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ABSTRACT

On m-inverse loops and quasigroups of order n with a long inverse cycle.

Carl Looney, Ph.D.

The University of Texas at Arlington, 2015

Supervising Professor: Minerva Cordero

In 2002, A.D Keedwell and V.A Sherbacov introduced the concept of finite m-
inverse quasigroups with long inverse cycles. Keedwell and Sherbacov observed that
finite m-inverse loops and quasigroups with a long inverse cycle could be useful in the
study of cryptology. Keedwell and Sherbacov studied the existence of these algebraic
structures by determining if a Cayley table of the elements of such structures could
be constructed. They showed that m-inverse loops of order 9 with a long inverse
cycle do not exist for m = 2; 4 and 6; thus, there do not exist 2,4, or 6 inverse-
quasigroups of order 8. However the investigation of 3 or 7-inverse loops of order 9
and of 3 or 7-inverse quasigroups of order 8 with a long inverse cycle was considered
more complicated and was left unanswered. In this paper we attack the unanswered
question of the existence of 3 and 7-inverse loops and quasigroups with long inverse
cycles. We also investigate the following two problems: (i)The existence of m-inverse
loops with a long inverse cycle of orders 11 and 15. (ii)The existence of m-inverse

quasigroups with a long inverse cycle of order 12,16 and 20.
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CHAPTER 1
Introduction

1.1 Introduction

Cryptology is a science that consists of two parts: cryptography and cryptanal-
ysis. Cryptography can be described as the science of transferring information that
has been protected from unlawful users[2]. Cryptanalysis is the science of breaking
down the transferred information. In general, cryptography requires sets of integers
and specific operations that are defined for those sets. The set of elements and the
operations that are applied to the elements of the set is called an algebraic structure.
Algebraic structures can be classified as associative, such as groups and fields, or non-
associative, such as quasigroups and loops. Our focus will be on finite quasigroups
and loops. In particular we will study quasigroups with the m-inverse property. We
study these particular algebraic structures because Keedwell noticed that finite m-
inverse loops and quasigroups with a long inverse cycle were useful in the study of
cryptology[1]. In this paper we continue the work of Keedwell where we investigate
the existence of finite m-inverse loops and quasigroups with a long inverse cycle.
Keedwell’s approach for investigating the existence of these algebraic structures was
to determine if a Cayley table of the elements can be constructed. The approach con-
sisted of completing row zero in order to determine if a Cayley table exists. In this
work, we will continue the same approach for determining the existence of m-inverse

loops and quasigroups with a long inverse cycle.



In Chapter 2, we investigate the existence of 3 and 7-inverse loops with a long
inverse cycle. We will also investigate the existence of m-inverse quasigroups of order 8
with a long inverse cycle. Next in Chapter 3 we study the existence of finite m-inverse
loops with a long inverse cycle where we determine all the possible ways to complete
row zero for a finite m-inverse loop. Finally in Chapter 4 we study the existence of
finite m-inverse quasigroups with a long inverse cycle where again we determine all the
possible ways to complete row zero for a finite m-inverse quasigroup. It is important
to note that for finite m-inverse loops and quasigroups with a long inverse cycle we
examine all the possible ways to complete row zero. This is important because one
of these forms may lead to the construction of a Cayley table. However if all ways
to complete row zero fail to construct a Cayley table then we conclude that a finite
m-inverse loop or quasigroup with a long inverse cycle does not exist.

Definition 1.1

A finite quasigroup (Q, ) of order n consists of a set @) of n symbols on which
a binary operation (x) is defined such that for all a,b € @, a xb € @, and there exist
unique x,y € @ such that x xa = b and a xy = b. If there exists an identity element

e € @ such that for all a € Q, ax e = e x a = a then (Q, %) is a loop.

Definition 2.1

The Cayley table of a finite quasigroup is a table with rows and columns
labelled by the elements of the group and the entry a * b in the row labelled by a and
column labelled by c.

Here is an example of the Cayley table of quasigroup (Zs, +). Notice that we

will call "row a” the row giving the products a x x for all x € Q.



010 1 2
111 2 0
212 0 1

Definition 3.1

Let (@, *) be a quasigroup (respectively a loop). Then (Q,*) is an m-inverse
quasigroup/loop if there exists a permutation J of the set @) such that for all a,b € @,
J™(a % b) % T (a) = J™(b)

If (Q,*) is a quasigroup/loop then @ = {e,0,1....n — 2} or {0,1....n — 1}
respectively. Note for our study of m-inverse loops and quasigroups we will define J
as J(a) = a + 1, where the arithmetic is modulo n — 1 when discussing loops and

modulo n for quasigroups.



CHAPTER 2
3 and T-inverse loops and quasigroups

2.1 3 and T-inverse loops of order 9 with a long inverse cycle

In this chapter we determine the existence of 3 and 7-inverse loops of order 9
with a long inverse cycle. We also determine if 3 and 7-inverse quasigroups of order 8
with a long inverse cycle exist. Determining the existence of a m-inverse loop of order
9 and a m-inverse quasigroup of order 8 with a long inverse cycle was the stopping
point for Keedwell in his paper written on m-inverse loops and quasigroups|1]. Now
in order to determine if a m-inverse loop or quasigroup with a long inverse cycle exists
we follow Keedwell’s approach and determine if a Cayley table of the set ) can be
constructed. If all attempts to construct a Cayley table fail then we conclude that
a 3 or 7-inverse loop of order 9 and a 3 or 7-inverse quasigroup of order 8 does not
exist. Note that for 3 and 7 inverse loops and quasigroups with a long inverse cycle

the arithmetic is modulo 8.

2.1.1 3-inverse loops of order 9 with a long inverse cycle

Suppose that (@, x) is a 3-inverse loop of order 9 with a long inverse cycle and
a*xb = ¢ where a,b,c € (). Therefore, by the m-inverse property a permutation
J exists such that [J3(a x b)] * [J*(a)] = J3(b) for all a,b € Q. Let J(a) = a + 1;
then J(J(a)) = J(a + 1) = a + 2. Therefore by applying J, m — 1 times we obtain
J™(a) = a+m. Consider [J™(ax*e)]*[J™(a)] = J™(e) for a € Q. This implies that

[J™(a)] * [J(J™(a)] = e. Let J™(a) =b € Q. Tt follows that bx J(b) = e =bx* (b+1).



Let axb = c. Thus [J3(c)]*[J*(a)] = J?(b) which implies that (c+3)*(a+4) =
(b+3). From the equality (c+3)*(a+4) = (b+3) we obtain [J3(b+3)]*[J*(c+3)] =
J3(a + 4) which implies that (b4 6) * (¢ +7) = (a + 7). Next from the equality
(b+6)x(c+7) = (a+7) we obtain [J3(a+7)] % [J*(b+6)] = J*(c+ 7) which implies
that (a +2) * (b+2) = ¢+ 2. Therefore, if a* b = ¢, then (¢ +3) * (a +4) = (b+ 3),

(b+6)x(c+7)=(a+7)and (a+2)*(b+2)=c+2.

Next we describe how to obtain the equalities for a 3-inverse loop of order 9 in
general for the choice axb = c. First we add 3 to the last term in the previous equality
to obtain the first term in the new equality. Next we add 4 to the first term in the
previous equality to obtain the second term in the new equality. Lastly, we add 3 to
the second term in the previous equality to obtain the last term in the new equality.
This process will continue until we reach [a+s(3m+1)]x[b+s(3m+1)] = c+s(3m+1)
where s is the smallest positive integer such that s(3m+ 1) = 0. Therefore, by letting
a *x b = ¢ the set of equalities given in Table 2.1 hold. We will say that the choice

a * b = c generates each equality.

Table 2.1. Iteration 2.1

axb=rc

o
+
w
SN—
*
—
Q
+
i
N—
—~
j—p)




The elements of () are e,0,1....7. This implies the given entries for the Cayley
table are: 0x1 =e, 1x2 =e, ..... ,7%*0 =ceand Oxe =0 =ex0 = 0,...... Jxe="T=exT.
Therefore, we are given 25 entries of the Cayley table associated with (). Thus 56
entries have yet to be inputted into the Cayley table. Recall that "row a” is the row
yielding the product a x x for all x € ). Consider the missing entries in row zero:
0%0,0%2, 0%3,0%4,0%5, 06 and 0x7. Next we fill row zero in the following way:
Let 0x0=3,0%x2=4,0%3="7,0%4=1,0%x5=3,0%x6 =5 and 0«7 = 6. Therefore,
since we assumed (@), *) is a 3-inverse loop of order 9 we obtain the following partially

completed Cayley table.

66 2 5 7 0 3 4 1 e

7|7 e 7 0 7 5 3 2 1

Consider row one since the entries 0 and 6 are missing from row one then

1+%3=0or1x*3=06. Therefore we obtain the following iterations:

Table 2.2. Iteration 2.2

1x3=0 1x3=6
3%¥5=6 | 1x5=6
1%x7=0)




Notice that each choice leads to a contradiction. Therefore, by completing row
zero in this manner we are not able to construct a Cayley table. Now if we continue to
construct the partial Cayley table by checking all the possible choices for the missing
entries in row zero then we will have numerous cases: Therefore, to eliminate this
tedious process we introduce the following lemma and propositions that we help us

generalize the construction of row zero.

Lemma 1. If (Q,*) is a 3-inverse loop of order 9 with a long inverse cycle then the

choice a x b = ¢ generates 12 or 4 entries in the Cayley table.

Proof. Notice that from table 2.1 it is clear that the choice a x b = ¢ generates at
most12 distinct entries in the Cayley table. Let’s assume that axb = c generates t < 12
entries in the Cayley table. This implies that ¢ divides 12. Therefore, t = 1,2,3,4
or 6. If axb = c generates 3 or 6 entries then by table 2.1 a =a+ 2 or a = a + 6,
respectively, which is a contradiction since the arithmetic is modulo 8. Assume ¢t = 1
or 2; by table 2.1 a = a + 2 or a = a + 4 respectively, which again is a contradiction
since the arithmetic is modulo 8. Finally if ¢ = 4, then b = a+ 6 and ¢ = a + 3 where
a* (a4 6) = a+ 3 generates 4 entries in the Cayley table.

O

In the next proposition we study the product 0xb = ¢ for b, ¢ € () and consider
the entries the product generates in row zero depending on whether they are even or

odd.

Proposition 1. Let (Q,*) be a 3-inverse loop of order 9 with a long inverse cycle.

1. If 0 % b = c generates 12 distinct entries in the Cayley table with b even and c odd

then the choice 0 x b = ¢ generates 3 odd entries in row zero.

7



2. If 0 x b = c generates 12 distinct entries in the Cayley table such that b and c are
even then the choice 0 x b = ¢ generates one odd and one even entry in row zero.
3. If 0 x b = ¢ generates 12 distinct entries in the Cayley table with b odd and ¢ even

then the choice 0 x b = c generates one even entry in row zero.

Proof. 1. Assume 0 x b = ¢ generates 12 distinct entries in row zero with b even
and ¢ odd. Consider table 2.1. Notice that the first term in each equation is in the
form a 4+ x;, c+y; or b+ z; for t = 1,...4 and z;,v;, z; € ). Each term respectively
determines what row the entry will be inputted in. We know that a = 0, b is even
and c is odd. Therefore, each term is congruent to some even element of (). Thus for

some i each term is congruent to zero where the entries are odd.

2. Assume 0 % b = ¢ generates 12 distinct entries in row zero such that b and ¢ are
even. Consider table 2.1. Again the first term in each equation is in the form a + x;,
c+y; or b+ z forv=1,..,4 where z;,y;, 2; € (). Each term respectively determines
what row the entry will be inputted in. We know that @ = 0, b and ¢ are even.
Therefore, only a 4+ x; and b+ z; are congruent to some even element of (). Thus for
some ¢ each term is congruent to zero where the entry associated with a + x; is even

and the entry associated with b+ z; is odd.

3. Assume 0 * b = ¢ generates 12 distinct entries in row zero with b odd and ¢ even.
Consider table 2.1. Again the first term in each equation is in the form a + z;, ¢ + y;
orb+z fort=1,..,4 and x;,y;, z; € Q. Each term respectively determines what row
the entry will be inputted in. We know that a = 0, b is odd and c is even. Therefore,
only a + z; is congruent to some even element of ). Thus, for some 7, a + x;, is

congruent to zero where the entry associated with a + x; is even.



Proposition 2. If (Q, ) is a 3-inverse loop of order 9 with a long inverse cycle such
that 0 x 6 = 3 then the choice 0 x 6 = 3 generates 4 distinct entries in the Cayley
Table.

Proposition 3. Let (Q,*) be a 3-inverse loop of order 9 with a long inverse cycle

and let the choice 0 x b = c generate 3 odd entries in row zero. Then 0 * 6 # 3.

Proof. By computing the possible choices that generates 3 entries in row zero we
obtain that if the choice 0%b = ¢ generates 3 entries in the Cayley table then 06 = 5.
m

Let A be the set of all the equalities 0 x b = ¢ that generate 3 odd entries in
row zero. Let B be the set of all the equalities 0 * b = ¢ that generate one even and
one odd entry in row zero. Finally let C' be the set of all the equalities 0 % b = ¢ that
generate one even entry in row zero. Recall that the choice a % b = ¢ generates 12 or
4 entries in the Cayley table. If a x b = ¢ generates 4 entries in the Cayley table then
a*x(a+6)=a+3. Hence 0% 6 = 3 and 1 %7 = 4. Thus to obtain the 56 missing
entries we need a combination of equalities that generate 12 distinct entries in the
Cayley table for the following reasons. We know that there can only be two choices
that generate 4 entries in the Cayley table. This implies that the remaining choices
a * b = ¢ must generate 12 distinct entries in the Cayley table. Therefore in order to
obtain the 56 missing entries we must find y < 2 z,y € Z* that satisfy the following
equation 12z + 4y = 56. This implies that x = 4 and y = 2. Therefore, in order for
a m-inverse loop of order 9 to exist we need the choice 0 % 6 = 3, the choice 1 %7 =4

and four equalities that generate 12 distinct entries each in the Cayley table.

Notice that from row zero we have the choices Oxe =0, 0%x1 =e and 0x6 = 3.

Therefore, there are three odd and three even entries missing in row zero. Furthermore



by proposition 3, if we choose 0xb = ¢ € A then 06 # 3. However, 0x6 = 3. Therefore
the remaining odd entries in row zero must be obtained by some combination of
0xb=c € B. Recall that each 0 xb = ¢ € B generates one odd and one even entry
in row zero. Therefore, we need three equalities from set B in order to complete row

Zero.

Next we determine if the completion of row zero leads to the construction of a
Cayley Table. We have three choices 0xb = ¢ from B that generate 12 distinct entries
in the Cayley table, and the choices 0 %6 = 3 and 1% 7 = 4 that generate 4 entries in
the Cayley table, respectively. Therefore we have a total of 44 of 56 missing entries.
Now the choice a * b = ¢ generates 12 or 4 entries in the table. Therefore we need
some a * b = ¢ that generates 12 distinct entries in the Cayley table after row zero is
filled. Recall that the choice 0 * b = ¢ € B generates one odd entry in row one. This
implies that by completing row zero we obtain three odd entries in row one and one
even entry in row one since 17 = 4. By letting (@, %) be a m-inverse loop of order 9
we obtain 1xe =1, 1x2 = e, 1x7 = 4. Therefore 0, 2,6 are the missing entries in row
one after row zero is completed. This implies that there exist some choice 1 xb = ¢
that generates the entries 0,2,6 in row one after row zero is completed. We assume
that some 1 % b = ¢ generates 12 distinct entries in the Cayley table and row zero is
filled. The table below will assist us in determining if the elements b € Q and ¢ € Q
are odd or even. It is important to note that the first term in each equality determines

the row and the second term determines the column the entry will be inputted in.

10



Table 2.3. Iteration 2.3

1xb=c
(c+3)*5=(b+3)
(b+6)x(c+7)=0
3x(b+2)=(c+2)
(c+5)*7=(b+5)
bx(c+1)=2
5%x(b+4)=(c+4)
(c+T)x1=(b+7)
b+2)x(c+3)=4
7T+ (b+6)=(c+6)
(c+1)x3=(b+1)
(b+4)x(c+5)=6

Consider the first term in each equation in table 2.2. Notice that the first terms
for the set of equations are: 1,3,5,7, ¢+ x; and b + y; with z; odd and y; even for
1 =1,..,4. Thus c is congruent to some even element of () and b is congruent to some

odd element of (). Hence the choices for b are 1,3,5 and the choices for ¢ are 0,2, 6.

