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Abstract 

TWO-STAGE STOCHASTIC PROGRAMMING FOR ADAPTIVE INTERDISCIPLINARY 

PAIN MANAGEMENT 

 

Na Wang, PhD 

 

The University of Texas at Arlington, 2015 

 

Supervising Professor: Jay Rosenberger 

Chronic pain is a global health problem. About 100 million adult Americans 

suffering from chronic pain, which costs $560 - $635 billion per year. The Eugene 

McDermott Center for Pain Management at the University of Texas Southwestern Medical 

Center at Dallas conducted a two-stage pain management program for patients who suffer 

from chronic pain. Data information such as patient’s parameter, past treatment, pain 

outcome at different evaluation point and so on has been collected by the McDermott 

Center. The University of Texas at Arlington is collaborating with the McDermott Center to 

find optimal treatment strategies for individual patients. 

A treatment strategy of the two-stage pain management program is the decision 

made at two different stages. For this two stage decision problem, it is formulated as a two-

stage stochastic programming (2SP) model. The two-stage stochastic model incorporates 

outcome and state transition (system prediction) models as a part of its constraints. These 

system prediction models have the non-convex mixed integer nonlinear property. This 

research proposes a linear approximation method to approximate the non-convex 

nonlinear constraints by piecewise linear functions. By discretizing the continuous random 

variables in the linear approximation 2SP , an equivalent MILP model is obtained, which is 

then solved very quickly by branch and bound algorithm in a mature.  
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An alternative approach to solve the original 2SP model is using the spatial branch 

and bound algorithm in a non-convex MINLP solver COUENNE to solve its equivalent 

deterministic model directly. However, this approach is computationally intensive. Within 

elapsed real time limit of 6 minutes that is considered as a reasonable waiting time for 

patients getting recommendations from the decision support system by the McDermott 

Center, COUENNE cannot find a solution for the MINLP problem.  

The policies generated by MILP models (MILP policies) and the policies generated 

by MINLP models (MINLP policies) are cross evaluated by two different evaluators, MILP 

evaluator and MINLP evaluator. The MILP evaluator shows that policies generated by 

MILP models could achieve the objectives better. However, MINLP evaluator could not 

evaluate the policies fairly because (1) the number of scenarios in the MINLP evaluator is 

not enough to simulate “real/true” situation and (2) the MINLP evaluator cannot find optimal 

solutions for most patients within elapsed time of 15 minutes.  
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Chapter 1  

Introduction 

1.1 Background 

Chronic pain is a major public health problem in United States. It’s reported that 

about 100 million adult Americans were affected by the chronic pain with an annual cost of 

$560 - $635 billion. (Committee on Advancing Pain Research, Care, and Education, 2011). 

Chronic pain not only causes a heavy economic burden to both individual patients and 

providers, but also significantly reduces quality of life. Rudy et al. （1988）, Schim and 

Stang (2004) show that patients with chronic pain often have poor quality of sleep, a 

diminished ability to accomplish domestic chores and pursue hobbies and leisure activity, 

etc., which further increase anxiety, depression, physical dysfunction, even social 

relationship problems, and so on. Conventional anti-nociceptive interventions for chronic 

pain such as  opioid medication and surgery may lack long-term benefits, and many 

patients do not achieve satisfactory relief with single-drug or even combination therapies 

(Bolay and Moskowitz, 2002; Gatchel et al., 2014). Because of inefficiencies of 

conventional pain treatment approaches, alternative approaches are being pursued 

vigorously. As pain research and clinical practice has been developed significantly in the 

past several decades, it was realized that pain is a multidimensional problem that involves 

sensory, emotional, and behavioral factors (Hardy, 1997; Serpell, 2011). Consequently, 

pain management, which uses an interdisciplinary approach to deal specifically with the 

management of chronic pain and help patients improve the quality of their life, is developing 

substantially (Main and Spanswick, 2000; “Pain management,” 2014). 

Treatment decisions are subjective judgments that depends on a physician’s 

knowledge and experience. As physicians need to consider more factors, the treatment 

decisions become more complex. In a practical interdisciplinary pain management 

environment, clinicians may need to take into account hundreds of variables, while the 

power of human decision making is limited. Miller (1956) points out that our short-term 
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memory can be simultaneously retained and therefore optimally be utilized only four to 

seven data constructs. Miller also points out that trying to use larger amounts of information 

at one time results in ineffective decision making. A sequential treatment, which requires 

adaptive changes in the duration, doses, or type of treatment over time depending on a 

patient’s ongoing response to past treatments, is needed in the treatment of chronic pain 

and other chronic disorders such as substance abuse and mental disorder as a result of 

individual response heterogeneity, reoccurrence of symptoms and more intensive or 

longer-term treatments may increase the possibility of intolerable side effects (Murphy et 

al., 2006; Pineau et al., 2007). A decision support system incorporated mathematical 

decision models, which provide insight into the nature of optimal decisions, can overcome 

aforementioned human beings’ limitations and help physicians make best adaptive 

treatment decisions (A. J. Schaefer et al., 2004; Morris, 2000). Using mathematical models 

for constructing evidence-based/data-driven adaptive treatment strategies for medical 

treatment is relatively new research area and has been studied in a number of area, such 

as cancer treatment,  psychiatric disorders and chronic pain, but not in the pain 

management (Lin et al., 2013; Pineau et al., 2007; Shortreed et al., 2011; Zhao et al., 

2009). Different from using reinforcement learning/dynamic programming approach to 

construct adaptive treatment strategy in previous research (Lin et al., 2013; Pineau et al., 

2007; Shortreed et al., 2011; Zhao et al., 2009), this research proposed a two-stage 

stochastic programming method to find optimal adaptive treatment strategies based upon 

the treatment procedure implemented in the Eugene McDermott Center for Pain 

Management at the University of Texas Southwestern Medical Center at Dallas (referred 

to as McDermott Center from here on).    

The McDermott Center conducts a two-stage pain management program for 

patients who are suffering from chronic pain. The procedure of the program is depicted in 

Figure 1-1. Prior to the treatment, an evaluation called as pre-treatment evaluation is taken 

for patient. Through pre-treatment evaluation, patient’s information, such as age, gender, 

pain duration, medical history, current pain outcome and so on, can be recorded at this 
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time. According to this information, stage-one treatment is determined for an individual 

patient. At the midpoint of the program, an evaluation is taken again to see the patient’s 

pain outcome after having stage one treatment. Based upon the result of the midpoint 

evaluation, stage-two treatment is prescribed. A final evaluation called as post evaluation, 

which is regarded as the completion of the program, is taken again for the patients. After 

completion of the program, pain management recommendations are given to the patient 

and an additional evaluation is conducted one year later. However, in this research, 

treatment recommendations and evaluations after post evaluation point are not considered 

because treatment for patients is regarded as finished at this point. 

 

Figure 1-1 Two-stage Interdisciplinary Pain Management Program (Lin, 2010) 

1.2 Research Methodology Overview/Contribution 

In order to formulate a mathematical model for determining adaptive treatment 

strategies, accurately modelling the relationships between the pain outcome at stage (time) 

t and a past treatment history is important. However, different from the situation of data 

from randomized experimental studies, data from observational studies as conducted in 

the McDermott Center, is not ideal data because of the complex relationship between the 

time-dependent treatments and related variables such as patient characteristics. 

Observational data in sequential treatment suffers from unmeasured confounding bias 

(Robins, 1999; Moodie et al., 2009; Little and Rubin, 2000). Research (Robins, 1986) has 

shown that traditional modeling approach, whether or not one further adjusts for the past 

history of time-dependent confounding covariates, may be biased when these covariates 

are themselves influenced by past treatments. In adaptive treatment, patient variables at 
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one stage are influenced by the treatments at the previous stage, and they themselves will 

influence the treatments at the following stage. Such mutual interactions will lead to bias in 

estimating the true effect of treatments on the outcomes. This problem is commonly 

referred to as endogeneity or time-dependent confounding in the literature (Robins, 

1999Moodie et al.; 2009; Little and Rubin, 2000). A new method known as inverse-

probability-of-treatment weighted (IPTW) estimators (e.g.(Robins, 1999; Robins et al., 

2000; Hernán et al., 2001; Bodnar et al., 2004; M. M. Joffe et al., 2004; Fewell et al., 2004; 

Garcia-Aymerich et al., 2008; Cole and M. A. Hernán, 2008; VanderWeele, 2009)) can be 

used to solve this problem. LeBoulluec (2013) employed the IPTW method to build the 

outcome and state transition model, in which the treatment effects is estimated by 

performing a weighted analysis in which each subject is assigned a weight equal to the 

inverse of the conditional probability of receiving his or her own treatment. This dissertation, 

incorporated with outcome and state transition models as constraints that have non-convex 

nonlinear properties, develops a mathematical model to find an optimal adaptive treatment 

strategy based on two-stage stochastic programming.  

The goal of this research is to find an optimal treatment strategy that could 

minimize a penalty of pain outcomes and treatment cost. For this kind of multi-stage 

decision problem with uncertainty, frequently used approaches are Stochastic Dynamic 

Programming (DP) and Multi-stage Stochastic Programming (SP). Lin (2010) employed a 

stochastic approximate dynamic programming (ADP) approach to look for optimal adaptive 

treatment strategies. In order to address the curse of dimensionality problem in DP,  an 

ADP solution algorithm in Lin (2010) used artificial neural networks (ANN) statistical 

modeling to build the relationship between the minimum value of future value function and 

the state space discretization point from a Latin Hypercube experimental design, to 

approximate the future value function at each stage t (t > 1). By solving backward from 

stage T to stage T-1, future value function at each stage was approximated. For problem 

with T stages, T-1 future value functions need to be approximated. After having all T-1 

future value functions approximations, forward re-optimization was employed by using the 
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future value function approximations to generate an optimal treatment regime for each 

patient. Beyond that, Lin (2010) employed the fmincon routine in the Matlab Optimization 

Toolbox to re-optimize the decision variables in each stage. Since fmincon is not a global 

optimization solver of the nonlinear mixed-integer programming problems, global 

optimization cannot be guaranteed in Lin (2010).  

Optimization algorithms integrate many pieces of information together and play a 

very important role in a decision support system. A typical optimization model has two 

parts: objective function and constraints. This research proposed a two-stage stochastic 

programming approach to model and solve the problem. The constraints of the two-stage 

stochastic model in this research include outcome and state transition (system prediction) 

models, treatment interaction restrictions and the limitation of medicine usage. Both 

LeBoulluec (2013) and Lin (2010) found that the best system prediction models for pain 

outcome among treatment variables and patient’s state variables are non-convex mixed-

integer nonlinear models with continuous distributed random variables, which result in a 

two-stage stochastic non-convex nonlinear constrained problems. The standard approach 

of solving the stochastic problem is approximating the continuous random variable by a 

finite discrete set, and then the equivalent deterministic non-convex mixed integer 

nonlinear (MINLP) problem is obtained. This dissertation proposes an approach to solve 

the two-stage stochastic programming problem as follows: approximate the non-convex 

nonlinear constraints by high-fidelity piece-wise linear functions, thus the non-convex 

MINLP problem is successfully converted into mixed integer linear programming (MILP) 

problem, and employ branch-and-bound algorithm in CPLEX solver to globally optimize the 

MILP problem. The alternative approach to solve the problem is using spatial branch-and-

bound algorithm in an MINLP solver, such as Baron(Tawarmalani and Sahinidis, 2002, 

2004a), Couenne (Belotti et al., 2009), GLoMIQO (Misener and Floudas, 2012, 2013) and 

LaGO (Nowak and Vigerske, 2008), to find the global optimization of the non-convex 

MINLP problem. This research has implemented the equivalent non-convex MINLP 

problem in the global optimization solver COUENNE and the computational results from 
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the non-convex MINLP problem are compared with the results from the approximated MILP 

problem. 

The remainder of this dissertation is organized as follows. Chapter 2 provides the 

literature review on adaptive treatment strategies for pain management and the 

approaches for modelling and solving multi-stage decision problems. Section 2.1 

discusses background on pain management and adaptive treatment strategy. Section 2.2 

focuses on reviewing approaches used for solving the multi-stage decision problems. 

Chapter 3 describes the two stage stochastic model formulation, and linear approximation 

to the quadratic terms. The model description is given in section 3.1. Approximating non-

convex quadratic functions by piecewise linear functions, the objective function, treatment 

interaction restrictions and the extensive form of the linear approximation model are 

introduced in section 3.2. Chapter 4 details the model implementation and computational 

results. Section 4.1 describes the system prediction models and also the significant 

predictors in the model. Section 4.2 studies on the parameters of the 2SP model. Section 

4.3 is the analysis of the treatment usage in the linear approximated 2SP model 

optimization results. Section 4.4 compares the final pain outcome of linear approximation 

2SP model and that of the observed dataset. Section 4.5 compares the computational 

results from solving the non-convex MINLP problem by COUENNE with the results from 

solving the approximated MILP problem by CPLEX. 
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Chapter 2  

Literature Review and Contribution 

As one of the body’s communication tools, the nature of pain has been the 

controversial subject since last century. Melzack and Wall  (1965) first proposed the gate 

control theory that states pain experiences should consider physical and psychological 

factors. However, until 1979 the International Association for the Study of Pain concluded 

a widely used comprehensive definition that includes both physical and psychological 

aspects. Pain thus is defined as “an unpleasant sensory and emotional experience 

associated with actual or potential tissue damage” (“Editorial The need of a taxonomy,” 

1979). Consequently, theories on pain have changed from single-cause to multi-cause 

explanations, and adjuvant therapies, which were originally designed for other 

medications, were introduced as an alternative to treat pain. Moreover, cognitive-

behavioral or non-pharmacological treatments are suggested when a medication cannot 

manage pain or provide a desired level of pain relief (Gatchel, 2005;  Gatchel and Okifuji, 

2006; Gould, 2007; Schatman et al., 2007; D’Arcy, 2007).  

During the past several decades, pain management programs, which focus on 

chronic pain, have been increased progressively and varied sophisticatedly from little more 

than modality clinics to interdisciplinary/multidisciplinary approaches (Hardy, 1997). The 

interdisciplinary/multidisciplinary approach itself requires a wide range of therapeutic 

interventions. Consequently, the narrow biomedical model of chronic pain focusing on 

disease has been replaced by the biopsychosocial model, which focuses on both disease 

and illness and requires consideration of biological, psychological, and social factors 

(Hardy, 1997; Turk and Monarch, 1996). With the explosion of research on chronic pain, 

significant advances have been achieved in understanding its etiology, assessment, and 

treatment (Gatchel et al., 2008). A long period treatment with options for altering or 

switching treatment is required for chronic pain as well as other chronic disorder such as 

substance abuse and mental disorders because of the large heterogeneity in response to 

any one treatment. Adaptive treatment strategies, which incorporate a sequence of rules, 
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individualize treatment via decision rules that recommend when and for whom the 

treatment should change (Susan A. Murphy et al., 2007a). Thus they are suitable strategies 

for providing chronic pain treatment. 

2.1 Overview of Pain and Its Impacts 

Pain can be classified into several types according to different criteria, such as 

parts of the body, duration, causative agent, and so on. According to the part of body where 

the pain occurs, it can be classified into neck pain, headache pain, and so on. According 

to the duration of the pain, it can be classified into two types: chronic pain and acute pain. 

Pain also can be classified into nerve damage and neuropathic by the kind of damage that 

cause it. Those different classifications often are overlapping; for example, much 

neuropathic pain is chronic pain as well. The duration of the pain criteria is commonly used 

in pain management. Acute pain is due to injuries of the body and persists for a short period 

of time until injuries are healed. The treatment for acute pain is relatively easy, which treats 

the injured portion of the body and gives analgesia. When injuries are recovered, acute 

pain will disappear. Chronic pain is loosely defined as prolonged and persistent pain of at 

least 3 months in duration. It can be caused by injury (eg., trauma or surgery) or a number 

of other conditions. Since it has a long duration, it commonly needs a sequence of 

treatment, in which the dosage and option for treatment type might be adjusted over time 

according to the patient’s ongoing response. Pain management programs mainly focus on 

attacking chronic pain problems.  

Chronic pain is a pervasive medical problem. It affects over 100 million American 

adults, and the conservative estimated costs in medical treatment and lost productivity 

caused by pain is $560~$635 billion each year (Committee on Advancing Pain Research, 

Care, and Education, 2011). In addition to that, individuals with chronic pain also suffer 

from a significantly reduced quality of life (QOL). Assessment, which used the Medical 

Outcome Study-Short Form (SF-36), in 150 individuals with chronic noncancer-related pain 

indicated that 42% had poor quality of sleep, general health, mental health, physical 

functioning, role-emotional, role-physical, social functioning, and vitality as well (Becker et 
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al., 1997). Results from a survey showed that 36% of patients with chronic pain 

experienced an overall reduced ability to function (Glajchen, 2001). As chronic pain 

becomes a prevalent problem, an explosion of research on chronic pain has recently been 

done. Thus significant advances in better understanding pain, which includes 

understanding its cause, outcome measurement and treatment, are achieved. Pain 

outcome measurement is described in Section 2.1.1. Treatment options are presented in 

Section 2.1.2.  

2.1.1 Outcome Measurements 

Accurately assessing patent’s pain outcome is very important to provide effective 

pain management. A variety of assessment tools exist for measuring the pain outcome, 

which include single dimensional/one dimensional or multidimensional measurements. 

One dimensional pain scales measure only one dimension of the pain experience such as 

pain intensity and commonly used for measuring acute pain. However, one dimensional 

measurements oversimplify the pain experience and cannot detect motivational-affective 

dimensions of pain (D’Arcy, 2007; Raj, 2003; Turk and Melzack, 2010). Consequently, 

multi-dimensional pain assessment tools are developed. There are 6 dimensions in 

multidimensional measurements – sensory, affective, cognitive, physiologic, behavioral 

and sociocultural (McGuire, 1992). The first three were introduced by (Melzack and Wall, 

2004, 1965); the last three were proposed by Ahles et al. (1983) and McGuire (1987). In 

the multidimensional measurements, the brief pain inventory (BPI) and short form McGill 

pain questionnaire (SFMPQ) are most often used. Most but not all one-dimensional and 

multi-dimensional measurements of pain outcome are listed in Table 2-1, which combines 

the methods concluded in  Lin (2010) and Wood (2008). 

Table 2-1 Pain Outcome Measurement Tools 

One dimensional 
measurement tools 

 Visual analogue scales 

 Verbal rating scales 

 Verbal descriptor scales 

 Body diagrams 

 Graphics rating scales 

 Computer graphic scales 
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 Numerical rating scales 

 Picture scales 

 Color scales  

 11-point box scale 

 101-pint numerical rating scale  

 4-point and 5-point verbal rating scale  

 Self-Monitored Pain Intensity 

Multidimensional pain 
measurement tools 

 

 McGill pain questionnaire (short and long form) 

 Brief pain inventory (short and long form) 

 Behavioral pain scales 

 Chronic pain experience instrument 

 Pain/comfort journal 

 Multidimensional pain inventory 

 Pain information and beliefs questionnaire 

 Pain and impairment relationship scale 

 Pain cognition questionnaire 

 Pain beliefs and perceptions inventory 

 Pain assessment tool and flow sheet 

 Coping strategies questionnaire 

 Pain disability index 

 Oswestry disability questionnaire  

 Hospital anxiety and depression questionnaire 

 Neuropathic signs and symptoms 

 Cognitively impaired/dementia pain scales 

 Neck disability index 

  Dallas pain questionnaire 

 West Haven-Yale multidimensional pain inventory 

 Descriptor differential scale 

 Wisconsin brief pain questionnaire 

 Sickness impact profile 

 Abu-Saad pediatric pain assessment 

 Memorial pain assessment card 

 
2.1.2 Treatment Options 

With better understanding of basic mechanisms for processing pain during the past 

decade, theories on pain have changed from single-cause to multi-cause explanations. As 

a result, adjuvant therapies, originally designed for other medical conditions, have been 

employed for treating pain instead of using analgesics alone. However, non-

pharmacological treatments and cognitive techniques are used as well when a medication 

cannot manage pain or provide a desired level of pain relief. The options of pain treatment 

are listed in Table 2-2 concluded by Lin (2010). 

 

 

Table 2.1—Continued       
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Table 2-2 Treatment Options 

Pharmacological 
therapies 

Analgesics 

 Non-opioid – Nonsteroidal anti-inflammatory 
drugs (NSAIDs) (e.g., acetaminophen, 
aspirin, ibuprofen); Paracetamol; 
Corticosteroids (e.g., dexamethasone) 

 Weak opioid (e.g., codeine, hydrocodone, 
dihydrocodeine, propoxyphene, tramado) 

 Strong opiod (e.g., fentanyl, hydromorphone, 
levorphanol, methadone, morphine, 
oxycodone, pentazocine, buprenorphine) 

Adjuvant 
Therapies 

 Alcohol 

 Anticonvulsants (e.g., cabamazepine, 
diazepam, phenytoin, valproic acid) 

 Antidepressants (e.g., amitriptyline, 
imipramine, trazadone) 

 Anxiolytics 

 Coricosteroids 

 Muscle Relaxers (e.g., soma, flexeril, norflex) 

 Neuroleptics (e.g., chlorpromazine, 
levomepromazine or methotrimeprazine) 

 Benzodiazepines ( e.g., sedatives: valium, 
ativan, versed) 

 Local Anesthetics (e.g., local, topical, 
systemic) 

 Eutectic Mixture of Local Anesthetics (EMLA) 

 Lidoderm Patch 

 Subcutaneous Continuous Infusion 

Non-
pharmacological 

Adjuvant 
Therapies 

 Physical relaxation strategies (e.g., 
acupuncture / acupressure, chiropractic, cold 
or heat therapy, massage, therapeutic touch) 

 Psychological strategies (e.g., autogenic 
training, cognitive therapy, hypnosis, 
individual psychotherapy, meditation, music 
or art therapy, progressive muscle relaxation, 
support groups, visualization or imagery) 

 Medical interventions (e.g. anaesthetic 
blocks, radiotherapy / radiation, surgery, 
transcutaneous electrical nerve stimulation) 

 

2.2 Interdisciplinary Pain Management Program 

A traditional medical model, primarily a disease model, was used as the early 

explanation of pain. The medical-model-trained staff examines the pain depend largely on 

which part of the body the pain occurs in, and consideration is generally centered on the 

area of the body in which the pain appeared. Banks and MacKrodt (2006) used an analogy 

to help people understanding the medical model approach: imagine an elephant, each 

specialist physician has a particular part of the elephant that they are considering. If the 
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physician is a tail specialist, he/she is unlikely to consider the trunk. Similarly, an ear 

specialist is unlikely consider the stomach. And so forth. In fact, they might not even 

recognize that they are dealing with a whole fully functioning elephant. The problem of this 

approach is that the view may be too selective and miss other things that are contributing 

to the problem if not considering the elephant as a whole. The specificity theory (Müller, 

1842) and pattern theory proposed by Goldscheider in 1894 considered pain purely as a 

physiological sensory response as well. Until 1965, Melzack and Wall first proposed the 

gate control theory that states pain experiences should consider both physical and 

psychological factors. Ineffective pain control will result in psychological trauma, increasing 

emotional distress and creating a whole range of secondary debilitating problems, such as 

increased levels of anxiety and depression, fear of disability and societal stigmatization. It 

is reported that anger, frustration, helplessness, hopelessness and inadequacy are 

commonly associated with chronic pain. All that above situations are the evidence that 

chronic pain should be considered from the multi-factor view. As a result, a biopsychosocial 

model was proposed. As increasing in scientific exploration and explanation, the 

biopsychosocial model have become more sophisticated and as the best presentation of 

how to approach the problems associated with chronic pain. Moreover, the biopsychosocial 

model, which serves as the basis of multidisciplinary and interdisciplinary pain 

management, is now used widely (Gatchel, 2005; Gatchel et al., 2007; Gould, 2007; Main 

and Spanswick, 2000; Schatman et al., 2007).  

As the complexity of pain has been more fully appreciated, demands for more 

comprehensive approaches that incorporate the knowledge and skills of a number of health 

care providers have been growing. Perhaps the greatest impetus for the movement toward 

interdisciplinary management of patients with pain can be traced to the efforts of John J. 

Bonica (Turk et al., 2010). In the interdisciplinary pain management program, the team 

typically consists of a pain management physician, a psychologist, a nurse specialist, a 

physical therapist, a vocational counsellor, and the pharmacist (Ashburn and Staats, 1999). 

The care team customize personalized treatment plan for a patient, which must fit for the 
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patient’s abilities and expectations, with a focus on achieving measureable treatment goals 

established with the patient. Treatment tasks come from different aspects, such as 

relaxation, meditation techniques, stretching, aerobics, aquatic exercises, massage, and 

individual physical therapy ( Main and Spanswick, 2000; Schatman et al., 2007; D’Arcy, 

2007). 

The effectiveness of interdisciplinary/multidisciplinary pain management programs 

have been illustrated in many studies, which includes efficacy on chronic back pain (Flor 

et al., 1992), great reduction on chronic pelvic pain  (Kames et al., 1990), comprehensive 

comparison to no-treatment group done by (Deardorff et al., 1991), and so on. 

2.3 Adaptive Treatment Strategies 

In the standard one-size-fits-all treatment strategies, the type and dosage of 

treatment is not varied according to the needs or characteristics of individual subjects. By 

contrast, in an adaptive treatment strategies, both the dosage and treatment type may vary 

in response to individuals’ need and ongoing response to past treatments. Adaptive 

treatment strategies aim to optimize a patient’s response to treatments. They are promising 

alternatives to fixed treatment strategy for three reasons: (1) patient’s heterogeneous 

response in the need of treatment, (2) patient’s heterogeneous response to treatment, and 

(3) avoid side effects by identifying the not-functional component for particular patient 

(Murphy and Mckay, 2004). For example, in psychiatry, some patients respond well to 

medication alone whereas other patients may require an additional talk therapy to respond 

well. In this situation, the treatment type should vary across patients. As an example of 

heterogeneous responses to treatment, some patients respond better to a high dosage of 

treatment while others respond better to a low dosage of treatment, and some will respond 

better to long periods of treatment rather than short. Based on the reasons mentioned 

above, adaptive treatment strategies are emerging as a new approach for the treatment 

and long term management of chronic, re-occurring disorders such as alcoholism, smoking 

cessation, cocaine abuse, depression, and hypertension (Breslin et al., 1998; Glasgow et 
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al., 1989; Kreuter and Strecher, 1996; Lavori et al., 2000; Unützer et al., 2001; Brooner 

and Kidorf, 2002; Murphy, 2005).  

