using the Sobol’ sequence. They are 

scaled back to the categorical space using the rounding method from Martinez  [50] 

If the variable has two factor levels the sign on the sampled value will decide 

which factor level should be selected for the experimental run. Let � and � be the two 

factor levels of variable �. If the sampled value is positive, the variable takes the value �. 

If it is negative, then the variable takes the value �. 

if � ≥ 0, then �=factor level � 

if � < 0, then �= factor level � 

If the variable has more than two factor levels, a threshold value, � as given by 

Martinez [50 ] is used to decide which factor level of the categorical variable will be used 

for the experimental run. 

� = �
√$>�� − 1, 

where � is the number of levels. Only � − 1 levels are scaled to the continuous space in 

the Sobol’ sequence, leaving out one of the factor levels of the variable, usually the last 
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level. The maximum of the values corresponding to � − 1 levels of each variable is 

compared with the � value. If the maximum value is greater than �, then the factor level 

corresponding to the maximum value is selected for that experimental run. If � is greater 

than the maximum value, then the left out variable is selected for that experimental run. 

An example of a variable with 4 levels is shown below.  

In this example, ��  has four factor levels, namely �, �, � or C, and the left out 

factor level is C. Let ���, ��� and ��� be the values of factor levels �, � and �, respectively, 

in the continuous space. 

�� = �, �, � or C,  factor level "C" is left out 

After sampling in continuous space [-1,1] 

let  ��� < 0 

��� > 0 

��� < 0 

� = 0.2599 (using �=4 in � equation). 

Now, the max{���, ���, ��� } = ���. 

Comparing with �, if ���  > �, then the selected factor level = ���, else the 

selected level = ���. 

Thus, the categorical variables are sampled along with the continuous variables in the 

continuous space using Sobol’ sequence 

3.3.2 Step 2 – Computer Experiment 

Once the initial points are obtained in the initial training data set s, the next step 

is to run the input points on the computer model to obtain the responses. Computer 

models are black box functions since the function with which the outputs are generated is 

unknown. Computer experiments are the time consuming part of EEPA. 
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3.3.3 Step 3 – Metamodel 

The next step is to fit a metamodel to the data set s for further study. Several 

metamodels can be used, depending on the structure of the data, as discussed in 

Section 2.3. Three different metmaodels are used in this research, Multivariate Adaptive 

Regression Splines, Radial Basis Gaussian Function and Treed Regression.  

3.3.4 Step 4 – Pareto Frontier 

Once the metamodel is obtained, the next step is to determine the two criteria, 

namely, distance and the predicted response to determine the Pareto optimality. Pareto 

efficiency or Pareto optimality is the method of making one metric better without 

compromising other metrics, in other words trade-offs or non-dominance between two or 

more metrics. Since EEPA uses multiple criteria to select points, a Pareto method is 

preferred so that importance is given for both the metrics. Pareto method aims to identify 

the non-dominant solution given the two objectives.  

The distance metric is obtained by calculating Euclidean distance C between t 

and s. The predicted response metric is obtained by calculating the estimated output 

values for t using the metamodel obtained from s. The objective of the optimization is to 

select point(s) with minimum response and in unexplored regions that will eventually find 

the minimum solution. Thus the efficient frontier (set of candidate points) is obtained 

using the points from t by minimizing the predicted response �@ �� and maximizing the 

distance C. The non-dominance solutions are on the efficient or Pareto frontier ! given by 

the following equation. 

! = {� ∈ t |∄ �u ∈ t, @W���u� ≤  @W���� and C��u� ≥  C���} 
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3.3.5 Step 5 – Candidate points  

Once the efficient or Pareto frontier is determined, the next step is to find the 

winning candidate points from the efficient frontier to add to the initial set s. The points on 

the efficient frontier are our winning candidates, so we add them to our initial set, s. In 

some cases, depending on the type of metamodel we use, there could be lot of points on 

the efficient frontier that are close to each other. In this case, we conduct a search using 

exploration to find the points in unexplored regions. The maximin exploration technique is 

used for this search that maximizes the minimum distance between the points. The 

winning candidate points are evaluated on the computer experiment to obtain the 

responses. 

3.3.6 Step 6 – Check for stopping criteria 

Currently, the minimum response found after � evaluations is the best solution. 

The value of � is fixed at the beginning, but other stopping criteria could be developed. 

The number of evaluations also includes the points in the initial data set. The value of � is 

limited to a small number since it is necessary to reduce the number of function 

evaluations of the computer model. 

 3.3.7 Step 7 – Update the initial set 

If the stopping criteria are not met, the optimization proceeds by adding the 

winning candidate points to the initial set s and steps 3 to 6 are repeated.  
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Figure 3-1 EEPA  

3.2 Exploration 

Exploration is the process of exploring new points in regions of the input space 

that have not been explored. It uses only the input variables and not the computer model 

output to determine new points. The process is shown in Figure 3-2. In this research, 

pure exploration is performed using the methods  maximin distance, cosine, Monte Carlo 

search, and Sobol’ sequence. Let s be the initial data set in which the points are 

generated using the Sobol’ sequence and t be the data set that is randomly generated. 