Consider the following table:

Table 2.4. Iteration 2.4
1x1=0|1%x1=6|1%x3=0|1%x3=2|1%x3=6|1%x5=0|1x5=2
3xb=4|1x5=4|3%x5=6|5x5=06|1%x5=6|3x5=0|5x5=0
Tx7=0 1«x7=0]1%x1=0 3x1=0
3x3=2 3x7=4
5x7=06 Tx7=2
1x1=2 5%x3 =2

5%x1=6
1x1=4

11




Notice that from column 1 of table 2.3, 11 = 0 and 1*1 = 2. However if
1%x1=0then 1x1# 2 since 0 # 2. Therefore 1x1 # 0 or 1x1 # 2. Now considering
column 2, we conclude that if 1 %1 = 6 then 1 x5 = 4. However, 1 x7 = 4. Thus
1% 1 % 6. This implies that 11 £ 0, 11 # 6 or 1 x 1 # 2. By examining each
individual column we obtain that these choices for 1 % 1,1 * 3 and 1 * 5 cannot equal
0,2 or 6. This implies that there does not exist a choice 1 x b = ¢ that generates
the entries 0,2,6 in row one after row zero is filled. Therefore, we are not able to
construct a Cayley table associated with ). Thus we conclude a 3-inverse loop of

order 9 with a long inverse cycle does not exist.

2.1.2  7-inverse loop of order 9 with a long inverse cycle

In this section we investigate the existence of a 7-inverse loop of order 9. First

we observe the following iterations:

Table 2.5. Iteration 2.5

m =3 m="17
axb=-c axb=-c
(c+3)x(a+4)=(b+3) (c+T)xa=(b+T7)
b+6)x(c+T)=(a+7) | (b+6)x(c+7)=(a+T)
(@+2)x(b+2)=(c+2)| (a+6)*(b+6)=(c+6)
(c+5)*(a+6)=(0b+5) | (c+5)*x(a+6)=(b+5)
b (c+1) = (a+1) (b+4)+(c+5)=(a+5)
(a+4)*x(b+4)=(c+4) | (a+4)x(b+4) =(c+4)
(c+T)xa=(b+T7) (c+3)*(a+4)=(b+3)
(b+2)x(c+3)=(a+3) | (b+2)*(c+3)=(a+3)
(a4+6)x(b+6)=(c+6)| (a+2)*(b+2)=(c+2)
(c+1)*x(a+2)=(0b+1) | (c+1)x(a+2)=(b+1)
b+4)*(c+5)=(a+5) bx(c+1)=(a+1)
axb=c axb=c

12



From the above iterations, we observe that for m = 3 and m = 7 the choice
axb = c generates the same equalities. Therefore, if m = 7 we obtain the same results
as when m = 3. Thus we conclude that a 7-inverse loop of order 9 with a long inverse

cycle does not exist. We have proven the following theorem.

Theorem 1. A 3 or 7-inverse loop of order 9 with a long inverse cycle does not exist.

2.1.3  3-inverse quasigroups of order 8 with a long inverse cycle

The objective of this section is to determine if there exists a 3-inverse Quasi-
group of order 8 with a long inverse cycle. Let’s assume a 3-inverse quasigroup of
order 8 with a long inverse cycle exists and let Q = {e,0,1,...,7}. This implies that
there exists a permutation J such that [J?(a * )] * [J*(a)] = J?(b) for all a,b € Q

where J(a) = a + 1. Therefore we obtain the following equalities.

Table 2.6. Iteration 2.6

axb=c
(c+3)x(a+4)=(b+3)
(b+6)x(c+7)=(a+7)
(a+2)x(b+2)=(c+2)
(c+5)*(a+6)=(b+5)
bx(c+1)=(a+1)
(a+4)x(b+4)=(c+4)
(c+T)xa=(b+T)
(b+2)x(c+3)=(a+3)
(a+6)*(b+6)=(c+6)
(c+1)x(a+2)=(b+1)
(b+4)x(c+5)=(a+5)
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Notice that the equalities are the same as when investigating 3 and 7-loops of
order 9 with a long inverse cycle. We obtain similar results for quasigroup and the

proofs are the same as the corresponding ones for loops.

Lemma 2. If (Q,*) is a 3-inverse quasigroup of order 8 with a long inverse cycle

then the choice a * b = ¢ generates 12 or 4 entries in the Cayley table.

Proposition 4. Let (Q,*) be a 3-inverse quasigroup of order 8 with a long inverse

cycle.

1. If 0 x b = ¢ generates 12 distinct entries in the Cayley table with b even andc odd

then the choice 0 x b = ¢ generates 3 odd entries in row zero.

2. If 0 x b = c generates 12 distinct entries in the Cayley table such that b and c are

even then the choice 0 x b = ¢ generates one odd and one even entry in row zero.

3. If 0% b = c generates 12 distinct entries in the Cayley table with b odd and c even

then the choice 0 x b = ¢ generates one even entry in row zero.

Proposition 5. Let (Q,*) be a 3-inverse quasigroup of order 8 with a long inverse
cycle such that the choice 0 x 6 = 3. Then the choice 0 x 6 = 3 generates 4 distinct

entries in the Cayley table.

Proposition 6. If (Q,x*) is a 3-inverse quasigroup of order 8 with a long inverse

cycle and the choice 0 x b = ¢ generates 3 odd entries in row zero then 0 % 6 # 3.

Proposition 7. Let (Q,*) be a 3-inverse quasigroup of order 8 with a long inverse
cycle and the choice a x b = ¢ generates 4 entries in the Cayley table. Then axb=c

generates 0 x6 =3 or 1«7 =4.
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Let the definition for A,B and C hold as previously stated when investigating
m-inverse loops of order 9. Let (Q, ) be a 3-inverse quasigroup of order 8 with a long
inverse cycle. This implies that there are 64 missing entries in the Cayley table. We
know that there can only be two choices that generate 4 distinct entries in the Cayley
table. This implies that the remaining choices a * b = ¢ must generate 12 distinct
entries in the Cayley table. Therefore in order to obtain the 64 missing entries we
must find z,y € Z* that satisfy the equation 12z + 4y = 64, where = represents
the number of equalities that generate 12 distinct entries in the Cayley table, and y
represents the number of equalities that generate 4 entries in the Cayley table and
y < 2. This implies that + = 5 and y = 1. Therefore, in order for a m-inverse
quasigroup of order 8 to exist we need four equalities that generate 12 distinct entries
each in the Cayley table corresponding to the choice 0% 6 = 3, or the choice 1x7 = 4.
Let 06 = 3; this implies that 0 xb = ¢ € A. Therefore we need three equalities from
B that generate the remaining odd missing entries in row zero. This combination
yields three odds and three even entries in row zero. This implies that there remains
one even entry missing in row zero. Therefore, we need one equality 0 xb = c € C' to
complete row zero. Let 0x0=2¢€ B,0x2=0€ B,0x4=4€ B,0x5=6¢ C,
0x6 =3, and 1 %1 = 4. Notice that the choices 0 x6 = 3 and 1 * 1 = 4 are not
contained in the set A, B or C'. The choice 0% 6 = 3 generates 4 entries in the Cayley
table and the choice 1 % 1 = 4 generates no entries in row zero. It is important to

note that a set has not been defined for these choices. We obtain the following Cayley
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table which implies that a 3-inverse quasigroup of order 8 with a long inverse cycle

does exist.

Table 2.7. 3-inverse quasigroup of order 8 with a long inverse cycle

101 2 3 4 5 6 7
02 5 01 4 6 3 7
117 4 3 5 0 2 1 6
2|/5 1 4 7 2 3 6 0
313 01 6 5 7 2 4
410 2 7 3 6 1 4 5
5|14 6 5 2 3 0 7 1
6|6 7 2 4 1 5 0 3
7|1 3 6 0 7 4 5 2

Here is an example of a 3-inverse quasigroup of order 8 with a long inverse cycle

where 1% 7 =4 but 0% 6 # 3.

Table 2.8. 3-inverse quasigroup of order 8 with a long inverse cycle

101 2 3 4 5 6 7
0|5 4 0 2 3 6 1 7
112 7 3 5 0 1 6 4
213 1. 7 6 2 4 5 0
310 6 4 1 5 7 2 3
417 2 5 3 1 0 4 6
54 5 2 0 6 3 7 1
6|6 0 1 4 7 5 3 2
71 3 6 7 4 2 0 5
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2.1.4  T-inverse quasigroups of order 8 with a long inverse cycle
In this section we investigate the existence of a 7-inverse quasigroup of order 8

with a long inverse cycle. Let’s observe the iteration listed below.

Table 2.9. Iteration 2.9

m=3 m="7

axb=c axb=c
(c+3)x(a+4)=(b+3) (c+T)xa=(b+T7)
(b4+6)x(c+T7)=(a+7)| (b+6)*(c+7)=(a+T)
(a+2)5 (b+2) = (c+2) | (a+6) «(b+6) = (c+6)
(c+5)*(a+6):(b+5) (c+5)*(a+6)=(b+5)
x(c+1)=(a+1) | (b+4)*(c+5)=(a+5)
(a+4)*(b+4)—(c+4) (a+4)x(b+4)=(c+4)
(c+Nxa=0+7 | (c+3)*(a+4)=(b+3)
b+2)*(c+3)=(a+3)| (b+2)*(c+3)=(a+3)
(a+6)x(b+6)=(c+6)| (a+2)*(b+2)=(c+2)
(c+1)*x(a+2)=(0b+1) | (c+1)x(a+2)=(b+1)
(b+4)*(c+5)=(a+5) bx(c+1)=(a+1)

axb=c axb=c

From the above iteration notice that if (Q, %) is a m-inverse quasigroup of order
8 with a long inverse cycle then for m = 3 or m = 7 the choice a xb = ¢ generates the

same entries for the Cayley table. Therefore, since there exist a 3-inverse quasigroup
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of order 8 with a long inverse cycle, then there also exist a 7-inverse quasigroup of

order 8 with a long inverse cycle. Here is an example when 0 % 6 = 3.

Table 2.10. 7-inverse quasigroup of order 8 with a long inverse cycle.

101 2 3 4 5 6 7
0|2 5 6 1 4 7 3 O
117 4 0 3 5 2 1 6
215 2 4 7 0 3 6 1
313 01 6 2 5 7 4
410 3 7 4 6 1 2 5
51 6 5 2 3 0 4 7
6|14 7 2 5 1 6 0 3
7|6 1 3 0 7 4 5 2

Next we give an example when 1 %7 = 4.

Table 2.11. 7-inverse quasigroup of order 8 with a long inverse cycle

101 2 3 4 5 6 7
0|3 2 0 6 1 4 5 7
110 5 3 1 6 7 2 4
2|7 1 5 4 2 0 3 6
314 6 2 7 5 3 0 1
415 0 1 3 7 6 4 2
512 3 6 0 4 1 7 5
6/6 4 7 3 3 5 1 0
71 7 4 5 0 2 6 3

We have proven the following theorem.

Theorem 2. A 3 and 7-inverse quasigroup of order 8 with a long inverse cycle exists.
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CHAPTER 3
The existence of m-inverse loops of order n with a long inverse cycle

3.1 Introduction to m-inverse loops with a long inverse cycle

In this chapter we generalize our results by investigating the existence of m-
inverse loops of order 3k and 3k 4 2 with a long inverse cycle. The following theorem
was proven by Keedwell in his paper on m-inverse loops and quasigroups.[1]
Theorem 3. A m-inverse loopof order n=3k+1 with an inverse cycle of length 3k
does not exist for k € ZT.

Since we know that these structures do not exist for orders 3k+1 we are left
to investigate the orders 3k and 3k+2. We may suppose without lost of generality
that the elements of () are e,0, 1....... n — 2 where e is the identity element, and that
the notation is chosen so that J = (e)(0,1....n — 2): that is, so that (0,1....n — 2)
is the long inverse cycle and J(a) = a + 1 mod(n — 1). Recall for a m-inverse loop
axJ(a) = e forall a € Q. Therefore a*(a+1) = e. When investigating the existence
of these algebraic structures we will examine the possible entries for a Cayley table to
determine if the choice ax b = ¢ leads to the construction of a Cayley table. If we are
able to construct a Cayley table of the elements of (@Q),*) where J is a permutation

of @ such that [J™(a * )] * [J™"!(a)] = J™(b) then a m-inverse loop exists.

We begin the investigation in the same manner as when we investigated m-
inverse loops of order 9 with a long inverse cycle. We assume that (Q,*) is a m-
inverse loop of order n with a long inverse cycle. Next we determine all the possible

ways that row zero can be constructed. Recall, when we were investigating the
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existence of m-inverse loops of order 9, after row zero was completed we obtained a
partially completed Cayley table. We only needed to complete the remaining missing
entries in row 1 to determine the existence of the algebraic structure. Therefore, by
completing row zero the majority of the work was done. Thus for m-inverse loops of
order 3k and 3k + 2 we will assume that after row zero is complete we will have a
partially completed Cayley table. If the structure exists the Cayley table then can be
constructed by completing row one. Therefore, our main focus will be on completing

row zero and row one.

It is important to note that we will only investigate m-inverse loops with a long
inverse cycle that meet the following conditions: First m, and n are odd; therefore
ged(3m + 1,n — 1) > 1. Secondly, (n — 1)/2 is the smallest positive integer such
that [(n —1)/2](3m + 1) = 0 mod(n — 1), where 3m + 1 = a mod(n — 1) for a € Q.
Therefore, x(3m + 1) = b mod(n — 1) for b € @ for some © € Z*. Recall that
we are assuming that after row zero is filled we have a partially complete table.
Therefore, the choice a x b = ¢ generates the entry ¢ and some other entries in the
Cayley table not necessarily in row a, as we now describe. Recall by definition of a
m-inverse loop of order n with a long inverse cycle, that there exist a permutation
J such that [J™(a * b)] x [J™ T (a)] = [J™(b)] and J(a) = a + 1 mod(n — 1). Notice
that since J(a) = a + 1 mod(n — 1) then J(J(a)) = J(a+ 1) = a + 2 mod(n — 1).
Therefore if we apply J m times then J™(a) = a + m mod(n — 1). Therefore,
from the choice a x b = ¢ we derive the following: [J™(c)] * [J™(a)] = [J™(D)]
which implies that [(c +m)] * [a + (m + 1)] = [(b + m]). Then from the equality
[(c+m)|x[a+(m~+1)] = [(b+m)] we obtain [J™(b+m)]*[J™ ! (c+m)] = [J™(a+(m+1)]
which implies that [(b42m)]* [c+ (2m+1)] = [a+ (2m+1)]. Next from the equality

[(b+2m)]*[c+(2m+1)] = a+(2m+1)] we obtain [J™(a+ (2m~+1))]*[J™ 1 (b+2m)] =
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[J™(c+ (2m+1))] which implies that [a + (3m +1)]* [b+ (3m+1)] = [c+ (3m +1)].
Therefore, from the choice a x b = ¢ we obtain [(¢c + m)| * [a + (m + 1)] = [(b+ m)],
[((b42m)]*[c+ (2m+1)] = [a+(2m~+1)]and[a+ (3m+1)]*[b+(3m+1)] = [c+(3m+1)].
Notice that if we choose a*b = ¢ then in order to obtain the next equality we add m to
¢ so that we get the first term in the new equality. Next we add m +1 to a to get the
second term in the new equality. Then finally we add m to b to obtain the last term in
the new equality. Therefore, to determine how to obtain the equalities generated by
the choice a xb = ¢ in general we will add m to the last term in the previous equality
to obtain the first term in the new equality. Next we add m+1 to the first term in the
previous equality to obtain the second term in the new equality. And finally we add m
to the second term in the previous equality to obtain the last term in the new equality.
This process will continue until we reach [a+s(3m-+1)]*[b+s(3m+1)] = [c+s(3m+1)]
where s is the smallest positive integer such that s(3m + 1) = 0 mod(n — 1) since @
is finite. Therefore, if a x b = ¢ then the set of equalities given below must hold; we

say that the choice a * b = ¢ generates each equality in the set. Let x = s — 1.

Table 3.1. Iteration 3.1

axb=c

[c+m]*[a+ (m+1)] =[b+m]

b+2m]*[c+ (2m+1)] = [a+ (2m + 1)]

[a+1Bm+1)]*x[b+1383m+1)] = [c+1(3m+1])
c+1Bm+1)+m]*ja+1B3m+1)+(m+1=[b+13m+1)+m]
b+1B8m+14+2ml*[c+1B3m+1)+2m+1)]=[a+1B3m+1)+ (2m+1)]
[a+2B3m+1)]*x[b+2(3m+ 1) =[c+ 2(3m +1)]
[c+2Bm+1)+m]*ja+2Bm+1)+(m+1=[b+2B8m+1)+m]
b+2Bm+1)+2m]*x[c+2Bm+1)+ 2m+1]=[a+2(3m + 1) + (2m + 1)]

[a+zBm+1D]x[b+2Bm+1)] =[c+x(Bm+1)]
c+zBm+1)+m]l*fa+zBm+1)+(m+1)]=[b+xzBm+1)+m]
b+zBm+1)+2m]«[c+xzBm+1)+ 2m+1)] =[a+z(3m+1) + (2m + 1)]
[a+s(Bm—+1)]*[b+ s(Bm+1)] = [c+ s(3m + 1)]
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It is important to reiterate that we will only study m-inverse loops where s =
(n —1)/2. Recall that the arithmetic for m-inverse loops of order n is modulo n-1,
the arithmetic for m-inverse quasigroups of order n is modulo n. Notice that the
equations in table 3.1 can be represented by the equations in table 3.2 listed below.