In developing useful adaptive treatment strategies, whether the data are from 

randomized experimental studies or from observational studies matters. Data collected 

from the randomized clinical trials are ideal data, which can be used to make valid 

inferences about the causal effects of treatments on the outcome of interest. However, 

data from observational studies are not ideal data since past treatments may have delay 

effects on the subsequent treatments (Murphy, 2005). Thus the multi-stage sequential 

nature of the adaptive treatment strategies cannot guarantee no observed confounders. 

Confounders make the estimation of the effects of the treatment biased and the 

development of these treatment strategies is challenging. In order to avoid the 

aforementioned challenges, two randomized experimental designs are often applied for the 

clinical trials, which are discussed in section 2.3.1. The issues such as the biased 

estimation about the treatment effects associated with the data from observational studies 

and corresponding methods are discussed in section 2.3.2. Finally the analytical framework 

and optimization approaches to achieve optimal treatment strategies are discussed in 

section 2.3.3.    

2.3.1 Experiment Design 

 Multiphase optimization strategy (MOST) and sequential multiple assignment 

randomized trial (SMART) are frequently used experimental design methods. Section 

2.3.1.1 focuses on discussing MOST randomized experiments. SMART randomized 

experiments method are discussed in section 2.3.1.2. 

2.3.1.1 The Multiphase Optimization Strategy 

In the classical intervention development approach, an intervention is constructed 

first and then evaluated in a standard randomized controlled trial (RCT). Finally, post hoc 

analyses on data from RCT are done to help explain how the interventions worked or why 

they did not work. RCT is the undisputed gold standard for assessing the effect of an 

intervention as a whole once it has been developed. However, when it comes to the 
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questions of which intervention components work, RCT cannot answer this question since 

RCT alone does not isolate individual component effects. Furthermore, the non-

experimental and quasi-experimental post hoc analyses on data from RCT, which is 

frequently used to analyze each component’s effects, are subject to bias because they are 

not based on random assignment (Collins et al., 2005).   

The Multiphase Optimization Strategy (MOST), as a principal method of building, 

optimizing, and evaluating multi-component treatments, is proposed by (Collins et al., 

2007). MOST consists of three ordered phase of experimentation: a screening phase, a 

refining phase, and a confirming phase, which is briefly shown in Figure 2-1 (Collins et al., 

2007).   

The screening phase is for identifying whether or not the program components that 

are active and contribute to positive in outcomes based on the results of randomized 

experiment via full or factorial experiment design. And then determining whether the 

components should be retained or discarded in the intervention. At the end of the screening 

phase, a set of components that have been identified to be retained for further examination 

are taken as first-draft intervention.  The refining phase, as the next phase, starts with first-

draft intervention with fine tuning the intervention and arrives at the final draft. At the end 

of the refining phase, an optimized final-draft interventions, which consists of a set of 

components at the best levels, are identified. The confirming phase, as the last phase of 

MOST, starts with final-draft intervention and evaluates the optimized final-draft 

interventions in a standard RCT to check if this intervention as a whole efficacious.    
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Figure 2-1 Outline of the Multiphase Optimization Strategy (Collins et al., 2007) 

2.3.1.2 Sequential Multiple Assignment Randomized Trial 

The experimental designs ( TenHave et al., 2003, Lavori and Dawson, 2000, 2004; 

Murphy, 2005;) are the variations on the sequential multiple assignment randomized trial 

(SMART), which has been proposed by Murphy et al. (2007). SMART has been developed 

for building and refinement of adaptive treatment strategies. It has been conducted in 

several different medical applications, which include antipsychotic medications in patients 

with Alzheimer’s (Schneider et al., 2001), sequential treatment alternatives to relieve 

depression (STAR*D) (Lavori et al., 2001; Rush et al., 2003), and phase II trials at MD 

Anderson for cancer treatment (Thall et al., 2000).  

In SMART trial, each patient is randomly assigned to a set of treatments at each 

critical decision point. To illustrate SMART design, considering the following hypothetical 

alcohol dependence example (Murphy et al., 2007). It includes two randomizations, one 

randomization at each decision point. The initial treatments for alcohol-dependent patients 

are Naltrexone (NTX) or a cognitive behavioral therapy (CBT). After 5 months of treatment, 

a patient’s response will be evaluated. The intermediate outcome is noted as a responder 

or a non-responder according to the patient’s drinking behavior. If the patient has 5 or more 

heavy drinking days during 5 months, he/she is evaluated as non-responders, otherwise 

he/she is evaluated as a responder. For a non-response patient, he/she is randomized 

again for either being treated with both NTX and CBT or being treated with both NXT and 



17 

Telephone Disease Management (TDM). For a response patient, he/she is randomized for 

either treated with CBT alone or TDM alone. Figure 2-2 briefly shows the above points, 

where R denotes randomization on the two treatment options.  

 

Figure 2-2 Hypothetical SMART Study for the Treatment of Achohol Dependency 

2.3.2 Issues of the Data from Observational Studies  

If data is collected from randomized trials, such as aforementioned  MOST and 

SMART experimental design, the causal effects of each individual component can be 

analyzed using the standard statistical method. Many previous researches (e.g., (Collins 

et al., 2007; Murphy et al., 2007; Pineau et al., 2007; Guez et al., 2008; Murphy and 

Bingham, 2009; Shortreed et al., 2011; Wang et al., 2012)) focus on ideal data from 

randomized trial to construct optimal adaptive treatment strategies. However, 

observational data in sequential treatment is not ideal because of the complex relationship 

between the time-dependent treatments and related variables, such as patient 

characteristics. In the adaptive treatment, the treatment variables at a previous stage had 

influence on the patient variables at the current stage, which will in turn influence the 

treatments at the following stage. Such mutual interactions will lead to bias in estimating 

the true effect of treatments on the outcomes. This problem is commonly referred to as 

endogeneity or time-dependent confounding in the literature (Little and Rubin, 2000; 

Moodie et al., 2009; Robins, 1999). The endogeneity problem in adaptive treatment is very 

challenging, and conventional methods for confounder adjustment, such as stratification 
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and propensity score matching methods (O. H. Klungel et al., 2004; R. B. D’Agostino, 2007; 

S. Weitzen et al., 2004), are too simple to work in this case. Inverse-probability-of-treatment 

weighted (IPTW) estimators method is proposed by (Robins, 1999) to solve this kind of 

problem. The IPTW method estimates the treatment effect by performing a weighted 

analysis in which each subject is assigned a weight equal to the inverse of the conditional 

probability of receiving his or her own treatment. Intuitively, the weighting means to adding 

some additional “copies” of this subject to the studied population, so that the biasness due 

to patient characteristics will be eliminated.  

2.3.3 Algorithms for Optimizing Adaptive Treatment Strategies 

Adaptive treatment strategies includes a set of decisions that recommend how the 

treatment level and type should change depending on a patient’s ongoing responses to 

past treatments. Decisions occur at different points in time so that constructing adaptive 

treatment strategies can be regarded as a problem with multiple-stages of observations 

and actions. In addition, decisions at each stage should be taken without full information 

about how random events will occur, such as the patient’s heterogeneity in response to 

treatments. Determining a best or optimal adaptive treatment strategy under uncertainty is 

an stochastic optimization problem. This type of problem usually can be solved by 

stochastic dynamic programming or multi-stage stochastic programming approaches. 

Previous research uses reinforcement learning/dynamic programming as solution 

algorithms to determine the adaptive treatment strategy for a substance abuse problem.  

Reinforcement learning is a terminology used in computer science, and dynamic 

programming is the terminology preferred in operation research area. They are actually 

similar and both use backward induction to find a solution of the problem.  

2.3.3.1 Stochastic Dynamic Programming 

The term dynamic programming was originally used in the 1940s by Richard 

Bellman to describe the process of solving problems where one needs to find the best 

decisions one after another. Now dynamic programming refers to the method of breaking 

complex system down into a sequence of small simpler sub problems, which involve a 

http://en.wikipedia.org/wiki/Richard_Bellman
http://en.wikipedia.org/wiki/Richard_Bellman
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multi-stage optimization. A stochastic dynamic programming problem is dynamic 

programming under uncertainty, which is an even harder problem. It can be applied in 

different types of systems such as manufacturing systems, health care, environmental 

engineering and others ( Yang et al., 2009; Li, 2009; Lin et al., 2013). Dynamic 

programming comprises of several most important components: stages, state variables, 

decision variables and transition functions. Stages usually represent different time periods 

in the problem’s planning horizon. As a result the optimization problem can be constructed 

into multiple stages, which are solved sequentially one stage at a time.  States variables 

provide information of the current states of the system, which are enough to make future 

decisions without knowing the previous states. Decision variables are the ones that can be 

controlled by decision makers to minimize expected current and future costs. Transition 

functions identify how the stage evolves from the current stage to next stage. A continuous-

state stochastic dynamic programming can be formulated by equation (2.1) (Chen et al., 

1999).  

min
𝑢1,…,𝑢𝑇

𝐸 {∑ 𝑐𝑡(𝑥𝑡 , 𝑢𝑡 , 휀𝑡)

𝑇

𝑡=1

} 

𝑠. 𝑡. 𝑥𝑡+1 = 𝑓(𝑥𝑡 , 𝑢𝑡 , 휀𝑡), for 𝑡 = 1, … , 𝑇 − 1 

(𝑥𝑡 , 𝑢𝑡) ∈ 𝛤𝑡 , for 𝑡 = 1, … , 𝑇 

(2.1) 

Here, T is the number of stages, 𝑐𝑡(∙): 𝑅𝑛+𝑚+𝑙 → 𝑅1 is a known cost function at stage t, 𝑓(∙) 

is the transition function of stage t, 𝛤𝑡 ⊂ 𝑅𝑛+𝑚 is the constraints for decision variable vectors 

𝑢𝑡 ∈ 𝑅𝑚 and state variable vectors 𝑥𝑡 ∈ 𝑅𝑛;  휀𝑡 ∈ 𝑅𝑙 is the random variable vector at stage 

t. A future value function at time t is (2.2): 

𝐹𝑡(𝑥𝑡) =  𝑚𝑖𝑛⏟
𝑢𝑡…𝑢𝑇

𝐸 {∑ 𝑐𝑖(𝑥𝑖 , 𝑢𝑖 , 휀𝑖)

𝑇

𝑖=𝑡

} , for 𝑡 = 1, … , 𝑇 

𝑠. 𝑡. 𝑥𝑖+1 = 𝑓(𝑥𝑖 , 𝑢𝑖 , 휀𝑖), for 𝑖 = 𝑡, … , 𝑇 − 1 

(𝑥𝑖 , 𝑢𝑖) ∈ 𝛤𝑖 , for 𝑖 = 𝑡, … , 𝑇 

(2.2) 

𝐹𝑡(𝑥𝑡) can be recursively solved by well-known Bellman’s equations (2.3). 
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𝐹𝑡(𝑥𝑡) =  𝑚𝑖𝑛⏟
𝑢𝑡

𝐸{𝑐𝑡(𝑥𝑡 , 𝑢𝑡 , 휀𝑡) + 𝐹𝑡+1(𝑥𝑡+1)}, 𝑓𝑜𝑟 𝑡 = 1, … , 𝑇 
(2.3) 

and usually 𝐹𝑇+1 ≡ 0 is defined as the terminal future value function. With known value of 

𝐹𝑡+1(𝑥𝑡+1) for each state 𝑥𝑡+1, we have to compute the value of 𝐹𝑡(𝑥𝑡) for each state of 𝑥𝑡 

from equation (2.3). By solving backward, all the value functions can be computed. 

However, as the size of the state space grows very quickly, the number of dimensions 

grows exponentially. For example, if the state vector has n variables and each state 

variable has p level, then the state space is pn. As a result, dynamic programming becomes 

harder to solve exactly. This is the well-known “curse of dimensionality” problem, which is 

also the main reason why the usefulness of dynamic programming is very limited for many 

problems. As a result, approximate methods are widely used for realistic problems (e.g.,  

Si et al., 2004; Powell, 2007). A traditional method for solving continuous dynamic 

programming is forming a finite grid of discretization points in the state space, then solve 

for an optimal solution at each of these discretization points and finally use interpolation to 

get solutions of the rest of points, such as (Foufoula-Georgiou and Kitanidis, 1988; Johnson 

et al., 1993). The traditional method still suffers the “curse of dimensionality” problem. In 

order to address it, Chen et al., (1999) introduced statistical experimental design- 

orthogonal arrays of strength three and statistical modeling methods for solving continuous 

high-dimensional SDP. Statistical experimental design methods, such as Latin Hypercube 

Design (McKay et al., 1979), effectively reduce the number of discretization point of state 

space by effectively selecting discretization points in continuous state space. The widely 

employed continuous approximation of the future value function methods are multivariate 

adaptive regression splines (MARS), Artificial Neural Network (ANN), response surface 

methodology, spatial correlation models and regression trees and boosting. The detailed 

review on those five statistical methods is given in Chen et al. (2003). Approximation of the 

future value function is actually to build a statistical relationship between 𝑦𝑖 and 𝑥𝑖𝑡, for t = 

T, …, 2 (T represents the last stage). 𝑦𝑖 is the notation of the optimal value of 𝐹𝑡(𝑥𝑖𝑡) for ith 

discretization point 𝑥𝑖𝑡  in state space 𝑥𝑡 , i = 1, …, N, where N is the total number of 
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discretization point in 𝑥𝑡. By solving forward from stage t = 1, …, N, the optimal decision 𝑢𝑡
∗ 

is resolved. This process is also called “reoptimizing” and can be used to simulate how the 

approach will perform in a real-time setting. 

2.3.3.2 Two-stage Stochastic (Mixed-) Integer Programming 

Multi-stage stochastic programming is an approach to model optimization 

problems under uncertainty for which a sequence of decisions can be taken in successive 

stages. Generally, dynamic programming problem can be formulated as multi-stage 

problem, and vice versa. The most widely applied and studied stochastic programming 

model are two-stage stochastic linear programs. The solution algorithm used for two-stage 

stochastic programs can be and has been extended to multi-stage stochastic programs. 

Here, the intuition of how to solve stochastic problems is illustrated by the two-stage 

stochastic mixed-integer linear programs first.  For more complex situations, related 

techniques and references will be mentioned as well.  

At two-stage stochastic linear programming’s formulation and solution approach 

are introduced in this section and ( Birge and Louveaux, 1997; Alexander Shapiro, 2007; 

Sherali and Zhu, 2009; Ahmed et al., 2010;) are the main references herein. Considering 

the problem of making decisions in the first stage, after that a random event will occur 

which affects the outcome of first-stage decision, and a recourse action needs to be taken 

in the second stage in order to compensate for bad effects brought by first-stage decisions. 

The problem can be formulated as (2.4):  

𝑚𝑖𝑛
𝑥

𝑐𝑇𝑥 + 𝐸[𝑄(𝑥, 𝜔)] 

𝑠. 𝑡. 𝐴𝑥 = 𝑏 

𝑥 ∈ 𝑅+
𝑛1 × 𝑍+

𝑠1 

𝑤ℎ𝑒𝑟𝑒  𝑄(𝑥, 𝜔) ≔  𝑚𝑖𝑛
𝑦

𝑞𝑇𝑦 

𝑠. 𝑡. 𝑊𝑦 = ℎ − 𝑇𝑥 

𝑦 ∈ 𝑅+
𝑛2 × 𝑍+

𝑠2 

(2.4) 
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where 𝑛1 , 𝑠1 , 𝑛2 , 𝑠2  are all nonnegative integers. 𝑛1 ,  𝑠1  represents the number of 

continuous and integer variables in 𝑥  separately, in which 𝑥  represents the first-stage 

decision vector. Similarly, 𝑛2, 𝑠2 represents the number of continuous and integer variables 

in 𝑦  separately, in which 𝑦  represents the second stage decision vector, and 𝜔 =

(𝑞, 𝑇, 𝑊, ℎ), which contains the data of the second-stage, represents uncertain data with 

known distribution P. In the two-stage stochastic mixed-integer programming problem, here  

𝑠1  and/or 𝑠2  are nonzero. In this problem, the first stage decision 𝑥 is made before the 

uncertain data 𝜔 is known. At the second stage, after the realizations of 𝜔 become known, 

our behavior (the decisions made in the first stage) are optimized by solving an appropriate 

optimization problem. At the first stage, the first stage decision cost and the expected cost 

of the second stage decision are minimized. Actually, the second-stage problem is 

regarded as an optimization problem that determines our optimal decisions when the 

uncertain data is realized, or its solution (of the second stage decision variables) can be 

viewed as a recourse action where 𝑊𝑦 compensates for a possible inconsistency of the 

system 𝑇𝑥 ≤ ℎ and 𝑞𝑇𝑦 is the cost of the recourse action (Ahmed et al., 2010; Alexander 

Shapiro, 2007).    

Second stage uncertain data 𝜔 is modelled as a random vector with a known 

probability distribution. In order to solve the problem numerically, the standard approach is 

to represent random vector by a finite number of possible realizations, such as 𝜔1, ⋯ , 𝜔𝐾, 

with respective probabilities 𝑝1, ⋯ , 𝑝𝐾. Then the expectation of the recourse action can be 

written as (2.5): 

𝐸𝑃[𝑄(𝑥, 𝜔)] = ∑ 𝑝𝑘𝑄(𝑥, 𝜔𝑘)

𝐾

𝑘=1

 (2.5) 

Thus, the two-stage problem (2.5) can be formulated as equivalent to one large 

integer linear programming problem (2.6): 

min
𝑥,𝑦1,⋯,𝑦𝐾

𝑐𝑇𝑥 + ∑ 𝑝𝑘𝑞𝑘
𝑇𝑦𝑘

𝐾

𝑘=1

 (2.6) 
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𝑠. 𝑡.  𝐴𝑥 = 𝑏 

𝑊𝑘𝑦𝑘 = ℎ𝑘 − 𝑇𝑘𝑥, 𝑘 = 1, ⋯ , 𝐾 

𝑥 ∈ 𝑅+
𝑛1 × 𝑍+

𝑠1 ,   𝑦𝑘 ∈ 𝑅+
𝑛2 × 𝑍+

𝑠2 

A meaningful approximation of the distribution of continuous random variable by a 

discrete distribution often requires many scenarios. The approximation of the distribution 

is also called a scenario tree in some literature, and a path from the root to one leaf is 

called scenario. With the scenarios increasing, the size of the equivalent deterministic 

linear problems will increase rapidly, along with the computational time. For example, 

suppose 𝜔 contains 𝑑  independent components and if each component is assigned with 

three values, then the total number of scenarios is 𝐾 = 3𝑑. Thus, seeking a good scenario 

generation method, which is able to get close to an optimum by using a reasonable number 

of realizations, is significantly important.  Frequently used scenario generation methods 

are sampling, statistical approaches, simulation and other hybrid methods (Mitra and 

Domenica, 2010; Mitra, 2006). Statistical approaches include statistical moment or 

property matching methods, principal components analysis (PCA) methods and regression 

method. Statistical moment or property matching is a generic estimation technique, by 

which the distribution is described by its statistical moments or other properties. The 

method that the uncertain random variable’s probability density function is matched as 

closely as possible by a scenario tree is proposed by Høyland and Wallace (2001). PCA 

methods aim to identify the key factors in data trends in many dimensions by finding the 

data’s eigenvectors, eigenvalues and covariance. Sampling method includes random or 

Monte Carlo sampling, importance sampling, bootstrap sampling, internal sampling, 

conditional sampling, and stratified sampling. In random or Monte Carlo sampling, the 

value of the random variable 𝜔 is randomly picked and denoted as 𝜔1, … , 𝜔𝐾, assuming 

each taken with the same probability 𝑝𝑗 =
1

𝐾
. Thus the true expectation of recourse action 

𝑞(𝑥) = 𝐸𝑃[𝑄(𝑥, 𝜔)] can be estimated by equation (2.7). This idea is frequently called as the 

sample average approximation (SAA) method in recent literature. 
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�̂�(𝑥) =
1

𝐾
∑ 𝑄(𝑥, 𝜔𝑘)

𝐾

𝑘=1

 (2.7) 

In a random sampling method, the approximation of the recourse action improves 

as the sample size increases. However, the accuracy of the approximation can be 

improved if the random samples are restricted to areas that are more likely to occur than 

others. Importance sampling involves only sample 𝜔 value within important region instead 

of sampling over all 𝜔 definition (possible) region. For other sampling methods, interested 

readers can refer to Høyland and Wallace (2001) and Mitra (2006). 

  After generating scenarios, an equivalent deterministic mixed-integer linear/non-

linear programming (MILP/MINLP) problem, which corresponds to the discretized 

stochastic programs, is obtained. Whether it is a linear programming problem or nonlinear 

programming problem depends upon the property of the recourse function and constraints.  

If the size of the equivalent MILP problem is not astronomically large, it can be solved by 

a standard solution solver. Otherwise, decomposition algorithms, such as Benders 

decomposition or Dantzig-Wolfe decomposition, can be used for the problem to accelerate 

the computational speed since the deterministic equivalent problem is very well structured. 

Literature on the stochastic linear programming decomposition method are mature, such 

as Birge and Louveaux (1997). Since in this dissertation, linearity of the constraints are not 

satisfied, equivalent linear programming problem does not exist. As a result, the classical 

optimization algorithm for the two-stage linear programming problem is not reviewed in 

detail here. There is very limited literature on problems with non-linear constraints in the 

stochastic programming. However, research on MINLP problems has been done and made 

progress recently.  Considering problem of the form (2.8). 

min 𝑓(𝑥, 𝑦) 

𝑠. 𝑡.  𝑔(𝑥, 𝑦) ≤ 0 

𝑥𝑙 ≤ 𝑥 ≤ 𝑥𝑢 

𝑦 ∈ [𝑦𝑙 , ⋯ , 𝑦𝑢] 

(2.8) 
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The function: 𝑓: 𝑅𝑛+𝑠 → 𝑅 is the objective function and 𝑔: 𝑅𝑛+𝑠 → 𝑅𝑚 constitutes m 

constraint functions, where n is the number of continuous variables, and s is the number of 

integer-constrained variables. Only when the functions of f and g are all linear, the problem 

is classified as Mixed-Integer Linear Program (MILP), otherwise the problem is classified 

as Mixed-Integer Nonlinear Program (MINLP). Furthermore, if one of the functions of f and 

g is non-convex, the problem is called non-convex MINLP. In general, convex MINLPs are 

much easier to solve than non-convex ones inoth theory and practice, though both types 

of problems have been proved to be generally NP-hard (Pardalos and Vavasis, 1991). 

Convex MINLPs can be globally optimized by many mature solvers, such as alphaBB (α-

Branch-and-Bound) (Adjiman et al., n.d.; Androulakis et al., 1995), AlphaECP (α-Extended 

Cutting Plane) (Westerlund and Lundqvist, 2001; Westerlund and Pörn, 2002), AOA 

(AIMMS Outer Approximation) (Roelofs, 2010), BARON (Tawarmalani and Sahinidis, 

2002, 2004a), BONMIN (Bonami et al., 2008), Couenne (Belotti et al., 2009), CPLEX (“IBM 

Software - ILOG CPLEX - High-performance mathematical programming engine - India,” 

2011), FICO Xpress-SLP , fminconset (“fminconset - File Exchange - MATLAB Central,” 

n.d.), GLoMIQO (Misener and Floudas, 2012, 2013), LAGO (Nowak and Vigerske, 2008), 

LindoAPI (Lin and Schrage, 2009), MILANO (Benson, 2011), MINLP_BB (Leyffer, 1998), 

SBB (Corporation, 2013), SCIP (Achterberg, 2009) and so on. For more MINLP solves’ 

information, there is a thorough review by (“MINLP Solver Software - Humboldt-Universität 

zu Berlin,” n.d.). 

In this research, since constraints are nonlinear functions and do not satisfy the 

convex assumptions, non-convex MINLPs need to be solved. Accordingly, two approaches 

for solving the problems are proposed: (1) reformulate the nonlinear constraints to an 

“equivalent” linear constraints by various kinds of reformulation techniques. Thus an 

“equivalent” MILPs need to be solved, which is discussed in Chapter 3; (2) using spatial 

branch-and-bound algorithm in existing solver such as Couenne and BARON to globally 

optimize the original MINLPs directly. The results of those two approaches are discussed 

in Chapter 4.   
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2.3.3.3 Global Optimization on MILPs 

Global optimization attempts to find a globally “best” solution of a system within a 

decision space. MILPs are a class of difficult problems, which are generally NP hard. 

Branch-and-bound is one of the first methods to solve MIPs, which was first proposed by 

(A. H. Land and A. G. Doig, 1960). Today various commercial solvers still use branch-and-

bound algorithms to solve MIPs. Based on the divide-and-conquer principle, it is an implicit 

enumeration method. In the mixed integer programming, if any integer variable takes on 

the fractional value in the optimal solution �̅�  to the relaxation of a given problem, a 

branching technique need is used.  Branching is for the partition of a given problem into 

two or more sub-problems. Here, relaxation of a given problem is acquired by dropping the 

integrality constraints on the integer variables. Branching techniques aim at partitioning a 

problem into two or more sub-problems. The procedure of branching is to select an integer 

variable xi whose value 𝑥�̅�  is not an integer, and then to divide the problem into two 

branches – one is formed by adding the inequality constraint 𝑥𝑖 ≤ ⌊𝑥�̅�⌋ to the problem and 

the other is formed by adding the inequality constraint 𝑥𝑖 ≥ ⌈𝑥�̅�⌉ to the problem. Thus, a 

branching tree is created with each note representing a sub-problem. In order to avoid a 

complete enumeration/computation of all potential sub-problems, a bounding technique is 

helpful. Bounding is for obtaining lower bounds (upper bounds) on the optimal value of the 

minimization (maximization) problem,  which computes the objective value of the solution 

�̅� to the relaxation problem.  

A branch-and-cut algorithm (“Integer Programming,” n.d.; Padberg and Rinaldi, 

1991; Jünger and Naddef, 2001) is a hybrid-algorithm by using cutting planes to tighten 

the linear programming relaxations in the framework of a branch-and-bound algorithm, 

which has successfully optimized MILPs globally. Cutting plane method add valid 

constraints to the problem by generating inequality constraints, which are satisfied by all 

feasible solutions but violated by �̅�. Different from branch-and-bound algorithm, branch-

and-cut adds cutting planes to improve the bound of each node which in turn provides 

information for node pruning. Though cutting plane method alone can solve MIPs, in 

http://en.wikipedia.org/wiki/Cutting_plane
http://en.wikipedia.org/wiki/Branch_and_bound
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practice, it is less effective as more and more cutting planes being added. Thus integrating 

branch-and-bound algorithm with cutting planes method will reduce the computational 

time. There are a lot of examples in the literature that apply branch-and-cut algorithms to 

solve various optimization problems, including (Crowder and Padberg, 1980; Grötschel 

and Holland, 1991; Hoffman and Padberg, 1993; M. Padberg, 1987; Méndez-Díaz and 

Zabala, 2006). Yu (2011) provides more detailed overview of branch-and-cut algorithm and 

valid cutting planes. For detailed information whether to branch or cut and how to branch 

and how to generating cutting planes, Mitchell (2000) is a good reference.  