The objective of the exploration is to select the best points using the above methods from 
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t and add them to s. The points are added iteratively as shown in the Figure 3-2 until the 

stopping criterion is met. The stopping criterion for exploration is same as that of EEPA, 

maximum number of (computer model) function evaluations.  

3.2.1 Maximin distance method  

The maximin distance method optimizes the surrogate model by finding points in 

the input space that are in unexplored regions. This could be achieved by calculating the 

Euclidean distance between vectors. As shown in Figure 3-2, when needed, new points 

are added by finding the Euclidean distance between every vector in set t and s. The 

winning candidate is the point that maximizes the minimum distance between the vectors. 

The process is iterative in which � points are added to s to see if the stopping criteria is 

met, if not, � more points are added, and the process continues until � evaluations have 

been performed.  
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Figure 3-2 Exploration Process 

Algorithm 3-2 Maximin distance search method 

s is the initial set, t is the random data set 

For each � ∈ s , determine Y��� 

While � < i  

for � ∈ t 

For each � ∈ t, determine C��� = min:u ∈F‖� − �u ‖ 

Determine ! = ! ∪  {�}, � ∈ arg max  { C��� |� ∈ t } 

� = � + 1  
For each � ∈ ! , determine Y��� 

s = s ∪  ! 
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t =  t\{!} 
End while 

3.1.2 Cosine method 

The cosine method is used to find new points in the input space that are in 

unexplored regions using the angular cosine distance between vectors. The winning 

candidate is the point that maximizes the minimum cosine distance between the vectors. 

The process is iterative in which � points are added to s in each iteration until the 

stopping criterion is met, as discussed in Section 3.1.  

Algorithm 3-3 Cosine method 

 s is the initial set, t is the random data set 

For each � ∈ s , determine Y��� 

While � < i  

for � ∈ t 

For each � ∈ t, determine C��� = min:u ∈F
:u .  : 

‖:u‖‖:‖ 

Determine ! = ! ∪  {�}, � ∈ arg max  { C��� |� ∈ t } 

� = � + 1  
For each � ∈ ! , determine Y��� 

s = s ∪  ! 

t =  t\{!} 
End While 

3.1.3 Monte Carlo Search method 

The random search method looks for new points randomly in the input space and 

adds them to the primary data set. In this method, � points are randomly selected from t 

and added to s. The stopping criterion is checked at the end of each iteration. 
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3.1.4 Sobol’ sequence method 

In the Sobol’ sequence method, R points are generated using the Sobol’ 

sequence. 1…R1 ∈ R points in the order in which they appear in the Sobol’ sequence 

are considered as s, while for exploration, � points are added to s in the sequence in the 

order they appear in R from the remaining R − R1 points. Note that R1 is same as s in 

all the other methods. The stopping criterion is checked at the end of each iteration. 

Algorithm 3-4 Sobol’ Sequence method 

^ is the Sobol′ set,  

s = 1 … R1 ∈ ^  

For each � ∈ s , determine Y��� 

While � < i do 

! = s ∪ s + 1 

For each � ∈ ! , determine Y��� 

 s = s ∪  ! 

� = � + 1  
End while  

3.3 Exploitation 

The exploitation method is another approach to surrogate-based optimization in 

which the points are chosen using actual or predicted responses. An exploitation metric 

can focus on finding at the optimum or seek to minimize the prediction error of the 

surrogate model. In the current study, the optimum is sought. it samples near the 

possible discontinuities and also verifies they are actually discontinuous rather than steep 

slopes [17].  
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3.2.1 Minimum response method 

A surrogate model is built on the initial set A, and the predicted responses are 

obtained for points on t. In the exploitation process, we add points to set A based on the 

predicted response. In this process, initially we add the lower corner point as the first 

point, so that we have the minimum point of the metamodel obtained. After adding the 

corner point, more point(s) are added that have minimal predicted response. The lower 

corner point is obtained from the sign of the coefficient of each variable in the surrogate 

model. For example, in the case of MARS model, if the sign for a coefficient is negative 

then we select the upper bound or if the sign is positive we select the lower bound for that 

variable, thereby we add the first point to s. The next step is to find candidates that have 

minimum responses in t and add them to s. The actual responses are then obtained 

using the computer model for the winning candidates. The process is repeated until the 

stopping criterion is met. The minimum solution in s is the known solution. 
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Figure 3-3 Exploitation Process 
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Chapter 4 

Computational Study 

EEPA was tested on various test functions and then compared to pure 

exploration and exploitation methods. Among the exploration methods, maximin, cosine, 

Monte Carlo sampling and the Sobol’ sequence method were used in this study. 

Minimum response is used as the exploitation method metric. The test functions used in 

this study have been used in various methods in the literature to test other surrogate-

based optimization methods (e.g., Muller and Shoemaker 53). All these test functions 

except the sphere  function are non-convex. Except for green building function all other 

function has one global minimum.  