We will refer to table 3.2 as X for j =0,1,....s — 1.

Table 3.2. Iteration 3.2

[a+7iBm+1)]x[b+jBm+1)] =[c+ j(B3m+1)]
[c+jBm+1)+m]*xja+jBm+1)+(m+1)]=[b+jBm+1)+m)]
b+iBm+1)+2ml*[c+jBm+1)+(2m+1)] =[a+jiBm+1)+ (2m+1)]

Since j = 0,1, ....s — 1, there exist a maximum of 3s equalities that hold. Note that if
the choice a * b = ¢ generates t entries in the Cayley table and ¢ # 3s then ¢ divides
3s. Also when discussing or deriving any results related to the entries in the Cayley
table we will only need to refer to the set X; for j = 0,1,....s — 1 since the equalities
of this set yield the entries in the Cayley table. Next we investigate each equality in
X to derive an equivalent form. This form will assist us in determining the value of

t when the choice a * b = ¢ generates t < 3s entries in the Cayley table.

Now observe the following table in which we rewrite the terms that are added

to a,b and c in the set Xj.
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Table 3.3. Iteration 3.3

J( )= (3j)m+j

J( )+m =3 +1)m+j
J@m+1)+m+1=3j+1)m+(j+1)
J( )+2m=(3j+2)m+j

J( J+2m+1=3j+2)m+ (j+1)

N DO

Let 7 —1 = xqUsing this table we rewrite the equalities generated by the choice

a * b = c in the following way.

Table 3.4. Iteration 3.4

axb=c

[c+m]x[a+ (m+1)] = [b+m]

b+2m]x[c+ (2m+1)] = [a + (2m + 1)]

[a+(3m) + 1] % [b+ (3m) + 1][= ¢+ 1(3m) + 1]

[c+ (4m) + 1] % [a + (4m) + 2)] = [b+ (4m) + 1]

[b+ (5m) + 1] % [c+ (5m) + 2] = [a + (5m) + 2]

[a+ (6m) 4+ 2]« [b+ (6m) + 2] = [c+ (6m) + 2]

[c+ (Tm) + 2] x[a+ (Tm) + 3] = [b+ (Tm) + 2]

[b+4 (8m) + 2]« [c + (8m) + 3)] = [a + (8m) + 3]

[a +3(x0)m + (z0)] * [b+ (3(x0)m + (z0)] = [¢ + 3(x0)m + (0)]

[e+ (B(wo) + 1)m + (x0)] * [a + (3(x0) + D)m + (w0) + 1] = [b+ (3(w0) + 1)m + (20)]
[0+ (3(wo) +2)m + (x0)] * [¢ + (3(x0) +2)m + (20) + 1] = [a + (3(0) + 2)m + (20) + 1]
[a4+7Bm+)]*x[b+7Bm+1)=c+ j(B3m+1)]

Assume that the choice a * b = ¢ generates 3 entries in the Cayley table. This
implies that a*xb = ¢,(c+m)*[a+ (m+1)] = (b+m) and (b+2m) x[c+ (2m+1)] =
l[a + (2m 4+ 1)]. Now in order to determine how many entries the choice a * b = ¢
generates in the Cayley table we start with the choice a x b = ¢ and keep adding m
and m + 1 to the appropriate terms until we obtain the choice a *x b = ¢ for a second

time. Then we determine how many equalities hold before the choice axb = ¢ appears
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a second time; that number will be the amount of entries the choice a * b = ¢ has
generated. This implies that if a x b = ¢ generates 3 entries in the Cayley table, the
choice a x b = ¢ is equivalent to [a + (3m + 1)] x [b+ (3m + 1)] = [c + 1(3m + 1)].
Thusa =a+ 3m+1)b=b+ (3m+1) and ¢ = ¢+ (3m + 1). Next let the choice
a*xb = c generate 4 entries in the Cayley table. This implies that the choice axb = ¢ is
equivalent to [c+ (dm~+1+m)]*[a+ (4m+2))] = [b+ (4m+1)]. Thus a = c+(4m)+1,
b=a+ (4m+2) and ¢ = b+ (4m) + 1. Next let the choice a * b = ¢ generate 5
entries in the Cayley table. This implies that the choice a * b = ¢ is equivalent to
b+ (bm + 1)] x [c + (bm + 2)] = [a + (5bm + 2)] . Therefore a = b+ (5m + 1),
b=c+ (dm+2) and ¢ = a+ (bm + 2). Notice that if the choice a b = ¢ generates 3
entries in the Cayley table then the number of entries the choice a * b = ¢ generates
is the exact number adjacent to m in the equality a * b = ¢. Note the same result
holds when a % b = ¢ generates 4 or 5 entries in the Cayley table. Now recall that all
equalities generated by the choice a * b = ¢ are in the form of one of the equalities
in X;. Therefore, if the choice a * b = c generates less than 3s entries in the Cayley
table, then the choice a * b = ¢ must be equivalent to one of the following equalities

in table 3.6 for j =0,1,....s — 1.

Table 3.5. Iteration 3.5

la+ (3j)m + j][xb+ (3j)m + j] = [c + (37)m + j]
e+ @Bji+)m+dl*la+GBi+1)m+G+1)]=[b+ 35+ 1)m+j]
b+ Bj+2ym+jlxlc+@Bj+2m+(G+1)]=[a+Bj+2)m+ (j+1)]

Therefore, if the choice a * b = ¢ is equivalent to [a + (37)m + j|[*b + (3j)m +

jl = [e¢ + (3j)m + j],then the choice a * b = ¢ generates 3j entries in the Cayley
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table. Next, if the choice a * b = ¢ is equivalent to [c + (3(5 + 1))m + j] * [a +
BG+1))m+((j+1)] =+ (3(j 4+ 1))m + j] then the choice a * b = ¢ generates
3(j + 1) entries in the Cayley table. Next, if the choice a * b = ¢ is equivalent to
b+ @BG+2)m+j]x[c+Bj+2)m+(j+1)]=[a+ (3j+2)m+ (j+ 1)] then the
choice a *x b = ¢ generates 3j + 2 entries in the Cayley table. It is important to note
that if the choice a * b = ¢ generates 37, 37 + 1 or 35 + 2 entries in the Cayley table

then these values must divide 3s.

3.2 M-inverse loop of order 3k with a long inverse cycle

In this section we will devote our attention to m-inverse loops with a long inverse
cycle of order 3k. The goal of this section is to determine ways to fill out row zero
when n = 3(2k; 4+ 1) for k; € ZT. Recall that each equality generated by the choice
axb = c can be represented by one of the equalities in X; for j = 0,1, ....s — 1 where s
is the smallest positive integer such that s(3m + 1) = 0. Therefore, we refer to X; to
prove the following proposition that will assist us in filling out row zero in the Cayley

table.

Proposition 8. If (Q, %) is a m-inverse loop of order n then there exists t € Z* such

that t(3m +1) =0

Proof. If 3m + 1 = 0 then we are done. Assume 3m + 1 #Z 0. We know that
i(3m+ 1) =a mod(n — 1) for a € Q and a # e. Recall that the order of @) is n. Let
i3m+1) =a; fori =1,2,....,n — 1 and consider n(3m + 1) = a,. Now since there
are only n — 1 choices this implies n(3m + 1) = i(3m + 1) where n > i. Therefore,
(n —4)(3m + 1) = 0 where 0 < n — ¢ < n. Therefore, there exist an integer t € Z*
such that t(3m+1) =0
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Proposition 9. Let (Q,*) be a m-inverse loop of order n with a long inverse with

the choice axb=c andi # j. Then i(3m+ 1) # j(3m + 1).

Proof. Note that 7 —i > 0 where 0 <7 < j < s and s is the smallest positive integer
such that s(3m + 1) = 0. Assume that i(3m + 1) = j(3m + 1). This implies that
(7 —1)3m + 1 = 0. However since (j —i) < s and (j —4) # 0, this is a contradiction

since s is the smallest positive integer such that s(3m + 1) = 0. []

Lemma 3. If (Q, %) is a m-inverse loop of order n then the choice axb = ¢ generates
3s or s entries in the Cayley table where s is the smallest positive integer such that

s(3m + 1) = 0. Note for m-inverse loops s = (n —1)/2.

Proof. With the choice a * b = ¢ we have already shown that at most 3s equalities
hold. We show that if the choice a x b = ¢ generate less than 3s entries then the
amount of entries generated by the choice axb = cis s. Let s be the smallest positive
integer such that s(3m + 1) = 0 and the choice a * b = ¢ generates ¢ entries in the
Cayley table such that t < 3s. It follows that ¢ divides 3s and the choice a *x b = ¢ is

equivalent to one of the equalities in the the set below.

Table 3.6. Iteration 3.6

[a+ (37)m + j][xb + (37)m + j] = [c + (37)m + j]
c+@BU+))m+jl*[a+ B +1)m+ (G +1)]=[+(35) +1)m+j]
b+ @Bj+2)m+jlxlc+@Bj+2m+(G+1)]=[a+Bj+2)m+ (j+1)]
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Recall that 7 = 0,1, ....s — 1. Therefore since s is the smallest positive integer
such that s(3m + 1) = 0, this implies that the choice a *x b = ¢ is not equivalent to
the first equality. Assume the choice a * b = ¢ is equivalent to the second equality.
Therefore we obtain that [3(j41)](3m+ 1) = 0. This implies that the choice axb = ¢
generates 3(j + 1) entries in the Cayley table and 3j + 1 = xs for some z € Z7 since
s(3m + 1) = 0. If z = 1 then we are done. Assume x > 1; we know from previous
work that 3(j + 1) < 3s. Therefore x = 2. However since 3j + 1 divides 3s = # 2,
thus we conclude that x = 1. Therefore if the choice a x b = ¢ generates t entries in
the Cayley table where t < 3s, then ¢ = s. Next assume that the choice a x b = ¢
is equivalent to the third equality. Therefore we obtain that [3j + 2](3m + 1) = 0.
This implies that the choice a *x b = ¢ generates 35 + 2 entries in the Cayley table and
3j+2 = xs for some x € ZT since s(3m+1) = 0. If z = 1 then we are done. Assume
x > 1; we know from previous work that 35+ 2 < 3s. Therefore x = 2. However since
37 4 2 divides 3s we must have x # 2. Thus we conclude that x = 1. Therefore if the

choice a *x b = ¢ generates t entries in the Cayley table where t < 3s, then t =s. [

Proposition 10. Let (Q,*) be a m-inverse loop of order n = 3k = 3(2k; + 1) and
(n —1)/2 be the smallest positive integer such that (n —1)/2)(3m + 1) = 0. Then
axla+ki(3m+1)+m+1]=a+2k(3m+1)+2m+1 generates (n —1)/2 distinct

entries in the Cayley table.

Proof. Assume the choice a * b = ¢ generates (n — 1)/2 entries in the Cayley table.
Recall from the previous proposition that s =3j+1ors=3j+2and s = (n—1)/2.
This implies that s = 3k; + 1. Therefore s = 35 + 1 which implies that the choice

a *x b = c is equivalent to the second equality in the set below.

27



Table 3.7. Iteration 3.7

la+ (37)m + j] * [b+ (37)m + j] = [c + (35)m + j]
c+@BU+1))m+jl*[a+ B +1)m+(G+1)]=[+(35) +1)m+j]
b+ Bj+2)m+jlxlc+@Bj+2m+(G+1)]=[a+Bj+2)m+ (j+1)]

Therefore b = a+j(3m+1)+m+1and ¢ = a+2j(3m—+1) = 2m+1. However
since 3(j+1) = 3k;+1 then k; = j. Thus we conclude that ax[a+ko+1] = a+(2ko+1)
generates (n — 1)/2 distinct entries in the Cayley table where ko = k1(3m + 1) + m.

[

In the next proposition we study the product 0xb = ¢ for b, ¢ € () and consider

the entries the product generates in row zero depending on whether they are even or

odd.

Proposition 11. Let (Q,*) be a m-inverse loop of order n with a long inverse cycle

where s = (n —1)/2.

1. If 0% b = c generates 3s entries in the Cayley table with b even and ¢ odd then the
choice 0 x b = c generates 3 odd entries in row zero.

2. If 0xb = c generates 3s entries in the Cayley table such that b and ¢ are even then
the choice 0 % b = ¢ generates one odd and one even entry in row zero.

3. If 0x b = c generates 3s entries in the Cayley table with b odd and ¢ even then the

choice 0 x b = c generates one even entry in row zero.

Proof. 1. Assume b is even and c is odd. We know that the first term in each equality
from set X; determines the row the entry will be inputted in. It has been proven that

the first terms 0+7(3m+1), ¢+ (3m+1)+m and b+5(3m~+1)+2m are unique, for j =
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0,1...,((n—1)/2)—1 Therefore, we must determine which of these terms is congruent to
zero since we are investigating entries in row zero. We are given one entry in row zero,
0%b = ¢ which can also be written as [0+0(3m+1)]*[b+0(3m+1)] = [c+0(3m+1)].
Recall that each j(3m+1) is unique for j =0, 1...,((n—1)/2) — 1 and 0(3m+1) = 0.
Now there are (n — 1)/2 of the terms j(3m + 1) since j = 0,1...,((n — 1)/2) — 1.
Note that j(3m + 1) = a where a € @ is even . Since there are n — 1 non-identity
elements this implies that there exist (n — 1)/2 even elements of (). Therefore, since
0(3m + 1) = 0 no other j(3m + 1) can be congruent to zero. Next we check to
see if for some j, ¢ + j(3m + 1) + m is congruent to zero. Recall that ¢ and m are
odd and j(3m + 1) is even; therefore ¢ 4 j(3m + 1) + m = a where a is even and
j=0:((n—1)/2). This implies for some j, ¢+ j(3m+ 1) +m = 0. Finally we check
to see if for some j, b+ j(3m + 1) 4+ 2m can be congruent to zero. Recall that b and
j(3m + 1) are even and m is odd; therefore b+ j(3m + 1) +m = b, where b € @ is
even. Therefore, b+ j(3m + 1) + 2m = 0 for some j = 0: (n — 1)/2. Notice that the
entry associated with ¢+ j(3m + 1) +m is b+ j(3m + 1) + m. Since b is even this
entry is odd and the entry associated with b+ j(3m +1)+2m is j(3m + 1) +2m + 1.

Therefore, this entry is odd as well, so ¢, b+ j(3m + 1) +m and j(3m + 1) 4+ 2m + 1
are the odd entries in row zero.

2. Assume b and ¢ are even; again we know that each j(3m + 1), c+j(3m—+1)+m
and b+ j(3m+1)+ 2m are unique for j = 0,1..., ((n—1)/2) — 1 and from the previous
proof j(3m + 1) # 0 except when j = 0. Therefore, the terms ¢ + j(3m + 1) + m
and b+ j(3m + 1) + 2m are the remaining choices for an entry in row zero. Consider
¢+ j(3m + 1) + m. Note that ¢ and j(3m + 1) are even and m is odd; therefore
¢+ j(Bm + 1) + m is odd and cannot be congruent to zero. Finally we check b +
Jj(Bm+1)+2m where b, j(3m+1) and 2m are even. Therefore c+j(3m+1)+m =a

and a € @ is even. Thus by the same logic as in the previous proof, for some j,
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b+ j(3m + 1) + 2m = 0. Notice that the entry associated with b+ (3m + 1) + 2m
is j(3m + 1) + 2m + 1. Therefore this entry is odd; thus ¢ is even and for some j,
j(3m 4+ 1) +2m + 1 is an odd entry in row zero.

3. Assume b is odd and c is even. Recall j(3m + 1) #Z 0 except when 0 % b = ¢. Now
since ¢ and j(3m+1) are even and m is odd then ¢+ j(3m+1)+m is odd. Also since
b and m are odd and j(3m + 1) is even then b+ j(3m + 1) + 2m is odd. Therefore,
c+j(Bm+1)+m and b+ j(3m + 1) + 2m are both congruent to some odd element
in (). Thus neither term can be congruent to zero. Therefore, we conclude that c is

the only entry generated in row zero where c is even.

]

Proposition 12. Let (Q,*) be a m-inverse loop of order n with a long inverse cycle
with b even,c odd and the choice 0 x b = ¢ generates 3(n — 1)/2 entries in the Cayley

table. Then the choice 0 x b = c generates mo entries in row one.

Proof. Assume b is even and ¢ is odd. Observe that j(3m +1),c+ j(3m+1) +m,b+
jBm+1)+2m for j =0,1...,((n—1)/2) — 1 are the terms that will determine what
row the entries are inputted in. Therefore, one of the three terms must be congruent
to one in order for the choice 0 * b = ¢ to generate an entry in row 1. Note that
Jj(Bm + 1) = ap and ay € @ is even; therefore j(3m + 1) # 1. Secondly ¢ and m
are odd and j(3m + 1) is even; therefore ¢ + j(3m + 1) + m = a; and a1 € Q is
even. Thus ¢+ j(3m + 1) +m # 1. Finally b, j(3m + 1) and 2m are even; therefore
b+ j(3m+ 1) 4+ 2m = ay and ay is even; thus b+ j(3m + 1) 4+ 2m # 1. Therefore all
the possible choices for rows are even. However 1 is odd. Thus the choice 0 x b = ¢

generates no entries in row one.
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Proposition 13. Let (Q,*) be a m-inverse loop of order n with a long inverse cycle
such that b and c are even and 0 x b = ¢ generates 3(n — 1)/2 entries in the Cayley

table. Then the choice 0 x b = c generates one odd entry in row one.