2.3.3.4 Global Optimization on Non-convex MINLPs 

Though numerous problems arising in practical applications can be formulated as 

non-convex MINLPs, only few existing solvers can guarantee global optimization for non-

convex MINLPs, which includes BARON (Tawarmalani and Sahinidis, 2004a, 2002) , 

Couenne (Belotti et al., 2009)  GLoMIQO (Misener and Floudas, 2013, 2012), LAGO 

(Nowak and Vigerske, 2008), and SCIP (Achterberg, 2009). These solvers for global 

optimization on non-convex MINLPs all are based on a spatial branch and bound 

framework.  

Spatial branch-and-bound algorithms create a hierarchy of nodes represented by 

a binary tree, which is known as the spatial branch-and-bound tree. Each node represents 

a sub-problem. The root node of the tree represents the initial given problem P, which can 

be partitioned into two sub-problems. Each sub-problem can be partitioned further. 

Suppose k denotes a subproblem Pk of the spatial branch-and-bound tree, whereas CPk 

represents the continuous nonlinear relaxation of Pk and �̂�𝑘 is the local optimal solution to 

the problem CPk; LPk denotes the linear relaxation of Pk and �̅�𝑘 is the optimal solution to 

the problem LPk. Similar to the standard/ordinary branch-and-bound method, the spatial 

branch and bound algorithm consitutes the following main components: obtaining a lower 

(minimizatioin problem) bound on Pk and upper bound or a feasible solution for Pk, 

branching techniques to partition Pk, and a bounds tightenning procedure. Different from 

the standard/ordinary branch-and-bound method used for solving MIPs, the spatial branch-
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and-bound algorithm not only branches on the integer variables but also possible branches 

on the continuous variables. The pseudo code of spatial branch-and-bound algorithm for 

the minimization problem is given in Table 2-3 from Belotti et al. (2009), where L and, zu 

represent the set of subproblems and an optimal solution of P separately: 

Table 2-3 Spatial Branch-and-Bound algorithm 

Initialize L with the given problem P: L←{P}; zu← +∞ 

While L≠ ∅ 

    select subproblem Pk from L and then prune Pk from L: L← L \ {P}; 
    tighten the bounds for subproblem Pk; 

       if Pk is feasible, then 
        generate a linear relaxation LPk of Pk; 
        loop 

 solve LPk and 𝑧̅𝑘 be the optimal value of LPk; 
 refile linearization LPk; 

         until  𝑧̅𝑘 does not improve sufficiently 

         find a local optimum �̂�𝑘 of CPk; 

         zu←min{ zu, �̂�𝑘} 

         if 𝑧̅𝑘 ≤ 𝑧𝑢 − 𝜖 then 

           select a variable 𝑥𝑖 and a branching point 𝑥𝑖
𝑏; 

           create subproblems: 

               Pk- with 𝑥𝑖 ≤ 𝑥𝑖
𝑏, Pk+ with 𝑥𝑖 ≥ 𝑥𝑖

𝑏 

            L: L← L ∪ { Pk-, Pk+} 
      output zu 

 

Fundamental techniques, which are used as the building blocks to globally 

optimize nonconvex MINLPs, such as reformulation, linearization, bounds tigtening, 

branching techniques and heuristics, are introduced in section 2.3.3.4.1, 2.3.3.4.2 and 

2.3.3.4.3 separately.  

2.3.3.4.1 Symbolic Reformulation and Linearization 

Symbolic reformulation aims to translate the problem to an equivalent one that is 

easier to deal with from a symbolic viewpoint. It is the procedure of symbolically and 

recursively decomposed via a set of simple operators until a simple function is reached. A 

set of simple operators is limited as follows: sum, product, quotient, power, exp, log, sin, 

cos, and abs. The reformulation is applied recursively to the function until all auxiliary 

variables are associated with the set of simple operators. Previous work (Smith and 
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Pantelides, 1999) has shown that any non-convex MINLPs in form (2.8) may be 

reformulated as a standard nonlinear form as (2.9): 

min 𝑤𝑜𝑏𝑗 

𝑠. 𝑡.  𝐴𝑊 = 𝑏 

𝑤𝑙 ≤ 𝑤 ≤ 𝑤𝑢 

𝑤𝑘 ≡ 𝑤𝑖𝑤𝑗          ∀(𝑖, 𝑗, 𝑘) ∈ 𝛤𝑏𝑡 

𝑤𝑘 ≡
𝑤𝑖

𝑤𝑗

            ∀(𝑖, 𝑗, 𝑘) ∈ 𝛤𝑙𝑓𝑡 

𝑤𝑘 ≡ 𝑤𝑖
𝑛             ∀(𝑖, 𝑗, 𝑛) ∈ 𝛤𝑒𝑡 

𝑤𝑘 ≡ 𝑓𝑛(𝑤𝑖)      ∀(𝑖, 𝑘) ∈ 𝛤𝑢𝑓𝑡 

(2.9) 

where the vector of variables w comprises the original continuous variables and 

discrete variables, and also the introduced auxiliary variables during the reformulation. In 

the reformulation equation (2.9), all the nonlinear terms which are potential non-convexities 

are now described by the bilinear product sets 𝛤𝑏𝑡 , linear fractional sets 𝛤𝑙𝑓𝑡 , simple 

exponential sets 𝛤𝑒𝑡, and univariate function terms 𝛤𝑢𝑓𝑡. 

Linearization is for generating linear relaxation for nonlinear terms. One of the 

reason to reformulate the problem is identifying the special structure, of which tight linear 

or convex relaxations has been developed. For example, for the bilinear term 

{(𝑥3, 𝑥1, 𝑥2): 𝑥3 = 𝑥1𝑥2, 𝑥𝑖
𝑙 ≤ 𝑥𝑖 ≤ 𝑥𝑖

𝑢 , 𝑖 = 1,2} ,  the well-known linearization relaxations 

(inequality constraints (2.10)-(2.13)) proposed by McCormick (1976) are known as the 

tightest (Al-Khayyal and Falk, 1983). The linear approximation is shown in Figure 2-3 taken 

from Belotti et al. (2009. For more information about special algebraic forms, readers can 

refer to the literature, such as bilinear and linear fractional terms (McCormick, 1976; 

Quesada and Grossmann, 1995), bilinear terms (Maranas and Floudas, 1995), simple 

exponentiation and convex/concave univariate function terms (Smith, 1996) and 

logarithmic mean temperature difference terms (Zamora and Grossmann, 1997).  

𝑥3 ≥ 𝑥2
𝑙 𝑥1 + 𝑥1

𝑙 𝑥2 − 𝑥2
𝑙 𝑥1

𝑙  (2.10) 
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𝑥3 ≥ 𝑥2
𝑢𝑥1 + 𝑥1

𝑢𝑥2 − 𝑥2
𝑢𝑥1

𝑢 (2.11) 

𝑥3 ≤ 𝑥2
𝑙 𝑥1 + 𝑥1

𝑢𝑥2 − 𝑥2
𝑙 𝑥1

𝑢 (2.12) 

𝑥3 ≤ 𝑥2
𝑢𝑥1 + 𝑥1

𝑙 𝑥2 − 𝑥2
𝑢𝑥1

𝑙  (2.13) 

 

 

Figure 2-3: Linear Approximation of Bilinear Term 𝑥1𝑥2 

2.3.3.4.2 Bounds Tigtening 

A bounding tightening technique is the procedure of reducing searching space 

while ensuring the optimal value of the problem is not affected. In this way, a reduction of 

the solution set and an improved linearization can be achieved. A bounds tightening 

technique is not an essential component for the convergence of the problem. However, an 

efficient implementation of bounds tightening could accelerate the convergence speed and 

thus improve the performance substantially. In the literature, two main types of bounds 

tightening are widely used: optimization based and feasibility based.   

Optimization based bounds tightening (OBBT) solves the minimum and maximum 

values of auxiliary problems (2.14) and (2.15), which are convex relaxations problems 

(convex NLPs or LPs if a linear relaxation employed), in order to tighten the variable bounds 

as much as possible.  This method can be applied to each variable separately with updating 

the convex relaxation constraints whenever possible. For n variables, at least 2n convex 

NLPs or LPs need to be solved. OBBT is computationally expensive, though it could obtain 

very tight bounds for each variable. As a result, it is usually performed only at the root node.  
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𝑤𝑖 ≥ 𝑚𝑖𝑛 {𝑤𝑖 : 𝑐𝑜𝑛𝑣𝑒𝑥 𝑟𝑒𝑙𝑎𝑥𝑎𝑡𝑖𝑜𝑛 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠, 𝑤𝑙 ≤ 𝑤 ≤ 𝑤𝑢} (2.14) 

𝑤𝑖 ≤ 𝑚𝑎𝑥 {𝑤𝑖 : 𝑐𝑜𝑛𝑣𝑒𝑥 𝑟𝑒𝑙𝑎𝑥𝑎𝑡𝑖𝑜𝑛 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠, 𝑤𝑙 ≤ 𝑤 ≤ 𝑤𝑢} (2.15) 

          Feasibility based bounds tightening (FBBT) compared to OBBT is a approach of 

computationally cheaper but providing weaker bounds. The low computational cost 

property of FBBT allows this approach to be performed at all nodes of the spatial branch-

and-bound tree. FBBT is based on using the problem constraints to calculate the new 

upperbounds/lowerbounds of the variables, which is done by isolating a variable on the left 

hand side of a constraint and evaluting the right hand side at the extreme values (Global 

Optimization - From Theory to Implementation, n.d.; Smith and Pantelides, 1999). In the 

case of linear constraints 𝐴𝑤 = 𝑏, where 𝐴 = (𝑎𝑖𝑗), 𝑤𝑗
𝐿 , 𝑤𝑗

𝑈  represents the lower bound 

and upperbound for 𝑤𝑗 separately, new tightening bounds is easily computed for 𝑤𝑗 for all 

j = 1,…, n from equation (2.16) – (2.19): 

If 𝑎𝑖𝑗 > 0,  

𝑤𝑗 ≥ 𝑚𝑎𝑥 (𝑤𝑗
𝐿 , 𝑚𝑖𝑛𝑖(

1

𝑎𝑖𝑗

(𝑏𝑖 − ∑ 𝑚𝑎𝑥 (𝑎𝑖𝑘𝑤𝑘
𝐿 , 𝑎𝑖𝑘𝑤𝑘

𝑈)

𝑘≠𝑗

))) 

(2.16) 

𝑤𝑖 ≤ 𝑚𝑖𝑛 (𝑤𝑗
𝑈 , 𝑚𝑖𝑛𝑖(

1

𝑎𝑖𝑗

(𝑏𝑖 − ∑ 𝑚𝑖𝑛(𝑎𝑖𝑘𝑤𝑘
𝐿 , 𝑎𝑖𝑘𝑤𝑘

𝑈)

𝑘≠𝑗

))) (2.17) 

If 𝑎𝑖𝑗 < 0, 

𝑤𝑗 ≥ 𝑚𝑎𝑥 (𝑤𝑗
𝐿 , 𝑚𝑖𝑛𝑖(

1

𝑎𝑖𝑗

(𝑏𝑖 − ∑ 𝑚𝑖𝑛 (𝑎𝑖𝑘𝑤𝑘
𝐿 , 𝑎𝑖𝑘𝑤𝑘

𝑈)

𝑘≠𝑗

))) 

(2.18) 

𝑤𝑖 ≤ 𝑚𝑖𝑛 (𝑤𝑗
𝑈, 𝑚𝑖𝑛𝑖(

1

𝑎𝑖𝑗

(𝑏𝑖 − ∑ 𝑚𝑎𝑥(𝑎𝑖𝑘𝑤𝑘
𝐿 , 𝑎𝑖𝑘𝑤𝑘

𝑈)

𝑘≠𝑗

))) (2.19) 

Feasibility bounds can also be found for some types of nonlinear constraints, such as 

bilinear term, fractional term. Both (Shectman and Sahinidis, 1998) and (Smith and 

Pantelides, 1999) are good reference for further information.   

2.3.3.4.3 Branching Techniques 

Branching refers to recursively partitioning a problem into two or more sub-

problems. Branching could not only occur on variables but also on constraints. Here, we 
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only reviewed the most frequently used strategy of branching on variables. An effective 

branching strategy could minimized the size of spatial branch-and-bound tree and thus 

improve the performance of the algorithm. In general, branching includes two steps: (1) 

branching variable selection, (2) branching point selection.  

Branching variable selection significantly determines the structure of the tree 

explored. A judicious branching variable selection can reduce large subdomains of the 

solution space and thus affects its performance significantly.  When both integer and 

continuous variables are candidates for branching, integer variables have higher priority. 

For more than one integer variables are branching candidate situation, the selection criteria 

is same as in MILPs and reference (Achterberg et al., 2005) provide detailed reviews. Two 

strategies of variable selection are commonly used: (1) violation transfer which has been 

proposed and its algorithm given by (Tawarmalani and Sahinidis, 2002, 2004b) , and (2) 

an extension of the reliability branching in MILP (Belotti et al., 2009). 

2.4 Contribution 

Stochastic mixed-integer programming with non-convex nonlinear recourse 

function is a challenging problem that combines the difficulty in stochastic optimization with 

discrete nonlinear optimization problems. This research has proposed a linear 

approximation method to solve the problem. The contribution of this research  can be 

summarized in the following aspects: 

 The employment of two-stage stochastic programming for optimizing adaptive 

treatment strategies, where the treatment variables and state variables include 

binary, integer and continuous types, is a new application. .  

 As a result of complex variable types and non-convex nonlinear constraints that 

are actually regression models with interaction terms, the problem becomes a two-

stage stochastic mixed-integer non-convex stochastic program with non-convex 

integer recourse. To the best of the author’s knowledge, there is no related 

literature about this type of problem. Thus, solving the two-stage stochastic 

problem with mixed integer non-convex recourse is considered new.  
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 The proposed methodology of approximating the non-convex quadratic terms by 

piece-wise linear function based on Taylor-series approximation, successfully 

converts the problem into two-stage stochastic problem with mixed integer linear 

recourse function with high fidelity. Then, the equivalent deterministic MILP model 

can be obtained by discretizing the continuous random variables. The MILP model 

can be globally optimized by a mature branch-and-bound solver.  
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Chapter 3  

Piecewise Linear Approximation Approach 

3.1 Introduction 

3.1.1 Problem Description 

A two-stage pain management program for patients who are suffering from chronic 

pain has been formulated and evaluated based upon data from the McDermott Center. The 

procedure of the program is shown in Figure 1-1. Prior to starting the treatment, a pre-

treatment evaluation is taken for patient so that a patient’s information, such as age, 

gender, pain duration, medical history, current pain outcome and so on, can be recorded 

and then stage 1 treatment is prescribed accordingly. At the midpoint of the program, a 

mid-evaluation is taken to see patient’s pain outcome after having stage 1 treatment. 

According to the mid-evaluation result, stage 2 treatment which is an adjusted treatment 

based on the patient’s response to stage 1 treatment  is then determined. At the end of the 

program, a post evaluation of the patient is conducted. Pain management 

recommendations are given to the patient after post evaluation and an additional evaluation 

is conducted one year after completion of the program. In this research, treatment 

recommendations and evaluations after post evaluation are not considered because 

patients are considered as having completed the program.  

The raw dataset is provided by the McDermott Center. It originally contained about 

3000 observations with many variables. Unfortunately, there are many missing data or 

invalid values among these observations. Moreover, among all treatments, not all of them 

are prescribed during the study period. To preserve the use of as much data as possible 

and de-bias the statistical results, the missing and invalid values have to be imputed before 

analysis. After data preprocessing, such as missing data imputation, variables grouping 

and so on, the cleaned dataset has 294 observations. Following the structure of the 

treatment procedure, the background information of patients is defined as the state 

variables while treatment options are defined as the decision variables. There are 90 

variables in the data set, 59 of them are state variables, 14 of them are stage 1 decision 
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variables, 13 of them are stage 2 variables, and 2 are outcome variables (Oswestry Pain 

Disability Questionnaire (OSW) measures and Pain Drawing Analogue (PDA) measures) 

at  pre-evaluation, mid-evaluation and final evaluation point separately. The detail 

information such as variable description and value type is described in Table 3-1, which is 

a refined table based on LeBoulluec (2013). 

Table 3-1 Variables in the Final Dataset 

59 State 
Variables 

Descriptions Values 

pre_PDA PDA measure at the initial point Continuous 

pre_OSW OSW measure at the initial point Continuous 

Age Patient's Age Continuous 

Children Children Continuous 

Onset 
Time (in months) since the first onset of 
pain Continuous 

duration  Duration Continuous 

Status Status of Condition 

{{1: acute (< 3 months),  
2:acute (< 6 months), 
3:acute (< 9 months)} 

race_1 Race of Patient {0:no, 1:caucasian } 

race_2 Race of Patient 
{0:no, 1:African 
American } 

Litigate Pending litigation related to pain? {0:no, 1:yes} 

Gender Patient's gender {0:male, 1:female} 

phydx1 Physical Dx1/Facial 784.0 {0:no, 1:yes} 

phydx3 Physical Dx3/Headache 784.0 {0:no, 1:yes} 

phydx4 Physical Dx4/Cervical 723.1 {0:no, 1:yes} 

phydx5 Physical Dx5/Thoracic 724.1 {0:no, 1:yes} 

phydx6 Physical Dx6/Lumbar 724.2 {0:no, 1:yes} 

phydx7 
Physical Dx7/Myofascial-Fibromyalgia 
729.1 {0:no, 1:yes} 

phydx8 Physical Dx8/Abdominal 789.0 {0:no, 1:yes} 

phydx11 Physical Dx11/Upper Extremity 729.5 {0:no, 1:yes} 

phydx12 Physical Dx12/Low Extremity 729.5 {0:no, 1:yes} 

phydx14 Physical Dx14/Osteoarthritis 716.9 {0:no, 1:yes} 

phydx15 Physical Dx15/Sacro-illitis 724.6 {0:no, 1:yes} 

phydx20 
Physical Dx20/Neuralgia, Neuritis, 
Unspecified {0:no, 1:yes} 

phydx31 
Physical Dx/Cervical Spondylosis W/O 
Myelopathy (721.0) {0:no, 1:yes} 

ProcGr1_0 Injection in stage 0 {0:no, 1:yes} 

ProcGr2_0 Block Procedure in stage 0 {0:no, 1:yes} 

ProcGr4_0 Stimulation Procedure in stage 0 {0:no, 1:yes} 



36 

ProcGr9_0 Psychotherapy in stage 0 {0:no, 1:yes} 

ProcGr10_0 Physical Therapy in stage 0 {0:no, 1:yes} 

ProcGr11_0 
Number of Additional Procedures in 
stage 0 {0:no, 1:yes} 

pastdx3 Past Dx3/Headache 784.0 {0:no, 1:yes} 

pastdx4 Past Dx4/Cervical 723.1 {0:no, 1:yes} 

pastdx5 Past Dx5/Thoracic 724.1 {0:no, 1:yes} 

pastdx6 Past Dx6/Lumbar 724.2 {0:no, 1:yes} 

pastdx7 
Past Dx7/Myofascial-Fibromyalgia 
729.1 {0:no, 1:yes} 

pastdx8 Past Dx8/Abdominal 789.0 {0:no, 1:yes} 

pastdx11 Past Dx11/Upper Extremity 729.5 {0:no, 1:yes} 

pastdx12 Past Dx12/Low Extremity 729.5 {0:no, 1:yes} 

pastdx14 Past Dx14/Osteoarthritis 716.9 {0:no, 1:yes} 

pastdx15 Past Dx15/Sacro-illitis 724.6 {0:no, 1:yes} 

pastdx20 
Past Dx20/Neuralgia, Neuritis, 
Unspecified {0:no, 1:yes} 

pastdx32 
Past Dx/Number of Additional 
Diagnoses {0:no, 1:yes} 

SghxGr1 Surgical History/Unspecified discectomy {0:no, 1:yes} 

SghxGr3 
Surgical History/Percutaneous 
discectomy {0:no, 1:yes} 

SghxGr5 Surgical History/Unspecified fusion {0:no, 1:yes} 

SghxGr6 Surgical History/Anterior fusion {0:no, 1:yes} 

SghxGr11 Surgical History/Hardware removal {0:no, 1:yes} 

RxGr1_0 Tramadol in stage 0 {0:no, 1, 2,3} 

RxGr2_0 NSAIDs in stage 0 {0:no, 1, 2, 3} 

RxGr3_0 Narcotic in stage 0 {0:no, 1, 2, 3} 

RxGr4_0 Muscle Relaxant in stage 0 {0:no, 1, 2, 3} 

RxGr5_0 Antidepressant in stage 0 {0:no, 1, 2, 3} 

RxGr6_0 Tranquilizer in stage 0 {0:no, 1, 2, 3} 

RxGr7_0 Sleeping Pills in stage 0 {0:no, 1, 2,3} 

RxGr8_0 Others in stage 0 {0:no, 1, 2,3} 

marital_1 Marital Status of Patient {0:no, 1:single} 

marital_2 Marital Status of Patient {0:no, 1:married} 

marital_3 Marital Status of Patient {0:no, 1:divorced} 

marital_4 Marital Status of Patient {0:no, 1:widow} 

27  Decision 
Variables 

Descriptions Values 

ProcGr1_1 Injection in stage 1 {0:no, 1:yes} 

ProcGr2_1 Block Procedure in stage 1 {0:no, 1:yes} 

ProcGr4_1 Stimulation Procedure in stage 1 {0:no, 1:yes} 

ProcGr9_1 Psychotherapy in stage 1 {0:no, 1:yes} 

Table 3-1—Continued 
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ProcGr10_1 Physical Therapy in stage 1 {0:no, 1:yes} 

ProcGr11_1 
Number of Additional Procedures in 
stage 1 {0:no, 1:yes} 

RxGr1_1 Tramadol in stage 1 {0:no, 1, 2} 

RxGr2_1 NSAIDs in stage 1 {0:no, 1, 2, 3} 

RxGr3_1 Narcotic in stage 1 {0:no, 1, 2, 3} 

RxGr4_1 Muscle Relaxant in stage 1 {0:no, 1, 2, 3} 

RxGr5_1 Antidepressant in stage 1 {0:no, 1, 2, 3} 

RxGr6_1 Tranquilizer in stage 1 {0:no, 1, 2, 3} 

RxGr7_1 Sleeping Pills in stage 1 {0:no, 1, 2} 

RxGr8_1 Others in stage 1 {0:no, 1, 2} 

ProcGr1_2 Injection in stage 2 {0:no, 1:yes} 

ProcGr2_2 Block Procedure in stage 2 {0:no, 1:yes} 

ProcGr4_2 Stimulation Procedure in stage 2 {0:no, 1:yes} 

ProcGr9_2 Psychotherapy in stage 2 {0:no, 1:yes} 

ProcGr10_2 Physical Therapy in stage 2 {0:no, 1:yes} 

RxGr1_2 Tramadol in stage 2 {0:no, 1, 2, 3} 

RxGr2_2 NSAIDs in stage 2 {0:no, 1, 2, 3} 

RxGr3_2 Narcotic in stage 2 {0:no, 1, 2, 3} 

RxGr4_2 Muscle Relaxant in stage 2 {0:no, 1, 2, 3} 

RxGr5_2 Antidepressant in stage 2 {0:no, 1, 2, 3} 

RxGr6_2 Tranquilizer in stage 2 {0:no, 1, 2, 3} 

RxGr7_2 Sleeping Pills in stage 2 {0:no, 1, 2} 

RxGr8_2 Others in stage 2 {0:no, 1, 2, 3} 

 

An adaptive treatment strategy, which recommends how the treatment level and 

type might change according to a patient’s ongoing response to past treatments, is a 

relatively new research area and has been studied in substance abuse, psychiatric 

disorders (Murphy et al., 2007a, 2007b; Pineau et al., 2007), but not for pain management. 

Constructing an adaptive treatment strategy  using  data from  observational studies is 

different from randomized experimental studies.  Aforementioned studies are all based on 

the randomized experimental studies. However, constructing an adaptive treatment 

strategy from observational data is more complicated. Traditional statistical estimation 

method of analyzing a type of treatment’s effects from observational studies is subject to 

bias because of the complex relationship between the time-dependent treatments and 

related variables, such as patient characteristics. In an adaptive treatment scenario, a 

Table 3-1 -- Continued 

Table 3-1—Continued 
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patient’s variables at one stage are influenced by treatments at the previous stage, and 

they themselves will influence treatments at the following stage. Such mutual interactions 

will lead to bias in estimating the true effect of treatments on the outcomes. This problem 

is commonly referred to as endogeneity or time-dependent confounding in the literature, 

and such problem is researched by LeBoulluec (2013). This  dissertation mainly focuses 

on  formulating the mathematical model, which incorporated the outcome and state 

transition models, and using different approaches to optimize the model. 

3.1.2 Modeling Approaches 

For a multi-stage decision problem with uncertainty, Stochastic Dynamic 

Programming (DP) and Multi-stage Stochastic Programming (SP) are often used. A finite 

horizon, continuous-state SDP can be described as (Chen et al., 1999):   

min 𝐸 {∑ 𝑐𝑡(𝑠𝑡 , 𝑥𝑡 , 휀𝑡)

𝑇

𝑡=1

} 

𝑠. 𝑡.    𝑠𝑡+1 = ℎ𝑡(𝑠𝑡 , 𝑥𝑡 , 휀𝑡),   𝑓𝑜𝑟 𝑡 = 1, … , 𝑇 − 1 

(𝑠𝑡 , 𝑥𝑡) ∈ 𝛤𝑡  ,    𝑓𝑜𝑟 𝑡 = 1, … , 𝑇 

 

(3.1) 

 where T is the total number of stages, 𝑠𝑡 ∈ 𝑅𝑛 is the state vector, 𝑥𝑡 ∈ 𝑅𝑚 is the decision 

vector, 𝑐𝑡: 𝑅𝑛+𝑚+𝑙 → 𝑅1 is a cost function for period t, the known function 𝑓𝑡(∙) defines the 

state transition from stage t to stage t+1,  Γ𝑡 ∈ 𝑅𝑛+𝑚  is the set of constraints and the 

expectation is taken over the random vector  휀𝑡 ∈ 𝑅𝑙. 