4.1 Experimental Set-up 

4.1.1 Green building function 

In this research, a black-boxtest function is also used to test EEPA for which 

green building case study is considered. The data for the green building case study is 

obtained from a computer model called eQUEST [23]. eQUEST is a menu driven tool and 

so the simulation consumes a lot of time. The surrogate optimization using EEPA will 

search for best possible points to find the minimum solution  

4.1.1.2 Green building decision making framework 

The green building model is based on the multistage multi objective decision 

making framework for green building model developed by Kung [43]. The decision 

variables correspond to the building options, and the multiple responses considered in 

this study are the operational performance metrics of the building. The data collection 

part is performed by the computer model called eQUEST. 
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The decision making framework model has 46 different decision variables. 

Categorical variables are specified as binaries. The response measured is the annual 

source energy total in million British thermal units (Mbtu). The case study used is a single 

story 2500 square foot building. In addition to the 46 controllable decision variables, 68 

uncontrollable variables were also considered, which follow uniform distributions.  

The input points for the experimental runs in eQUEST were obtained using 

design of experiments (DOE) techniques. A unique hybrid model by combining mixed 

array and Sobol’ sequence was developed to combine the categorical and quantitative 

variable in a single run. 

Finally the approximate model (metamodel) for the multiple response green 

building models is developed using tree-based models that use seemingly unrelated 

regressions. Tree based models called Treed regression is used as the metamodel. 

4.1.1.3 Green Building Simulation Tools 

Building simulation tools [11] help analyze different aspects of the building. The 

software determines the performance of the building given the building options.  For 

example, the types of windows, the type of insulation material, and the thickness of 

concrete. Some of the software available includes eQUEST, ATHENA Impact Estimator 

for buildings (ATHENA) [2] and Building for Environmental and Economic Sustainability 

(BEES) [6]. 

The eQUEST tool, developed by James J. Hirsch & Associates, California for the 

Department of Energy (DOE), allows detailed analysis of building design technologies. 

Some of the performance metrics measured in eQUEST is life cycle cost, energy cost, 

utility cost, and HVAC utilization cost. The eQUEST tool combines a building creation 

wizard, an energy efficiency measure wizard, and a graphical results display module with 

a simulation engine to analyze the building design. The eQUEST tool is derived from an 
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advanced version of the DOE-2 building energy use simulation program. The options for 

each decision variable are specified in the software. The user can only select one of the 

options available under each of the decision variable. The eQUEST software has the 

ability to analyze an entire building and give a response subject to the entire effect of the 

building. There are 41 different wizards (screens) in the eQUEST software from which the 

user specifies the building information. Some of the information includes building 

orientation, landscape, windows, insulation, HVAC system, construction type, and roof 

type. Some of the information available in different wizards is related to each other. The 

simulation runs only if all of the information in the 41 wizards is provided. Once the 

simulation is done, the reports are specified in table format with all the response 

variables. This tool gives the design or construction engineer more detail about the 

building.  

ATHENA represents the performance of the building in terms of environmental 

impact. Users can select different building options and how those will affect the 

environment. ATHENA has also the capability of user defining decision variables and 

custom variables. ATHENA however does not consider the life cycle cost of the building.  

BEES represents the performance of the building in an economic and 

environmental impact score. BEES does not establish a balance between sustainability 

and energy efficiency and hence it is not commonly used. 

This research uses only eQUEST as the computer model. 

4.1.1.4 True function  

The true function is obtained from 200 data points using the treed regression 

model that will be used instead of the eQUEST computer model in this research to obtain 

the response in EEPA, exploitation and exploration methods. This is to simplify the 

surrogate optimization process and do more trials.  
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4.1.2 Levy’s Function 

Levy’s function is given by equation 4-1 

Y��� = T	����2�� +  ∑ �2� − 1��/1 + 10 T	����2� + 1�1 + �2� − 1�� /1 +�"����

sin��2�2��1,  (4-1)  

where, 2� =  1 +  :�"�
� , for all 	 = 1, … , C 

Number of dimensions used in Levy’s function is 20 and �� ∈ /−10, 101, for all 

	 = 1 … 20.  

 

 
 

Figure 4-1 Levy Function 

4.1.3 Rosenbrock Function 

The Rosenbrock function is generalized using equation (4-2) 

Y��� =  ∑ /100���`� −  ����� + ��� − 1���"���� 1  (4-2) 

Number of dimensions used in Rosenbrock function is 16 and �� ∈ /−6, 41, for all 

	 = 1 … 16 



37 
 

 
 

Figure 4-2 Rosenbrock Function 

4.1.4 Rastrigin Function 

Rastrigin function can generalized in equation 4-3 

Y��� = 10C +  ∑ /��� − 10 cos�2����1����  (4-3) 

Number of dimensions used for Rastrigin function is 30 and �� ∈ /−5.12, 5.121, for 

all 	 = 1 … 30. 