Proof. Assume b and c are even and j(3m+1), c+j(3m+1)+m ,b+j(3m+1)+2m
for j =0,1...,((n —1)/2) — 1 are the terms that will determine what row the entries
are inputted in. Therefore, one of the three terms must be equivalent to 1 in order
for the choice 0 * b = ¢ to generate an entry in row 1. Notice that j(3m + 1) = ay
and ag € @Q is even; therefore j(3m + 1) # 1. Secondly b, j(3m + 1) and 2m are even;
therefore b + j(3m + 1) + 2m = ay and ay is even. Thus b+ j(3m + 1) + 2m # 1.
Finally ¢ and j(3m + 1) are even and m is odd; therefore ¢+ j(3m+ 1) +m = a; and
a1 € @ is odd. Thus for some j, c+j(3m+1)+m = 1since j =0,1..., ((n—1)/2) - 1.
Note that the entry associated with ¢+ j(3m + 1) +m is b+ j(3m + 1) +m which is
an odd entry in row one.

]

Proposition 14. Let (Q,*) be a m-inverse loop of order n with a long inverse cycle
with b odd, ¢ even and the choice 0 % b = ¢ generates 3(n — 1)/2 entries in the Cayley

table. Then the choice 0 x b = c generates one odd and one even entry in row one.

Proof. Assume b is odd and c¢ is even. Now we know that j(3m+1), c+j(3m+1)+m
and b+ j(3m + 1) 4+ 2m are unique, where j = 0,1...,((n — 1)/2) — 1. We have that
j(3m + 1) is always congruent to some even element. Since b is odd and ¢ even this
implies that ¢+ j(3m + 1) + m and b+ j(3m + 1) + 2m are both congruent to some
odd element in (). Now since we are assuming that (@, x) is a m-inverse loop with
long inverse cycle there exist only (n — 1)/2 odd elements. This implies that there

exist some j such that ¢+ j(3m+1)+m =1and b+ j(3m+ 1) +2 = 1. Notice that
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the entry associated with ¢+ j(3m +1) +m is b+ j(3m+ 1) +m. Since b is odd this
entry is even; also the entry associated with b+ j(3m+1)+2m is j(3m+1)+2m+ 1.
Therefore, this entry is odd. Thus the choice 0 x b = ¢ generates one odd and one

even entry in row one. O

Proposition 15. Suppose (Q,*) is a m-inverse loop of order n, (n — 1)/2 is the
smallest positive integer such that [(n —1)/2](3m + 1) = 0 and row zero is filled out.

Then all the even rows and columns are filled out and no odd entires are missing.

Proof. Assume row zero is filled out and there exist the choice a * b = ¢ where a and
b are even and c is odd. This implies that after row zero is filled out there remains
an even row and an even column with a missing odd entry. Now recall that the first
term of each equality in set X; determines what row the entry is inputted in for
j=0,1...,((n —1)/2) — 1. Recall that each a+ j(3m + 1), b+ j(3m + 1) 4+ 2m and
c+7j(3m+1)+m are unique and a and b are even. This implies that a+j(3m+1) = ag
and b+7(3m~+1)+2m = by for even ag, by € Q. Also since cis odd, c+j(3m+1)+m =
a; for even a; € Q. Therefore, since j = 0,1...,((n — 1)/2) — 1 then each term is
congruent to zero for some j which is a contradiction since row zero is filled.

O

Now we present some number theoretic results that will be useful as we move

forward. For completeness we include their proofs.

Proposition 16. If n =3k, k € Z*, then 3(n — 1)/2 does not divide n®> — 3n + 2.

Proof. Note that n? —3n+2 is the amount of entries initially missing from the Cayley

table when (@, %) is a m-inverse loop of order n.
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Assume 3(n—1)/2 divide n? — 3n+2 where 3(n—1)/2 and n? — 3n+ 2 are both
positive integers. This implies that [(3(n—1)/2)]k;1 =n?—3n+2 = (n—1)(n—2) for
some ky € ZT. Therefore, since n = 3k then 3/2(k;) = (n—2) and 3k; = 2(3k) —2(2)
thus 2(3k) — 3k; = 4. This implies that 2k —k; = 4/3. However since 2k —k; € Z this
is a contradiction since 4/3 ¢ Z. Therefore, 3(n — 1)/2 does not divide n? — 3n + 2.

[l

Proposition 17. Ifn =3k, k € ZT then 3(n —1)/2 does not divide [(n* —3n+2) —
(n—1)/2]

Proof. Assume 3(n — 1)/2 divide n?* — 3n + 2 — (n — 1)/2 where 3(n — 1)/2 and
n? — 3n + 2 are both positive integers. This implies that [(3(n — 1)/2)]k; = n? —
3n+2=(n—1)(n—2)— (n—1)/2 for some k; € ZT. Therefore, since n = 3k
then 3/2(k1) = (n — 5/2) and 3k; = 2(3k) — 5. Thus 2(3k) — 3k; = 5. This implies
that 2k — k; = 5/3; however since 2k — k; € Z this is a contradiction since 5/3 ¢ Z.

Therefore, 3(n — 1)/2 does not divide n? — 3n + 2 O
Proposition 18. If n =3k, k € ZT then 3(n —1)/2 divides (n* —3n+2) — (n — 1)

Proof. Let n = 3(2ky + 1); this implies that 3(n — 1)/2 = 3(3k; + 1) where k; € Z7.
Consider n?—3n+2—(n—1) = (n—1)(n—2)—n—1 = (n—1)(n—3). Since n = 3(2k;+1)
then n — 1 = 2(3k; + 1). Therefore (n — 1)(n — 3) = [3(2k; + 1)][3(2k; + 1) — 2] =
3(3ky + 1)(4k;). This implies that 3(n — 1)/2 divides (n? —3n+2) — (n — 1).

[

Proposition 19. Let (Q,*) be a m-inverse loop of order n with a long inverse cycle.
1. If0xb=ce B and 0%xb;y =c, € B thenb—c# by — c;.
2.If0xb=ceC and 0xb; =c; € C thenb—c# by — c;.
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Proof. 1. Assume 0xb = ¢, 0xb; = ¢; and b—c = by —c; where b, by, ¢, ¢y are even. Since
0xb=ce B and 0*xb; = c; € B then each equality generates an entry in row zero
other than ¢ and ¢ respectively. This implies that for some j, i =0,1,...,(n—1/2)—1
we have c+j(3m+1)+m=0and ¢; +i(3m+1)+m =0 where b+ j(3m+1) +m
and by 4+ i(3m + 1) + m are the entries in row zero respectively. This implies that
—c=j(Bm+1)+mand —c¢; = i(3m+1) +m. Therefore the entries can be rewritten
as b — c and b; — ¢;. Recall that we assume that b — ¢ = b; — ¢, hence 0 x b = ¢
and 0 x by = ¢y generate the same entry in row zero which is a contradiction. Thus
b—cZb —c.

2. Assume 0% b =1¢, 0% by = ¢, and b — ¢ = by — ¢; where b, b, are odd and , ¢, ¢;
are even. Since 0xb = ¢ € C and 0% b; = ¢; € C then each equality respectively
generates two entries in row 1. This implies that for some 7,4 =0,1,...,(n —1/2) — 1
we have ¢+ j(3m +1)+m =1 and ¢; +i(3m + 1) = 1 where b+ j(3m + 1) + m
and by + i(3m + 1) + m are the entries in row one respectively. This implies that
l—c=jBm+1)+mand 1 —c¢; = i(3m + 1) + m. Therefore the entries can be
rewritten as (b — ¢) + 1 and (b_c1) + 1. Recall that we assume that b — ¢ = by — ¢4.
This implies that 0% b = ¢ and 0 * b; = ¢; generates the same entry in row one which
is a contradiction. Thus b — ¢ # b; — ¢4.

]

Now we use the previous propositions to ascertain all the ways that we can
fill out row zero for a m-inverse loop of order 3k with a long inverse cycle. Once
a particular manner for completing row zero is determined, the next objective is to
determine what entries in row one are missing. Once this information is obtain we
then decide if the completion of row one leads to the construction of a Cayley table.

In order to determine how many ways we can fill row zero we must consider the
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non-identity elements in (). Then we determine the number of missing entries in row
zero, where the missing entries are characterized as odd or even. Since the order of
@ is n there are n — 1 non-identity elements. Recall that n = 3k = 3(2k; + 1) and
n—1=3(2k;) +2 =2(3k; + 1). Therefore, there are 3k; + 1 odd and 3k; 4+ 1 even
entries in each row. Since we assumed that (Q, *) is a m-inverse loop with long inverse
cycle, we are given two entries in each row axe = a and a* (a + 1) = e where a € Q.
This implies that we are given 3n — 2 entries in the Cayley table. This implies there
are n? — 3n + 2 missing entries. Note that if the choice a x b = ¢ generates (n —1)/2

entries in the Cayley table then 0x (kg+1) = 2kg+1 orl[1+ (ko+1)] = 14 (2ko+1).

Recall that thus far we are given the choices 0 x e = 0 and 0% 1 = e. Therefore
we are only given one even non-identity element. This implies that 3k; even entries
and 3k; + 1 odd entries are missing in row zero. If we attempt to construct the
Cayley table such that for all a,b,c € @, a*b = c generates 3(n — 1)/2 entries in the
Cayley table then 3(n — 1)/2 must divide n?> — 3n + 2. However it has been proven
in a previous proposition that 3(n — 1)/2 does not divide n?> — 3n + 2. However,
3(n —1)/2 divides (n* —3n+2) — (n — 1). Therefore we need 0x* (ko + 1) = (2ko + 1)
or 1x[1+ (ko +1)] =1+ (2ko + 1) which generates (n — 1)/2 entries each in the
Cayley table respectively. Therefore, if a m-inverse loop of order 3k exists then
0% (ko+1)=(2ko+1) and 1% [1 4 (ko + 1)] = 1+ (2ko + 1) which implies that for
row zero we are given 0% 1 =e, Oxe = 0 and 0% (ko + 1) = (2ko + 1) where 2ky + 1 is
some odd entry in row zero. Thus for a m-inverse loop of order 3(2k; + 1) there are

only 3k; odd missing and 3k; even missing entries in row zero.

Now recall that the choice 0 x b = ¢ generates either 3 odd,1 odd 1 even, or 1
even entry in row zero. Therefore, let’s define A as the set of all choices 0% b = ¢ that

generate exactly 3 odd entries in row zero. Define B as the set of all choices 0% b = ¢
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that generate 1 odd and 1 entry in row zero. Finally, define C as the set of all choices
0 x b = c that generate 1 even entry in row zero. Next we determine the maximum
amount of equalities that can be used from A in order to complete row zero. Each
0% b= c from A will only generate 3 odd entries in row zero and we know that there
are 3k; odd missing entries. Therefore, the maximum number of equalities that can
be utilized from A to complete row zero is k1. The following table shows the number
of equalities derived when 0% b = ¢ is taken from set A, B and B. We designate forms

1 — k; to all possible combinations.

Table 3.8. Completion of row zero for the order of 3k

Form |O0xb=cfrom A |O0*xb=cfrom B | 0xb=c from C
1 k1 0 3k

2 ki —1 3 3k1 — 3

3 ki — 2 6 3k — 6

4 ki —3 9 3k_1

ki —1 ki — (k1 —2) 3(k1 —2) 3ky — 3(k1 — 2)
k1 ki — (k1 —1) 3(ky —1) 3ky — [3(k1 — 1)]

Next we consider if it is possible to fill row zero with equalities only from set
B. Note that the equalities from set B generates 1 odd and 1 even entry in row zero.
Since there are 3k; odd and 3k; even missing entries in row zero then we can have
3k, equalities from B; therefore there are k; 4+ 1 possible ways of selecting equalities

from set A, B, and C to complete row zero.
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3.2.1 M-inverse loops of order 15 with a long inverse cycle

We now apply the information that has been acquired to determine if a m-
inverse loop with a long inverse cycle exist when n = 15 where ) = ¢,0,1....13. First
we assume that such a structure exists where (n—1)/2 is the smallest positive integer
such that [(n — 1)/2](3m + 1) = 0. With the assistance of Mathlab we determined
that the choice a * b = ¢ generates the same equalities regardless of what m is chosen
when 3m + 1 # 0. Recall that since n = 3k, then 0 % (kg + 1) = (2kg + 1) and
1% [1+ (ko+1)] =1+ (2ko + 1). Hence we have the following entries in the Cayley
table: Oxe =e,0%1 = e and 0% 10 = 5. Recall that n = 15 = 3(5) where 5 = 2k; + 1;
this implies that k; = 2. Therefore, there are 3(2) odd and 3(2) even missing entries
in row zero. We also know that there are 2 + 1 ways to complete zero. As previously
stated, the first form that can be employed to fill row zero will consist of k; equalities
from set A and in this case k; = 2. The following table displays three different ways

to complete row zero and for each form we have the choice 0 * 10 = 5.

Table 3.9. Completion of row zero for the order of 15

Form

Number of 0 xb=c€ A

Number of 0xb=ce€ B

Number of 0 xb=ce C

2
1
0

0
3
6

6
3
0

Consider form 1 and recall that if 0 x b; = ¢; € C then b; odd, ¢; even and

b; — ¢; #Z bj — ¢j. Therefore, let 0% b; = ¢; for i = 1,2...,6. The table below displays

the possible values for ¢; when b; is odd for ¢ = 1,2..., 6.
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Table 3.10. Equalities 3.10

0x3=c1=[2|4]6|8|10 |12
Oxd=co=12|4]6|8]10]12
Ox7=c3=12]4|6|8]|10 |12
0%¥9=cy=12]4|6|8]10 |12
Ox1l=¢; |2]4|6|8]10 |12
O0x13=c¢cs [2|4]6]|8|10 |12

Let 0% 3 = 2; this implies that 5 — ¢y, 7 — 3, 9 — ¢4, 11 — ¢5 and 13 — ¢g cannot
be congruent to 1. And ¢; cannot equal 2 for ¢« = 2,...,6. Therefore, we obtain the

following table.

Table 3.11. Equalities 3.11

0xb=cy= 68|10 12
0x7=c3= 4 8110 | 12
0x9=cy = 416 10 | 12
011 =c5 41618 12
013 =c¢ 4161810

Observe that if 0«3 = 2, then 0% 5 =6, 8,10, or 12. Let 0% 5 = 6; this implies
that 7 —c3, 9 — ¢4, 11 — ¢5 and 13 — ¢5 cannot be congruent to -1. Moreover c4.....cg

cannot equal 6. Therefore, we obtain the following table.
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Table 3.12. Equalities 3.12

0x7=c3= 4 10 | 12
0x9=cy = 4 12
011 =c5 4 8

0%13 =cg 4 & 110

Let 0 %9 = 4; this implies that 0 x 11 = 8 and 0 * 13 = 10. Notice that
11 — 8 = 13 — 10. Therefore 0% 9 # 4. Let 0% 9 = 12; this implies that 0 % 7 # 10.
Therefore 0 * 7 =4 and 0% 11 = 8. However 7 —4 = 11 — 8. Thus 0 * 9 # 12 which
implies that 0 % 5 # 6.

Next let 0«3 = 2 and 0 % 5 = 8, with these choices we obtain the following

table.

Table 3.13. Equalities 3.13

0x7=c3= 4 12
0x9=cy = 416 10
011 =c5 416 12
0x13=c5 416 10

Let 0x7=4,0%3 =2 and 05 = §; this implies that 0%9 = 10, 0% 13 = 6 and
0% 11 = 12. Therefore, 0% 7 #£ 4. Let 0x7 =12, 0% 3 =2 and 0 % 5 = 8; this implies
that 0% 11 =4 or 0% 11 = 6. Assume 0 * 11 = 4; this implies that 0 % 13 = 10 and
0% 9 = 6. Therefore, 0% 11 # 4. Next assume 0% 11 = 6; this implies that 0% 13 = 10
and 0% 9 = 4. Therefore 0% 7 # 12. Thus we conclude that 0«5 # 8. Let 0 %3 =2

and 0 % 5 = 10. Therefore, we obtain the following table as listed below.
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Table 3.14. Equalities 3.14

O0x7=c3= 4 8
0%x9=rcy = 416 12
011 = cj 4168 12
0x13 =c; 6|8

Let 0 7 = 4; this implies that 0% 9 =12, 0% 11 = 6 and 0 *x 13 = 8. Therefore
0x7=#4. Let 07 = 8; this implies that 0 % 13 = 6. Consider 0% 11 = ¢5; ¢5 = 4 or
cs = 12. If ¢5 = 4 then 11 — 4 = 13 — 6. Therefore 0 % 11 # 4. Assume c; = 12; this
implies 0 % 11 = 12. Therefore 0 x 7 # 8. Furthermore we conclude that 0 % 5 # 10.