The state transition function 𝑠𝑡+1 = ℎ𝑡(𝑠𝑡 , 𝑥𝑡 , 휀𝑡)  is the connection between the 

problem at stage t and the sub-problem at the next state t+1. The state vector of stage t+1 

is 𝑠𝑡+1, determined by the state variables 𝑠𝑡, decision variables 𝑥𝑡 and realizations of the 

random vector 휀𝑡 at stage t. Define the value function at stage t as (3.2). 

𝑉𝑡(𝑠𝑡) = min
𝑥𝑡,…,𝑥𝑇

𝐸 {∑ 𝑐𝜏(𝑠𝜏 , 𝑥𝜏 , 휀𝜏)

𝑇

𝜏=𝑡

} 

𝑠. 𝑡.    𝑠𝜏+1 = ℎ𝜏(𝑠𝜏 , 𝑥𝜏 , 휀𝜏),   𝑓𝑜𝑟 𝜏 = 𝑡, … , 𝑇 − 1 

(𝑠𝜏 , 𝑥𝜏) ∈ 𝛤𝜏  ,    𝑓𝑜𝑟 𝜏 = 𝑡, … , 𝑇 

(3.2) 
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A recursive definition of the future value function at stage t is: 

𝑉𝑡(𝑠𝑡) = min
𝑥𝑡

𝐸{𝑐𝑡(𝑠𝑡 , 𝑥𝑡 , 휀𝑡) + 𝑉𝑡+1(𝑠𝑡+1)}    for 𝑡 = 1, … , 𝑇 (3.3) 

Usually 𝑉𝑇+1 ≡ 0 is defined as the terminal future value function. 

Lin (2010) used Stochastic Approximate Dynamic Programming (ADP) approach 

to solve the DP problem. In order to address the curse of dimensionality problem in DP, 

Lin (2010) employed artificial neural networks (ANN) statistical modeling approach to 

approximate the relationship between minimum value of future value function and the state 

space discretization point from the Latin Hypercube experimental design.  

The prototype work of Lin (2010) could identify an optimal treatment regime in an 

extremely fast way. This research proposed a two-stage stochastic programming to 

optimize treatment directly without using the dimension reduction techniques as in ADP. 

The classical Two-stage Stochastic Programming can be formulated as (3.4) (Birge and 

Louveaux, 1997). 

min c𝑇𝑥 + 𝐸𝞷𝑄(𝑥, 𝞷) 

s.t. 𝐴𝑥 = 𝑏, 𝑥 ≥ 0 
(3.4) 

where 𝑥 is first stage decision vector, which should make under the uncertainty (prior to 

have the full information on random events 𝞷), 𝐸𝞷𝑄(𝑥, 𝞷)is defined as the value function or 

recourse function after the realizations of random vector𝞷, 𝐸𝞷denote the mathematical 

expectation with respect to 𝞷. To solve the two-stage stochastic programming problem, the 

standard approach is constructing scenario trees by discretizing the support set of the 

random variables. As a result, an equivalent deterministic model will be constructed. Then 

an optimization algorithm, such as branch-and-bound and spatial branch-and-bound, 

depending upon the type of constraints will be used in the deterministic equivalent problem.  

3.2 Model Formulation 

A typical optimization model has two parts: objective function and constraints. The 

objective of the program is minimize cost associated with treatments in stage 1 and 2 

(decision variables), and the penalty on final pain outcome. Constraints of the problem 
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comprise of two parts: (1) treatment constraints, which include drug dosage constraints 

and treatment interaction constraints, and (2) system prediction (outcome and state 

transition) models, which are statistical models used to predict the pain outcome given 

treatment plan and the patient’s information. The process of modelling an interdisciplinary 

pain management program can be described as follows: a patient‘s information obtained 

from initial evaluation, such as age, gender, past medical history, and so on, is denoted as 

𝑠1 - state vector in stage 1. Then treatment plan 1 denoted as 𝑥1 - decision vector in stage 

1 is determined under the uncertainty of random effects on the patient. After having 

treatment 1, the pain outcome of the individual is determined by two components: one is 

from the expected response to treatment, which is determined by the system prediction 

(outcome and state transition) model, another one is from random treatment effect 

(heterogeneous to treatment) of the patient. According to an individual’s response to 

treatment (the realization of random variable 휀1 ), a recourse action (𝑥2(휀1)) will be taken, 

which also called as stage 2 decision variables. Similarly the final pain outcome for each 

patient is determined by the system prediction model and the realizations of random effects 

on the patient. The modelling process is shown in  Figure 3-1.  

 

Figure 3-1 Two-stage Stochastic Modelling Process 
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The mathematical formulation of the two-stage stochastic model is give in equation 

(3.5). Different from traditional two-stage stochastic problem, the model in this research 

has a second random variable 휀2.   

𝑚𝑖𝑛: 𝑃(𝐸(𝑌2(휀1, 휀2))) + 𝜌 ∙ (∑ 𝐶(𝑥1) + ∑ 𝐸(𝐶(𝑥1))) 

𝑠. 𝑡.   𝑌1(휀1) = ℎ1(𝑠1, 𝑥1, 휀1)                                           (a) 

𝑌2(휀1, 휀2) = ℎ2( 𝑠2(휀1), 𝑥2(휀1), 휀2)                              (b) 

𝑥1
𝑖 ∗ 𝑥1

𝑗
= 0, 𝑥2

𝑖 (휀1) ∗  𝑥2
𝑗(휀1) = 0   ∀(𝑥𝑖 , 𝑥𝑗) ∈ Λ                   (c) 

𝑠2(휀1) = [𝑠1, 𝑥1,  𝑌1(휀1)]                                            (d) 

𝑥1 ∈ Γ1 , 𝑥2(휀1) ∈ Γ2                                            (e) 

(3.5) 

where P( ) is the penalty function on final pain outcome and C( ) is the treatment cost 

function. 𝜌 is the coefficient to balance treatment cost and penalty on final pain outcome. 

𝑠1 is the vector of patient’s state variables at the beginning of stage 1, which could include 

the patient’s entire medical history, 𝑠2 is the vector of state variables at the beginning of 

stage 2, which includes 𝑠1, stage 1 decision variable 𝑥1, and also pain outcome at mid-

evaluation point 𝑌1, 𝑥𝑡 is the vector of treatment decisions, t is the set of feasible treatment 

decisions, 𝑥𝑡
𝑖 is the treatment 𝑖 in stage t, Λ is a set of treatment interaction restrictions, 

function ℎ𝑡 updates the patient’s pain outocome at the end of each stage, random vector 

휀𝑡  is the uncertainty in the system prediction model. Constraints (a) and (b) are pain 

outcome prediction functions at mid-evaluation point and final evaluation point respectively. 

Constraints (c) are the treatment interaction restrictions. Constraint (d) shows the elements 

included in 𝑠2. Constraints (e) are the bounds on treatment decision variables. 

3.3 Linear Approximation of Non-convex Nonlinear Function  

Both Lin (2010) and LeBoulluec (2013) found that the best outcome and state 

transition models ℎ𝑡  are non-convex functions with quadratic terms. The non-convex 

property of ℎ𝑡 and the property of mixed continuous and integer variable type make the 

model become non-convex mixed integer nonlinear programming (MINLP) problem. Most 

of current global optimization methods for non-convex MINLPs are based on convex 
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relaxations, by replacing the non-convex functions with predefined convex envelopes 

(Tawarmalani and Sahinidis, 2002). Notable relaxation methods are based on linear 

programming (LP), semi-definite programming (SDP) (Fujie and Kojima, 1997; 

Vandenberghe and Boyd, 1996), and second-order programming (SOCP). Recently, there 

are also studies on combining of relaxation methods, such as combined RLT and SDP 

relaxation (Anstreicher, 2009), combined SDP and SOCP relaxation (Burer et al., 2013). 

SDP could provide a very tight bounds but it is very computationally expensive relaxation 

approach.  

Before employing the aforementioned solution method, this research proposed a 

linear approximation method that use a linear function to approximate quadratic 

constraints. Non-convex nonlinear constraints are from statistical regression models, which 

are different from the hard constraints such as source constraints and labor constraints, so 

that they are not exact functional relationships between response and predictors. Thus, we 

propose a method of refitting the regression model with piecewise linear terms based on a 

Taylor-series approximation in place of quadratic terms. Through this method, mixed 

integer linear programming (MILP) model is derived. A branch-and-bound algorithm can 

be used to optimize the MILP model globally. 

After examining the special structure of the nonlinear terms, there are only three 

types of quadratic terms, which are from two way interactions, described as follows: (1) a 

binary variable interact with continuous variable, (2) a binary variable interacts with a binary 

variable, and (3) a continuous variable interacts with a continuous variable. For the first 

two types of quadratic terms, it can be equivalently linearized by introducing a new variable 

with adding linear constraints. Let 𝑥1 × 𝑥2  denote the quadratic term, the method of 

linearization is described as follows:  

For type (1) quadratic term, if 𝑥1 is continuous with bounds [l, u] and 𝑥2 is binary 

variable, introduce a new variable y to replace  𝑥1 × 𝑥2, and add linear constraints (3.6) and 

(3.7).    
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𝑙 × 𝑥2 ≤ 𝑦 ≤ 𝑢 × 𝑥2 (3.6) 

𝑥1 − (1 − 𝑥2) × 𝑢 ≤ 𝑦 ≤ 𝑥1 − (1 − 𝑥2) × 𝑙 (3.7) 

For type (2) quadratic term, if 𝑥1 and 𝑥2 are both binary variables, introduce a new 

variable y to replace  𝑥1 × 𝑥2, and add linear constraints (3.8), (3.9) and (3.10):    

𝑦 ≤ 𝑥1 (3.8) 

𝑦 ≤ 𝑥2 (3.9) 

𝑦 ≥ 𝑥1 + 𝑥2 − 1 (3.10) 

For type (3) quadratic term, this research has proposed a refitting regression model 

method with piecewise linear term in place of quadratic term. If 𝑥1 is continuous variable 

with bounds [l1, u1], 𝑥2 is continuous variable with bounds [l2, u2], Let 𝑓(𝑥1, 𝑥2) = 𝑥1 × 𝑥2, 

the first order Tylor series approximation can be written as equation (3.11): 

𝑓(𝑥1, 𝑥2) ≈ 𝑓(𝑥1
0, 𝑥2

0) +  𝛻𝑓(𝑥1
0, 𝑥2

0) (
𝑥1−𝑥1

0

𝑥2−𝑥2
0) = −𝑥1

0𝑥2
0 + 𝑥2

0𝑥1 + 𝑥1
0𝑥2 (3.11) 

where (𝑥1
0, 𝑥2

0) is a given point . In this research, the center point of definition region is 

chosen as (𝑥1
0, 𝑥2

0).  

If we divide the original region into 4 sub-regions, two indicator variables 𝐼(𝑥1>�̅�1) 

and 𝐼(𝑥2>�̅�2) need to be introduced to represent the center point of each sub-region, the 

definition of indication variable can be expressed in equation (3.12) and (3.13): 

𝐼(𝑥1>�̅�1) = {
1     𝑖𝑓 𝑥1 > �̅�1

0            𝑂. 𝑤.
 (3.12) 

𝐼(𝑥2>�̅�2) = {
1     𝑖𝑓 𝑥2 > �̅�2

0            𝑂. 𝑤.
 (3.13) 

 (3.12) and (3.13) can be expressed as a variable with linear constraint (3.14): 

𝑥 −
𝑢 + 𝑙

2
𝑢 − 𝑙

+ 휀 ≤ 𝐼(𝑥>�̅�) ≤
𝑥 − 𝑙

𝑢 − 𝑙
∗ 2 

(3.14) 

Let �̅�1 =
𝑙1+𝑢1

2
 and �̅�2 =

𝑙2+𝑢2

2
, the center point of sub-region can be expressed in 

(3.15) and (3.16): 
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𝑥1
0 =  𝐼(𝑥1>�̅�1)

𝑢1 + �̅�1

2
+ (1 −  𝐼(𝑥1>�̅�1))

𝑙1 + �̅�1

2 
 (3.15) 

𝑥2
0 =  𝐼(𝑥2>�̅�2)

𝑢2 + �̅�2

2
+ (1 −  𝐼(𝑥2>�̅�2))

𝑙2 + �̅�2

2
 (3.16) 

Substituting (3.15) and (3.16) into (3.11), and rearranging terms, equation (3.17) 

is derived. 

𝑓(𝑥1, 𝑥2) ≈ −
𝑙1 + �̅�1

2
×

𝑙2 + �̅�2

2
+ 𝑥1 ×

𝑙2 + �̅�2

2
+ 𝑥2 ×

𝑙1 + �̅�1

2
− 𝐼(𝑥1>�̅�1,𝑥2>�̅�2)

×
(𝑢1 − 𝑙1)

2
×  

(𝑢2 − 𝑙2)

2
− 𝐼(𝑥1>�̅�1) ×

(𝑢1 − 𝑙1)

2
×

𝑙2 + �̅�2

2

− 𝐼(𝑥2>�̅�2) ×
(𝑢2 − 𝑙2)

2
×

𝑙1 + �̅�1

2
+ 𝑥1 ∗ 𝐼(𝑥2>�̅�2) ×

(𝑢2 − 𝑙2)

2
+ 𝑥2

∗ 𝐼(𝑥1>�̅�1) ×
(𝑢1 − 𝑙1)

2
 

(3.17) 

Based on equation (3.17), two methods were proposed for approximating type (3) 

quadratic terms.  Method 1: using the right hand side to approximated the quadratic term 

directly; method 2: regard the 7 variables 𝑥1, 𝑥2,  𝐼(𝑥1>�̅�1,𝑥2>�̅�2), 𝐼(𝑥1>�̅�1), 𝐼(𝑥2>�̅�2), 𝑥1 ∗ 𝐼(𝑥2>�̅�2), 

𝑥2 ∗ 𝐼(𝑥1>�̅�1) in the right hand side as the new features to refit a regression model instead of 

quadratic term. The following section will explain the proposed two methods in detail.  

Though 𝐼(𝑥1>�̅�1,𝑥2>�̅�2) , 𝑥1 ∗ 𝐼(𝑥2>�̅�2)  and  𝑥2 ∗ 𝐼(𝑥1>�̅�1)  are three terms that appears as 

quadratic terms, they can be formulated as a linear term with additional linear constraints 

using the aforementioned method for type (1) and type (2) quadratic term.  In other words, 

type (3) quadratic term can be approximated by 7 linear terms.  

The right hand side of equation (3.17) is the tangent plane at the center point of 

definition region. One piece tangent plane and four piecewise tangent planes were used to 

do the approximation, and are shown in separate graph in Figure 3-2. 
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Figure 3-2 One Piece and Four Piecewise Approximation 

The more tangent planes used to do approximation, the more accurate the 

approximation is. However, the computational time will increase as well. The procedure of 

tangent plane approximation is described as follows: denote original system prediction 

model as equation (3.18), in which type (1) & (2) terms can be regarded as linear terms, 

and thus are denoted by linear terms, 𝑥𝑢 ∗ 𝑥𝑣(𝑣≠𝑢) representing type (3) interaction terms 

only. Four piecewise linear approximation can be formulated as equation (3.19). 

𝑦 = 𝛽0 + ∑ 𝛽𝑖𝑥𝑖

𝑛

𝑖=1

+ ∑ 𝛽𝑖

𝑛+𝑚

𝑖=𝑛+1

(𝑥𝑢 ∗ 𝑥𝑣(𝑣≠𝑢)) + 𝒆𝟏 (3.18) 

y = 𝛽0 + ∑ 𝛽𝑖𝑥𝑖

𝑛

𝑖=1

+ ∑ 𝛽𝑖

𝑛+𝑚

𝑖=𝑛+1

(−
𝑙1 + �̅�𝑢

2
×

𝑙2 + �̅�𝑣

2
+ 𝑥1 ×

𝑙2 + �̅�𝑣

2
+ 𝑥𝑣 ×

𝑙1 + �̅�𝑢

2

− 𝐼(𝑥𝑢>�̅�𝑢,𝑥𝑣>�̅�𝑣) ×
(𝑢1 − 𝑙1)

2
× 

(𝑢2 − 𝑙2)

2
− 𝐼(𝑥𝑢>�̅�𝑢) ×

(𝑢1 − 𝑙1)

2

×
𝑙2 + �̅�𝑣

2
− 𝐼(𝑥𝑣>�̅�𝑣) ×

(𝑢2 − 𝑙2)

2
×

𝑙1 + �̅�𝑢

2
+ 𝑥𝑢 ∗ 𝐼(𝑥𝑣>�̅�𝑣) ×

(𝑢2 − 𝑙2)

2

+ 𝑥𝑣 ∗ 𝐼(𝑥𝑢>�̅�𝑢) ×
(𝑢1 − 𝑙1)

2
) + 𝒆𝟏′

 

(3.19) 
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Using the tangent plane approximation method described above, residual plot 

comparison between 4 piecewise and 16 piecewise approximation to Post_OSW model 

are shown in Figure 3-3. The original Post_OSW model residual plot is shown in figure 

Figure 3-3 (a), residual plots of 4 piecewise and 16 piecewise linear approximation are 

shown in Figure 3-3 (b) and Figure 3-3 (c) separately. From the residual plots we can see 

that, the 16 piecewise linear approximation is quiet accurate compared with 4 piecewise 

linear approximation.  

  

                                  (a) 

 

                               (b) 

 

                                 (c) 

 

Figure 3-3 Residual Plot Comparison between Original Model and Tangent Plane 

Approximation Models for Post_OSW 

-10 0 10 20 30 40
-10

-5

0

5

10

15

yhat

re
s
id

u
a
l 
e

R-Square =0.9138

-10 0 10 20 30 40
-10

-5

0

5

10

15

yhat-4subregion

re
s
id

u
a
l 
e

R-Square = 0.8246

-10 0 10 20 30 40
-10

-5

0

5

10

15

yhat-16subregion

re
s
id

u
a
l 
e

R-Square =0.9060



47 

 

(a) 

 

(b) 

 

(c) 

 

 

 

 

 

 

Figure 3-4 Residual Plot Comparison between Original Model and Tangent Plane 

Approximation Models for mid_OSW 

In the proposed refit approximation, we use the 7 linear terms: 𝑥1, 𝑥2,  𝐼(𝑥1>�̅�1,𝑥2>�̅�2), 

𝐼(𝑥1>�̅�1), 𝐼(𝑥2>�̅�2), 𝑥1 ∗ 𝐼(𝑥2>�̅�2)and 𝑥2 ∗ 𝐼(𝑥1>�̅�1) as new predictors in place of quadratic term to 

refit regression model. We obtain the piecewise linear function approximation model. The 

detailed procedure of type (3) quadratic term approximation is described in 3.3.1. 

3.3.1 Refitting Two Continuous Variables Interaction Term  

As discussed above, type (1) and type (2) quadratic terms can be reformulated to 

equivalent linear terms with additional linear constraints. They can be regarded as linear 

constraints instead of technically difficult quadratic constraints in an optimization problem. 

Thus in this section, we only need to focus on the two continuous variable interaction terms. 

For notation convenience, type (1) and type (2) quadratic terms are denoted by a new 
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variable, which are linear terms as well, and the original outcome and state transition model 

denoted as model 1 with 𝑚 type (3) quadratic terms can be described as equation (3.20): 

𝑦 = 𝛽0 + ∑ 𝛽𝑖𝑥𝑖

𝑛

𝑖=1

+ ∑ 𝛽𝑖

𝑛+𝑚

𝑖=𝑛+1

(𝑥𝑢 ∗ 𝑥𝑣(𝑣≠𝑢)) + 𝒆𝟏 (3.20) 

Denote the refit model as model 2. The procedure of refitting the model is shown 

as follows: 

Step1: Take continuous quadratic term away from model 1 then we get equation 

(3.21), calculate residual 𝒆′ from (3.21)  

𝑦 = 𝛽0 + ∑ 𝛽𝑖𝑥𝑖

𝑛

𝑖=1

+ 𝒆′ (3.21) 

Step2: Use 𝒆′ as response run a stepwise linear regression model on linear 

predictors derived from (3.17) for 𝑚 type (3) quadratic terms, we get equation (3.22): 

𝒆′ = 𝛼0 + ∑ 𝛼𝑗𝑥′𝑗

𝑛′

𝑗=1

+ 𝒆𝟐 (3.22) 

Step3: Combine constant and linear term in equation (3.20) and (3.22). Finally we 

get model 2 which is shown in equation (3.23): 

𝑦 = 𝛽0 + 𝛼0 + ∑ 𝛽𝑖𝑥𝑖

𝑛

𝑖=1

+ ∑ 𝛼𝑗𝑥′𝑗

𝑛′

𝑗=1

+ 𝒆𝟐 (3.23) 

Using the refitting method as described above, Post_OSW model of training data 

set is refitted. The refitting model method is also tested by the testing data set which 

includes 59 observations. Residual plot comparison between model 1 and model 2 for the 

training data set and testing data set are shown in Figure 3-5 and Figure 3-6 separately. 

R-squared of the model 1 for the training data set and testing data set are 0.9138 and 

0.7620, while R-squared of model 2 are 0.9122 and 0.7557, which are 99.82% and 99.17%  

of the R-squared of model 1. From the residual plot, we can see that the residual in model 

2 has very similar distribution to model 1. 
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Model 1 residual plot Model 2 residual plot 

Figure 3-5 Residual plot comparison between original model and refitting model 

of Post_OSW for Training Dataset 

  

Model 1 residual plot Model 2 residual plot 

Figure 3-6 Residual Plot Comparison between Original Model and Refit Model of 

Post_OSW for Testing Dataset 

For the Mid_OSW refit model for both training data set and testing data, we get a 

very consistent result as Post_OSW shown in Figure 3-7 and Figure 3-8 separately. R-

squared of the refitting model for training data set and testing data set is 0.8162 and 

0.7891,which are 99.79% and 99.23% of the R-squared of original model separately. The 

residual distribution are very similar to the original regression and refit models. 
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Model 1 residual plot Model 2 residual plot 

Figure 3-7 Residual Plot Comparison between Original Model and Refit Model of 

Mid_OSW for Training Dataset 

  

Model 1 residual plot Model 2 residual plot 

Figure 3-8 Residual Plot Comparison between Original Model and Refit Model of 

Mid_OSW for Testing Dataset 

From the above model comparison results, we can see that the method of refitting 

a regression model with linear terms in place of quadratic terms has very little loss of 

fidelity. As a result, in this research the refitting method was selected as the approximation 

method to convert original non-convex quadratic terms into piece-wise linear terms. The 

models used for illustrating refit method are different from these used in optimization 

models. 
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3.4 Objective Function 

In order to balance the amount of medications used for pain treatment at each 

stage and the final pain outcome, objective function is comprised of two parts: pain 

outcome penalty function and treatment cost function. The purpose of pain outcome 

penalty function is to place higher penalty on more pain in order to manage the pain at 

acceptable level and the purpose of treatment cost function is to place a higher cost on 

more treatment (either medications or surgery) in order to control the medications’ usage. 

A coefficient 𝜌 (0< 𝜌 <1) is applied for treatment cost function in order to adjust the balance 

of the penalty on pain outcome and medication usage amount so that one does not 

dominate the other. Pain outcome penalty function and treatment cost function is described 

as follows in detail.  

3.4.1 Penalty Function for Pain Outcome 

The goal of the penalty function is to place a penalty on the final pain outcome. 

Since the pain outcome is a random variable and its true value is unknown,  we  penalize 

its expected pain outcome. This research focuses on using Oswestry Pain Disability 

Questionnaire (OSW) measure to model the problem. OSW score ranges from 0 to 50. 

According to the disability level, the score is classified into five levels. For a total score of 

0-10, no treatment is necessary; 11-20 indicates mild disability and conservative treatment 

is recommended; 21-30 indicates severe disability and detailed investigation is required; 

31-40 indicates crippling disability and severe Intervention is required; 41-50 bed bound is 

required (Oswestry Disabililty Index, 2015). In order to increase penalty along with the 

increase in disability level, this research use a five piecewise linear penalty function to 

model the penalty on pain outcome. For OSW score below or equal to 10, it is regarded as 

normal pain level and thus no penalty no it. Along with the increase in disability level, the 

penalty on pain outcome increases for each unit increase in final pain outcome score. In 

another word, the slope for each piece has the following relationship 𝛼5 >  𝛼4 > 𝛼3 > 𝛼2 >

𝛼1 > 𝛼0 = 0.  As a result, the slope of each piece is 𝛼1= 0, 𝛼2 = 1.763, 𝛼3= 4.885, 𝛼4= 
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7.985, 𝛼5 = 11.085 respectively. The determination of the slope refers to the penalty 

function in Lin (2010).         

 

Figure 3-9 Pain Outcome Penalty Function  

Let 𝑌2 be final pain outcome of OSW measure. Penalty function on expected final 

pain outcome P(𝐸(𝑌2)) can be formulated in MILP format as equation (3.24). 

𝑃(𝐸(𝑌2)) = ∑ 𝜆𝑖 ∙ 𝑃(𝑎𝑖)
6

𝑖=1
 

𝑠. 𝑡. 𝐸(𝑌2) = ∑ 𝜆𝑖 ∙ 𝑎𝑖

6

𝑖=1
 

𝜆1 ≤ 𝑡1 

𝜆𝑖 ≤ 𝑡𝑖−1 + 𝑡𝑖 , 𝑖 = 2,3,4,5 

𝜆6 ≤ 𝑡5 

∑ 𝜆𝑖

6

𝑖=1

= 1 

∑ 𝑡𝑖

6

𝑖=1

= 1 

(3.24) 

f(E(𝑌2)) 

𝛼5 

𝛼2 

 

𝛼3 

  

𝛼1 

𝛼4 

10 20 30 40 50 
   E(𝑌2) 
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where 𝑡 ∈ 𝐵5, 𝜆𝑖 ≥ 0, 𝑖 = 1, … , 6, 𝑌2 ∈ (0,50),

𝑎1 = 0, 𝑎2 = 10, 𝑎3 = 20, 𝑎4 = 30, 𝑎5 = 40, 𝑎6 = 50 

3.4.2 Treatment Cost Function 

The treatment cost function is a piecewise linear function referred to cost function 

in Lin (2010). There are three types of feasible decision ranges for different types of 

treatment. This research places same cost for the treatment with same feasible ranges. 

Correspondingly, we have three different treatment cost functions by applying different 

values of coefficient 𝛾 to function f( ). As shown in Figure 3-10, and the slope for function 

f( ) is 𝛼1 = 2.445, 𝛼2 = 5.40 and 𝛼3 = 8.40. For example, if it is procedure treatment, the 

corresponding 𝛾 is 6.31, if the dosage range is from 0 to 2, the corresponding 𝛾 is 1.91, 

and if the dosage range is from 0 to 3, the corresponding 𝛾 is 0.92.  