 

Figure 4-3 Rastrigin Function 
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4.1.5 Sphere Function 

The sphere function is given by the equation 4-4 

Y��� =  ∑ �������  (4-4) 

Sphere function is approximated using 27 dimensions and �� ∈ /−5, 51, for all 

	 = 1 … 27 

 

Figure 4-4 Sphere Function 

4.2 Metamodel 

Two different metamodels were used in this experimental study, Multivariate 

Adaptive Regression Splines (MARS) and Gaussian Radial Basis Functions (RBF), which 

are discussed in section 2.3.A metamodel is only used for EEPA and pure exploitation 

process.  
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Chapter 5 

Optimization of Green Building (GB) BasedTreed Regression Model  

5.1 Green Building (GB) BasedTreed Regression Model 

An optimization model was developed for the green building model (Kung [46]) using 

mixed integer linear programming. Three different responses were considered for the 

optimization, treed regression surrogate model for response 1, 2 and 3 are shown in 

Figures 5.1, 5.2 and 5.3. The variables are specified as categorical with several attributes 

or levels, discrete numerical or continuous. All 46 decision variables are shown in Table 

5-1 

Table 5-1 Decision Variables and Their Levels (Kung [46]) 

Variable Variable Factor levels Variable Type 

Ground Floor Construction 
(x1)  

2 inch Concrete 

4 inch Concrete 

6 inch Concrete 

8 inch Concrete 

Discrete- 
Numerical 

Ground Floor Interior 
Insulation (x2) 

1 inch Polystyrene 

1 1/2 inch Polystyrene 

2 inch Polystyrene 

3 inch Polystyrene 

Discrete- 
Numerical 

Ground Floor Cap (x3)  

1.25 inch Lightweight Concrete 

2 inch Lightweight Concrete 

3 inch Lightweight Concrete 

 4 inch Lightweight Concrete 

Discrete- 
Numerical 

Ground Floor 
Exterior/Cavity Insulation 

(x4) 

1 inch Polystyrene 

2 inch Polystyrene 

3 inch Polystyrene 

 4 inch Polystyrene 

Discrete- 
Numerical 

 

Exterior Wall Insulation (x5)  

1 inch Polystyrene 

1 1/2 inch Polystyrene 

2 inch Polystyrene 

 3 inch Polystyrene 

Discrete- 
Numerical 

Additional Wall Insulation 
(x6)  

R-3 Batt 

R-7 Batt 

R-11 Batt 

R-13 Batt 

Discrete- 
Numerical 
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%Window-North (x7) 

10% 

15% 

20% 

25% 

Discrete- 
Numerical 

%Window-South (x8)  

10% 

15% 

20% 

25% 

Discrete- 
Numerical 

%Window-East (x9)  

10% 

15% 

20% 

25% 

Discrete- 
Numerical 

%Window-West (x10)  

10% 

15% 

20% 

25% 

Discrete- 
Numerical 

Additional Roof Insulation 
(x11)  

R-7 Batt 

R-19 Batt 

R-30 Batt 

R-49 Batt 

Discrete- 
Numerical 

Ceiling Batt Insulation (x12)  

R-13 Batt 

R-19 Batt 

R-21 Batt 

R-30 Batt 

Discrete- 
Numerical 

Exterior Roof Insulation 
(x13) 

1 inch Polystyrene 

1 1/2 inch Polystyrene 

2 inch Polystyrene 

3 inch Polystyrene 

Discrete- 
Numerical 

Footprint X (x14) 

100 ft 

70.7 ft  

62.5 ft 

50 ft 

Discrete- 
Numerical 

Door Dimension-Width 
(x15) 

3 ft 

4 ft 

5 ft 

6 ft 

Discrete- 
Numerical 

Door-Frame Width (x16)  

2 inch 

2.3 inch 

2.7 inch 

3 inch 

Discrete- 
Numerical 

Design Max Occupant 
Density-Residential 

(General Living Space) 
(x17) 

Range: 575 to 675 (sqft/person) Continuous 

Table 5-1—Continued   
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Design Ventilation-
Residential (General Living 

Space) (x18) 
Range: 10 to 30 (CFM/person) Continuous 

Design Max Occupant 
Density-Residential 

(Bedroom) (x19) 
Range: 575 to 675 (sqft/person) Continuous 

Design Ventilation-
Residential (Bedroom) (x20) 

Range: 10 to 30 (CFM/person) Continuous 

Design Max Occupant 
Density- Residential 

(Garage) (x21) 
Range: 575 to 675 (sqft/person) Continuous 

Design Ventilation-
Residential (Garage) (x22) 

Range: 10 to 30 (CFM/person) Continuous 

Design Max Occupant 
Density- Dining Area (x23) 

Range: 5 to 105 (sqft/person) Continuous 

Design Ventilation-Dining 
Area (x24)  

Range: 10 to 30 (CFM/person) Continuous 

Design Max Occupant 
Density-Kitchen and Food 

Preparation (x25) 
Range: 250 to 350 (sqft/person) Continuous 

Design Ventilation-Kitchen 
and Food Preparation (x26) 

Range: 5 to 25 (CFM/person) Continuous 

Design Max Occupant 
Density-Corridor (x27) 

Range: 100 to 200 (sqft/person) Continuous 

Design Ventilation-Corridor 
(x28)  

Range: 5 to 25 (CFM/person) Continuous 

Design Max Occupant 
Density-Laundry (x29) 

Range: 100 to 200 (sqft/person) Continuous 

Design Ventilation-Laundry 
(x30)  

Range: 15 to 35 (CFM/person) Continuous 

Design Max Occupant 
Density-All Others (x31) 

Range: 100 to 200 (sqft/person) Continuous 

Design Ventilation-All 
Others (x32)  

Range: 5 to 25 (CFM/person) Continuous 

Wall Construction (x33)  

Wood Frame, 24, 16 inch o.c. 