Letting 0 %+ 3 = 2 and 0 %« 5 = 12 we obtain the following table.

Table 3.15. Equalities 3.15

0%x7=c3= 4 8 |10
0%x9=cy = 416 |10
0x11 =c5 6| 8
0x13 =c5 4 8 |10

Let 0% 11 = 6; this implies that 0%x9 =10 ,0%x7 =4 and 0 * 13 = 8. Thus if
0 % 3 = 2 there is no choice for 0 x5 = ¢5. We conclude that 0 * 3 # 2. Note to show
that 0% 3 # 4,6,8,10, or 12 we follow the same steps. Therefore, form 1 does not

lead to the construction of a Cayley table.

Now let’s draw our attention to form 3 where we have 0 x 10 = 5 and six
equalities from B. From the previous propositions we discover that equalities from
B and C satisfy the same property: b — ¢ # by — ¢;. Therefore, if we cannot have 6
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equalities from C then 6 equalities from B is also not possible thus the final form does
not hold. We have eliminated 2 of the 3 forms to fill row zero, now we investigate form
2. Observe that form 2 has the choice 0% 10 = 5, one equality from A, three equalities
from B and three equalities from C'. Therefore, in order to fill row zero we need a
total of 8 equalities where each 0 x b = ¢ generates 21 entries in the Cayley table,
except 0 % 10 = 5 which generates 7 entries in the Cayley table. This implies that
the total amount of entries generated in the Cayley table after row zero is completed
is 154. Recall that in order for a m-inverse loop of order 15 to exists 1 x 11 = 6
where this equality generates 7 entries in the Cayley table. This implies we now have
154 4+ 6 of 182 missing entries. Notice that we need 21 entries to complete the Cayley
table. Therefore, since we are focusing on completing row zero and row one we need
to determine how many of the 154 entries have been placed into row 1. We know
that only the choices 0xb =c € B and 0xb = ¢ € (' generate entries in row 1, where
0 b= c € B generates 1 odd entry in row 1 and 0 x b = ¢ € (' generate 1 odd entry
and 1 even entry in row 1. Therefore, we have a total of 10 entries inputted in row 1
after row zero is filled, where 6 entries are odd and 4 are even. This implies that in
order to complete the Cayley table there must exist the choice 1xb = ¢ that generates
3 even entries in row one. With the help of Mathlab we determined that if the choice
1+b = c generates three even entries in row one after row zero is filled then the choice
1% b = c generates either the entries 2,4,12 or 0,8, 10 in row one. Also with the help
of Mathlab we determined if 0 x b = ¢ € A then the choice 0 x b = ¢ generates one of
the following set of odd entries in row zero:(5,11,13), (1,5,9), (3,5,7), (1,3,11) or
(7,9,13). However since 0 * 10 = 5, the only options for entries in row zero obtained
by the choice 0 xb = c € A are: (1,3,11) and (7,9, 13). Therefore, we conclude that

there are four cases which have to be investigated in order to determine if the Cayley
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table can be constructed. Note that we will only discuss case 1 and the investigation

of all other cases lead to the same conclusion. Here are the cases:

1. The choice 0 x b = ¢ € A generates the entries 1,3,11 in row zero and the

choice 1 x h = k generates the entries 2,4, 12 in row one.

2. The choice 0 x b = ¢ € A generates the entries 1,3, 11 in row zero and the

choice 1 x h = k generates the entries 0, 8,10 in row one.

3. The choice 0 x b = ¢ € A generates the entries 7,9, 13 in row zero and the

choice 1 x h = k generates the entries 2,4, 12 in row one.

4. The choice 0 x b = ¢ € A generates the entries 7,9, 13 in row zero and the

choice 1 % h = k generates the entries 0, 8,10 in row one.
Case 1

Assume 0 x b = ¢ € A generates the entries 1,3, 11 in row zero; therefore we
need 0xb; = ¢; € Bfori =1,..,j =0,1...,((n — 1)/2) — 13 such that the choice
0% by = c1 generates the entry 7 in row zero, the choice 0 by = ¢y generates the entry
9 in row zero, and the choice 0 * b3 = c3 generates the entry 13 in row zero. The
next step is to determine the value of b; and to do so we need the following iterations.
Recall that each equality that is generated by the choice 0% b = ¢ can be represented

by one of the equalities in the set below for j =0,1...,((n — 1)/2) — 1.

Table 3.16. Iteration 3.16

04 jBm+1)]*«[b+7iBm+1)]=[c+jBm+1)]
[c+7iBm+1)+m]*x[0+jBm+1)+(m+1)]=[b+jB3m+ 1)+ m]
b j(3m+ 1) +2)# e+ j@m+ 1)+ @m+ 1)) = [0+ j(3m+ 1) + (2m + 1)
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First we determine the choices for an entry in row zero. We are given [0 +
0(B3m—+1)]*[b+0(3m+1)] = [c+0(3m+1)]. Therefore since (n—1)/2 is the smallest
positive integer such that [(n—1)/2](3m+1) = 0. We conclude that j(3m+1) # 0 for
j=1,2...,((n—1)/2) — 1. Notice that for 0xb; = ¢; € B, b; and ¢; are even; thus the
only choice for an entry in row zero is [b+j(3m+1)+2m|*[c+j(3m+1)+2m+1] =
j(3m+1)+2m+ 1] when 0% b; =¢; € B fori=1,2,3.

Now we determine to which element of () is b; congruent to when the choice
0 * b; = ¢; generates the entry 7 in row zero. If 0 x b; = ¢; generates the entry 7 in
row zero then for some j, b; +j(3m+1)+2m =0 and j(3m + 1) +2m + 1 = 7; this
implies j(3m + 1) + 2m = 6. Therefore b; + 6 = 0; thus b; = 8 since the arithmetic
is modulo 14. This implies that 0 x 8 = ¢; generates the entry 7 in row zero where
Ox(¢;+7)=T.

Next we determine to which element of () is b; congruent to when the choice
0 * b; = ¢; generates the entry 9 in row zero. If 0 % b; = ¢; generates the entry 9 in
row zero then for some j, b; +j(3m+1)+2m =0 and j(3m+1)+2m+1=9. This
implies j(3m + 1) + 2m = 8. Therefore, b; + 8 = 0 and b; = 6 since the arithmetic
is modulo 14. This implies that 0 %« 6 = ¢; generates the entry 9 in row zero where
0% (c; +9)=09.

Finally we determine to which element of () is b; congruent to when the choice
0 * b; = ¢; generates the entry 13 in row zero. If 0 * b; = ¢; generates the entry 13 in
row zero then for some j, b; +j(3m+1)+2m =0 and j(3m+1)+2m+1 = 13. This
implies j(3m + 1) + 2m = 12; therefore b; + 12 = 0 and b; = 2 since the arithmetic
is modulo 14. This implies that 0 x 2 = ¢; generates the entry 13 in row where
0% c; + 13 = 13. Now that we have determined the value to which b; is congruent to
let’s consider row one. Recall that we need 3 even entries in row 1. Therefore, we

have to choose 0% b = ¢ € C in such a way that the equality does not generate 1% 11
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since we know that 1x11 = 6. Also we do not want the equality to generate the same
even entries that will be generated by the choice 1 % b = ¢. Therefore since we have
the choice 1 % b = ¢ that generates 2,4, 12 this implies that 0% b; =¢; € C i =1,2,3
must generate 0, 8,10 in row one respectively. Next we determine what conditions
are necessary for 0xb = ¢ to generate 0, 8, or 10 in row one if 0xb = ¢ € C. Consider
the following iteration. Recall that each equality that is generated by 0% b = ¢ can

be represented by one of the equalities in the set below for j = 0,1..., ((n—1)/2) — 1.

Table 3.17. Iteration 3.17

0+7iBm+1)]*x[b+3jBm+1)] =[c+j(3m+1)]
c+7Bm+1)+m]*[0+75Bm+1)+ (m+1)]=[b+jiBm+1)+m]
b+jiBm+1)+2]x[c+iBm+1)+2m+1)]=[0+7iBm+1)+ (2m+1)]

Assume 0 x b = ¢ € (C; this implies that our choices for an entry in row 1
are determined by the terms ¢ + j(3m + 1) + m and b+ j(3 + m + 1) + 2m since
j(3m + 1) # 1 because j(3m + 1) is even for j = 0,1...,((n — 1)/2) — 1. Recall
that b,m are odd and c is even. Therefore the only possible even entry in row 1 is

[c+7(3m+1)+m]*[j(3m+1)+m+1] = [b+j(3m+1)+m]for j =0,1..., ((n—1)/2)—1.

First we determine the choices 0 *x b = ¢ € C that generate the entry 0 in
row 1. If the choice 0 x b = ¢ generates the entry 0 in row 1 then for some 7,
c+jBm+1)+m=1and b+j(3m+1)+m = 0; this implies 1 —c = j(3m+1)+m
and —b = j(3m + 1) + m. Therefore c =b+ 1 and 0 xb = b+ 1 generates the entry
0 in row 1. Next we determine the choice 0 x b = ¢ € C that generates the entry
8 in row 1. If the choice 0 % b = ¢ generates the entry 8 in row 1 then for some j,

c+jBm+1)+m=1and b+ j(3m + 1) +m = &; this implies 1 — ¢ = j(3m + 1)
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and 8 —b = j(3m + 1) + m. Therefore ¢ = b+ 7 and 0% b = b+ 7 generate the entry
8 in row 1. Finally we determine the choice 0 x b = ¢ € C that generate the entry
10 in row 1. If the choice 0 * b = ¢ generates the entry 10 in row 1 then for some j,
c+jiBm+1)+m=1and b+ j(3m + 1) + m = 10; this implies 1 — ¢ = j(3m + 1)
and 10 — b = j(3m + 1) +m. Therefore ¢ = b+ 5 and 0% b = b+ 5 generates the

entry 10 in row 1.

Recapping, we have chosen one equality 0 x b = ¢ from A where 0 x b = ¢
generates the entries 1,3, 11 in row zero, three equalities 0 * b = ¢ from B as follows,
0% 8 = ¢ which generates the entry 7 in row zero since 0% (¢+7) = 7,0%6 = ¢; which
generates the entry 9 in row zero since 0% (¢; +9) = 9,0 * 2 = ¢ which generates the
entry 13 in row zero since 0 * (cy + 13) = 13. Hence all the odd entries have been
obtained and three even entries in row zero. Therefore, to obtain the remaining even
entries in row zero we need three equalities 0 x b = ¢ from C' that respectively must
generate 0,8 and 10 in row one. Therefore if (@, *) is a m-inverse loop of order 15
such that 3m + 1 # 0, the choice 0 % b = ¢ generates the entries (1,3, 11) in row zero
and 1 % h = k generates the entries (2,4,12) in row one. Then the following set of

equalities must hold.

Table 3.18. Iteration 3.18

0x8=c
Ox(c+7)=T7
0*6261
0%(c1+9)=9
0%x2=cy

0% (c2+13) =13
Oxc3=c3+1
Oxcyg=cq4+5
Oxcs=c5+7

45



Note that the proof for any applicable value of ¢ where 0 *x 8 = ¢ is similar to
the proof that will be given below so we will only show the case when ¢ = 2. The
goal of this proof is to investigate if the previous equalities hold can we construct a
Cayley table associated with ). Recall that 0«8 = ¢, 0% 6 = ¢; and 0 % 2 = ¢y are
from set B and Oxc3 = c3+1, 0%xcy = c4+5, 0%xc5 = c5+ 7 are from set C. Therefore,
¢, ¢, Co, c3+ 1, ¢4 + 5 and ¢5 + 7 are even and ¢; is odd where ¢; # 1 for ¢ = 3 : 5.
The table below displays the possible choices for an entry in the Cayley table . For
example since 0 * 8 = ¢ the table shows that 0«8 = ¢ =2,4,6,10 or 12 where 0 and
8 are excluded since (@, %) is a loop. Also since ¢; # 1 this implies that c¢3 + 1 # 2,

cs+1#6and c5+ 7 #8.

Table 3.19. Equalities 3.19

c= 2746110 12
¢ = 2148110 12
Cq = 40681012
cs+1=4]6|8[10]12
citb= 2481012
Gs+7=124]6[10] 12

Case 1la

Let ¢ = 2; this implies that 0x8 = 2 and 0x9 = 7. Recall that c¢,c1,co,c3+1,c4+5
and c5 + 7 are even; ¢; is odd and ¢; # 9 for ¢ = 3,4,5. Also that 6 —¢; # 8 — 2
and 2 —co Z8 —2since 0%x8 =¢, 0%x6 = ¢; and 0 % 2 = ¢y are from B. Thus the

remaining choices for ¢y, o, c3 + 1, ¢4 + 5 and ¢5 + 7 are as listed below.
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Table 3.20. Equalities 3.20

c = 47811012
Cy = 1068 12
s+ 1= 14|68 12
cit+b= 4811012
s+ 7 = 40610] 12

Notice from the above table if 0«8 =2 then 06 =4, 0%6 =8, 0% 6 = 10 or
0% 6 =12. Let 0% 6 = 4; this implies that 0« 13 = 9 and therefore ¢o, c3 + 1, ¢4 + 5
cannot equal 4. Moreover ¢; cannot be congruent to 13 for ¢ = 3,4,5 and 2 — ¢y # 2.

Thus the remaining choices for co, ¢3 + 1, ¢4 + 5 and ¢35 + 7 are as listed below.

Table 3.21. Equalities 3.21

o = 68 12
cs+1=1 16]8 12
ci+b= 811012
s+ 7 = 10| 12

Observe that if 0*8 =2 and 0% 6 = 4 then ¢5s +7 =10 or ¢5 + 7 = 12. Let
c; + 7 = 10; this implies that 0 * 3 = 10 and by the same logic the remaining choices

for co, c3+ 1, ¢4 + 5 and ¢5 + 7 are as listed below.

Table 3.22. Equalities 3.22

Co = 6|8 12
cs+1=| 6|8 |12
C4+5: 12
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Therefore, from the previous table, ¢4 + 5 = 12; this implies 0% 7 = 12 so again
by the same logic the remaining choices for c5 + 1, ¢4 + 5 and c; + 7 are as listed

below.

Table 3.23. Equalities 3.23

Cy — 6
63+1: 6

The previous table implies that ¢ = c3 + 1 which is a contradiction since the
choice for ¢, and c3+1 are unique. Therefore, if 0x8 = 2 and 06 = 4 then ¢5+7 # 10.
Next let 0«8 =2, 0% 6 = 4 and ¢5 + 7 = 12. Therefore, the remaining choices for ¢y,

c3+ 1 and ¢4 4+ 5, are as listed below.

Table 3.24. Equalities 3.24

Cy = 6|8
03"—1: 8
C4+5: 8

Notice that ¢4 +5 = ¢3 + 1 which is a contradiction since the choice for ¢4 + 5
and c3 + 1 are unique. Therefore if 0% 8 = 2 and 0 % 6 = 4 then ¢5 + 7 # 10 or 12.
This implies that if 0 * 8 = 2 then 0 % 6 # 4.

Case 1b

Let 0% 8 = 2 and 0 %« 6 = 8; this implies that 0«9 =7 and 0 x3 = 9. Recall

that c¢,cq, ¢, c3+1, ¢4+ 5 and ¢5 + 7 are even and ¢; is odd for ¢ = 3,4, 5. Therefore,
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c1, Co, c3+ 1, ¢4 + 5 cannot equal 2 or ¢y +5 # 8, ¢; Z9 or ¢; # 3 for i = 3,4,5 and
6—ci#8—2and2—cy#8—2and 2 —cy Z6 —8since 0x8 =¢, 0 %6 = ¢; and
0% 2 = ¢y are from B. Therefore, the remaining choices for cg, c3+1, ¢4+ 5 and ¢5+7

are as listed below.

Table 3.25. Equalities 3.25

Cy = 6 12
cs+1=1] |6 12
4 +0= 4 10 | 12
C5+7: 416 12

From the new table we conclude if 08 = 2 and 0%6 = 8 then O*xc3 = c3+1 =6
or 0xc3 =c3+1=12. Let 0 x c3 = 6; this implies that 0 x5 = 6 and by the same

logic used to determine the previous table we obtain the following table.

Table 3.26. Equalities 3.26

Cy = 12
ca+5= 4 12
C5+7: 4

Therefore from the new table ¢, = 12; thus 0 % 2 = 12 and we obtain the table

below.
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Table 3.27. Equalities 3.27

C4+5: 4
C5+7: 4

Therefore ¢4 + 5 = ¢5 + 7 which is a contradiction since the choices ¢4 + 5 and
¢5 + 7 are unique. Therefore, if 0%x8 = 2 and 06 = 8 then 0% c3 # 6. Let Oxc3 = 12;

this implies that 0 % 11 = 12. Therefore we obtain the following table.

Table 3.28. Equalities 3.28

Cy = 6
4 +0= 4 10
C5+7: 6

Therefore ¢y = ¢5 + 7, which is a contradiction. Thus if 0 x8 =2 and 0x6 = 8

then 0 * c3 # 6 or 0 * c3 # 12. This implies that if 0 % 8 = 2 then 0% 6 # 8.