 

Figure 3-10 Treatment Cost Function C(𝑥) 

For pharmaceutical treatment 𝑥𝑖,  the piecewise linear cost function 𝐶(𝑥𝑖) can be 

formulated in MILP format as equation (3.25): 

The cost of all treatments is calculated by adding the cost of stage 1 treatments 

and expected stage 2 treatment together. The objective function of the problem is 

𝑓(𝐸(𝑌2)) + 𝜌 ∙ (∑ 𝐶(𝑥1) + ∑ 𝐸(𝐶(𝑥2))) , where 𝜌  is the coefficient for balancing the 

treatment cost and pain outcome penalty.  

f(x) 

𝛼1 

 

𝛼2 

  

𝛼3 

1 2 3 

𝑥 

C(𝑥) 

1 2 3 
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𝐶(𝑥𝑖) = 𝛾 ∑ 𝜆𝑖

4

𝑖=1

∙ 𝑓(𝑎𝑖) 

s.t. 𝑥𝑖 = ∑ 𝜆𝑖 ∙ 𝑎𝑖
4
𝑖=1  

𝜆1 ≤ 𝑡1 

𝜆𝑖 ≤ 𝑡𝑖−1 + 𝑡𝑖 , 𝑖 = 2,3 

𝜆4 ≤ 𝑡3 

∑ 𝜆𝑖

4

𝑖=1

= 1 

∑ 𝑡𝑖

3

𝑖=1

= 1 

where 𝑡 ∈ 𝐵3, 𝜆𝑖 ≥ 0, 𝑖 = 1, … , 4, 𝑎1 = 0, 𝑎2 = 1, 𝑎3 = 2, 𝑎4 = 3, 

𝛾 = {

6.13           𝑖𝑓 𝑥𝑖 ∈ {0,1}

1.91        𝑖𝑓 𝑥𝑖 ∈ {0,1,2}

0.92     𝑖𝑓 𝑥𝑖 ∈ {0,1,2,3}
 

(3.25) 

3.5 Feasibility Discussion and Induced Constraints 

In the implicit formulation format (3.5), 𝑌1(휀1) , 𝑌2(휀1, 휀2)  are random variables, 

specifically they represent the pain outcome at mid-evaluation point (denoted as 

mid_OSW) and post-evaluation point (Post_OSW) respectively. OSW score ranges from 

0 to 50, but mid_OSW and Post_OSW are random variables depending on the realization 

of 휀1.and 휀2. When the sampling occurs at the tails of normal distribution 휀1~𝑁(0, 𝜎1
2) and 

휀2~𝑁(0, 𝜎2
2), the associated constraints are infeasible at these implied bounds. In this 

research we relax the lower bounds to -50 for OSW and allow it goes below zero because 

a treatment in which OSW is predicted to be below zero is likely to be good. However, we 

create truncating variable �̅� for pain outcome 𝑌. The relationship between �̅� and Y can be 

formulated as equation (3.26). 

�̅� = { 
𝑌              𝑖𝑓  𝑌 ≥ 0
0                      𝑂. 𝑊.

  (3.26) 
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Create an indicator variable 𝐼 for OSW, 𝐼 = 1 if 𝑂𝑆𝑊 ≥ 0, otherwise 𝐼 = 0. Let ub, 

lb denote the upper bound and lower bound of OSW separately. Indicator variable 𝐼 can 

be formulated in MILP format as in equation (3.27), where 𝛿 is a small positive value. 

𝑌

𝑢𝑏
+ 𝛿 ≤ 𝐼 ≤ 1 +

𝑌

𝑢𝑏
 (3.27) 

As a result, �̅� = 𝐼 ∙ 𝑌 can be formulated in MILP format using equation (3.6) and (3.7).   

3.6 Treatment Interaction Restriction 

The preliminary research on treatment interaction was done by Aisha Gillan, who 

has summarized three types of treatment interactions according to the severity. The three 

types are mild treatment interactions, moderate treatment interactions, and severe 

treatment interactions. The interactions from this study are as shown in Table 3-2. For 

example, (RxGr1, RxGr3) means that there is a mild interaction between treatment RxGr1 

and RxGr3. 

Table 3-2 Treatment Interaction Summary Table 

Interaction 
Level 

Two Interaction Treatments 

Mild 
interaction 

(RxGr1, RxGr3), (RxGr4, RxGr6), (RxGr4, RxGr7), (RxGr5, RxGr7), 
(RxGr5, ProcGr1), (RxGr5, ProcGr2), and (RxGr6, RxGr7) 

Moderate 
interaction 

(RxGr1, RxGr4), (RxGr1, RxGr5), (RxGr1, RxGr6), (RxGr1, RxGr7), 
(RxGr1, RxGr8), (RxGr1, ProcGr1), (RxGr2, RxGr6), (RxGr2, RxGr8), 
(RxGr2, ProcGr1), (RxGr2, ProcGr2), (RxGr3, RxGr4), (RxGr3, RxGr5), 
(RxGr3, RxGr6), (RxGr4, RxGr8), (RxGr5, RxGr8), (RxGr7, RxGr8), 
(RxGr8, ProcGr1), and (RxGr8, ProcGr2) 

Severe 
interaction 

(RxGr3, RxGr8), and (RxGr5, RxGr6) 

 

This research has incorporated treatment interactions into the 2SP model into two 

settings: 1. no treatment interaction is allowed, and 2. only mild treatment interactions are 

allowed. For example, in the case of setting 1, since RxGr1 has mild interaction with 

treatment RxGr3, they cannot be used simultaneously. However, in the case of setting 2, 

RxGr1 and RxGr3 can be used simultaneously. Anecdotal evidence suggests that 

treatments in different treatment periods have no interaction. At most one of a set of 
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variables can take a strictly positive value, all others being at 0 is defined as special order 

sets of type 1 (SOS1). Treatment interaction restrictions are one type of the SOS1 

constraints. 

3.7 Extensive Form of 2SP Model 

For incorporating the induced constraints for handling predicted pain outcome 

below zero, the preliminary 2SP model in equation  (3.5) is revised. The extensive format 

of final version 2SP model is shown as in equation (3.28), where constraints (b) and (d) 

are for truncating variables, 𝛽0
𝑡 is constant term in prediction model, 𝛽𝑖

𝑡 is the coefficient 

vector for the vector of predictors, �̅�𝑡 is truncating variable for 𝑌𝑡 and  the rest notations in 

(3.28) are same as in equation (3.5). Constraint (a) is linear because for a specific patient 

𝑠1 is known and the interaction terms 𝑠1
𝑇𝛽3

1𝑥1 are linear terms.  𝑠2 includes 𝑠1, 𝑥1 and 𝑌1, so 

that interaction terms 𝑠2
𝑇𝛽3

2𝑥2(휀1) in constraint (c) are nonlinear.  

𝑚𝑖𝑛: 𝑃(𝐸(�̅�2(휀1, 휀2))) + 𝜌 ∙ (∑ 𝐶(𝑥1) + ∑ 𝐸(𝐶(𝑥2(휀1))))   

𝑠. 𝑡    𝑌1(휀1) = 𝛽0
1 + 𝛽1

1𝑥1 + 𝛽2
1𝑠1 + 𝑠1

𝑇𝛽3
1𝑥1 + 휀1                                     (a) 

�̅�1(휀1) = max(0, 𝑌1(휀1))                                                                   (b) 

𝑌2 (휀1, 휀2) = 𝛽0
2 + 𝛽1

2𝑥2(휀1) + 𝛽2
2𝑠2(휀1) + 𝑠1

𝑇𝛽3
2𝑥1 + 𝑠2

𝑇(휀1)𝛽4
2𝑥2(휀1) + 휀2  (c) 

�̅�2(휀2) = max(0, 𝑌2(휀2))                                                                   (d)                                         

𝑥1
𝑖 ∗ 𝑥1

𝑗
= 0, 𝑥2

𝑖 (휀1) ∗  𝑥2
𝑗(휀1) = 0   ∀(𝑥𝑖 , 𝑥𝑗) ∈ Λ                             (e) 

𝑠2(휀1) = [𝑠1, 𝑥1,  �̅�1(휀1)]                                                                  (f) 

𝑥1 ∈ Γ1 , 𝑥2(휀1) ∈ Γ2                                                              (g) 

(3.28) 

3.8 Extensive Form of Linear Approximation 2SP Model 

As analysis in previous section, constraint (c) in equation (3.28) is non-convex and 

has three types of interaction terms. Using refit method to linearly approximate the 

continuous variables interaction terms and reformulating type (1) and type (2) interaction 

terms into MILP format, the original quadratic terms of system prediction models are 

converted into linear format. The coefficients in constraint (3.29c)  is different from (3.28c). 

The extensive form of linear approximation 2SP Model is shown as (3.29). 
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In this formulation 𝑥𝐺  represents the vector of new variables introduced by 

reformulating type (1) and type (2) interaction terms between stage 2 decision variable and 

stage 1 decision variables together with mid evaluation variable 𝑌𝟏 . 𝑥𝐿  represents the 

vector of linear terms used to approximate type(3) interaction terms.  

𝑚𝑖𝑛: 𝑃(𝐸(�̅�2(휀1, 휀2))) + 𝜌 ∙ (∑ 𝐶(𝑥1) + ∑ 𝐸(𝐶(𝑥2(휀1)))) 

              𝑠. 𝑡.    𝑌1(휀1) = 𝛽0
1 + 𝛽1

1𝑥1 + 𝛽2
1𝑠1 + 𝑠1

𝑇𝛽3
1𝑥1 + 휀1                                    (a) 

�̅�1(휀1) = max(0, 𝑌1(휀1))                                                                   (b) 

𝑌2 (휀1, 휀2) = 𝛽0
′2 + 𝛽1

′2𝑥2(휀1) + 𝛽2
′2𝑠2(휀1) + 𝑠1

𝑇𝛽3
′2𝑥1 + 𝑠1

𝑇𝛽4
′2𝑥2(휀1) + 𝛽5

′2�̅�1(휀1) +

𝛽6
′2𝑥𝐺(휀1) + 𝛽7

′2𝑥𝐿(휀1) + 휀2                                                     (c)    

𝐵2 (𝑥2(𝜀1)
𝑥𝐺(𝜀1)

) ≤ 𝑑2                                                                                       (d) 

�̅�2(휀1) = max(0, 𝑌2(휀1))                                                                    (e)  

𝑥1
𝑖 ∗ 𝑥1

𝑗
= 0,   𝑥2

𝑖 (휀1) ∗  𝑥2
𝑗(휀1) = 0   ∀(𝑖, 𝑗) ∈ Λ   (SOS1)                  (f) 

𝑠2(휀1) = [𝑠1, 𝑥1,  �̅�1 (휀1)]                                                                (g) 

𝑥1 ∈ Γ1 ,   𝑥2(휀1) ∈ Γ2                                                                  (h) 

(3.29) 
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Chapter 4  

Implementation and Computation Results 

The goal of the 2SP model is to minimize the pain outcome and treatment cost 

subject to the outcome and state transition functions (system prediction models), treatment 

interaction restrictions as well as bounds for treatment decisions. The objective function 

balances pain outcomes and treatment cost by adjusting the treatment coefficient ρ. 

System prediction models are non-convex multi-linear regression models with two-way 

interaction terms. As a result, the 2SP model is a nonconvex constrained stochastic model. 

By using the aforementioned refitting model and linear reformulation method, the 

nonconvex constraints are approximated by piecewise linear functions. Consequently the 

2SP model is approximated by a piecewise linear model with high fidelity. By discretizing 

the continuous random variables in linear approximation 2SP model, the deterministic 

equivalent MILP model is obtained. If the sampling sizes for the random variable in each 

stage are both n,  the MILP model is shown as in equation (4.1). 

The remaining part of this chapter has been organized as follows: section 4.1 

describes the system prediction models and significant predictors selected in this research. 

Section 4.2 describes the program termination criteria and the study on the parameters of 

this 2SP model, such as treatment coefficient ρ and sampling size. The procedure of 

evaluating the solutions from different scenarios is also given in this section. Section 4.3 is 

about the types of treatments are mainly used in each stage recommended by the 2SP 

optimization model, and the differences in the usage of treatments suggested by 2SP 

model and observed from the original dataset. Section 4.4 includes comparison of final 

pain outcomes between the MILP model and the observed data. Section 4.5 discusses the 

comparison between linear approximation 2SP model and original 2SP model. 
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𝑚𝑖𝑛: 𝑃(𝐸(�̅�2(휀1, 휀2))) + 𝜌 ∙ (∑ 𝐶(𝑥1) + ∑ 𝐸(𝐶(𝑥2(휀1)))) 

𝑠. 𝑡.   𝑌1(𝜔1) = 𝛽0
1 + 𝛽1

1𝑥1 + 𝛽2
1𝑠1 + 𝑠1

𝑇𝛽3
1𝑥1 + 𝜔1        𝜔1 ∈ Ξ1

𝑛              (a) 

�̅�1(𝜔1) = max(0, 𝑌1(𝜔1))                            𝜔1 ∈ Ξ1
𝑛                        (b) 

 𝑌2 (𝜔1, 𝜔2) = 𝛽0
′2 + 𝛽1

′2𝑥2(𝜔1) + 𝛽2
′2𝑠2(𝜔1) + 𝑠1

𝑇𝛽3
′2𝑥1 + 𝑠1

𝑇𝛽4
′2𝑥2(𝜔1) +

𝛽5
′2𝑌1(𝜔1) + 𝛽6

′2𝑥𝐺(𝜔1) + 𝛽7
′2𝑥𝐿(𝜔1) + 𝜔2     𝜔1 ∈ Ξ1

𝑛 , 𝜔2 ∈ Ξ2
𝑛         (c) 

�̅�2(𝜔2) = max(0, 𝑌2(𝜔2))        𝜔2 ∈ Ξ2
𝑛                                            (d)                             

𝐵2 (𝑥2(𝜔1)
𝑥𝐺(𝜔1)

) ≤ 𝑑2          𝜔1 ∈ Ξ1
𝑛                                                               (e) 

𝑥1
𝑖 ∗ 𝑥1

𝑗
= 0, 𝑥2

𝑖 (𝜔1) ∗  𝑥2
𝑗(𝜔1) = 0   ∀(𝑖, 𝑗) ∈ Λ      𝜔1 ∈ Ξ1

𝑛  (SOS1)      (f) 

𝑠2(𝜔1) = [𝑠1, 𝑥1,  �̅�1 (𝜔1)]      𝜔1 ∈ Ξ1
𝑛                                           (g) 

𝑥1 ∈ Γ1 , 𝑥2(𝜔1) ∈ Γ2            𝜔1 ∈ Ξ1
𝑛                                           (h) 

(4.1) 

4.1 2SP System Prediction Models 

The clean dataset from the McDermott Center has 294 patients. 235 of them are 

divided into a training dataset and the remaining 59 patients are in a testing dataset. 

Stepwise variable selection criteria is used to predict pain outcome at the mid-evaluation 

point (mid_OSW), and post-evaluation point (Post_OSW). According to Lin (2010), the best 

set of predicator variables at stage t includes state variables 𝑠𝑡, decision variables 𝑥𝑡, and 

interaction terms from all state variables with all decision variables. Least square 

regression method is employed to predict mid_OSW, while weighted least square 

regression methods is employed for the Post_OSW prediction model to mitigate the 

endogeneity problem. The weight vector is provided by LeBoulluec (2013). The selected 

mid_OSW model in this research is given in (4.2). 
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𝑚𝑖𝑑_𝑂𝑆𝑊 =  7.63651 +  0.57965 ∗ 𝑝𝑟𝑒_𝑂𝑆𝑊 −  2.61561 ∗ 𝑆𝑡𝑑𝑃𝑟𝑜𝑐𝐺𝑟11_1

∗ 𝑆𝑡𝑑𝑎𝑔𝑒 − 2.17391 ∗ 𝑆𝑡𝑑𝑅𝑥𝐺𝑟3_1 ∗ 𝑆𝑡𝑑𝑜𝑛𝑠𝑒𝑡 +  1.03057

∗ 𝑆𝑡𝑑𝑅𝑥𝐺𝑟6_1 ∗ 𝑆𝑡𝑑𝑚𝑎𝑟𝑖𝑡𝑎𝑙_2 − 2.83417 ∗ 𝑆𝑡𝑑𝑅𝑥𝐺𝑟7_1 

∗ 𝑆𝑡𝑑𝑑𝑢𝑟𝑎𝑡𝑖𝑜𝑛 − 1.14044 ∗ 𝑆𝑡𝑑𝑅𝑥𝐺𝑟7_1 ∗ 𝑆𝑡𝑑𝑃𝑟𝑜𝑐𝐺𝑟10_0 + 휀1; 

(4.2) 

The prefix Stdx stands for standardized variable x. All interaction terms are 

standardized and centralized by equation (4.3), where  𝑢 and 𝑙 denote the upper bound 

and lower bound of 𝑥 respectively. 

𝑠𝑡𝑑𝑥 =  
𝑥 − (𝑢 + 𝑙)/2

(𝑢 − 𝑙)/2
 (4.3) 

After substituting the standardization formula back into equation (4.2), the 

reorganized final mid_OSW format is shown in equation (4.4). 

𝑚𝑖𝑑_𝑂𝑆𝑊 =  −1.423650 + 0.579650 ∗ 𝑝𝑟𝑒_𝑂𝑆𝑊 + 0.075815 ∗ 𝑎𝑔𝑒 + 0.007116

∗ 𝑜𝑛𝑠𝑒𝑡 + 0.026612 ∗ 𝑑𝑢𝑟𝑎𝑡𝑖𝑜𝑛 + 2.280880 ∗ 𝑃𝑟𝑜𝑐𝐺𝑟10_0

− 2.061140 ∗ 𝑚𝑎𝑟𝑖𝑡𝑎𝑙_2 + 1.454017 ∗ 𝑅𝑥𝐺𝑟3_1 − 1.030570

∗ 𝑅𝑥𝐺𝑟6_1 + 4.081058 ∗ 𝑅𝑥𝐺𝑟7_1 + 7.657293 ∗ 𝑃𝑟𝑜𝑐𝐺𝑟11_1

− 0.151630 ∗ 𝑎𝑔𝑒 ∗ 𝑃𝑟𝑜𝑐𝐺𝑟11_1 − 0.004744 ∗ 𝑜𝑛𝑠𝑒𝑡 ∗ 𝑅𝑥𝐺𝑟3_1

− 0.026612 ∗ 𝑑𝑢𝑟𝑎𝑡𝑖𝑜𝑛 ∗ 𝑅𝑥𝐺𝑟7_1 − 2.280880 ∗ 𝑃𝑟𝑜𝑐𝐺𝑟10_0

∗ 𝑅𝑥𝐺𝑟7_1 + 2.061140 ∗ 𝑚𝑎𝑟𝑖𝑡𝑎𝑙_2 ∗ 𝑅𝑥𝐺𝑟6_1 + 휀1 

     𝑠1: 𝑝𝑟𝑒_𝑂𝑆𝑊, 𝑎𝑔𝑒, 𝑜𝑛𝑠𝑒𝑡, 𝑑𝑢𝑟𝑎𝑡𝑖𝑜𝑛, 𝑃𝑟𝑜𝑐𝐺𝑟10_0, 𝑚𝑎𝑟𝑖𝑡𝑎𝑙_2  

     𝑥1: 𝑅𝑥𝐺𝑟3_1, 𝑅𝑥𝐺𝑟6_1, 𝑅𝑥𝐺𝑟7_1, 𝑃𝑟𝑜𝑐𝐺𝑟11_1  

     휀1: follow normal distribution with mean 0 and variance estimated by MSE 

(4.4) 

All state variables and decision variables needed in stage 1 for predicting the mid_OSW 

model are listed in Table 4-1. 
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 Table 4-1 Predictors for mid_OSW Model 

predictors 
for 

mid_OSW 
model 

state 
variable 

𝑠1 

Pre_OSW OSW at the pre-evaluation point 

age Age 

onset Time (in months) since the first onset of pain 

duration Duration of the pain 

ProcGr10_0 Physical Therapy in stage 0 

Marital_2 Marital Status of Patient {0:no, 1:married} 

decision 
variables 

𝑥1 

RxGr3_1 Narcotic treatment in stage 1 

RxGr6_1 Tranquilizer treatment in stage 1 

RxGr7_1 Sleeping Pills prescribed in stage 1 

ProcGr11_1 Number of Additional Procedures in stage 1 

 

The original selected Post_OSW model (denoted as Post_OSW model A) consists 

of two continuous (or integer) variable interaction terms. After linearly approximating 

quadratic terms by the refit method described in section 3.3, the linear refit Post_OSW 

model (Post_OSW model B version 1) is derived. Similarly, after substituting the 

standardization formula (4.2), the final format of the Post_OSW (Post_OSW model B 

version 2) used in this research is derived. All three models are given in Appendix A. The 

residual analysis results of both original Post_OSW and refit Post_OSW model are given 

in Appendix B. Residual analysis shows that the refit model could keep original model’s 

prediction accuracy without violating its model assumption. All predicating variables 

needed in stage 2 for Post_OSW model are listed in table Table 4-2. 

Table 4-2 Predictors for Post_OSW Model  

state 
variable 

𝑠2 

pre_PDA PDA at the pre-evaluation point 

race_1 
Race of patient in which 1 is Caucasion, and 0 is not 
Caucasion 

race_2 
Race of patient in which 1 is African American, and 0 is not 
African American 

phydx3 Physical Dx3/Headache 784.0 {0:no, 1:yes} 

phydx11 Physical Dx11/Upper Extremity 729.5 {0, 1} 

phydx20 Physical Dx20/Neuralgia, Neuritis, Unspecified {0, 1} 
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ProcGr1_0 Injection given in stage 0 

ProcGr4_0 Stimulation Procedure in stage 0 

ProcGr10_0 Physical Therapy in stage 0 

pasdx4 Past Dx4/Cervical 723.1 {0,1} 

pastdx7 Past Dx7/Myofascial-Fibromyalgia 729.1 {0,1} 

RxGr2_0 NSAIDs in stage 0 

RxGr4_0 Muscle Relaxant in stage 0 

RxGr7_0 Sleeping Pills in stage 0 

marital_1 Marital Status of Patient {0:no, 1:single } 

marital_2 Marital Status of Patient {0:no, 1:married} 

marital_4 Marital Status of Patient {0:no, 1:widow} 

mid_OSW OSW pain outcome measure at mid point 

RxGr1_1 Tramadol in stage 1 

RxGr2_1 NSAIDs in stage 1 

RxGr3_1 Narcotic in stage 1 

RxGr5_1 Antidepressant in stage 1 

RxGr6_1 Tranquilizer in stage 1 

RxGr7_1 Sleeping Pills in stage 1 

ProcGr4_1 Stimulation Procedure in stage 1 

ProcGr9_1 Psychotherapy in stage 1 

ProcGr10_1 Physical Therapy in stage 1 

decision 
variables 

𝑥2 

RxGr2_2 NSAIDs in stage 2 

RxGr3_2 Narcotic in stage 2 

RxGr7_2 Sleeping Pills in stage 2 

RxGr8_2 Others in stage 2 

ProcGr1_2 Injection in stage 2 

ProcGr2_2 Block Procedure in stage 2 

ProcGr4_2 Stimulation Procedure in stage 2 

ProcGr9_2 Psychotherapy in stage 2 

ProcGr10_2 Physical Therapy in stage 2 

 

Table 4-1 and Table 4-2 show that muscle relaxants (RxGr4_1), other medicines 

(RxGr8_1), injections (ProcGr1_1), and block procedures (ProcGr2_1) are not selected as 

first stage treatment in the system prediction models. Tramadol (RxGr1_2), muscle 

Table 4.2—Continued 
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relaxants (RxGr4_2), antidepressants (RxGr5_2), and tranquilizers (RxGr6_2) are not 

selected as second stage treatment in the system prediction models.  Muscle relaxants are 

the only treatment that is not selected as a significant predictor in either stages. 

4.2 Study on Parameters of 2SP Model  

The 2SP model in this research contains two continuous random variables that 

follow normal distributions. This research employs the approach of approximating the 

continuous random variable with a discrete set obtained by random Monte Carlo sampling 

from its distribution, and then optimizes the equivalent deterministic problem. Whether or 

not the support set can closely approximate the normal distribution affects the quality of an 

optimal solution. The approximation accuracy can be improved by increasing sampling 

size. However, as sampling size increases, the size of the equivalent deterministic problem 

will increase very fast, which in turn increases computational time needed to solve 2SP. 

As a result, determining an appropriate sampling size is very important for the 2SP 

problem. In addition, an appropriate treatment coefficient ρ is also very important to the 

optimal solution of the 2SP problem. If the value of ρ is relatively large, the 2SP model will 

recommend no treatment to patients because of the large penalty on treatments. By 

contrast, with a relatively small value of ρ, the model would recommend more treatments 

as long as there is a small decrease in pain outcome.  

The determination of Monte Carlo sampling size and treatment coefficient are 

described in detail in this section. All procedures are coded in C programming language 

and the IBM ILOG CPLEX Callable library is used for optimization routine. Experiments in 

this research are all executed on a desktop with 8 processors at 2.67 GHz and 16GB 

memory. The program terminates at the following condition: (1) either the elapsed time of 

the optimization routine reaches to 6 minutes or (2) a relative tolerance on the gap between 

the best integer objective and the objective of the best node remaining are within 0.01.  
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4.2.1 Treatment Coefficient ρ 

Different from traditional 2SP problems, there are two random variables, one at 

each stage in this research. Though the sampling size for each random variable at each 

stage can be different, the same sampling size is used for simplicity. In order to find an 

appropriate treatment coefficient ρ, we fixed the Monte Carlo sampling size at 50 for each 

stage in the situation of no treatment interaction. We then tried ρ equal to 0.1, 0.3, 0.5 and 

0.7 separately. The average results for 235 patients in training dataset is in Table 4-3. The 

table shows that the treatment cost decreases alongside an increase in treatment 

coefficient. Decreases in treatment cost means less treatment for patients. Meanwhile, the 

final pain outcome increases alongside an increase in treatment coefficient 𝜌. An OSW 

measure below or equal to 10 is considered a satisfactory pain outcome by the Mcdermott 

Center. As a result, 0.1 is selected for the treatment coefficient 𝜌 in this research; all 

experiments in the following sections are based on 𝜌 equal to 0.1. 