(a) 

Wood Frame, 24, 24 inch o.c. 

(b) 

Discrete- 
Categorical 

Table 5-1—Continued   
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Windows-Glass Category 
(x34)  

Double Clear/Tint (a) 

Double Low-e (e2 = 0.1) (b) 

Discrete- 
Categorical 

Roof Construction (x35)  

Wood Advanced Frame, 24 inch 

o.c. (a) 

Wood Advanced Frame, >24 inch 

o.c. (b) 

Discrete- 
Categorical 

Exterior Wall Finishes (x36)  
Brick (a) 

Concrete (b) 

Discrete- 
Categorical 

Exterior Wall Color (x37)  
Light (a) 

Dark (b) 

Discrete- 
Categorical 

Interior Wall Insulation (x38)  
None (a) 

1 inch Polystyrene (b) 

Discrete- 
Categorical 

Exterior Roof Finish (x39)  
Concrete (a) 

Built-up Roof (b) 

Discrete- 
Categorical 

Exterior Roof Color (x40)  
Light (a) 

Dark (b) 

Discrete- 
Categorical 

Doors-Construction (x41) 
Double Clear/Tint (a) 

Double Low-e (e2 = 0.1) (b) 

Discrete- 
Categorical 

Pitched Roof (x42)  
Without Pitched Roof (a) 

With Pitched Roof (b) 

Discrete- 
Categorical 

Ceiling Interior Finishes 
(x43)  

Lay-In Acoustic Tile (a) 

Drywall Finish (b) 

Plaster Finish (c) 

Discrete- 
Categorical 

Windows-Glass Type (x44 ) 

Clear 1/8, 1/4 inch Air (a) 

Clear 1/8, 1/2 inch Air (b) 

Clear 1/4, 1/4 inch Air (c) 

Clear 1/4, 1/2 inch Air (d) 

Discrete- 
Categorical 

Orientation (x45)  

N/S Component (Face North) (a) 

N/S Component (Face South) (b) 

E/W Component (Face East) (c) 

E/W Component (Face West) (d) 

Discrete- 
Categorical 

Doors-Glass Type (x46)  

Clear 1/8, 1/4 inch Air (a) 

Clear 1/8, 1/2 inch Air (b) 

Clear 1/4, 1/4 inch Air (c) 

Clear 1/4, 1/2 inch Air (d) 

Discrete- 
Categorical 

 

The split on the tree can be due to categorical variables or quantitative variables 

as shown in the Figure 5-1, 5-2 and 5-3. The numerical value at the terminal node is the 

Table 5-1—Continued   
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average of all the responses for observations at that node. The functions Y, Yz, Y′′ at the 

terminal nodes represent the linear regression equations, which are functions of variable 

D�, with slope coefficient ��The tree is modeled such that each terminal node has at least 

35 observations. Response 1 has 8 terminal nodes, response 2 has 7 terminal nodes, 

and response 3 has 8 terminal nodes. The objective of the proposed model is to detect 

which is the optimum terminal node.  

 

 

Figure 5-1 Regression tree for response 1 
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Figure 5-2 Regression tree for response 2 

 

Figure 5-3 Regression tree for response 3 
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5.1.2 Mixed Integer Linear Programming Model 

The objective is a linear function, but the decision variables consist of a mix of 

real and integer numbers and hence mixed integer linear programming is used for the 

optimization. The Xpress optimization [31] suite is used to solve the optimization model. 

Xpress uses one of the four linear programming algorithms, namely primal algorithm, 

dual algorithm, barrier algorithm or network algorithm (Guéret et al. [31]). In the primal 

simplex algorithm, each inequality constraint in the linear programming formulation splits 

the solution space into two halves. Primal simplex looks for the optimal basis while 

maintaining feasibility. Dual simplex is the opposite for the simplex algorithm and tries to 

attain primal feasibility while maintaining optimality. In the barrier method, an optimal 

solution is reached by traversing through the interior of the feasible region (Guéret et al. 

[31]). In the network algorithm, an optimal solution is attained by traversing through the 

nodes and paths forming a tree that connects all the nodes, having to cycle. 

5.1.2.1 Multi-objective optimization model 

The multi-objective optimization model can be modeled in two ways. In the first 

method, all of the responses are considered in the objective function. Each objective 

function is given a weight, and the objective function is determined for different 

combinations of weight factors. Formulation is given by: 

Min � �� +  X �� +  � �� 

where �, X and � are the weight factors for response  ��, �� and  ��, respectively. 

The weight factors are varied to obtain a different combination of objective values, and 

thus the behavior of each objective or performance metric can be studied. 

In the second method of multi-objective optimization, only one of the three 

objectives is considered as the objective function, and the other two objectives are 
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considered as constraints. The second method is used in this research for optimization. 

The formulation is given as follows.   