Case 1c

Assume 0 %8 = 2 and 0 * 6 = 10; this implies that 0 * 9 = 7 and 0 x5 = 9.
Recall that ¢, ¢1, co, c3 + 1, ¢4 + 5 and ¢5 + 7 are even and ¢; is odd for ¢ = 3,4, 5.
Therefore, ¢, co, c3+ 1, c4+5#20r ey +5# 10, ¢; Z9 or ¢; 5 for i = 3,4,5 and
6—ciZ8—2and2—co Z8—2and 2 —cy Z6 — 10 since 0x8 =¢, 0% 6 = ¢; and
0 * 2 = ¢y are from B. The remaining choices for ¢y, ¢3 + 1,¢4 + 5 and c5 + 7 are as

listed below.
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Table 3.29. Equalities 3.29

Co = 4 8 12
cs+1=14 8 12
ey +5= 418 12
s+ 7= 416

The above table indicates that if 0 x8 =2 and 0 * 6 = 10 then ¢5 + 7 = 4 or 6.

Let c5 + 7 = 4 then we obtain the following table.

Table 3.30. Equalities 3.30

Cy = 8
03+1: 8
4 +9o= 8 12

This implies that ¢y = ¢35 + 1 which is a contradiction. Therefore if 0 % 8 = 2

and 0% 6 = 10 then ¢5+ 7 # 4. Now let ¢5 4+ 7 = 6 then we obtain the following table.

Table 3.31. Equalities 3.31

o = 41787 T12
cs+1=14] [8] [12
C4+5: 8 12

This implies that if 0«8 = 2, 0«6 = 10 and ¢5 + 7 = 6 then ¢4 +5 = 8 or

cy +5=12. Let ¢4 + 5 = 8 then we obtain the following table.
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Table 3.32. Equalities 3.32

Cy = 12
C3—|—1: 12

Therefore, co = ¢3 + 1 which is a contradiction. This implies that if 0 x 8 = 2,
0%6 =10 and c5+7 = 6 then ¢y +5 # 8. If ¢4, +5 = 12 then we obtain the following

table.

Table 3.33. Equalities 3.33

Cy = 4
Cg+1: 4

This implies that ¢ = c3 + 1 which is a contradiction. This implies that if
0%x8=2,0%x6=10and c5+7 =6 then ¢4, +5 # 8 or ¢4 + 5 # 12. Therefore, if
0% 8 =2 then 0 %6 # 10.

Case 1d

Assume 0 %8 = 2 and 0 x 6 = 12; this implies that 09 = 7 and 0% 7 = 9.
Recall that ¢, ¢1, co, c3+ 1, ¢4 +5 and ¢5 + 7 are even and ¢; is odd for ¢ = 3,4, 5.
Therefore, ¢, co, cs+ 1, c4+5#20r ey +5# 12, ¢; Z9 or ¢; Z 7 for i = 3,4,5 and
6—c1Z8—2and2—cy#8—2and 2—cy; Z6 — 12 since 0x 8 =¢, 0% 6 = ¢; and
0% 2 = ¢y are from B. Thus the remaining choices for co, ¢3 + 1,4 + 5 and ¢5 + 7 are

as listed below.
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Table 3.34. Equalities 3.34

Cy = 416
03+1: 416
cy+ 5= 41810
s+ 7= 416 |10

The previous table implies that if 0 * 8 = 2 and 0 %* 6 = 12. Then ¢, = 4 or

co = 6. If ¢ = 4 then we obtain the following table.

Table 3.35. Equalities 3.35

Cg‘l'l: 6
Cy+0= 10
C5+7: 6

The previous table implies that c34+1 = ¢5+7 which is a contradiction. Therefore
if 0x8 =2and 06 = 12 then ¢y, # 4. Next letting co = 6 we obtain the following

table.

Table 3.36. Equalities 3.36

Cg+1: 4
cs+ 5=
C5+7: 4 10

e~
oo

This implies that ¢34+ 1 = 4. However if ¢34+ 1 = 4 we loose all choices for ¢, +5
and c5 + 7 and therefore we conclude that if 0« 8 = 2 then 0 6 # 4,8,10,12. This
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implies that 0 x 8 £ 2. It is important to reiterate that the proof for any applicable
choice for ¢ will lead to the same conclusion. Thus case 1 fails to construct a Cayley
table and since the other cases have the same conclusion we conclude that there does
not exist a m-inverse loop of order 15 with a long inverse cycle when (n — 1)/2 is
the smallest positive integer such that [(n — 1)/2](3m 4 1) = 0. We have proven the
following.

Theorem 4. A I-inverse loop of order 15 with a long inverse cycle does not exist.

3.3 Me-inverse loops of order 3k+2 with a long inverse cycle

In this section we study m-inverse loops of order n = 3(2k; +1)+2 for ky € ZT.
The goal of this section is to determine ways to fill out row zero when n = 3(2k;+1)4-2.
The majority of the work has already been accomplished since most of the propositions
in the first section hold true in this section. We will continue the same approach in
determining if a m-inverse loop exist of order 3k + 2, by first completing row zero
and then examining row one. Let’s prove the following propositions that will assist

us with our goal.

Proposition 20. Ifn = 3k+2 then 3(n—1)/2 does not divide n> —3n+2— (n—1)

norn?—3n+2—(n—1)/2.

Proof. Assume that 3(n—1)/2 divides n* —3n+2—(n—1) and n* —3n+2—(n—1)/2
where n = 3k+2. This implies that [3(n—1)/2]k; = n?*—-3n+2—(n—1) = [(n—1)(n—
2)]—(n—1)and [3(n—1)/2]ky =n*—3n+2—(n—1)/2=[(n—1)(n—2)]—(n—1)/2
for some k, k1, ke € Z*. Therefore, (3/2)k; = (n — 3) and (3/2)ky = (n — 5/2); since
n = 3k + 2 this implies that 3k; = 2(3k + 2) — 6 and 3k = 2(3k + 1) — 5. Thus
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2k — ky = 2/3 and 2k — ky = 1/3. However 2k — ky and 2k — ky € Z. Therefore,

3(n —1)/2 does not divide n? —3n+2 — (n—1) nor n? —3n+2 — (n —1)/2.

Proposition 21. If n = 3k + 2 then 3(n — 1)/2 divides (n* — 3n + 2).

Proof. Let n = 3(2k; + 1) + 2; thus n — 1 = 2(3k; 4+ 2) and 3(n — 1)/2 = 3(3k; + 2).
Consider (n? =3n+2) = (n —1)(n — 2) = (2(3k; + 2))(2(3k1 +2) — 1) = 3(3k; +
2)(4k; + 4). Therefore, 3(n — 1)/2 divides (n? — 3n + 2).

[l

Since we are only investigating cases where (n — 1)/2 is the smallest positive
integer such that [(n—1)/2](3m+1) = 0. The following condition must hold. If (Q, )
is a m-inverse loop of order 3k +2 where (n—1)/2 is the smallest positive integer such
that [(n — 1)/2](3m + 1) = 0, then for all a,b,c € @, the choice a x b = ¢ generates
3(n—1)/2 entries in the Cayley table. Now in order to fill row zero we first determine
the amount of missing entries in row zero. Recall that n = 3k +2 = 3(2k; + 1) + 2
where 0 x 1 = e and 0 x e = 0 are given. Since we have been given the entry zero
then the amount of even missing entries is one less than the amount of odd missing
entries. Thus, there are 3k; + 2 odd missing entries and 3k; 4+ 1 even missing entries

in row zero.

We define A,B, and C as before. Next we determine the maximum number of
equalities that can be used from A in order to complete row zero. Recall that each
choice 0*xb = ¢ contained in A will only generate 3 odd entries in row zero. Therefore,
the maximum number of equalities that can be utilized to complete row zero from
A is k;. Notice we again allow the first form to complete row zero to consist of ky

equalities from A. The following table shows the number of equalities derived when
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0% b = c is taken from set A, B and B. We designate forms 1 — k; to all possible

combinations.
Table 3.37. Completion of row zero for order 3k + 2
Form |O0xb=cfrom A | O0xb=cfrom B 0%b=cfrom C
1 ]{,’1 2 3k1 - 1
2 ki—1 5 3k — 4
3 ki — 2 8 3k — 7
4 ki—3 10 3k_9
i — 1| ki— (k1 —2) 3k —2)+2 |3k +1—[3(k —2)+2]
k1 ky — (k1 — 1) 3(ky—1)+2 |3k +1—[3(ky —1)+2]

We conclude that there are k; options to complete row zero if using equalities
from set A. Next we consider if it is possible to complete row zero with equalities
only equalities extracted from set B. We know that the choices 0% b = ¢ € A and the
choices 0 x b = ¢ € B generate the odd entries in row zero. However since we do not
want to use equalities from set A then we need 3k; + 1 equalities from set B to fill
row zero. Recall that the equalities in set B generate one odd and one even entry
in row zero and there are 3k; + 2 odd and 3k; + 1 even missing entries in row zero.
Therefore, since the amount of odd missing entries is not equal to the amount of even
missing entries. We have that row zero cannot be filled with only equalities from set
B. We need a combination from A and B, but these forms are included in the k;
options. Therefore, there are k; ways of selecting equalities from sets A,B, and C to

complete row zero.
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3.3.1 M-inverse loop of order 11 with a long inverse cycle

Now we apply the information that has been obtained on m-inverse loop of order
n = 3k + 2, to determine if a m-inverse loop of order n = 11 = 3(3) + 2 exists, for
some m such that 5 is the smallest positive integer such that 5(3m + 1) = 0. Assume
that n = 3(3) + 2 where @ = ¢,0,1...9 and 3m 4+ 1 #Z 0. Again in this section we
will use the previous proposition and the help of Mathlab to determine if a m-inverse
loop of order 11 with a long inverse cycle exist when 3m + 1 Z 0. Now it has been
determined that if the order of ) is 3k + 2 then there are k; ways to complete row
zero where 3k; + 2 is the number of missing odd entries in row zero. This implies
that k; = 1 since there are 5 odd missing entries. Therefore, there is one way to
construct row zero. The unique form used to complete row zero consists of the choice

0xb=ce A, two choices 0 x b = ¢ from B and two choices 0 x b = ¢ from C.

Recall that if a m-inverse loop of order 3k + 2 exists where (n — 1)/2 is the
smallest positive integer such that [(n —1)/2](3m+ 1) = 0 then for all a, b, c € Q, the
choice a * b = ¢ generates 3(n — 1)/2 entries in the Cayley table. In our case n = 11.
Thus the choice a % b = ¢ generates 15 entries in the Cayley table. Now form 1 gives
5 unique equalities, therefore by completing row zero we generate 75 entries in the
Cayley table. Let (Q,*) be a m-inverse loop of order 11; we know that 31 of the 121
entries in the Cayley table are given. This implies that 90 entries are missing, thus

by completing row zero we obtain 75 of the 90 missing entries.

Next we determine the amount of entries that we obtained in row 1 after row
zero was completed. First recall the equalities used to complete row zero. We have
the choice 0 % b = ¢ from A, two choices 0 x b = ¢ from B and two choices 0 x b = ¢
from C'. Now the choice 0% b = ¢ from A does not generate any entries in row 1, but

the 2 equalities from B each generate 1 odd entry in row 1 and the 2 equalities from
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C generate 1 odd and 1 even entry in row 1. Therefore, by completing row zero we
obtain 4 odd and 2 even entries in row 1. This implies that there are 3 even entries
missing in row 1. We know that if row zero is completed and (n —1)/2 is the smallest
positive integer such that[(n —1)/2](3m + 1) = 0 then all the odd entries are filled in
the Cayley table and the even rows and columns are also filled. We have 75 of the 90
missing entries; therefore we need 15 even entries to complete the Cayley table. This
implies that there exist a choice 1% b = ¢ that generates 15 even entries in the Cayley

table where 3 of the 15 even entries are in row 1. Therefore,b is odd and ¢ is even.

Next we will determine the appropriate b and ¢ such that 1 x b = ¢ generates 3
even entries in row 1. Now it has been previously noted that in order to determine
the equalities that hold when the choice a x b = ¢ we can refer to the set X, for

j=0,1...,((n—1)/2) — 1. Consider X listed below where a = 1.

Table 3.38. Iteration 3.38

14+jBm+1)]*«[b+7iBm+1)]=[c+jBm+1)]
[c+7i@Bm+1)+m]*x[14+jBm+1)+(m+1)]=[b+jBm+ 1)+ m]
b+ 3(@m + 1) +2) % [e+ j(3m + 1)+ @m+ D] = [1 4+ j(3m + 1) + (2 + 1)

Now we know that choice a x b = ¢ generates 3(n — 1)/2 entries in the Cayley
table. This implies that there are 3(n — 1)/2 unique equalities that must hold if
1% b = c. Since each equality is unique, the choice 1% b = ¢ can only appear one time
in the iteration for j = 0,1...,((n — 1)/2) — 1. Moreover there cannot exist some b,
such that 1% b; = ¢ since b is the unique element such that 1 b = c. Recall that the
first term determines what row the entry is inputted in. Therefore the choices are

c+j(Bm+1)+m and b+ j(3m+ 1) + 2m since each term is congruent to some odd
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element of @) when b is odd and ¢ is even for j = 0,1..., ((n — 1)/2) — 1. This implies
that there are (n—1)/2 of these terms. Therefore, for some j, c+j(3m+1)+m = 1 and
b+j(3m+1)+2m = 1. Next assume c+j(3m+1)+m = 1 and 1+j(3m+1)+m+1 = b;
this implies that 1xb = c appears twice in the iteration and that 1—c = j(3m+1)+m.
Thus 2 —c=jBm+1)+m+1for j =0,1...,((n — 1)/2) — 1; therefore b + ¢ = 3.
From here it follows that if b+ ¢ = 3 then 1 x b = ¢ will appear twice in the iteration
which is a contradiction. Therefore b 4 ¢ # 3 which implies that 1 %1 # 2, 1 %3 # 0,
1%5#8 1%x7#6,1%x9#4.

Next assume for some j, b+j(3m—+1)+2m =1and c+j(3m+1)+2m+1=0b.
Again this implies that 1 x b = ¢ appears twice in the iteration and that 1 — b =
jBm+1)+m; thus2—b=j(3m+1)+m+1 and 2b = ¢+ 2. Hence if 2b = ¢+ 2,
then 1 x b = ¢ will appear twice in the iteration which is a contradiction; therefore
2b # ¢ + 2 which implies that 11 #£0, 1%3#£4, 1 %5 #£8, 1%7# 2, 1%9 # 6, since

b is odd and c is even.

Finally assume ¢+ j(3m+1)+m =1 and b+ j(3m + 1) +m = c. This implies
that there exist 1%b; = cand that 1 —c = j(3m+1)+m. Thusc—b = j(3m+1)+m
and 2¢ = b+ 1. Hence if 2¢c = b + 1 then there exist 1xb; = ¢ which is a contradiction
since b is the unique element such that 1 b = c¢. Therefore 2¢ # b+ 1 which implies

that 1x1#6,1%x3#£2, 1%5#£8 1x7#4,1x9+#0.

Now the choices for ¢ are 0,2,4,6,8 since n = 11. Therefore the following
table displays the possible choices for entries in row one once row zero is filled. Each

column, respectively, represent the 3 entries for row one after row zero is filled.
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Table 3.39. Equalities 3.39

1x1=4]1%1=8|1%x3=6|1%x3=28
1%*5=2|1%x5=2]1x7=8|1x7=0
1%*9=8|1%x9=4]1x5=0]|1%x5=6

Observe that if the choice 1 x b = ¢ generate 3 even entries in row one after
row zero is filled then the entries generated in row one are 2,4,8 or 0,6,8. We used
Mathlab to determine the following results: If (@, *) is a m-inverse of order 11 such
that 3m + 1 # 0 and 0 * b = ¢ € A then the choice 0 * b = ¢ generates the entries
1,3,7 or 5,7,9 in row zero. Also, if (@, *) is a m-inverse loop of order 11 such that
3m+1 % 0 and 1xb = ¢ generates 3 entries in row one after row zero is filled then the
choice 1% b = ¢ generates the entries 2,4, 8 or 0,6, 8 in row one. Therefore if (Q, *) is

a m-inverse loop of order 11 then one of the following conditions must hold:

1. The choice 0 x b = ¢ € A generates the entries 1,3,7 in row zero and the

choice 1 * x = y generate the entries 2,4, 8 are in row one.

2. The choice 0 x b = ¢ € A generates the entries 1,3,7 in row zero and the

choice 1 * x = y generate the entries 0, 6,8 are in row one.

3. The choice 0 x b = ¢ € A generates the entries 5,7,9 in row zero and the

choice 1 x x = y generate the entries 2,4, 8 are in row one.

4. The choice 0 x b = ¢ € A generates the entries 5,7,9 in row zero and the

choice 1 x x = y generate the entries 0,6, 8 are in row one.