Table 4-3 Average Treatment Cost and Final Pain Outcome at Different ρ Value 

Treatment Coefficient ρ ρ = 0.1 ρ = 0.3 ρ = 0.5 ρ = 0.7 

Average Treatment Cost 
for 235 Patients 

29.98 23.88 17.23 6.85 

Average Final Pain 
Outcome for 235 Patients 

10.12 10.81 12.43 15.88 

 

4.2.2 Sampling Size and Evaluation Procedure 

Given a Monte Carlo sampling size, there is an equivalent deterministic MILP 

model corresponding to the linear approximation 2SP model. The equivalent MILP model 

finds an optimal treatment decision for each patient. We need to evaluate the quality of the 

decision first. The evaluation procedure and the determination of sampling size are given 

in section 4.2.2.1 and section 4.2.2.2. 
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4.2.2.1 Evaluation Procedure 

The goal of the evaluation procedure (evaluator) is to evaluate how good the policy 

is. We use a much larger number of scenarios to simulate the “real/true” situation and then 

evaluate the policy generated by the 2SP model in this “real/true” situation to see how it 

works. The equivalent deterministic model obtained by discretizing each random variable 

at each stage into n points is called a policy generator. Let 𝑥1(𝑛)
∗ , which is interchangeably 

called policy, denote an optimal stage 1 decision from the policy generator. In the 

evaluation procedure, we sample more points (𝑚) from each random variable at each 

stage, and then, we set the vector of first stage decision variables equal to the policy we 

intend to evaluate. The mathematical model of a MILP evaluator is shown in equation (4.5). 

Usually scenarios 𝑚2 in an evaluator is much larger than 𝑛2 in a policy generator. The 

objective in evaluator is regarded as the “true/real” objective achieved by the policy. 

𝑚𝑖𝑛: 𝑃(𝐸(�̅�2(휀1, 휀2))) + 𝜌 ∙ (∑ 𝐶(𝑥1) + ∑ 𝐸(𝐶(𝑥2(휀1)))) 

        𝑠. 𝑡.    𝑌1(𝜔1) = 𝛽0
1 + 𝛽1

1𝑥1 + 𝛽2
1𝑠1 + 𝑠1

𝑇𝛽3
1𝑥1 + 𝜔1        𝜔1 ∈ Ξ1

𝑚                 (a) 

�̅�1(𝜔1) = max(0, 𝑌1(𝜔1))  𝜔1 ∈ Ξ1
𝑚                                                     (b) 

𝑌2 (𝜔1, 𝜔2) = 𝛽0
′2 + 𝛽1

′2𝑥1 + 𝛽2
′2𝑠1 + 𝛽3

′2𝑥2(𝜔1) + 𝛽4
′2𝑠2(𝜔1) + 𝑠1

𝑇𝛽5
′2𝑥1 +

𝑠1
𝑇𝛽6

′2𝑥2(𝜔1) + 𝛽7
′2�̅�1(𝜔1) + 𝛽8

′2𝑥𝐺(𝜔1) + 𝛽9
′2𝑥𝐿 + 𝜔2    𝜔1 ∈ Ξ1

𝑚,  𝜔2 ∈ Ξ2
𝑚          (c) 

�̅�2(𝜔2) = max(0, 𝑌2(𝜔2))  𝜔2 ∈ Ξ2
𝑚                                                   (d) 

                    𝐵2 (𝑥2(𝜔1)
𝑥𝐺(𝜔1)

) ≤ 𝑑2         𝜔1 ∈ Ξ1
𝑚                                                                  (e) 

𝑥1
𝑖 ∗ 𝑥1

𝑗
= 0,   𝑥2

𝑖 (휀1) ∗  𝑥2
𝑗(𝜔1) = 0   ∀(𝑖, 𝑗) ∈ Λ      𝜔1 ∈ Ξ1

𝑚  (SOS1)      (f) 

𝑥1 = 𝑥1(𝑛)
∗                                                                                     (g) 

𝑠2(𝜔1) = [𝑠1, 𝑥1,  �̅�1 (𝜔1)]]     𝜔1 ∈ Ξ1
𝑚                                             (h)      

𝑥1 ∈ Γ1 ,   𝑥2(𝜔1) ∈ Γ2        𝜔1 ∈ Ξ1
m                                              (i) 

(4.5) 
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In this research, we use two different MILP evaluators, one is m = 100, and the 

other one is m = 150. The evaluation results for different policies in training dataset and 

testing dataset are shown in Figure 4-1 and Figure 4-2 respectively. The red dots and green 

dots represent the optimal objectives achieved by different policies according to evaluator 

with sampling size of 100, 150 respectively.  From these two figures, we can see that reds 

dots and green dots are very close to each other in different policies so that we can draw 

the conclusion that the evaluator with sampling size of 100 is as good as the one with 150. 

Sampling size of 100 is used for evaluation model in the following sections. 

4.2.2.2 Determination of Sampling Size 

An appropriate sampling size n is very important. If n is too small, the deterministic 

MILP model cannot represent 2SP model very well.  If n is too large, the size of the problem 

will increase so that computational time will increase dramatically. Given policy 𝑥1(𝑛)
∗ , the 

objective value of the evaluator with sampling size of m is denoted as  𝑓(𝑥𝑚(𝑛)
∗ ) that is the 

true objective achieved by the given policy. An appropriate 𝑛 is the number where 𝑓(𝑥𝑚(𝑛)
∗ ) 

start to level off along with the increase in policy generator’s scenarios.  

We do experiments for training data set with sampling size 𝑛 at 20, 25, 30, 35, 40, 

45, 50, 55, 60, 65, 70 and 75, and set evaluation sampling size 𝑚  at 100 and 150 

separately. Computational results as regard to the averaged optimal objectives for both 

training dataset and testing dataset are shown in Figure 4-1 and Figure 4-2 and in appendix 

Table C-1 and Table C-2. Those two figures clearly demonstrate two points. One, the 

evaluator with 10,000 (1002) scenarios is as good as the evaluator with 22,500 (1502) 

scenarios since the objective values in different evaluators are very close to each other for 

different scenarios. Two, the objectives of two evaluators are both stabilized at sampling 

size 65 (652 scenarios). As a result, sampling size for a good policy generator is determined 

as 65. 
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Figure 4-1 Average Optimal Objectives in Different Scenarios across Different Evaluators 

for Patients in Training Dataset 

 

Figure 4-2 Average Optimal Objectives in Different Scenarios across Different Evaluators 

for Patients in Testing Dataset 
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4.3 Treatment Usage Analysis 

From Table 4-1. 
 

 

 Table 4-1 and Table 4-2, we can see that, the treatment variables RxGr4_1, 

RxGr8_1, ProcGr1_1, ProcGr2_1, RxGr1_2, RxGr4_2, RxGr5_2 and RxGr6_2 are not 

selected as predictors in the 2SP pain management model. The frequency of the remaining 

types of treatment usage has been analyzed in this section. From Figure 4-1 and Figure 

4-2, we can see that the optimal solution in the testing dataset is even better than the 

training dataset. Consequently, the current 2SP model may be regarded as a valid model 

so that we can analyze the types of treatment usage based on the results from these two 

datasets together. For the first stage treatment variables, the usage frequency is calculated 

by simply counting the nonzero optimal solutions for all 294 patients. Second stage 

treatment variables are recourse actions for the randomness occurred in the first stage. 

For each scenario, there will be a corresponding second stage variable vector. The 

frequency of each type of treatment usage is calculated from the second stage optimal 

solution in evaluator by summing the usage frequency in each scenario together. For 

example, given policy 𝑥1(𝑛)
∗

 and 𝑥2(𝑛,100)
∗  denote second stage optimal decision in the 

evaluator with 10,000 (1002) scenarios. The usage frequency of second stage treatment 𝑖 

is denoted as 𝑓𝑟𝑒𝑞_𝑥2(𝑛,100)
𝑖 , which can be calculated by equation (4.6). 

𝑓𝑟𝑒𝑞_𝑥2(𝑛,100)
𝑖 =  ∑ ∑ 𝑝𝜀1=𝜔𝑖

∙ 𝐼
𝑥2(𝑛,100)

𝑖 (𝜔𝑖)

100

𝑖=1

294

𝑗=1
 

             where  𝐼
𝑥2(𝑛,100)

𝑖 (𝜔𝑖)
= { 

1,   𝑖𝑓 𝑥2(𝑛,100)
𝑖 (𝜔𝑖) > 0

0,                              𝑂. 𝑊.
 

(4.6) 
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The usage frequency of types of treatment in first stage among different scenarios 

of the 2SP model is shown in Figure 4-3.  According to the 2SP model results, the most 

frequently used type of treatment in stage 1 is NSAIDS (RxGr2_1). It is estimated that this 

medicine has been applied to 82% of patients. The usage of procedure treatment 

psychotherapy (ProcGr9_1) varies a lot in different scenarios. It’s worth noticing that 

tramadol (RxGr2_1) is selected as a significant predictor in the prediction model, but it has 

never been recommended for any patient by the 2SP model. According to treatment 

interaction Table 3-2, tramadol (RxGr1) has interaction with a lot of other types of treatment 

such as RxGr3, RxGr4, RxGr6, RxGr7, RxGr8, and ProcGr1. If tramadol (RxGr1) is 

selected, none of these can be selected in the same treatment stage. Interaction 

restrictions are the possible reason for tramadol never been selected. 

 

Figure 4-3 Usage Frequency of First Stage Treatment 
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The comparison of types of treatment usage in the first stage between the 

observed and MILP model with 4225 scenarios appears in Figure 4-4. In the observed 

data, the most frequently used treatment is psychotherapy (ProcGr9_1), and the second 

most frequently used is physical therapy (ProcGr10_1). It is estimated that they are used 

by 75% and 71% patients respectively. Many more type of treatment has been used by 

patients in observed data than the MILP solution.  

 

Figure 4-4 Observed v.s. 2SP of First Stage Treatment Usage 

Frequency of treatment Usage in second stage from the 2SP model is shown in 

Figure 4-5. The three most frequently used types of treatments are NSAIDS (RxGr2_2), 

sleeping pills (RxGr7_2) and block procedure (ProcGr2_2) in second stage. The 

frequency in using block procedure has a wide variation in different scenarios. Worth to 

mentioning is that stimulation procedure (ProcGr4_2) and physical therapy (ProcGr10_2) 

are seldom used though they are selected as predictors in the system prediction model. 

Compared to first stage, the usage frequency of psychotherapy (RxGr9_2) has reduced 

in second stage. 
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Figure 4-5 Frequency of Second Stage Treatment Usage 

 The comparison of second stage treatment usage between the observed from the 

McDermott Center and the MILP model with 4225 scenarios appears in Figure 4-6. In 

observed dataset, the most frequently used treatment is psychotherapy (ProcGr9_2), and 

then, physical therapy (ProcGr10_2), which is similar to the treatment usage in stage 1. 

The block procedure treatment (RxGr2_2) is least frequently used treatment in the 

observed data. However, it is recommended much more frequent by the model. Many more 

types of treatment have been used by patients in the observed data than those 

recommended by the MILP model in second stage. That probably caused by the treatment 

interaction restrictions in the MILP model. 
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Figure 4-6 Observed v.s. 2SP of Second Stage Treatment Frequency 

From Figure 4-4 and Figure 4-6, we can draw the conclusions that: (1) In both 

stages, many more types of treatment have been used in the observed data than the 2SP 

model results. (2) In the observed data, the frequently used types of treatment in stage 1 

is same as in stage 2. However, there is a difference in types of treatments used between 

stages 1 and 2 in the 2SP model results. (3) Psychotherapy (ProcGr9_2) and physical 

therapy (ProcGr10_2) are much more frequently used at the McDermott Center than 

suggested by the 2SP model. By contrast, NSAIDs (RxGr2_1) should be used more often 

than it used in the observed dataset. 

4.4 Final Pain Outcome Comparison between MILP Model and Observed Data 

For comparing the MILP optimized outcomes and the final pain outcomes in the 

observed data, an odds ratio analysis is employed. Patients that have a pre-evaluation 

outcome within the normal/low range do not require treatment, and as a result, these 

normal patients are excluded from the comparison. Consequently, the effects of the MILP 

optimization are compared only for patients that require treatment. As mentioned in the 
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previous chapter, optimal objective values evaluated by both evaluators are stabilized 

when the sampling size for each stage increased to 65. Thus, the sampling size 65 for each 

stage with 4225 scenarios can be regarded as a policy generator. In another words, the 

policy determined by the equivalent deterministic problem with the sampling size of 65 for 

each stage is reasonable. Given the policy, the optimal final pain outcome is evaluated in 

the simulated “real/true” situation. The results are compared with the observed final pain 

outcome in the original dataset.  

According to the observed dataset, the odds that patients that require treatment 

(initial pain outcome above normal level) become normal after treatment is estimated by 

the proportion of the number of normal patients to the number of above normal patients, 

and we call it observed odds in this research. While the odds that patients become normal 

after treated by the policy generated from the optimization model,  which is referred to as 

optimization odds, is estimated according to the following steps: (1) for each patient 𝑖, the 

probability that its final pain outcome is normal is denoted as 𝑝𝑖(𝑜𝑝𝑡_𝑛𝑜𝑟𝑚𝑎𝑙), which can 

be estimated by counting the fraction of scenarios resulting in  𝑃𝑜𝑠𝑡_𝑂𝑆𝑊 ≤ 10. (2) The 

count of normal patients in optimization model is 𝑁(𝑜𝑝𝑡_𝑛𝑜𝑟𝑚𝑎𝑙) = ∑ 𝑝𝑖(𝑜𝑝𝑡_𝑛𝑜𝑟𝑚𝑎𝑙)𝑖∈Ω , 

where 𝛺 is the set of patients with intimal pain outcome above normal. (3) Let 𝑁Ω be the 

number of patients that require treatment, the optimization odds can be estimated by the 

proportion 𝑁(𝑜𝑝𝑡_𝑛𝑜𝑟𝑚𝑎𝑙)/(𝑁Ω − 𝑁(𝑜𝑝𝑡_𝑛𝑜𝑟𝑚𝑎𝑙)).  

The observed initial pain outcome, the observed final pain outcome, the optimized 

pain outcome results for each patient are listed in Table C-7. The number of patients with 

normal initial pain outcome is 24, so that 270 patients require treatment. The expected 

number of normal patients from the optimization model and the number of normal patients 

from the observed dataset are given in a 2×2 contingency table shown in Table 4-4. The 

observed odds is estimated by the proportion of normal patients to above normal patients 
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in the final evaluation, which are 51/219 and the optimization odds are 154.15/115.85. The 

estimated odds ratio of the optimization odds to the observed odds is 5.7.  We can interpret 

this to mean that the treatment policy generated by the MILP model is 5.7 times more likely 

to achieve the normal level.  

Table 4-4 2x2 Contingency Table 

Final pain 
outcome 

Number of 
 Normal Patients 

Number of above 
Normal Patients 

Optimization Model: 154.15 115.85 

Observed Dataset: 51 219 

 
4.5 Comparison of Linear Approximation 2SP Model and Nonconvex 2SP Model 

An alternative approach to solve model (3.28) is to solve its deterministic model by 

a non-convex nonlinear solver such as COUENNE and BARON directly. The deterministic 

MINLP model can be described in equation (4.7). 

𝑚𝑖𝑛: 𝑃(𝐸(�̅�2(휀1, 휀2))) + 𝜌 ∙ (∑ 𝐶(𝑥1) + ∑ 𝐸(𝐶(𝑥2(휀1)))) 

              𝑠. 𝑡.    𝑌1(𝜔1) = 𝛽0
1 + 𝛽1

1𝑥1 + 𝛽2
1𝑠1 + 𝑠1

𝑇𝛽3
1𝑥1 + 𝜔1   𝜔1 ∈ Ξ1

𝑛                 (a) 

�̅�1(𝜔1) = max(0, 𝑌1(𝜔1))       𝜔1 ∈ Ξ1
𝑛                                            (b)         

𝑌2 (𝜔1, 𝜔2) = 𝛽0
2 + 𝛽1

2𝑥2(𝜔1) + 𝛽2
2𝑠2(𝜔1) + 𝑠1

𝑇𝛽3
2𝑥1 + 𝑠2

𝑇(𝜔1)𝛽4
2𝑥2(𝜔1) + 𝜔2     

 𝜔1 ∈ Ξ1
𝑛 𝜔2 ∈ Ξ2

𝑛          (c) 

�̅�2(𝜔2) = max(0, 𝑌2(𝜔2))        𝜔2 ∈ Ξ2
𝑛                                           (d)  

𝑥1
𝑖 ∗ 𝑥1

𝑗
= 0,   𝑥2

𝑖 (𝜔1) ∗  𝑥2
𝑗(𝜔1) = 0   ∀(𝑖, 𝑗) ∈ Λ   (SOS1)    𝜔1 ∈ Ξ1

𝑛        (e) 

𝑠2(𝜔1) = [𝑠1, 𝑥1,  �̅�1 (𝜔1)]         𝜔1 ∈ Ξ1
𝑛                                         (f) 

𝑥1 ∈ Γ1 ,   𝑥2(𝜔1) ∈ Γ2               𝜔1 ∈ Ξ1
𝑛                                        (g) 

(4.7) 

In this research, we use AMPL modeling language to model the equivalent MINLP 

problem, and then, use COUENNE as a non-convex MINLP solver. The previous section 

shows that MILP model with sampling size of 65 is a good policy generator and could 
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represent the stochastic model. As a result, we try to use AMPL/COUENNE to solve the 

MINLP problem with sampling size of 65 for each stage first. However, AMPL/COUENNE 

could not find a solution in 90 minutes for the MINLP problem with sampling size of 65, 50 

and 40 for each stage. Thus a smaller sampling size of 20 is used to obtain the deterministic 

MINLP problem. We set the maximum elapsed real time of 15 minutes for COUENNE 

because COUENNE cannot find a solution within 6 minutes.  

 MINLP evaluator is similar defined to MILP evaluator described in section 4.2.2.1. 

The mathematical model of MINLP evaluator is shown in equation (4.8).  

𝑚𝑖𝑛: 𝑃(𝐸(�̅�2(휀1, 휀2))) + 𝜌 ∙ (∑ 𝐶(𝑥1) + ∑ 𝐸(𝐶(𝑥2(휀1)))) 

     𝑠. 𝑡.    𝑌1(𝜔1) = 𝛽0
1 + 𝛽1

1𝑥1 + 𝛽2
1𝑠1 + 𝑠1

𝑇𝛽3
1𝑥1 + 𝜔1     𝜔1 ∈ Ξ1

𝑚                 (a) 

�̅�1(𝜔1) = max(0, 𝑌1(𝜔1))    𝜔1 ∈ Ξ1
𝑚                                                 (b) 

𝑌2 (𝜔1, 𝜔2) = 𝛽0
2 + 𝛽1

2𝑥2(𝜔1) + 𝛽2
2𝑠2(𝜔1) + 𝑠1

𝑇𝛽3
2𝑥1 + 𝑠2

𝑇(𝜔1)𝛽4
2𝑥2(𝜔1) + 𝜔2      

𝜔1 ∈ Ξ1
𝑚     𝜔2 ∈ Ξ2

𝑚              (c) 

�̅�2(𝜔2) = max(0, 𝑌2(𝜔2))    𝜔2 ∈ Ξ2
𝑚                                                 (d)  

𝑥1
𝑖 ∗ 𝑥1

𝑗
= 0,   𝑥2

𝑖 (𝜔1) ∗  𝑥2
𝑗(𝜔1) = 0   ∀(𝑖, 𝑗) ∈ Λ   (SOS1)     𝜔1 ∈ Ξ1

𝑚      (e) 

𝑥1 = 𝑥1(𝑛)
∗                                                                                      (d) 

𝑠2(𝜔1) = [𝑠1, 𝑥1,  �̅�1 (𝜔1)]                𝜔1 ∈ Ξ1
𝑚                                       (f) 

𝑥1 ∈ Γ1 ,   𝑥2(𝜔1) ∈ Γ2             𝜔1 ∈ Ξ1
𝑚                                      (g) 

(4.8) 

For simplicity, the policy generated from MILP policy generator with sampling size 

of 65 is called MILP policy; the policy generated from MINLP policy generator with sampling 

size of 20 is called MINLP policy. They are crossed evaluated by two different evaluators: 

(1) MILP evaluator with sampling size of 100 for each stage in CPLEX with the elapsed 

time limit of 6 minutes; (2) MINLP evaluator with sampling size of 30 in COUENNE with the 

elapsed time limit of 15 minutes. The sampling size for obtaining MINLP problem to do 
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evaluation is limited by the computational time. In order to find an appropriate sample size 

for evaluating purposes, several different sizes are tried. However, as the sampling size 

increase to 35, the evaluating procedure is very slow and cannot find a solution 60 minutes. 

As a result, the MINLP problem with sample size of 30 for each stage is chosen for 

evaluation purposes; and set the elapsed real time of 15 minutes as the evaluation 

procedure’s termination condition. The detailed cross evaluation results are shown in Table 

C-7.  

The CPLEX and COUENNE evaluation results of first stage solutions of MILP 

model and MINLP model is summarized in Table 4-5. A student t-test is employed to 

compare the objective values of the two solutions across different evaluators. T test is only 

done for patients that has an initial pain outcome above 10. The null hypothesis for this test 

is there is no difference between the objective values of these two solutions; the alternative 

hypothesis is that the objective value of MINLP problem found by COUENNE is greater 

(smaller) than the objective value of MILP problem found by CPLEX for CPLEX 

(COUENNE) evaluator. From the student t test summary shown in Table 4-5, we can see 

that the null hypothesis is rejected at a significance level of 0.01 on both cases.  

Table 4-5 Paired T-test (α=0.01) for Objective Values of MILP and MINLP Model 

Paired 
Value 

Objectives of MINLP– 
Objectives of MILP 

Objectives of MILP – 
Objectives of MINLP 

Evaluator MILP Evaluator MINLP Evaluator 

Mean 0.1641 0.3166 

Std Error 0.0194 0.0606 

DF 269 269 

tvalue 
(pvalue) 

8.44 (<.0001) 5.23 (<0.0001) 

 

From comparison results we can see that, according to CPLEX evaluator, MILP 

objective values are better than MINLP objective values. However, according to 

COUENNE evaluator MINLP results are better. Restricted by the computational time, 
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sample size of 30 is selected for COUENNE evaluator and elapsed time of 15 minutes as 

the termination condition. COUENNE is not a fair evaluator for two reasons. One, Figure 

4-1 and Figure 4-2 both show that sample size of 30 for each stage is an unstable point. 

Two, within 15 minutes, the COUENNE evaluator cannot find an optimal objective value for 

most patients.  

From computational results we can conclude that MILP model can beat MINLP 

MODEL within elapsed time 6 minutes because COUENNE cannot find a solution within 6 

minutes. 5 or 6 minutes is a reasonable waiting time for patients getting recommendations. 

The solutions of MINLP model found by COUENNE in elapsed time of 15 minutes are 

compared with the solutions of MILP model found by CPLEX in elapsed time of 6 minutes. 

The average computational time for the solutions found by COUENNE takes 890 seconds; 

the average computational time for the solutions found by CPLEX takes 363 seconds. The 

total CPLEX computational time is measured for a parallel optimization models with 8 

threads, while COUENNE is not. As a result, the elapsed real time used by CPLEX is 

remarkably shorter than COUENNE. However, the quality of the solutions is not very well 

compared by the current two evaluators.  

4.5.1 Treatment Usage Analysis 

In this section, the usage frequency of types of treatment in stage 1 and 2 are 

analyzed. The comparison of treatment usage in stage 1 between the MILP problem and 

MINLP model is shown in Figure 4-7, which show that the most frequently used types of 

treatment in first stage for MILP problem found by CPLEX is exactly same as that for MINLP 

problem found by COUENNE; they are NSAIDs and psychotherapy. Psychotherapy is used 

relatively more frequent in MINLP than MILP problem. However, the overall treatment 

selections including types of treatment and frequency of usage found by CPLEX and 

COUENNE are quite similar. 
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Figure 4-7 First Stage Treatment Usage Comparison between MILP and MINLP 

The types of treatment in second stage is shown in Figure 4-8. The red line 

(MINLPEVLCPLEX) and green line (MINLPEVLCOUENNE) show the types of treatment 

used in second stage found by CPLEX and COUENNE respectively given policy generated 

by COUENNE. The blue line (MILPEVLCPLEX) and purple line (MILPEVLCOUENNE) 

show the types of treatment used in second stage found by CPLEX and COUENNE 

respectively given policy generated by CPLEX.  The types of treatment as the recourse for 

a given policy are same according to the same evaluator. However, the frequency of the 

usage in each type of treatment is different in CPLEX evaluator. By contrast, the frequency 

of the usage in each type of treatment makes no difference in COUENNE evaluator. One 

of the reason might be that COUENNE evaluator only provide a best known solution 

instead of an optimal for many patients in elapsed time of 15 minutes. 
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Figure 4-8 second Stage Treatment Usage Found by CPLEX Evaluator 

In section 4.5, the solutions of MILP model and MINLP model has been compared. 

It shows that the types of treatment recommended in stage 1 by MINLP model and MILP 

model are very similar. However, MILP model solved by CPLEX could achieve a better 

goal than MINLP model solved by COUNNE within computational time limit of 15 minutes. 
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Chapter 5  

Discussion and Future Work 

5.1 Conclusion 

In this research, we formulate a two-stage stochastic program for finding an 

optimal adaptive treatment in the two-stage pain management program. The goal of this 

model is to minimize the penalty on final pain outcome and the treatment cost so that the 

patient’s final pain outcome and the amount of treatments can be balanced to some extent. 

The pain outcome at mid-evaluation point and post-evaluation point are multi-linear 

regression prediction models with two way interactions (system prediction models). They 

are incorporated in the two-stage stochastic program as one part of constraints. The 

system prediction models in this research are non-convex, and include binary, integer, and 

continuous types of variables, which results in a non-convex mixed integer constrained 

two-stage stochastic model. In this research, we develop a linear approximation method to 

approximate the non-convex nonlinear constraints by piecewise linear functions. As a 

result, the original 2SP model is approximated by a linear 2SP model. Discretizing the 

continuous random variables, an equivalent MILP model is obtained. Then, the MILP 

problem is solved very quickly by a mature solver. The quality of the solutions found by 

CPLEX solver has been evaluated by simulation method. The final pain outcome found by 

the optimization model has been compared with the observed final pain outcome by the 

odds ratio criteria. It shows that the optimization method is 5.7 times more likely to help 

patients achieve a normal pain level.  

The alternative approach has also been used to solve the original 2SP problem. 

Discretizing the continuous random variables, we obtain the MINLP problem. Then using 

the non-convex nonlinear solver COUENNE we solve the MINLP problem directly.  
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Solutions from the two approaches both show that NSAIDS are recommended 

frequently in stage 1 treatment, and then psychotherapy. Compared to the observed 

treatment in the dataset, psychotherapy is prescribed much more frequently than the 

recommendations of optimization models. To the contrary, NSAIDs is prescribed less 

frequently than the recommendations of optimization models.   