Indices 

- = decision variable �1 … R� 

( = response variable �1, 2, or 3� 

_ = terminal node �1 … ���  

 

Input Data 

X��+   = linear regression coefficient of variable - for response ( on the terminal  

node _  

X��+  = intercept of the linear regression equation for response ( on the  

terminal node _  
���+ = lower bound for variable - for response ( on the terminal node _ 

���+ = upper bound for variable - for response ( on the terminal node _  
C� = upper bound for response ( 

Ω��̃ = the set of terminal node pairs from the trees representing response (  
and (̃ that conflict 

 

Decision Variables 

   

@�+   =  

���+  = value of decision variable - if terminal node _ for response ( is selected 

�� = value of decision variable -  

 

 
1, if terminal node _ for the response ( is selected 

0, otherwise 
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Objective: 

Minimize ∑  $�+�� ∑ X��+  ���+ + X��+@�+[���     

Subject to ���+  @�+  ≤  ���+  ≤  ���+  @�+ , ∀ ( = 1, … , t;    (1) 

∀ _ = 1 … ��;  ∀- = 1 … R 

∑  $¤+�� @�+ =  1, ∀ ( = 1, … , t         (2) 

∑  $+�� ���+   =   �� , ∀- = 1 … R; ∀( = 1, … , t     (3) 

∑  $�+�� ∑ X��+  ���+ + X��+@�+[��� ≤  C� , ∀ ( = 2, … , t; ∀ _ = 1 … ��  (4) 

@�+ + @�̃+¥ ≤ 1;  ∀�_, _̃� ∈ ¦��̃ , ∀( = 1, … , (̃ − 1, (̃ = 2, … , t   (5) 

 

Only the 32 continuous variables  appear in the objective function, and hence, 

the categorical variables are not included in the constraints. However, some splits on the 

tree for responses 1 and 3 are based on categorical variables. In order to avoid conflicts 

and to make sure consistent terminal nodes are selected for the same categorical 

variable, manual inspections for categorical variable conflicts are done and are specified 

as constraints in the model. In this case, responses 1 and 3 have the same tree, so if 

terminal node 1 is selected for response 1, then terminal node 1 must also be selected 

for response 3. Thus, the optimization model also considers the categorical variables 

while selecting the best terminal node. This is given by constraint (5). The terminal nodes 

for the three response variables must have consistent tree logic with respect to the 

categorical variables. The conflicts between the terminal nodes for each response are 

determined by inspection before solving the optimization model. 

In this formulation, the first response variable is minimized, while the other two 

are constrained. Specifically, the objective function corresponds to response 1, and 

constraint (4) limits response 2 and 3. The upper bound and the lower bound at each of 

the terminal nodes for each of the � variables are given by (1). The binary variable y¨© 
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takes the value 1 if the optimization selects _ as the optimum node for the response (. 

Constraint (2) ensures that only one terminal node is selected for each of the responses. 

Constraint (3) ensures that the decision variables are the same for each response tree. 

Constraint (5) addresses the categorical variables conflicts as explained above, between 

the trees that are identified in this case study.  
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Chapter 6 

Results 

6.1 Surrogate Optimization 

EEPA approach is shown here to be the fastest approach when compared to 

pure exploration or exploitation methods. A summary of results using different methods 

and test functions are given in Table 6.1. Table 6.1 shows the global minimum of each of 

the functions, iterations taken to reach the known minimum for each method, limited to 

1000 iterations. The ‘-‘ indicates that the known minimum was not reached after 1000 

iterations.  

As shown in Table 6-1, we see that EEPA finds the minimum in all cases, except 

for the Rastrigin function. Also EEPA with MARS finds the best solution faster, except for 

the Rosenbrock function. When EEPA with MARS failed to find the minimum solution, 

EEPA with RBF found the minimum quicker than other methods in the case of Rastrigin 

function. Also we see that exploration methods did not find the best solution, except in 

the case of the green building function. Exploitation managed to find the best solution for 

three functions but took quite long time compared to EEPA. For the green building 

function since the sampling method used is a mixed array because of discrete numeric 

and binary variables, the Sobol’ sequence is not applicable. 

Figures 6-1 to 6-5 shows how close each method came to the best solution.  



 

 

5
0

 

Table 6-1 Results Summary 

Function Dimension 
Global 

Minimum 

Minimum after 1000 iterations 

Maximin Cosine 
Monte 

Carlo 
Sobol’ Exploitation 

EEPA 

MARS RBF 

Levy 20 0 - - - - - 414 530 

Rastrigin 30 0 - - - - 731 - 92 

Rosenbrock 16 0 - - - - 139 283 31 

Sphere 27 0 - - - - - 340 - 

Green 
Building 

30 164 95 53 226 NA 731 45 45 
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Figure 6-1 Rastrigin function – Results 

 

Figure 6-2 Rosenbrock function- Results 
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Figure 6-3 Levy function – Results 

 

Figure 6-4 Sphere function – Results 
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Figure 6-5 Green Building function - Results 

 

It is also noted from these graphs that among the exploration methods, the 

cosine method performed well. The cosine method came closer to the best solution than 

other exploration methods like maximin, Monte Carlo and Sobol′. For example in the case 

of the Levy function (Figure 6-3) the cosine method came very close to the known 

minimum, although it took some time, whereas the maximin or Monte Carlo methods 

never found the known minimum. Figure 6-5 shows the results for the green building 

function. Since treed regression was used as the true function, the function had flat 

regions, and so the solutions were reached faster. Almost all the methods found the best 

solution, except for the Monte Carlo method. Hence, the speed depends on the function 

and its complexity. 
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It should be noted that the function also depends on the specified range of the 

input space. To test the sensitivity to the input range, EEPA was also tested for several 

different ranges for the Levy function, since the function is defined on (−∞, ∞�. Twenty 

different ranges were obtained using the Sobol′ sequence as given in Table 6-2. 