We will only look at the second condition since the proof of the other conditions
is similar and leads to the same conclusion. Recall that the choice 0 xb = ¢c € B

generates one odd and one even entry in row zero and the choice 0 x b = ¢ € C
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generates one odd and one even entry in row one. Assume the choice 0 xb=c € A
generates the entries 1, 3,7 in row zero and the choice 1 * x = y generates the entries
0,6, 8 in row one. This implies that there exist two choices 0xb = ¢ € B that generates
the entries 5 and 9 respectively and that there exist two choices 0 x b = ¢ € C that
generate the entries 2 and 4 in row one respectively. First we will determine to what
value is b congruent to such that the choice 0 x b = ¢ € B generate the entries 5 or
9 in row zero. Then we will determine to what value b is congruent to such that the
choice 0 x b = ¢ € C' generates 2 or 4 in row one. Since we are again looking for the
equalities that hold when the choice a * b = ¢ we will refer to set X; listed below for

j=0,1...,((n—1)/2) — 1 where a = 0.

Table 3.40. Iteration 3.40

04+ 7iBm+1)]x[b+jiBm+1)] =[c+7(B3m+1)]
e 7(3m + 1)+ m]# 0+ j(3m + 1) + (m + D] = [+ j(3m + 1) +m]
b+7iBm+1)+2]x[c+iBm+1)+2m+1)]=[0+7iBm+1)+ (2m+1)]

First we determine the choice 0 x b = ¢ from B that generates the entry 5 in
row zero. Let 0 x b = ¢ where b and c are even. Recall that the first term in each
equality determines what row the entry will be inputted in. Therefore, j(3m+1),b+
Jj(Bm+ 1)+ 2m and ¢+ j(3m + 1) + m are the possible choices. Since m is odd this
implies 3m + 1 is even therefore ¢+ j(3m + 1) +m is congruent to some odd element
of @Q; however j(3m+ 1) and b+ j(3m + 1) 4+ 2m are congruent to some even element
of @ for j =0,1...,((n — 1)/2) — 1. Recall that j(3m + 1) = 0 when j = 0 which
is already represented by the choice 0 % b = ¢. Since ¢ is even and ¢ Z 5 we must

examine the term b + j(3m + 1) + 2m, where b + j(3m + 1) 4+ 2m is to congruent
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to some even element of Q. This implies for some j, b+ j(3m + 1) + 2m = 0. Now
in order for the choice 0 x b = ¢ to generate the entry 5 in row zero we must have
0+7Bm—+1)+2m+1 =5 and b+j(3m+1)+2m = 0. Therefore j(3m—+1)+2m =4
thus b+ 4 = 0. Thus we conclude that the choice 0 x 6 = ¢ generate the entry 5 in
row zero and 0 % (¢ +5) = 5. Next we determine the choice 0 x b = ¢ from B that
generates the entry 9 in row zero. To obtain this information we follow the same steps
that we used to find which 0 x b = ¢ generates the entry 5 in row zero. Therefore,
let 04+jBm+1)+2m+1=9 and b+ j(3m + 1) + 2m = 0; this implies for some
Jy 04+ 7Bm+1)+2m = 8 and b+ 8 = 0. We conclude that the choice 0 % 2 = ¢

generates the entry 9 in row zero and 0 (¢ +9) = 9.

Next we will identify which 0xb = ¢ from C generates the entry 2 in row 1 with
b odd and c even. Again the first term in each equality determines what row the entry
will be inputted in; thus j(3m+1), b+ j(3m+1)+2m and ¢+ j(3m+1) +m are the
possible choices. However only the terms b+ j(3m+1)+2m and c+j(3m+1)+m are
congruent to some odd element of (). Therefore for some j, b+ j(3m + 1) +2m =1
and c+j(3m+1)+m = 1. However only the entry associated with ¢+ j(3m+1)+m
generates an even entry in the Cayley table. Therefore letting ¢+ j(3m+1)+m =1
and b+ j(3m +1)+m =2 we get 1 — ¢ = j(3m + 1) + m. Therefore, b+ 1 —c = 2.
This implies that b = ¢ + 1. We conclude that the choice 0 * (¢ + 1) = ¢ generates
the entry 2 in row 1. Finally we determine the choice 0 x b = ¢ € C' that generates
the entry 4 in row 1. Let c+j(3m +1)+m =1 and b+ j(3m + 1) + m = 4; this
implies 1 —c¢ = j(3m+1)+m and b+ 1 —c= 4. Hence b = ¢+ 3. Thus we conclude
that the choice 0% (¢ + 3) = ¢ generates the entry 4 in row 1. Therefore, if (@, *) is a

m-inverse loop of order 11 such that the choice 0% b = ¢ from A generates the entries
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1,3, 7 in row zero and the choice 1xh = k generates the entries 0, 6,8 in row one then

the following equalities must hold.

Table 3.41. Iteration 3.41

0x6=c
Ox(c+5)=5
0x2=c
0%(c1+9) =9
0% (c2+1)=co
0% (c3+3)=cs

Recall that the choice 0 x 6 = ¢ and the choice 0 * 2 = ¢; are from set B and
the choice 0% (co + 1) = ¢ and 0 % (c3 + 3) = ¢3 are from set C'. Therefore, ¢, ¢,
co and c3 are even. Now the table below displays the possible choices for an entry in
the Cayley table. For example the following table implies that 0 x 6 = ¢ = 2,4, or
8 where 0 and 6 are excluded since (@, ) is a loop. Note the following table will be

used to determine if the above equalities hold.

Table 3.42. Equalities 3.42

= |24 8
= 416 |8
co=12141618
c3=121416

Case la
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Let ¢ = 2; this implies that 0 * 6 = 2 and 0«7 = 5. Recall ¢, ¢1, ¢co and c3 are
even, so ¢o + 1 and c¢3 + 3 are odd. Therefore, ¢1, ¢ and c3 cannot equal 2. Also note
that c; +9, co+ 1 and ¢3+ 3 cannot be congruent to 7 and that 2 — ¢; #Z 4. Therefore,

we obtain the following table.

Table 3.43. Equalities 3.43

C1 = 416
Coy = 4 8
C3 — 6

The previous table implies that ¢c3 = 6. Thus 0«9 = 6. Therefore ¢; and ¢
cannot equal 6 and ¢; + 9 and ¢y + 1 cannot be congruent to 9. Thus we obtain the

following table.

Table 3.44. Equalities 3.44

C1 = 4

This implies ¢; = ¢, which is a contradiction since the choices ¢; and ¢, are

unique. Hence 0 % 6 # 2.
Case 1b

Let ¢ = 4; this implies that 0 x 6 = 4 and 0«9 = 5. Recall ¢, ¢, ¢o andcz are

even. Thus ¢y + 1 and c3 + 3 are odd. Therefore, ¢q, ¢o and ¢3 cannot equal 4. Also,
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c1+9, co+ 1 and c3 + 3 cannot be congruent to 9. Also 2 — ¢; # 2. Therefore we

obtain the following table.

Table 3.45. Equalities 3.45

C1 = 6|8
Cy = 2 6
C3 = 2

This implies that c¢3 = 2. Thus 0% 5 = 2. Therefore, ¢; and ¢y cannot equal 2.
Also ¢; +9 and ¢ 4+ 1 cannot be congruent to 5. Therefore we obtain the following

table.

Table 3.46. Equalities 3.46

cl = 8
Cy = 6

This implies ¢; = 8. Hence 0%2 =8, 0%x7 =9 and ¢y = 6. Thus 07 = 6 which

is a contradiction. Hence 0 % 6 # 4
Case 1c

Let ¢ = §; this implies that 0 * 6 = 8 and 0 *x 3 = 5. Recall ¢, ¢1, co and c3 are
even. Thus ¢; + 1 and c3 + 3 are odd. Therefore, ¢, ¢o and ¢3 cannot equal 8. Also
note that ¢; +9, ¢+ 1 and ¢3+ 3 cannot be congruent to 3 and 2 —¢; # 8. Therefore,

we obtain the following table.
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Table 3.47. Equalities 3.47

C1 = 6
Cy = 416
C3 — 21416

This implies that ¢; = 6 and 0% 5 = 9. Therefore, c3 and ¢y cannot equal 6 and

c1 +9 and ¢ + 1 cannot be congruent to 5. Therefore, we obtain the following table.

Table 3.48. Equalities 3.48

Cy =
C3 = 4

This implies there is no choice for ¢, so 0 % 6 # 8. Furthermore 0 x 6 # 2,4 or
8. Therefore, there does not exist a m-inverse loop of order 11 when (n — 1)/2 is the
smallest positive integer such that [(n—1)/2](3m+1). We have proven the following:

Theorem 5. A I-inverse loop with a long inverse cycle of order 11 does not exist.
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CHAPTER 4
The existence of m-inverse quasigroups of order n with a long inverse cycle.

4.1 Introduction to m-inverse quasigroups of order n with a long inverse cycle

In this chapter we investigate the existence of m-inverse quasigroups of order
3k, 3k + 1,and 3k + 2 with a long inverse cycle that meet the following conditions: m
is odd and n is even. Therefore, ged(3m + 1,n) > 1 and n/2 is the smallest positive
integer such that (n/2)(3m + 1) = 0 where the arithmetic is modulo n. We may
suppose without lost of generality that the elements of ) are 0,1....... n—1. Also that
the notation is chosen such that J = (0, 1.....n. — 1): that is, so that (0,1....n — 1) is
the long inverse cycle and J(a) = a+1. In this chapter we prove the following results:
a 3-inverse loop of order 16 with a long inverse cycle exists when 8(3m + 1) = 0, a
7-inverse loop of order 20 with a long inverse cycle exists when 10(3m+1) = 0, and a 3-
inverse loop of order 12 with a long inverse cycle does not exists when 6(3m+ 1) = 0.
We continue with the same approach that was used when investigating m-inverse
loops with a long inverse cycles. First, we determine how many ways row zero can
be filled. Then we examine row one to determine if the completion of row one leads
to the construction of a Cayley table. Let (Q,*) be a m-inverse quasigroup with a
long inverse cycle. Then there exist a permutation J define by J(a) = a + 1 such
that [J™(a % b)] * [J™"(a)] = J™(b). This implies that the equalities generated by
the choice a x b = ¢ are generated in the same manner as m-inverse loops with a long

inverse cycle. Thus the following set of equalities hold.
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Table 4.1. Iteration 4.1

axb=c

[e+m]* [a+ (m+1)] = [b+m]

[b+2m]x[c+ (2m+1)] = [a + (2m + 1)]
[a+1Bm+1)]*[b+13m+1)] =[c+ 1(3m +1])
c+1Bm+1)+m]*ja+1Bm+1)+ (m+1)]=[b+13m+1)+m]
b+1B3m+1)+2m]*[c+1Bm+1)+ (2m+1)] =a+1(3m+1) + (2m + 1)]
[a+2Bm+D]*[b+2B3m+1)] =c+2(3m+1])
c+2Bm+1)+m]*ja+2Bm+1)+ (m+1)] =b+2Bm+ 1) +m)]
b+2B3m+1)+2m]*[c+2B3m+1)+2m+1)] =[a+23m+ 1) + (2m + 1)]

[a+(s—1)Bm+1)]xb+(s—1)Bm+1)]=[c+ (s—1)(3m+1)]
c+(s—1)Bm+1)+mlxfa+(s—1)Bm+1)+(m+1)]=[b+(s—1)(3m+ 1)+ m]

b+ (s—1)Bm+1)+2ml*x[c+(s—1)Bm+1)+2m+1)]=[a+(s—1)(Bm+1)+ (2m + 1))
[a+s@Bm+D]x[b+sBm+1)]=c+s(Bm+1)

Now as previously shown for m-inverse loops with a long inverse cycle. If the
previous set of equalities hold then the following set of the equalities must also hold.
Each equality generated by the choice a x b = ¢ can be represented by one of the

equalities in X;.

[a+jBm+1)]*x[b+jBm+1)] =[c+jBm+1)]
e 7(3m + 1)+ m] «[a + j@m+ 1) + (m+ 1) = b+ j(3m + 1) +m]
b+jiBm+1)+2m|x[c+jBm+1)+(2m+1)] =[a+j(Bm+ 1)+ (2m + 1)]
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4.2 M-inverse quasigroups of order 3k 4+ 1 with a long inverse cycle.

In this section we begin by investigating m-inverse quasigroups with long inverse
cycle of order 3k + 1. The goal of this section is to determine ways to fill out row
zero when n = 3(2k; + 1)+ 1 for ky € Z1. Recall that each equality generated by the
choice a * b = c can be represented by one of the equalities in X for j =0,1,...,s =1
where s is the smallest positive integer such that s(3m+ 1) = 0. Therefore, the proof
for each proposition below is identical to the corresponding propositions associated

with m-inverse loops with a long inverse cycle.

Proposition 22. If (Q,*) is a m-inverse quasigroup of order n with a long inverse

cycle then there exist some t € Z* such that t(3m + 1) = 0.

Proposition 23. Let (Q,*) be a m-inverse quasigroup of order n with a long inverse

such that axb=c and i # j. Then i(3m+1) #Z j(3m + 1).

Lemma 4. If (Q,*) is a m-inverse quasigroup of order n then a x b = ¢ generates
3s or s entries in the Cayley table; where s is the smallest positive integer such that

s(3m + 1) =0. Note s =n/2 for m-inverse quasigroups.

Proposition 24. Let (Q),*) be a m-inverse quasigroup of order n with a long inverse

cycle.

1. If 0% b = c generates 3s entries in the Cayley table with b even and ¢ odd then the
choice 0 x b = c generates 3 odd entries in row zero.

2. If 0xb = c generates 3s entries in the Cayley table such that b and ¢ are even then
the choice 0 % b = ¢ generates one odd and one even entry in row zero.

3. If 0% b = c generates 3s entries in the Cayley table with b odd and c even then the

choice 0 x b = c generates one even entry in row zero.
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Proposition 25. Let (Q,*) be a m-inverse quasigroup of order n with a long inverse
cycle with b even, ¢ odd and the choice 0xb = ¢ generates 3(n/2) entries in the Cayley

table. Then the choice O x b = c generates no entries in row one.

Proposition 26. Let (Q,*) be a m-inverse quasigroup of order n with a long inverse
cycle such that b and ¢ are even, and the choice 0% b = ¢ generates 3(n/2) entries in

the Cayley table. Then the choice 0 x b = ¢ generates one odd entry in row one.

Proposition 27. Let (Q),*) be a m-inverse quasigroup of order n with a long inverse
cycle with b odd, c¢ even, and the choice 0 %« b = ¢ generates 3(n/2) entries in the
Cayley table. Then the choice 0 x b = ¢ generates one odd and one even entry in row

one.

Proposition 28. Let (Q, *) be a m-inverse quasigroup of order n where (n)/2 is the
smallest positive integer such that [(n)/2](3m + 1) = 0 and row zero is filled. Then
all the even rows and columns are filled where only even entries remain unfilled in the

odd columns and rows.

Proposition 29. Let (Q,*) be a m-inverse quasigroup of order n with a long inverse
cycle.
1. If0xb=ce B and 0%b; =c, € B thenb—c# b — c;.
2. If0xb=ceC and 0xby =c; € C thenb—c # by — ¢;.
Now the following propositions must be proving since the proofs are not the

same as when investigating m-inverse loops with a long inverse cycle.

Proposition 30. If (Q,*) is a quasigroup of order n = 3k + 1 with a long inverse
cycle, then ax[a+2(ky(3m+1)+2m+1)] = a+ k1 (3m+1) +2m + 1 generates n/2

entries in the Cayley table for k,ky € ZF .
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Proof. Assume the choice a*b = ¢ generates (n)/2 entries in the Cayley table. Recall
from the previous proposition that s = 3j+1or s =35+ 2 for j =0,1,....,s — 1.
Recall that s = n/2. This implies that s = 3k; 4+ 2. Therefore j = k; which implies

that the choice a * b = ¢ is equivalent to the third equality in the table below.

Table 4.3. Iteration 4.3

la+ (35)m + ()] * [b+ (37)m + (¢)] = [c + (37)m + (5)]
[c+ @i+ m+ ) *[la+ Bj+1Dm+ (4) + 1 =[b+ (3j) + )m + (j)]
b+ Bj+2)m+ ()] *[c+Bj+2)m+ () +1=[a+ 3 +2)m+j+1]

L. o

Therefore b = +2j(3m+1)+2m+1) and ¢ = a+j(3m+1) +2m+ 1. However
since k; = j. Thus we conclude ax[a+2k; (3m—+1)+2m+1)] = a+k(3m+1)+2m+1

generates n/2 distinct entries in the Cayley table. O]

Proposition 31. Ifn =3k + 1 for some k € Z* then 3(n/2) divides (n* —n)

Proof. Let n = 3(2k;+1)+1 = 2(3k;+2); this implies that 3(n/2) = 3(3k;+2) where
ky € ZT. Consider (n?—n) = [2(3k;+2)][2(3k1 +2)] —2(3k1 +2) = 3(3k; +2)(4k1 +2).
Therefore 3(n/2) divides (n? — n).