However, with the elapsed real time of 15 minutes as the termination condition for 

COUENNE, the proposed piecewise linear approximation models can be solved faster and 

find smaller objective values compared with MINLP models. 

5.2 Discussion and Future Research 

In this research, treatment decisions are affected by the treatment cost because 

the objective function is to balance the penalty on the expected pain outcome and the 

treatment cost. A smaller treatment coefficient (<0.1) might recommend more treatment in 

each stage. The experiments with a smaller treatment coefficient can be done in future 

research. In addition, we can penalty on each pain outcome scenario instead of on the 

expected pain outcome in the objective function. 

System prediction models that are incorporated as constraints in the two stage 

stochastic mode can be refined when more observational data is available.  

In addition, a good evaluator is very important to evaluate the quality of solutions. 

A good evaluator is the one that can find optimal values when the policies are applied in 

many more scenarios.  

The final task that needs to be addressed is the handling of the multiple objectives. 

In current research, OSW measure is the only pain outcome measure we used because 

the record on OSW is relatively complete compared with other pain outcome measures in 

raw dataset. When information for more outcome measures is available, we want to find 

an optimal treatment decision over several pain outcome measures. 



82 

Appendix A 

Post_OSW Prediction Model Quadratic Format and Linear Approximation format 
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Original Post_OSW model with quadratic term (Post_OSW model A version 1) 

Post_OSW = 6.81751 + 0.52798*mid_OSW – 0.62507*StdProcGr4_1*Stdphydx20 + 

0.41484*StdProcGr4_1_Stdmarital_1 + 1.14851*StdProcGr9_1*Stdmarital_1 + 1.75686*StdProcGr10_1_Stdpre_PDA - 

1.01393*StdProcGr10_1*StdProcGr10_0 + 0.92568*StdRxGr1_1*StdRxGr2_0 - 0.62882*StdRxGr3_1*StdProcGr1_0 - 

1.34039*StdRxGr5_1*Stdmarital_1 - 1.58767*StdRxGr6_1*Stdphydx3 - 0.30342*StdRxGr7_1*Stdphydx11 + 

2.83819*StdProcGr1_2*StdRxGr2_1 + 2.41501*StdProcGr1_2*Stdrace_1 + 1.33629*StdProcGr1_2*StdProcGr4_0 + 

2.50013*StdProcGr2_2*Stdrace_2 -1.67265*StdProcGr4_2*StdRxGr1_1 - 0.6863*StdProcGr9_2*StdRxGr6_1 - 

0.15207*StdProcGr10_2*Stdmarital_2 -0.96831*StdRxGr2_2*StdProcGr4_1 + 0.19288*StdRxGr2_2*Stdpastdx4 -

2.09052*StdRxGr2_2*Stdpastdx7 + 2.62666*StdRxGr2_2*StdRxGr4_0 - 1.12054*StdRxGr3_2*Stdmarital_4 - 

2.69533*StdRxGr7_2*Stdmid_OSW + 0.28598*StdRxGr7_2*StdRxGr7_0 + 0.87232*StdRxGr8_2*Stdmarital_4 +휀2; 

Substituting standardization formula, reorganized Post_OSW model A version B is as follows: 

Post_OSW = 9.636253 - 0.390413*pre_PDA - 4.830020*race_1 - 5.000260*race_2 + 3.175340*phydx3 + 

0.606840*phydx11 +1.250140* phydx20+ 1.257640*ProcGr1_0 - 2.672580* ProcGr4_0  + 2.027860*ProcGr10_0  - 

0.385760*pastdx4 + 4.181040*pastdx7-0.617120*RxGr2_0 - 1.751107*RxGr4_0 - 0.190653* RxGr7_0  - 

0.445920*marital_1 + 0.304140*marital_2+ 0.496440*marital_4 + 0.673274*mid_OSW + 0.746970*RxGr1_1 - 

1.892127*RxGr2_1 + 0.419213* RxGr3_1  + 0.893593* RxGr5_1 + 2.273970* RxGr6_1+ 0.303420* RxGr7_1 + 

0.159527*RxGr2_2 + 0.747027* RxGr3_2  – 0.285980*RxGr7_2 - 0.581547* RxGr8_2  + 2.357080* ProcGr4_1 -

2.297020*ProcGr9_1 - 2.266687* ProcGr10_1 - 13.178980* ProcGr1_2 - 5.000260* ProcGr2_2 + 3.345300* ProcGr4_2 + 

1.372600* ProcGr9_2 + 0.304140* ProcGr10_2 + 1.872070*Imid_OSW + 0.780827*pre_PDA*ProcGr10_1 + 

9.660040*race_1*ProcGr1_2 + 10.000520*race_2*ProcGr2_2 -3.175340*phydx3*RxGr6_1 - 0.606840*phydx11*RxGr7_1 

- 2.500280*phydx20*x80 - 0.838427*ProcGr1_0*RxGr3_1 + 5.345160*ProcGr4_0*ProcGr1_2-

4.055720*ProcGr10_0*ProcGr10_1 + 0.257173*pastdx4*RxGr2_2 - 2.787360*pastdx7*RxGr2_2 + 
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0.617120*RxGr2_0*RxGr1_1 +1.167404*RxGr4_0*RxGr2_2 + 0.190653*RxGr7_0*RxGr7_2 -

1.787187*marital_1*RxGr5_1 + 1.659360*marital_1*ProcGr4_1 + 4.594040*marital_1*ProcGr9_1-

0.608280*marital_2*ProcGr10_2 - 1.494053*marital_4*RxGr3_2 + 1.163093*marital_4*RxGr8_2 - 

0.149741*mid_OSW*RxGr7_2 - 3.345300*RxGr1_1*ProcGr4_2 + 3.784253*RxGr2_1*ProcGr1_2-

1.372600*RxGr6_1*ProcGr9_2 - 1.291080*RxGr2_2*ProcGr4_1 +휀2; 

Refitting the quadratic terms, the linear approximation model of Post_OSW with standardized interaction form (Post_OSW model 

B version 1) is shown as follows: 

Post_OSW = 6.30693 + 0.52798*mid_OSW – 0.62507*StdProcGr4_1_Stdphydx20 + 

0.41484*StdProcGr4_1_Stdmarital_1 + 1.14851*StdProcGr9_1_Stdmarital_1+1.75686*StdProcGr10_1_Stdpre_PDA - 

1.01393*StdProcGr10_1_StdProcGr10_0 + 0.92568*StdRxGr1_1_StdRxGr2_0 - 0.62882*StdRxGr3_1_StdProcGr1_0 - 

1.34039*StdRxGr5_1_Stdmarital_1-1.58767*StdRxGr6_1_Stdphydx3 - 0.30342*StdRxGr7_1_Stdphydx11 + 

2.83819*StdProcGr1_2_StdRxGr2_1 + 2.41501*StdProcGr1_2_Stdrace_1 + 1.33629*StdProcGr1_2_StdProcGr4_0 + 

2.50013*StdProcGr2_2_Stdrace_2 - 1.67265*StdProcGr4_2_StdRxGr1_1 - 0.6863*StdProcGr9_2_StdRxGr6_1 - 

0.15207*StdProcGr10_2_Stdmarital_2 - 0.96831*StdRxGr2_2_StdProcGr4_1 + 0.19288*StdRxGr2_2_Stdpastdx4 - 

2.09052*StdRxGr2_2_Stdpastdx7 + 2.62666*StdRxGr2_2_StdRxGr4_0 - 1.12054*StdRxGr3_2_Stdmarital_4 + 

0.28598*StdRxGr7_2_StdRxGr7_0 + 0.87232*StdRxGr8_2_Stdmarital_4 + 2.61529*Stdmid_OSW -

1.87207*StdRxGr7_2_IStdmid_OSW +휀2; 

Substituting standardization formula, reorganized Post_OSW model B version 2 is as follows: 

Post_OSW = 9.205713 - 0.390413*pre_PDA - 4.830020*race_1 - 5.000260*race_2 + 3.175340*phydx3 + 

0.606840*phydx11 +1.250140* phydx20+ 1.257640*ProcGr1_0 - 2.672580* ProcGr4_0  + 2.027860*ProcGr10_0  - 

0.385760*pastdx4 + 4.181040*pastdx7-0.617120*RxGr2_0 - 1.751107*RxGr4_0 - 0.190653* RxGr7_0  - 

0.445920*marital_1 + 0.304140*marital_2+ 0.496440*marital_4 + 0.673274*mid_OSW + 0.746970*RxGr1_1 - 
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1.892127*RxGr2_1 + 0.419213* RxGr3_1  + 0.893593* RxGr5_1 + 2.273970* RxGr6_1+ 0.303420* RxGr7_1 + 

0.159527*RxGr2_2 + 0.747027* RxGr3_2  – 0.285980*RxGr7_2 - 0.581547* RxGr8_2  + 2.357080* ProcGr4_1 -

2.297020*ProcGr9_1 - 2.266687* ProcGr10_1 - 13.178980* ProcGr1_2 - 5.000260* ProcGr2_2 + 3.345300* ProcGr4_2 + 

1.372600* ProcGr9_2 + 0.304140* ProcGr10_2 + 1.872070*Imid_OSW + 0.780827*pre_PDA*ProcGr10_1 + 

9.660040*race_1*ProcGr1_2 + 10.000520*race_2*ProcGr2_2 -3.175340*phydx3*RxGr6_1 - 0.606840*phydx11*RxGr7_1 

- 2.500280*phydx20*x80 - 0.838427*ProcGr1_0*RxGr3_1 + 5.345160*ProcGr4_0*ProcGr1_2-

4.055720*ProcGr10_0*ProcGr10_1 + 0.257173*pastdx4*RxGr2_2 - 2.787360*pastdx7*RxGr2_2 + 

0.617120*RxGr2_0*RxGr1_1 +1.167404*RxGr4_0*RxGr2_2 + 0.190653*RxGr7_0*RxGr7_2 -

1.787187*marital_1*RxGr5_1 + 1.659360*marital_1*ProcGr4_1 + 4.594040*marital_1*ProcGr9_1-

0.608280*marital_2*ProcGr10_2 - 1.494053*marital_4*RxGr3_2 + 1.163093*marital_4*RxGr8_2 - 

3.345300*RxGr1_1*ProcGr4_2 + 3.784253*RxGr2_1*ProcGr1_2-1.372600*RxGr6_1*ProcGr9_2 - 

1.291080*RxGr2_2*ProcGr4_1 - 1.872070*RxGr7_2*Imid_OSW +휀2; 
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Appendix B  

Residual Analysis Plots 
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The residual plots and normality plots of Post_OSW and refit Post_OSW model for 

training dataset and testing dataset are included in Appendix B. From residual plots for 

both training dataset and testing dataset, we can see that residuals in refit model are 

distributed very similar to original model. And the normality plots show that residuals in 

original model and refit model are both following normal distributions. 

  

(a) Post_OSW Model 

 

(b) Refit Post_OSW Model 

Figure B-1 Residual Plots for Training Dataset 

  

(a) Post_OSW Model 

 

(b) Refit Post_OSW Model 

Figure B-2 Normality Plots for Training Dataset 
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(a) Post_OSW Model 

 

(b) Refit Post_OSW Model 

R_square of Refit : R_square of Original = 1.01 

Figure B-3 Residual Plots for Testing Dataset 

 

(a) 

Figure B-4 Normality Plot of Post_OSW Model for Testing Dataset 

 

(b) 

Figure B-5 Normality Plot of Refit Post_OSW Model for Testing Dataset 
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Appendix C 

Computatioinal Results Table 
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Table C-1 Computational Results at Different Scenario across Different Evaluations for 

Training Dataset 

Sampling 
Size 

(scenarios) 

Solution 
Evaluation Size 100 

(10000) 
Evaluation Size 150 

(225000) 

CPU 
Time 

Objective 
Value 

CPU 
Time 

Objective 
Value 

CPU 
Time 

Objective 
Value 

20 (400) 10.05 3.54 85.51 2.31 - - 

25 (625) 32.77 3.34 83.20 2.26 - - 

30 (900) 58.51 4.01 83.32 2.44 - - 

35 (1225) 152.32 3.45 83.45 2.29 156.05 2.23 

40 (1600) 183.23 3.04 83.97 2.18 186.65 2.12 

45 (2025) 232.13 3.29 83.94 2.24 194.04 2.18 

50 (2500) 288.49 3.24 83.37 2.24 187.38 2.17 

55 (3025) 296.33 3.17 77.53 2.22 179.64 2.16 

60 (3600) 389.59 2.71 73.04 2.05 197.56 2.00 

65 (4225) 361.43 2.43 57.17 1.98 163.91 1.92 

70 (4900) 359.71 2.49 69.81 2.00 168.48 1.93 

75 (5625) 507.18 2.22 83.35 1.98 223.18 1.91 

 

Table C-2 Computational Results at Different Scenario across Different Evaluations for 

Testing Dataset 

Sampling 
Size 

(scenarios) 

Solution 
Evaluation Size 100 

(10000) 
Evaluation Size 150 

(225000) 

CPU 
Time 

Objective 
Value 

CPU 
Time 

Objective 
Value 

CPU 
Time 

Objective 
Value 

20 (400) 4.14 3.21 89.81 2.09 254.61 2.04 

25 (625) 11.53 3.00 92.19 1.98 264.01 1.93 

30 (900) 64.77 3.63 86.40 2.24 180.37 2.20 

35 (1225) 113.63 3.12 90.55 2.05 252.95 2.00 

40 (1600) 99.89 2.67 94.14 1.88 268.96 1.83 

45 (2025) 144.23 2.94 92.02 1.96 263.75 1.91 

50 (2500) 275.73 2.87 94.30 1.91 264.40 1.86 

55 (3025) 322.25 2.80 94.33 1.91 264.36 1.86 

60 (3600) 286.95 2.38 92.29 1.79 263.23 1.74 

65 (4225) 370.42 2.14 92.35 1.74 237.49 1.69 

70 (4900) 437.02 2.15 91.91 1.75 262.16 1.70 

75 (5625) 484.82 1.87 98.02 1.68 249.06 1.62 
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Table C-3 Frequency of Treatment Usage in Stage 1 for Patients in Training Dataset 

frequency of first stage treatment usage  in  training dataset 

Variables in 

Data 

set 

Medicine/ 

Procedure  

in Stage 1 

sampling size n (scenarios = n2) 

20 

(40

0) 

25 

(62

5) 

30 

(90

0) 

35 

(12

25) 

40 

(16

00) 

45 

(20

25) 

50 

(25

00) 

55 

(30

25) 

60 

(36

00) 

65 

(42

25) 

70 

(49

00) 

75 

(56

25) 

RxGr1_1 Tramadol 0 0 0 0 0 0 0 0 0 0 0 0 

RxGr2_1 NSAIDs 199 198 202 199 198 198 198 198 195 194 194 191 

RxGr3_1 Narcotic 9 11 12 9 11 10 11 12 8 8 8 9 

RxGr4_1 Muscle Relaxant 0 0 0 0 0 0 0 0 0 0 0 0 

RxGr5_1 Antidepressant 22 22 23 23 21 23 23 22 21 20 20 18 

RxGr6_1 Tranquilizer 3 3 4 3 2 2 2 2 3 3 3 3 

RxGr7_1 Sleeping Pills 10 11 16 9 11 12 10 12 9 6 6 7 

RxGr8_1 Others 0 0 0 0 0 0 0 0 0 0 0 0 

ProcGr1_1 Injection 0 0 0 0 0 0 0 0 0 0 0 0 

ProcGr2_1 Block Procedure 0 0 0 0 0 0 0 0 0 0 0 0 

ProcGr4_1 Stimulation Procedure 10 9 14 10 9 10 10 10 8 7 5 5 

ProcGr9_1 Psychotherapy 68 64 82 66 55 61 61 58 34 26 26 17 

ProcGr10_1 Physical Therapy 11 11 13 11 10 11 11 11 7 5 7 6 

ProcGr11_1 Number of Additional 

Procedures 
19 19 23 20 16 19 18 17 16 13 11 9 
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Table C-4 Frequency of Treatment Usage in Stage 2 for Patients in Training Dataset 

frequency of second stage treatment usage  in  training dataset 

Variables 

in 

Dataset 

Medicine/Proc

edure in Stage 

2 

sampling size n (scenarios = n2) 

20 

(400

) 

25 

(625

) 

30 

(900

) 

35 

(122

5) 

40 

(160

0) 

45 

(202

5) 

50 

(250

0) 

55 

(302

5) 

60 

(360

0) 

65 

(422

5) 

70 

(490

0) 

75 

(562

5) 

RxGr1_2 Tramadol  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

RxGr2_2 NSAIDs 26.68 26.57 25.93 26.34 27.55 27.59 27.56 28.46 28.93 29.33 28.05 28.23 

RxGr3_2 Narcotic 5.31 5.32 4.83 5.31 6.19 5.84 5.84 5.84 7.16 7.71 7.83 9.38 

RxGr4_2 
Muscle 

Relaxant 
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

RxGr5_2 Antidepressant 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

RxGr6_2 Tranquilizer 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

RxGr7_2 Sleeping Pills 36.67 37.01 34.62 36.75 37.51 37.04 37.10 37.27 39.10 40.72 40.78 44.39 

RxGr8_2 Others 0.15 0.22 0.17 0.15 0.23 0.21 0.23 0.23 0.32 0.31 0.43 0.63 

ProcGr1_

2 
Injection 20.02 20.77 19.42 20.46 20.77 20.76 20.77 20.76 21.34 21.34 21.34 21.51 

ProcGr2_

2 

Block 

Procedure 
30.36 34.11 23.02 31.38 42.65 35.81 36.55 38.21 57.22 63.48 64.46 72.87 

ProcGr4_

2 

Stimulation 

Procedure 
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

ProcGr9_

2 
Psychotherapy 1.46 1.44 1.10 1.44 1.10 1.12 1.10 1.12 1.13 1.42 1.66 2.03 

ProcGr10

_2 

Physical 

Therapy 
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.01 0.01 0.01 0.01 
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Table C-5 Frequency of Treatment Usage in Stage 1 for Patients in Testing Dataset 

frequency of first stage treatment usage  in  testing dataset 

Variables in 

Data 

set 

Medicine/ 

Procedure  

in Stage 1 

sampling size n (scenarios = n2) 

20 

(40

0) 

25 

(62

5) 

30 

(90

0) 

35 

(12

25) 

40 

(16

00) 

45 

(20

25) 

50 

(25

00) 

55 

(30

25) 

60 

(36

00) 

65 

(42

25) 

70 

(49

00) 

75 

(56

25) 

RxGr1_1 Tramadol 0 0 0 0 0 0 0 0 0 0 0 0 

RxGr2_1 NSAIDs 50 50 50 50 50 50 50 50 50 48 49 46 

RxGr3_1 Narcotic 4 4 4 5 4 4 4 4 3 2 4 3 

RxGr4_1 Muscle Relaxant 0 0 0 0 0 0 0 0 0 0 0 0 

RxGr5_1 Antidepressant 1 1 2 1 1 1 1 1 1 1 1 0 

RxGr6_1 Tranquilizer 0 0 0 0 0 0 0 0 0 0 0 0 

RxGr7_1 Sleeping Pills 1 0 1 1 0 0 0 0 0 0 0 0 

RxGr8_1 Others 0 0 0 0 0 0 0 0 0 0 0 0 

ProcGr1_1 Injection 0 0 0 0 0 0 0 0 0 0 0 0 

ProcGr2_1 Block Procedure 0 0 0 0 0 0 0 0 0 0 0 0 

ProcGr4_1 Stimulation Procedure 1 1 1 1 0 0 0 0 0 0 0 0 

ProcGr9_1 Psychotherapy 17 13 23 16 10 13 11 11 7 5 5 2 

ProcGr10_1 Physical Therapy 0 0 1 0 0 0 0 0 0 0 0 0 

ProcGr11_1 Number of Additional 

Procedures 
4 2 4 3 1 2 2 2 0 0 0 0 
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Table C-6 Frequency of Treatment Usage in Stage 2 for Patients in Testing Dataset 

frequency of second stage treatment usage  in  testing dataset 

Variables 

in 

Dataset 

Medicine/Proc

edure in Stage 

2 

sampling size n (scenarios = n2) 

20 

(400

) 

25 

(625

) 

30 

(900

) 

35 

(122

5) 

40 

(160

0) 

45 

(202

5) 

50 

(250

0) 

55 

(302

5) 

60 

(360

0) 

65 

(422

5) 

70 

(490

0) 

75 

(562

5) 

RxGr1_2 Tramadol  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

RxGr2_2 NSAIDs 5.27 5.27 4.50 5.27 5.30 5.30 5.30 5.30 5.64 5.84 5.64 6.01 

RxGr3_2 Narcotic 0.66 0.93 0.56 0.81 0.93 0.93 0.93 0.93 1.24 1.35 1.35 2.77 

RxGr4_2 
Muscle 

Relaxant 
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

RxGr5_2 Antidepressant 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

RxGr6_2 Tranquilizer 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

RxGr7_2 Sleeping Pills 8.86 9.12 8.32 9.07 9.23 9.15 9.16 9.16 9.61 9.72 9.74 9.82 

RxGr8_2 Others 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.00 0.00 0.00 0.00 

ProcGr1_

2 
Injection 5.73 5.73 5.66 5.73 5.73 5.73 5.73 5.73 5.88 5.88 5.88 5.88 

ProcGr2_

2 

Block 

Procedure 
7.36 

10.2
5 

4.37 8.61 13.07 10.25 11.87 11.87 
14.1

7 
16.11 15.96 20.83 

ProcGr4_

2 

Stimulation 

Procedure 
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

ProcGr9_

2 
Psychotherapy 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

ProcGr10

_2 

Physical 

Therapy 
0.00 0.01 0.00 0.00 0.01 0.01 0.01 0.01 0.01 0.00 0.00 0.00 
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Table C-7 Cross Evaluation of Solutions from 2SP Linear Approximation Model and Original 2SP Models 

Patient  
No. 

Observed Value 

Optimized Value  

Solution of MILP Model Solution of  MINLP Model 

CPLEX Evaluator Couenne Evaluator CPLEX Evaluator Couenne Evaluator 

pre_ 
OSW 

Post_ 
OSW 

P(Post_ 
OSW<=10) 

obj 
P(Post_ 

OSW<=10) 
obj 

P(Post_ 
OSW<=10) 

obj 
P(Post_ 

OSW<=10) 
obj 

1 23 17 0.5653 1.11 1.0000 0.72 0.5653 1.11 1.0000 0.72 

2 14 10 0.5626 0.27 1.0000 0.00 0.5626 0.27 1.0000 0.00 

3 17 18 0.5626 0.36 1.0000 0.00 0.5626 0.36 1.0000 0.00 

4 24 23 0.5718 2.91 0.4967 7.89 0.5705 4.19 0.5833 6.14 

5 30 33 0.5610 1.51 0.5633 4.18 0.5610 1.51 0.5633 4.17 

6 52 16 0.5431 6.38 0.5089 8.71 0.5431 6.38 0.5089 8.71 

7 17 17 0.5659 1.80 0.5167 5.52 0.5617 1.93 0.5878 3.77 

8 17 17 0.5818 0.45 0.5167 2.82 0.6165 0.70 0.5878 2.90 

9 22 15 0.5679 2.51 0.5633 6.72 0.5700 2.78 0.5878 4.39 

10 24 23 0.5640 0.85 0.5633 3.97 0.5640 0.85 0.5878 2.18 

11 26 11 0.5615 2.84 0.5500 5.76 0.5615 2.84 0.5878 3.89 

12 35 29 0.5711 4.39 0.4878 8.90 0.5699 4.88 0.5789 7.19 

13 23 19 0.5692 3.05 0.5389 7.15 0.5597 3.84 0.5922 5.87 

14 25 18 0.5732 1.27 0.5389 3.90 0.5732 1.27 0.5922 2.86 

15 28 22 0.5689 3.06 0.5433 6.06 0.5677 3.26 0.5700 5.32 

16 17 22 0.5623 1.70 0.5322 4.97 0.5700 2.11 0.5700 4.93 

17 19 21 0.5624 2.50 0.5200 6.24 0.5622 2.71 0.5533 5.50 

18 23 23 0.5619 3.56 0.5533 6.40 0.5684 3.05 0.5578 6.40 

19 23 25 0.5661 2.64 0.4600 8.03 0.5692 3.48 0.5444 6.27 
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20 6 2 0.5625 1.52 0.5033 5.54 0.5637 1.66 0.5444 3.59 

21 17 10 0.5595 1.13 0.5033 2.72 0.5595 1.13 0.5789 2.89 

22 28 28 0.5635 1.31 0.5867 2.79 0.5635 1.31 0.5867 2.82 

23 12 9 0.5663 1.12 0.5867 2.07 0.5675 1.35 0.5867 2.28 

24 25 25 0.5638 2.05 0.5356 5.17 0.5638 2.05 0.5344 5.17 

25 20 16 0.5734 1.29 0.5156 4.63 0.5734 1.29 0.5156 4.63 

26 24 23 0.5695 2.94 0.4789 7.86 0.5628 3.74 0.5700 6.12 

27 20 16 0.5652 1.12 0.4789 3.52 0.5652 1.12 0.5700 2.71 

28 21 16 0.5635 3.92 0.4911 8.51 0.5632 4.77 0.5733 6.82 

29 26 20 0.5899 0.92 0.4911 3.08 0.5899 0.92 0.5733 3.08 

30 21 9 0.5619 1.81 0.5122 5.70 0.5683 2.19 0.5622 4.03 

31 24 2 0.5648 1.46 0.5122 2.85 0.5648 1.46 0.5622 2.24 

32 18 1 0.5834 0.22 0.5122 2.35 0.7049 1.37 0.5622 3.02 

33 29 31 0.5635 4.03 0.5122 5.12 0.5635 4.03 0.5489 7.07 

34 16 15 0.5696 2.52 0.5122 4.34 0.5696 2.52 0.5489 6.31 

35 18 22 0.6021 0.70 0.5122 2.85 0.6021 0.70 0.5489 3.32 

36 46 16 0.5712 6.12 0.5200 9.66 0.5255 6.89 0.5200 9.66 

37 16 9 0.5632 1.32 0.5544 3.93 0.5632 1.32 0.5544 3.93 

38 23 21 0.5648 1.77 0.5011 6.04 0.5659 1.91 0.5544 3.67 

39 24 18 0.5652 2.46 0.5200 6.19 0.5652 2.46 0.5544 3.67 

40 21 22 0.5712 2.14 0.5689 5.25 0.5617 2.25 0.5856 4.19 

41 22 8 0.5643 1.25 0.5633 3.47 0.5643 1.25 0.5633 3.47 

42 27 19 0.5849 0.22 0.5633 2.52 0.6501 0.70 0.5633 3.01 

43 12 16 0.5694 0.72 0.5633 3.01 0.5694 0.72 0.5633 3.01 

44 30 20 0.5728 6.07 0.5800 8.50 0.5425 6.38 0.5244 9.33 

45 21 17 0.5613 1.33 0.5389 4.42 0.5613 1.33 0.5244 5.09 

Table C-7 — Continued 
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46 38 31 0.5678 5.13 0.5400 8.71 0.5643 5.25 0.5633 7.84 