Table 6-2 Ranges for Levy Function 

Case 
Lower 
Bound 

Upper 
Bound 

1 -5 5.5 

2 -2.5 3.25 

3 -7.5 7.75 

4 -6.25 4.375 

5 -1.25 8.875 

6 -3.75 2.125 

7 -8.75 6.625 

8 -8.125 3.8125 

9 -3.125 8.3125 

10 -0.625 1.5625 

11 -5.625 6.0625 

12 -6.875 2.6875 

13 -1.875 7.1875 

14 -4.375 4.9375 

15 -9.375 9.4375 

16 -9.0625 5.21875 

17 -4.0625 9.71875 

18 -1.5625 2.96875 

19 -6.5625 7.46875 

20 -5.3125 1.84375 

21 -0.3125 6.34375 

 

The results are shown in Table 6-3. Comparisons were made between EEPA, 

pure exploration and pure exploitation methods. As seen from the table, EEPA found the 
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best solution faster on 15 occasions out of 21, of which EEPA with MARS found the 

solution 7 times, and EEPA with RBF found it 8 times. Overall, EEPA dominated the 

other methods. Also from Figures 6-6 to 6-26 we can see that both EEPA 

implementations reached the best solution in almost all the cases. The cosine method did 

well among the exploration methods by finding the solution fastest on three occasions. 

Also, from Figures 6-6 to 6-26, we can see that the cosine method came closer to the 

best solution in most of the cases, whereas other pure exploration methods did not. The 

pure exploitation method was also the fastest to find the solution on three occasions . In 

most of the cases, the total number of function evaluations for EEPA to reach the best 

solution was fewer than 300. Note that the horizontal axis in Figures 6-6 to 6-26 

correspond to each iteration of respective methods, in which 10 points and functions 

evaluations were added. 

 

Table 6-3 Results for multiple ranges – Levy function 

Method Number of times fastest 
solution found 

EEPA (Mars) 7 

EEPA (Rbf) 8 

Cosine 3 

Maximin - 

Sobol’ - 

Monte Carlo - 

Pure Exploitation 3 
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Figure 6-6 Range (-5, 5.5) 

 

Figure 6-7 Range (-2.5, 3.25) 
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Figure 6-8 Range (-7.5, 7.75) 

 

 

Figure 6-9 Range (-6.25, 4.375) 
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Figure 6-10 Range (-1.25, 8.875) 

 

 

Figure 6-11 Range (-3.75, 2.125) 
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Figure 6-12 Range (-8.75, 6.625) 

 

 

Figure 6-13 Range (-8.125, 3.8125) 
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Figure 6-14 Range (-3.125, 8.3125) 

 

 

Figure 6-15 Range (-0.625, 1.5625) 
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Figure 6-16 Range (-5.625, 6.0625) 

 

 

Figure 6-17 Range (-6.875, 2.6875) 
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Figure 6-18 Range (-1.875, 7.1875) 

 

 

Figure 6-19 Range (-4.375, 4.9375) 
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Figure 6-20 Range (-9.375, 9.4375) 

 

 

 Figure 6-21 Range (-9.0625, 5.21875) 
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Figure 6-22 Range (-4.0625, 9.71875) 

 

 

Figure 6-23 Range (-1.5625, 2.96875) 
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Figure 6-24 Range (-6.5625, 7.46875) 

 

 

Figure 6-25 Range (-5.3125, 1.84375) 
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Figure 6-26 Range (-0.3125, 6.34375) 

 

6.2 Optimization of Tree Based Model 

The optimization was conducted using Xpress optimization suite. All three 

objectives were optimized separately using the multi-response metamodel shown in 

Figure 5-1 to 5-3. The objective is to minimize all three responses, namely annual source 

total energy, HVAC energy usage and total utility cost.  

A unique optimal solution is found in terminal node 1 when the objective is to 

minimize annual source total energy. At this terminal node only 26 of the 32 continuous 

variables are significant with non-zero coefficients in the regression model. The values for 

the insignificant variables can be arbitrarily selected within their defined ranges. The 

minimum number of windows and minimum occupant density were selected while 

minimizing the annual source energy. In addition, the maximum amount of exterior 

insulation and the minimum amount of additional wall insulation were selected, which 

implies a balance is established between the insulations.  
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For HVAC energy (response 2), result showed that terminal node 7 is optimum in 

which 12 of the 32 continuous decision variables have non-zero coefficients in the 

regression model. The minimum HVAC energy is obtained by utilizing the minimum 

number of windows and the minimum amount of occupant density. In addition, the 

maximum amount of exterior floor insulation and exterior roof insulation are used.  

The results also showed that terminal node 3 includes a unique optimal solution 

for annual total utility cost. At this terminal node, 17 of the 32 decision variables were 

significant in the regression model. The maximum amount of floor insulation, windows 

and vents are selected by the optimization to minimize the annual total utility cost.  