47 36 19 0.5665 2.61 0.5411 5.71 0.5665 2.61 0.5411 5.71 

48 4 3 0.5703 0.22 0.5411 4.30 0.6389 0.70 0.5411 4.80 

49 21 15 0.5601 1.43 0.5233 4.85 0.5641 1.57 0.5700 3.40 

50 25 16 0.5678 5.34 0.5233 6.62 0.5702 4.42 0.5000 8.61 

51 19 17 0.5695 0.72 0.5233 2.85 0.5695 0.72 0.5000 3.38 

52 26 24 0.5702 3.19 0.5567 6.80 0.5702 3.19 0.5567 6.80 

53 24 20 0.5626 2.58 0.5289 6.19 0.5626 2.58 0.5567 5.58 

54 24 4 0.5631 2.64 0.5856 5.04 0.5631 2.64 0.5856 5.04 

55 28 22 0.5666 2.88 0.5311 6.07 0.5694 3.05 0.5444 5.98 

56 30 8 0.5698 6.17 0.5011 10.29 0.5698 6.17 0.5011 10.29 

57 18 26 0.5899 0.22 0.5600 1.89 0.5899 0.22 0.5600 1.89 

58 25 14 0.5673 4.17 0.5600 4.60 0.5708 4.78 0.5600 5.63 

59 30 27 0.5675 2.83 0.5267 6.35 0.5607 3.64 0.5600 4.13 

60 15 20 0.5920 0.70 1.0000 0.72 0.6240 0.92 0.5600 2.09 

61 27 20 0.5663 5.00 0.5478 7.80 0.5663 5.00 0.5478 7.80 

62 22 25 0.5657 0.83 0.5478 3.45 0.5657 0.83 0.5478 3.45 

63 29 20 0.5631 3.50 0.5311 7.25 0.5672 3.83 0.5311 7.63 

64 17 12 0.5720 1.43 0.5611 4.39 0.5720 1.43 0.5611 4.39 

65 25 28 0.5636 2.99 0.5100 6.99 0.5647 3.32 0.5589 5.95 

66 29 11 0.5720 3.09 0.5833 5.53 0.5720 3.09 0.5800 5.53 

67 22 3 0.5643 0.88 0.5622 2.74 0.5643 0.88 0.5622 2.74 

68 17 15 0.5619 1.75 0.5622 2.79 0.5644 1.88 0.5756 3.73 

69 9 0 0.6150 0.70 0.5622 2.57 0.6150 0.70 0.5756 2.72 

70 1 3 0.6829 0.00 0.5622 1.84 0.6829 0.00 0.5756 1.99 

71 29 24 0.5617 2.42 0.5622 3.34 0.5646 2.58 0.5656 5.02 

Table C-7 — Continued 
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72 5 0 0.6505 0.22 0.5622 2.07 0.7036 0.70 0.5656 3.23 

73 24 34 0.5673 1.06 0.5622 2.79 0.5673 1.06 0.5656 3.46 

74 29 25 0.5620 4.09 0.5622 6.37 0.5619 4.10 0.5833 5.88 

75 15 16 0.5682 0.96 0.5622 3.38 0.5682 0.96 0.5833 3.38 

76 3 16 0.6042 0.00 0.5622 2.66 0.6741 0.22 0.5833 2.89 

77 21 5 0.5638 1.28 0.5622 3.38 0.5638 1.28 0.5833 3.38 

78 3 3 0.6764 0.00 0.5622 2.66 0.6903 0.22 0.5833 2.89 

79 18 15 0.5643 0.76 0.5622 2.66 0.5643 0.76 0.5833 2.66 

80 2 0 0.7191 0.00 0.5622 2.66 0.7191 0.00 0.5833 2.66 

81 6 8 0.5924 0.00 0.5622 2.66 0.7123 0.70 0.5833 3.38 

82 24 19 0.5631 1.20 0.5878 2.94 0.5631 1.20 0.5878 2.94 

83 5 2 0.6155 0.22 0.5878 2.43 0.6755 0.70 0.5878 2.93 

84 9 6 0.5694 0.00 0.5878 2.21 0.6363 0.22 0.5878 2.43 

85 12 5 0.5653 1.71 0.5478 4.93 0.5635 1.83 0.5711 3.73 

86 34 30 0.5652 1.89 0.5733 3.71 0.5652 1.89 0.5733 3.71 

87 20 0 0.5711 1.42 0.5744 4.74 0.5699 1.87 0.5733 4.16 

88 30 29 0.5681 1.21 0.5789 2.16 0.5681 1.21 0.5733 2.66 

89 33 34 0.5633 4.21 0.5344 7.44 0.5633 4.21 0.5344 7.44 

90 19 24 0.5605 1.58 0.5211 5.21 0.5656 1.72 0.5833 3.49 

91 25 19 0.5680 1.62 0.5211 2.18 0.5710 1.91 0.5600 3.98 

92 19 16 0.5631 0.55 0.5211 2.18 0.5631 0.55 0.5600 2.44 

93 21 3 0.6173 0.22 0.5211 2.40 0.6774 0.70 0.5600 3.16 

94 16 21 0.5913 0.22 0.5522 2.13 0.6046 0.69 0.5600 3.13 

95 27 21 0.5662 1.98 0.5711 3.94 0.5662 1.98 0.5711 3.94 

96 16 12 0.6242 0.70 0.5711 3.32 0.6242 0.70 0.5711 3.32 

97 19 19 0.5689 1.00 0.5711 3.54 0.5689 1.00 0.5633 2.81 
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98 29 23 0.5675 4.49 0.5700 7.42 0.5675 4.49 0.5700 7.42 

99 19 21 0.5614 1.27 0.5278 4.48 0.5614 1.27 0.5278 4.48 

100 15 13 0.5680 0.26 0.5278 2.22 0.6275 0.70 0.5600 2.54 

101 24 21 0.5854 0.92 0.5278 2.94 0.5854 0.92 0.5600 1.78 

102 27 21 0.5633 1.87 0.5767 3.70 0.5633 1.87 0.5600 0.83 

103 43 18 0.5631 8.49 0.5600 11.35 0.4904 8.90 0.5222 10.23 

104 13 11 0.5681 0.74 0.5611 2.51 0.5681 0.74 0.5656 2.33 

105 17 14 0.6164 0.70 0.5611 2.24 0.6164 0.70 0.5289 3.40 

106 15 19 0.5872 0.70 0.5611 2.24 0.5872 0.70 0.5289 1.40 

107 31 31 0.5665 5.43 0.4889 10.73 0.5624 6.21 0.5500 10.07 

108 17 23 0.5641 0.88 0.4889 3.38 0.5641 0.88 0.5500 3.38 

109 24 13 0.5690 2.68 0.5033 6.82 0.5625 3.51 0.5856 5.28 

110 29 13 0.5639 1.74 0.5222 5.36 0.5619 1.86 0.5889 3.64 

111 36 8 0.5653 0.99 0.5756 2.82 0.5653 0.99 0.5889 2.86 

112 20 19 0.5749 0.83 0.5144 4.93 0.5669 1.11 0.5844 2.85 

113 10 19 0.5649 1.53 0.4900 5.87 0.5649 1.83 0.5844 3.84 

114 25 18 0.6085 0.70 0.4900 2.67 0.6085 0.70 0.5844 2.84 

115 26 15 0.5617 0.99 0.4900 1.94 0.5617 0.99 0.5844 2.12 

116 34 24 0.5702 2.99 0.5656 6.24 0.5702 2.99 0.5656 6.24 

117 39 21 0.5723 3.25 0.5156 6.89 0.5723 3.25 0.5156 6.89 

118 25 19 0.5651 3.71 0.5444 6.84 0.5651 3.71 0.5444 6.84 

119 14 14 0.6241 0.00 0.5444 2.34 0.6845 0.22 0.5444 2.57 

120 23 14 0.5633 2.09 0.4600 8.12 0.5676 3.08 0.5522 6.36 

121 22 9 0.5609 5.13 0.5467 8.18 0.5683 4.68 0.5189 9.10 

122 30 23 0.5758 3.63 0.4800 8.92 0.5628 3.78 0.5700 7.20 

123 30 22 0.5631 4.04 0.5333 7.53 0.5648 4.15 0.5556 6.62 
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124 31 11 0.5686 2.70 0.5100 6.76 0.5628 3.54 0.5900 5.23 

125 25 13 0.5650 3.22 0.5600 6.71 0.5650 3.22 0.5600 6.71 

126 30 14 0.5657 1.25 0.5600 4.04 0.5657 1.25 0.5856 2.18 

127 23 9 0.5341 6.76 0.4156 13.60 0.5474 6.04 0.4144 13.03 

128 21 9 0.5632 1.31 0.5422 4.16 0.5632 1.31 0.5422 4.16 

129 6 8 0.5658 0.61 0.5422 2.14 0.5658 0.61 0.5422 2.14 

130 40 23 0.5682 4.27 0.5578 6.55 0.5682 4.27 0.5578 6.55 

131 26 20 0.5645 0.95 0.5644 2.80 0.5645 0.95 0.5711 2.48 

132 15 16 0.5644 2.59 0.4744 7.74 0.5651 3.37 0.5633 5.84 

133 22 10 0.5856 0.22 0.5589 1.84 0.6158 0.45 0.5633 2.59 

134 10 16 0.5669 0.79 0.5589 1.91 0.5669 0.79 0.5511 2.65 

135 29 23 0.5654 2.77 0.5144 6.70 0.5654 2.77 0.5144 6.70 

136 34 32 0.5659 1.11 0.5144 2.58 0.5659 1.11 0.5633 1.95 

137 9 4 0.5782 0.22 0.5478 2.10 0.6444 0.70 0.5633 2.39 

138 14 16 0.5917 0.22 0.5478 1.62 0.6592 0.70 0.5633 2.39 

139 19 17 0.5663 1.80 0.5478 2.12 0.5639 1.93 0.5422 4.87 

140 25 26 0.5619 1.76 0.5178 5.41 0.5633 1.88 0.5811 3.62 

141 16 17 0.5664 1.03 0.5178 2.29 0.5664 1.03 0.5811 2.13 

142 27 7 0.5700 2.98 0.4900 7.36 0.5612 3.79 0.5811 5.66 

143 31 30 0.5662 5.79 0.5222 9.54 0.5662 5.79 0.5222 9.54 

144 33 18 0.5701 2.76 0.5067 6.88 0.5588 3.60 0.5900 5.30 

145 15 8 0.6845 0.00 0.5067 2.58 0.6845 0.00 0.5900 2.31 

146 16 16 0.5662 2.26 0.5211 6.68 0.5651 2.35 0.5900 3.80 

147 11 6 0.5643 0.31 0.5211 3.67 0.5643 0.31 0.5900 2.31 

148 18 2 0.5627 2.19 0.5489 5.27 0.5627 2.19 0.5489 5.27 

149 22 26 0.5659 3.15 0.5489 5.33 0.5634 2.23 0.5489 5.33 
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150 27 23 0.5660 4.11 0.5178 8.02 0.5656 4.29 0.5544 7.35 

151 11 10 0.6664 0.00 0.5178 2.54 0.7180 0.22 0.5544 2.63 

152 12 14 0.5816 0.70 0.5522 2.45 0.5816 0.70 0.5544 3.13 

153 20 21 0.6211 0.00 0.5522 1.33 0.7358 0.70 0.5544 3.13 

154 15 14 0.5898 0.22 0.5489 2.07 0.6545 0.70 0.5544 3.13 

155 11 13 0.5681 1.84 0.5489 2.62 0.5681 1.84 0.5544 3.90 

156 16 13 0.6122 0.70 0.5489 1.85 0.6122 0.70 0.5544 3.13 

157 25 16 0.5658 2.03 0.5600 5.47 0.5644 2.14 0.5867 4.13 

158 21 28 0.5631 2.45 0.5656 4.95 0.5631 2.45 0.5656 4.95 

159 20 16 0.5684 0.71 0.5656 3.16 0.5684 0.71 0.5656 3.16 

160 20 17 0.5617 2.08 0.5356 5.24 0.5617 2.08 0.5356 5.24 

161 24 22 0.5636 1.01 0.5667 2.94 0.5636 1.01 0.5356 2.88 

162 14 0 0.5683 0.71 0.5667 2.72 0.5683 0.71 0.5356 2.88 

163 22 20 0.5635 2.52 0.5178 6.31 0.5611 2.74 0.5322 6.12 

164 27 2 0.5599 1.38 0.5667 3.64 0.5599 1.38 0.5667 3.64 

165 31 22 0.5638 1.79 0.5367 5.02 0.5624 1.92 0.5878 3.55 

166 18 15 0.6033 0.70 0.5367 3.27 0.6033 0.70 0.5878 2.78 

167 24 24 0.5645 0.84 0.5367 3.27 0.5645 0.84 0.5633 2.67 

168 19 24 0.5663 2.46 0.4900 7.08 0.5645 2.87 0.5189 6.48 

169 21 20 0.5696 2.87 0.5589 6.61 0.5696 2.87 0.5589 6.61 

170 19 5 0.5660 1.03 0.5622 2.75 0.5664 1.20 0.5589 4.06 

171 14 16 0.5654 1.43 0.4922 5.60 0.6412 2.19 0.5589 6.05 

172 15 2 0.5682 0.83 0.4922 2.63 0.5682 0.83 0.5589 4.56 

173 9 7 0.5953 0.70 0.4922 2.63 0.5953 0.70 0.5589 4.56 

174 11 13 0.6295 0.22 0.4922 2.14 0.6295 0.22 0.5589 4.06 

175 28 12 0.5623 1.41 0.5644 3.99 0.5623 1.41 0.5589 4.56 
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176 36 20 0.5670 3.47 0.5056 7.20 0.5710 4.28 0.5900 5.70 

177 26 21 0.5695 2.72 0.5056 5.65 0.5695 2.72 0.5022 6.93 

178 27 18 0.5681 2.03 0.5789 4.75 0.5636 2.15 0.5878 3.92 

179 16 8 0.5641 1.50 0.4922 5.71 0.5648 1.64 0.5589 3.85 

180 31 20 0.5681 4.68 0.4844 9.48 0.5681 4.68 0.4844 9.48 

181 21 6 0.5684 0.97 0.4844 3.61 0.5684 0.97 0.5667 2.63 

182 36 18 0.5633 2.68 0.5300 6.13 0.5639 3.49 0.5856 5.06 

183 26 20 0.5622 1.86 0.5600 4.68 0.5616 2.00 0.5822 3.61 

184 35 20 0.5666 2.55 0.5656 4.78 0.5666 2.55 0.5656 4.78 

185 9 9 0.6778 0.00 0.5656 2.58 0.7324 0.22 0.5656 2.80 

186 25 27 0.5731 3.54 0.4867 8.67 0.5718 3.63 0.5689 6.97 

187 24 17 0.5725 5.09 0.4867 6.63 0.5673 5.73 0.5689 8.13 

188 10 5 0.5615 1.10 0.5300 4.03 0.5615 1.10 0.5300 4.03 

189 32 28 0.5705 4.52 0.4911 9.06 0.5705 4.52 0.4911 9.06 

190 14 13 0.5960 0.70 0.4911 3.38 0.6259 0.92 0.4911 3.61 

191 12 10 0.5680 2.38 0.4667 7.67 0.5661 2.96 0.5633 4.81 

192 8 11 0.5680 1.96 0.4867 6.48 0.5657 2.10 0.5456 4.59 

193 23 23 0.5662 1.81 0.5878 4.31 0.5623 1.93 0.5744 3.72 

194 27 17 0.5660 1.91 0.4778 6.72 0.5636 2.03 0.5467 4.83 

195 22 25 0.5632 1.79 0.4989 6.10 0.5651 1.92 0.5656 4.24 

196 20 20 0.5623 2.14 0.5144 5.88 0.5623 2.14 0.5144 5.88 

197 25 22 0.5680 4.34 0.5144 5.09 0.5680 4.34 0.5144 5.09 

198 32 23 0.5733 3.05 0.5144 3.59 0.5733 3.05 0.5144 3.59 

199 23 19 0.5751 2.85 0.5044 7.34 0.5698 3.36 0.5744 5.49 

200 17 14 0.5656 1.47 0.4922 5.67 0.5640 1.61 0.5611 3.81 

201 28 17 0.5708 2.09 0.4911 7.12 0.5680 3.35 0.5756 5.42 
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202 15 10 0.5949 0.70 0.5489 2.57 0.5949 0.70 0.5756 2.92 

203 25 24 0.5640 0.87 0.5700 2.46 0.5640 0.87 0.5700 2.46 

204 27 16 0.5640 1.84 0.5911 4.07 0.5640 1.84 0.5911 4.07 

205 28 31 0.5641 2.66 0.5889 4.51 0.5640 2.85 0.5911 5.06 

206 19 20 0.5731 2.80 0.5144 6.83 0.5671 3.27 0.5833 5.03 

207 21 24 0.5718 2.11 0.4811 7.42 0.5705 3.33 0.5700 5.71 

208 19 12 0.5703 0.10 0.4811 2.34 0.5703 0.10 0.5700 2.34 

209 35 29 0.5666 5.42 0.4944 10.43 0.5666 5.42 0.4944 10.43 

210 21 27 0.5623 1.87 0.5156 5.62 0.5650 2.01 0.5856 3.83 

211 29 27 0.5617 1.31 0.5722 3.37 0.5617 1.31 0.5722 3.37 

212 13 12 0.5646 0.82 0.5633 2.54 0.5646 0.82 0.5667 2.48 

213 22 16 0.5772 4.21 0.5378 6.87 0.5772 4.21 0.5378 6.87 

214 27 0 0.5702 1.39 0.5378 2.29 0.5702 1.39 0.5378 2.29 

215 19 19 0.5661 0.84 0.5656 2.49 0.5661 0.84 0.5656 2.49 

216 21 19 0.5644 1.08 0.5656 2.65 0.5644 1.08 0.5656 2.65 

217 28 22 0.5733 2.14 0.4733 7.74 0.5721 3.37 0.5656 6.00 

218 24 6 0.5667 2.68 0.4811 7.42 0.5671 3.53 0.5700 5.70 

219 10 10 0.5616 1.13 0.5256 4.23 0.5616 1.13 0.5700 3.06 

220 13 6 0.6152 0.22 0.5256 2.07 0.6152 0.22 0.5700 2.57 

221 28 41 0.5596 1.46 0.5889 2.98 0.5596 1.46 0.5889 2.98 

222 19 6 0.5720 0.70 0.5889 2.76 0.5720 0.70 0.5489 2.62 

223 23 24 0.5682 1.20 0.5700 2.75 0.5682 1.20 0.5700 2.75 

224 22 6 0.5964 0.70 0.5644 2.52 0.5964 0.70 0.5644 2.52 

225 25 20 0.5639 2.51 0.5044 6.72 0.5639 2.51 0.5044 6.72 

226 22 14 0.5634 1.85 0.4922 6.35 0.5659 1.98 0.5611 4.47 

227 6 4 0.5714 0.76 0.5400 4.37 0.5680 1.02 0.5233 4.40 
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228 25 24 0.5684 4.54 0.5833 6.32 0.5684 4.54 0.5833 6.30 

229 41 35 0.5684 5.75 0.5133 9.91 0.5684 5.75 0.5133 9.91 

230 17 6 0.5641 2.25 0.5178 6.05 0.5634 2.41 0.5411 5.35 

231 27 14 0.5951 0.45 0.5644 2.07 0.5951 0.45 0.5411 2.58 

232 9 9 0.6082 0.22 0.5644 1.27 0.6700 0.70 0.5411 2.85 

233 32 22 0.5676 2.98 0.4822 7.66 0.5651 3.79 0.5700 5.93 

234 22 31 0.5698 5.25 0.5344 9.81 0.5669 5.80 0.5700 7.00 

235 25 25 0.5705 2.17 0.5867 5.30 0.5705 2.17 0.5867 5.30 

236 12 16 0.5678 1.97 0.5656 5.11 0.5678 1.97 0.5656 5.11 

237 20 7 0.5644 0.67 0.5656 3.36 0.5644 0.67 0.5656 3.36 

238 26 20 0.5673 4.13 0.5033 8.34 0.5673 4.13 0.5033 8.34 

239 9 3 0.5651 0.81 0.5644 2.64 0.5651 0.81 0.5644 2.64 

240 26 16 0.5618 2.12 0.5544 5.09 0.5618 2.12 0.5544 5.09 

241 27 33 0.5636 1.70 0.5544 3.01 0.5636 1.70 0.5544 3.01 

242 26 18 0.5699 2.98 0.4889 7.58 0.5632 3.79 0.5767 5.86 

243 15 3 0.5623 1.87 0.4778 6.84 0.5636 2.44 0.5778 4.08 

244 11 9 0.5686 0.49 0.4778 2.14 0.5706 0.79 0.5778 2.58 

245 18 7 0.5702 1.16 0.4778 2.14 0.5702 1.16 0.5778 1.86 

246 17 2 0.5645 1.22 0.5622 3.61 0.5645 1.22 0.5622 3.61 

247 12 15 0.5638 1.29 0.5133 4.85 0.5669 1.45 0.5622 3.22 

248 21 22 0.5632 2.34 0.5178 6.19 0.5632 2.34 0.5178 6.19 

249 41 20 0.5678 4.12 0.5844 5.76 0.5678 4.12 0.5844 5.76 

250 31 1 0.5641 1.59 0.5233 4.99 0.5647 2.78 0.5833 3.89 

251 0 9 0.6274 0.22 0.5233 2.82 0.6905 0.70 0.5833 2.79 

252 19 6 0.5634 0.97 0.5689 2.89 0.5634 0.97 0.5689 2.89 

253 27 13 0.5616 1.41 0.5589 4.10 0.5649 1.58 0.5689 3.49 
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254 16 15 0.6330 0.22 0.5589 2.52 0.6947 0.70 0.5689 2.72 

255 17 24 0.5663 1.16 0.5589 2.29 0.5663 1.16 0.5689 1.99 

256 17 13 0.5779 0.70 0.5589 3.01 0.5779 0.70 0.5689 2.72 

257 15 4 0.5644 1.49 0.4922 5.69 0.5649 1.64 0.5611 3.84 

258 29 23 0.5625 2.49 0.5411 5.72 0.5625 2.49 0.5411 5.72 

259 14 16 0.5648 0.74 0.5411 2.58 0.5648 0.74 0.5400 1.48 

260 20 15 0.5642 0.91 0.5600 3.00 0.5642 0.91 0.5589 3.00 

261 15 20 0.5634 1.60 0.5700 4.29 0.5616 1.73 0.5589 3.41 

262 32 37 0.5690 1.11 0.5700 3.46 0.5690 1.11 0.5589 1.91 

263 12 12 0.5628 1.89 0.5344 5.11 0.5628 1.89 0.5344 5.11 

264 15 18 0.5955 0.70 0.5344 2.72 0.5955 0.70 0.5344 2.72 

265 20 11 0.5639 0.85 0.5344 2.72 0.5639 0.85 0.5633 2.57 

266 42 36 0.5616 2.75 0.5344 1.99 0.5616 2.75 0.5633 1.75 

267 32 27 0.5621 2.41 0.5467 5.57 0.5621 2.41 0.5467 5.57 

268 17 20 0.5658 2.30 0.5122 6.24 0.5628 2.33 0.5311 5.69 

269 24 21 0.5702 2.31 0.5333 6.16 0.5725 2.70 0.5667 5.42 

270 17 6 0.5828 0.70 0.5333 3.30 0.5828 0.70 0.5667 3.30 

271 12 6 0.5797 0.22 0.5333 2.80 0.6474 0.70 0.5667 3.30 

272 13 9 0.6086 0.00 0.5333 2.57 0.6702 0.22 0.5667 2.80 

273 19 17 0.5640 1.51 0.5333 3.30 0.5808 2.07 0.5667 4.79 

274 23 19 0.5630 1.80 0.4911 6.24 0.5651 1.92 0.5622 4.37 

275 24 22 0.5702 5.27 0.5689 8.35 0.5702 5.27 0.5689 8.35 

276 35 22 0.5676 2.71 0.5633 4.89 0.5676 2.71 0.5633 4.89 

277 28 20 0.5908 0.22 0.5633 2.97 0.6539 0.70 0.5633 3.47 

278 24 20 0.5648 2.24 0.5467 5.37 0.5648 2.24 0.5467 5.37 

279 20 18 0.5634 0.72 0.5467 2.34 0.5634 0.72 0.5467 2.34 

Table C-7 — Continued 



 

 

1
0
6

 

280 33 26 0.5632 3.98 0.5644 6.20 0.5632 3.98 0.5644 6.20 

281 19 22 0.5686 1.26 0.5678 4.31 0.5653 1.74 0.5644 4.16 

282 21 16 0.5647 1.01 0.5700 2.94 0.5647 1.01 0.5644 3.38 

283 29 25 0.5630 2.19 0.5489 5.26 0.5630 2.19 0.5489 5.26 

284 15 9 0.5626 0.56 0.5489 2.57 0.5690 0.84 0.5489 3.06 

285 24 20 0.5651 2.61 0.4789 7.53 0.5645 3.44 0.5611 5.81 

286 29 27 0.5737 4.40 0.5056 8.42 0.5737 4.40 0.5567 8.34 

287 13 12 0.5632 2.21 0.5389 5.27 0.5670 2.49 0.5567 4.73 

288 26 20 0.5666 2.74 0.5878 5.02 0.5666 2.74 0.5878 5.02 

289 22 24 0.5696 2.12 0.5878 5.02 0.5677 3.12 0.5878 6.52 

290 25 15 0.5621 2.13 0.5411 5.29 0.5621 2.13 0.5411 5.29 

291 26 14 0.5625 2.08 0.5467 5.10 0.5625 2.08 0.5467 5.10 

292 20 26 0.5634 0.30 0.5467 2.18 0.5665 0.34 0.5467 2.40 

293 37 36 0.5687 3.22 0.5856 4.83 0.5687 3.22 0.5867 4.84 

294 24 24 0.5621 2.04 0.5522 4.94 0.5621 2.04 0.5522 4.94 
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