The results are summarized in Table 6-3, which shows that for some variables 

the highest value is selected and for some variables the lowest value is selected within 

their ranges for each of the three responses. The insignificant variables are denoted 

using ‘*’ in the table. The significant categorical variables are obtained by traversing 

through the optimum terminal node, is also shown in Table 6-3. 

Table 6-4 Building decision variable and optimization results 

46 Input Variables Type Y1 Y2 Y3 

Construction (x1) Numerical Lowest * Highest 

Interior Insulation (x2) Numerical Highest Highest * 

Cap (x3) Numerical Lowest * Lowest 

Exterior Cavity Insulation (x4) Numerical Highest Highest Highest 

Exterior Wall Insulation (x5) Numerical Lowest * Highest 

Additional Wall Insulation  (x6) Numerical Highest * * 

%Window-North (x7) Numerical Lowest Lowest Highest 

%Window-South (x8) Numerical * * * 

%Window-East (x9) Numerical Lowest * * 

%Window-West (x10) Numerical * * * 

Additional Roof Insulation (x11) Numerical Lowest * * 

Ceiling Batt Insulation (x12) Numerical Highest * * 

Exterior Roof Insulation (x13) Numerical Highest * * 

Footprint X&Y (x14) Numerical Lowest Highest Highest 

Dimension-Width (x15) Numerical Lowest * Lowest 

Frame Width (x16) Numerical * Lowest * 

Design Max Occupant Density- Numerical Lowest Highest Highest 
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Residential (General Living Space) (x17) 

Design Ventilation-Residential (General 
Living Space) (x18) 

Numerical 
* * * 

Design Max Occupant Density-
Residential (Bedroom) (x19) 

Numerical 
Lowest * Highest 

Design Ventilation-Residential 
(Bedroom) (x20) 

Numerical 
Highest * * 

Design Max Occupant Density- 
Residential (Garage) (x21) 

Numerical 
Lowest * Highest 

Design Ventilation-Residential (Garage) 
(x22) 

Numerical 
* * * 

Design Max Occupant Density- Dining 
Area (x23) 

Numerical 
* * * 

Design Ventilation-Dining Area (x24)  Numerical Highest * Highest 

Design Max Occupant Density-Kitchen 
and Food Preparation (x25) 

Numerical 
* Lowest * 

Design Ventilation-Kitchen and Food 
Preparation (x26) 

Numerical 
Highest * Lowest 

Design Max Occupant Density-Corridor 
(x27) 

Numerical 
* * * 

Design Ventilation-Corridor (x28)  Numerical Highest Lowest Highest 
Design Max Occupant Density-Laundry 

(x29) 
Numerical 

Lowest * Lowest 

Design Ventilation-Laundry (x30)  Numerical Lowest Lowest Highest 

Design Max Occupant Density-All 
Others (x31) 

Numerical 
Lowest Lowest Highest 

Design Ventilation-All Others (x32)  Numerical Lowest * Highest 

Wall Construction (x33) Categorical * * * 

Windows-Glass Category (x34) Categorical * * * 

Roof Construction (x35) Categorical * * * 

Exterior Wall Finishes (x36) Categorical * * Brick 

Exterior Wall Color (x37) Categorical * * * 

Interior Wall Insulation (x38) Categorical None * 1-inch 

Exterior Roof Finish (x39) Categorical * * * 

Exterior Roof Color (x40) Categorical * * * 

Doors-Construction (x41) Categorical * * * 

Pitched Roof (x42) Categorical * * * 

Ceiling Interior Finishes (x43) Categorical * * * 

Windows-Glass Type (x44 ) Categorical * * * 

Orientation (x45) Categorical * * * 

Doors-Glass Type (x46) Categorical * * * 

Optimal Objective Value 
658 

Mbtu 
12 

Mbtu 
$11340 

.  

 

 

Table 6-4—Continued   
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Chapter 7 

Conclusions and Future Research 

The surrogate-based optimization using exploration and exploitation looks 

promising. EEPA is shown to be the overall best method to minimize the number of 

expensive, time consuming computer model runs. The EEPA method performs better 

than pure exploration and exploitation methods. Surrogate optimization is metamodel 

independent when EEPA is used. Though two different criteria are used to select the 

points, a Pareto frontier instead of weights to simplify and automate the process. In 

EEPA, maximin approach is used as the exploration metric and predicted response as 

the exploitation metric, but certainly other exploration metric like cosine and any other 

exploitation metric could also be used. 

The EEPA process, presented in Chapter 3 is shown to be efficient. It is also 

understood that the minimum depends on the existence of that point in the randomly 

generated set t, which could be a drawback for the current implementation of EEPA 

because the point’s existence is not guaranteed when points are generated randomly.  

Future research would be to develop a formal optimization routine to select 

points from the input space instead of defining a random data set. An optimal way of 

selecting points from the Pareto frontier can also be studied instead of using an 

exploration process. This study can be compared with other surrogate optimization 

studies performed using weight factors [53]. The study can also be extended to address 

the complete green building application, which was briefly described in Chapter 5, by 

incorporating all the categorical variables and multiple objectives. This study can also be 

extended to other applications where computer experiments are used. 
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