[

Proposition 32. Ifn = 3k +1, for some k € Z* then 3(n/2) does not divide n* nor
n*—(n/2)

Proof. Assume n? = [(3/2)n|k;and n? — (n)/2 = [(3/2)n]ky for some k, ki, ky € Z7.
This implies that n = (3/2)k; and (n — 1/2) = (3/2)ky. Since n = 3k + 1 then
3k+1 = (3/2)k; and 3k + 1 = (3/2)k2 + (1/2). Therefore ky — 2k = 2/3 and
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ky — 2k = (1/3). Thus both equalities leads to a contradiction since k, k1, ke € Z7.
Thus 3(n/2) does not divide n* nor n? — (n/2).

]

Let’s use the previous propositions to determine ways to fill out row zero for
a m-inverse quasigroup of order 3k 4+ 1 with a long inverse cycle. Once a particular
manner for completing row zero is determined, the next objective is to determine
what entries in row one are missing. Once this information is obtained we decide
if the completion of row one leads to the construction of a Cayley table. In order
to determine how many possible ways we can fill row zero we must determine the
number of missing entries in row zero where the missing entries are characterized as
odd or even. Now the order of @ is n = 3(2k; + 1) + 1. Therefore, there are 3k; + 2
odd and 3k; + 2 even entries in row zero. Recall that the choice 0 x b = ¢ generates
either three odd entries in row zero, one even one odd even entry in row zero or
one even entry in row zero. Let’s again define A,B,C as previously noted. Next we
determine the maximum amount of equalities that can be used from A in order to
complete row zero. By proposition 30, we need the choice a * b = ¢ and the choice
aj * by = ¢; which generates n/2 entries in the Cayley table respectively. Therefore,
since a*[a+2(ki(3m+1)+2m+1)] = a+ k1 (3m+1) +2m + 1 generates n/2 entries
in the Cayley table then 0% [0 +2(k;(3m+ 1) +2m+ 1) =0+ k(3m+1) +2m+1
and 1x[1+2(ki(3m+1)+2m+1)] = 1+ k1 (3m+1)+2m+ 1. This implies that there
are 3k1 + 1 odd missing entries in row one. Now each choice 0% b = ¢ from A generate
3 odd entries in row zero. Therefore, k; is the maximum amount of equalities that
can be utilized from A to complete row zero. The following table shows the number
of equalities derived when 0*b = c is taken from set A, B and B. We designate forms

1 — k; to all possible combinations.
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Table 4.4. Completion of row zero for order 3k + 1

Form | Oxb=c€c A | O0xb=ceC Oxb=ce A
1 k1 1 (ki +2) —1
2 k1 —1 4 (3k1+2)—4
3 ki —2 7 (k1 +2)—7
ki ki —(k1—1) | 3(k1—1)+1 | (3k1 +2) —3(k1 —1)+1

Next we consider if it is possible to fill row zero with equalities that are not
extracted from set A. In view of the fact that there are 3k; +1 odd and 3k, + 2 even
missing entries in row zero we conclude that we need at least one choice from set A

to fill out row zero. Therefore, there are k; possible ways of selecting equalities from

set A,B and C.

4.2.1  3-inverse quasigroups of order 16 with a long inverse cycle

In this section we apply the results from the previous section to prove the
following theorem.

Theorem 6. A 3-inverse quasigroup with a long inverse cycle of order 16 exists.

Proof. Let n = 16 = 3(5) + 1 and m = 3. This implies that 2k; + 1 = 5. Thus
ki = 2. Therefore, there are three ways to complete row 1. Next we will use form
2 to complete row zero. Therefore we must have one equality 0 x b = ¢ € A, four
equalities 0 x b = ¢ € B and four equalities 0 x b = ¢ € C. We also need the choice
a x b = c and the choice a; *x by = ¢; that generates n/2 entries in the Cayley table
respectively. Let 0x6=11,1%x7=12,0x0=3€ A, 0x2=6€ B 0x8=4€ B
0x10=0€ B,0*x12=10€ B,and 0x1=2€ C, 0«3 =14 € C,0%x9 =12 € C and
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0% 11 = 8 € ¢ which leads us to following Cayley table. Thus a 3-inverse quasiqroup
of order 16 with a long inverse cycle exist. The table below gives the Cayley table for

such structure.

Table 4.5. 3-inverse quasigroup of order 16 with a long inverse cycle

* o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
0 3 2 6 14 1 16 11 7 4 12 0 8 10 9 13 5
1 0 8 11 1 6 9 14 12 3 2 4 10 13 15 5 7
211 7 5 4 8 0 3 1 13 9 6 14 2 10 12 11
3 T 9 2 10 13 3 & 11 0 14 5 4 6 12 15 1
4 |14 13 19 7 6 10 2 5 3 15 11 8 0 4 12
5 13 9 11 4 12 15 5 10 13 2 O 7 6 8 14
6 6 14 0 15 3 1 9 8 12 4 7 5 1 13 10 2
T (10 O 3 &5 11 13 6 14 1 7 12 15 4 2 9 8
8§ |12 4 8 0O 2 1 5 13 11 10 14 6 9 7 3 15
9 |11 10 12 2 5 7 13 15 8 O 3 9 14 1 6 4
00(5 1 14 6 10 2 4 3 7 1, 13 12 0 8 11 9
1|18 6 13 12 14 4 7 9 15 1 10 2 5 11 O 3
1213 11 7 3 O 8 12 4 6 5 9 1 15 14 2 10
3/2 5 10 8 1, 14 0 6 9 11 1 3 12 4 7 13
414 12 15 13 9 5 2 10 14 6 8 7 1 3 1 0
519 1 4 7 12 10 1 0 2 8 11 13 3 5 14 6

4.3 M-inverse quasigroups of order 3k + 2 with a long inverse cycle

In this section we investigate the existence of m-inverse quasigroups with a long
inverse cycle of order 3k + 2. The goal of this section is to determine ways to fill out

row zero when n = 3(2k;) + 2 for k; € ZT. Note that proposition 1.1-12.1 still hold.
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Next we introduce the following propositions to assist us with the investigation of

m-inverse quasigroups of order 3k + 2 with a long inverse cycle.

Proposition 33. If (Q,*) is a m-inverse quasigroup with a long inverse cycle of
order n = 3k +2 = 3(2ky) + 2 for some ky € Z* thenax[a+k(3m+1)+m+1] =

a+ 2k (3m +1) 4+ 2m + 1 generates (n/2) distinct entries in the Cayley table.

Proof. Assume the choice a*b = ¢ generates (n)/2 entries in the Cayley table. Recall
from the previous proposition that s = 35+ 1 or s = 35+ 2 and s = (n)/2. This
implies that s = 3k; + 1. Therefore k; = j which implies that a * b = ¢ is equivalent

to the second equality in the table below.

Table 4.6. Iteration 4.6

la+ (3j)m + ()] x [b+ (3))m + (§)] = [c+ (35)m + (j)]
e+ Bj+m~+ ()] x[a+ @Bj+1m+(j) + 1] = [b+ (3)) + Dm + (j)]
b+ Bi+2m+ ()] *[c+@Bj+2)m+(G)+1=[a+Bj+2)m+j+1]

Therefore b = a+j(3m+1)+m+1and ¢ = a+2j(3m+1) = 2m+1. However
ki1 = j. Thus we conclude that axa+k;(3m+1)+m+1=a+2k(3m+1)+2m+1

generates (n)/2 entries in the Cayley table.

Proposition 34. If n = 3k + 2 for some k € Z" then 3(n/2) divides (n? —n/2)

Proof. Let n = 3(2ky) + 2 = 2(3k; + 1); this implies that 3(n/2) = 3(3k; + 1) where
kl € Z+. Consider (712—71/2) = [2(3k1+1)][2(3k1+1)]—(3/€1+1) = 3(3k1+1)<4/€1+1)
Therefore 3(n/2) divides (n? —n/2). O
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Proposition 35. If n = 3k + 2 for some k € Z" then 3(n/2) does not divide n* nor

nQ—n.

Proof. Assume n? = [(3/2)n]k; and n? — n = [(3/2)n]ky for some k, ki, ko € Z7T.

This implies that n = (3/2)k; and n — 1 = (3/2)ky. Thus 3k + 2 = (3/2)k; and

3k +1 = (3/2)ky. Therefore ky — 2k = 4/3 and ko — 2k = (2/3). Thus both equalities

leads to a contradiction since k, ki, ko € ZT. This implies that 3(n/2) does not divide
2

77,2 nor n~ —n.

O

Let n = 3(2k;) + 2 for some k; € Z*. This implies that there are 3k; + 1 odd
entries and 3k; + 1 even entries in row zero. Notice by propositions 34 and 35 that
in order for a m-inverse loop of order 3k + 2 to exist there must exist some choice
a*x b = c that generates n/2 entries in the Cayley table. Let ko = ki (3m + 1) + m.
This implies that 0% (kg + 1) = 2kg+ 1 or 1% [1 + (kg + 1)] = 1+ (2kg + 1). Now
we determine the possible ways to complete row zero. We do this by determining the
maximum amount of equalities from set A that can be used to fill row zero. Since
there are 3k; + 1 odd entries in row zero then the maximum amount of equalities is
k1. The following table shows the number of equalities derived when 0xb = ¢ is taken

from set A, B and B. We designate forms 1 — 2k; to all possible combinations.

Table 4.7. Completion of row zero for order 3k + 2

Form | O0xb=cc A | 0xb=ceC O0xb=ceC
1 k1 0 3k +1

2 ey 1 Bk +1)—1
3 k1—1 3 (B3k1+1)—3
4 fy — 1 4 (3ky +1)—4

21 | ky—(ky—1) | 3(k—1)
2%y | ki—(ky—1) | 3k —1)+1

(3k1 +1) — (3(k1 — 1))
(3k1 +2) — 3(ky — 1) + 1




Note that the previous table only displays the forms that consist of the choices
0xb=ce A However if 1 % [1+ (ko + 1)] = 1+ (2ko + 1) then there are 3k; + 1 odd
and 3k; + 1 even missing entries. Hence the final form consists of 3k; + 1 equalities

0% b= c € B. Therefore, there are 2k; 4+ 1 possible ways to complete row zero.

4.3.1 T7-inverse quasigroups of order 20 with a long inverse cycle

In this section we apply the results from the previous section to prove the
following theorem.

Theorem 7. A 7-inverse quasigroup with a long inverse cycle of order 20 exists.

Proof. Since n = 20 = 3(6)+2 and m = 7 then we have 2k; = 6. Therefore, there are
7 possible ways to select equalities for set A,B and C to complete row zero. Let’s use
form 2k; from table 4.6 to complete row zero. This implies that we need one equality
0xb =c € A, seven equalities 0 x b = ¢ € B and three equalities 0 x b = ¢ € C.
Also we need the choice a x b = ¢ that generates n/2 entries in the Cayley table.
Therefore, if we choose 0 x0=3€ A, 0x2=2€ B,0x6=4€ B,0x8 =10 € B,
0x10=6€ B0x12=18€ B,0x14=8€¢ B,0x16=0¢€ B,0x9 =14 € C,
0x11 =12 € C and 0% 13 = 16 € C. These choices leads us to the following Cayley

table. Thus a 7-inverse quasiqroup of order 20 with a long inverse cycle exists.
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Table 4.8. 7-inverse quasigroup of order 20 with a long inverse cycle

* 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
0 3 19 2 13 1 5 4 9 10 14 6 12 18 16 8 7 0 11 17 15
1 1 10 17 11 15 9 18 13 16 4 o0 2 19 12 7 &8 &5 14 3 6
2 19 17 5 1 4 15 3 7 1 12 16 8 14 0 18 10 9 2 13
3 5 8 3 12 19 13 17 11 0 15 18 6 2 4 1 14 9 10 7 16
4 4 15 1 19 7 3 6 1 5 9 8 13 14 18 10 16 2 0 12 11
) 9 18 7 10 5 14 1 15 19 13 2 1r 0 8 4 6 3 16 11 12
6 14 13 6 17 3 19 5 8 19 7 11 10 15 16 0 12 18 4 2
7T |13 14 112 0 9 12 7 16 3 17 1 15 4 19 2 10 6 8 5 18
8 6 4 16 1 8 19 5 3 1 7 10 1 9 13 12 17 18 2 14 0
9 v 0 15 16 13 2 11 14 9 18 5 19 3 17 6 1 4 12 8 10
w116 2 8 6 18 17 10 1 T 5 13 9 12 3 11 15 14 19 0 4
1110 12 9 2 17 18 1 4 13 16 11 0 7 1 5 19 8 3 6 14
22 6 18 4 10 8 0 19 12 3 9 7 15 11 14 5 13 17 16 1
3(8 16 12 14 11 4 19 0 17 6 15 18 13 2 9 3 7 1 10 )
4118 3 4 8 0 6 12 10 2 1 14 5 11 9 17 13 16 7 15 19
15112 7 10 18 14 16 13 6 1 2 19 8 1vr 0 15 4 11 5 9 3
16 | 17 1 o 5 6 10 2 8 14 12 4 3 16 7 13 11 19 15 18 9
1711 5 14 9 12 0 16 18 1 8 3 4 1 10 19 2 17 6 13 7
(0 11 19 3 2 v 8§ 12 4 10 16 14 6 5 18 9 15 13 1 17
9/15 9 13 7 16 11 14 2 18 0 1vr 10 5 6 3 12 1 4 19 8

4.4  M-inverse quasigroups of order 3k with a long inverse cycle

In this section we investigate the existence of m-inverse quasigroups with a long
inverse cycle of order 3k. The goal of this section is to determine ways to fill out
row zero when n = 3(2k;) for k; € Z*. Let’s introduce the following propositions
to assist us with the investigation of m-inverse quasigroups of order 3k with a long

inverse cycle.

Proposition 36. If n = 3k for some k € ZT then 3(n/2) does not divide [n* — n)|

nor [n* — (n/2)].
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Proof. Assume that n?—n = [(3/2)n]k; and n® —n/2 = [(3/2)n]k, for some k, ky, ky €
Z*. This implies that n — 1 = (3/2)k; and n — 1/2 = (3/2)ky. Since n = 3k
then 3k = (3/2)k; + 1 and 3k = (3/2)ks + (1/2). Therefore 2k — k; = 2/3 and
2k — ko = (1/3). Thus both equalities leads to a contradiction since k, ky, ks € Z7.

This implies that 3(n/2) does not divide [(n* — n)] nor [n? — (n/2)].

[
Proposition 37. If n = 3k for some k € Z" then 3(n/2) divides n®.
Proof. Let n = 3(2ky) k; € Z*; this implies that 3(n/2) = 3(3k;) and n® =
(3(2k1))(3(2k1)) = 3(3k1)(4k1). Therefore, 3(n/2) divides n?. O

Next we assume that (@Q,x*) is a m-inverse quasigroup of order order 3(2k;)
with a long inverse cycle. Therefore, there are 3k; even and 3k; odd missing entries
in each row. Also we are not given any entries in the Cayley table therefore there
are n? missing entries. Recall that the set A contains all the choices 0 * b = ¢ that
generates three odd entries in row zero. Therefore, the maximum amount of equalities
that can be used from set A is again k;. Also from propositions 36 and 37 we discover
that each choice a x b = ¢ must generate 3(n/2) entries in the Cayley table. The
following table shows the number of equalities derived where 0 * b = ¢ is taken from

set A, B and B. We designate forms 1 — k; to all possible combinations.

Table 4.9. Completion of row zero for order 3k

Form | Oxb=cc A | O0xb=cec C O0xb=cec A

1 kl 0 3k1
2 k—1 3 (3k1 — 3
3 ki —2 6 (3ky — 6

B k= (b —1) | 3(ki—1) | 3k — 30k —1)




Note that the previous table displays the equalities derived where 0 x b = ¢ is
taken from set A, B and C'. Since there are 3k; odd and 3k; even missing entries.
We also have the form that consist of 3k; choices 0 % b = ¢ € B. Therefore, there are

k1 + 1 possible ways of selecting equalities from set A,B and C.

4.4.1 3-inverse quasigroups of order 12 with a long inverse cycle

In this section we apply the results from the previous section to prove the

following theorem.

Theorem 8. A 3-inverse quasigroup with a long inverse cycle of order 12 does not

exists.

Proof. Let n = 12. This implies that the arithmetic is modulo 12; also m = 3 and
Q =1{0,1,...11}. Let’s assume by way of contradiction that a 3-inverse quasigroup of
order 12 with a long inverse cycle exists. Therefore, we need 144 entries to complete
the Cayley table and each row is missing six odds and six even entries. Note that
if we choose 0 xb = ¢ € A then the choice 0 x b = ¢ generates one of the following
sets of entries in row zero: {1,3,9}, {1,5,7} or {5,9,11}. Also note that if the choice
0xb = ¢ generates the entries {1, 3,9} or {1, 5,7} in row zero then b = 0. If the choice
1x h = k where h is odd, generates three entries in row one then the choice 1 xh =k
generates the entries {2,4,10}, {2,6,8 } or {0,6,10} in row one. Note that if the

choice 1 % h = k generates the entries {2, 4,10} or {2,6,8} in row one then h = 1.

Recapping, n = 3(4) where k; = 2. This implies there are 3 forms that can
be used to fill row zero. Let’s consider the first form which consist of two choices
0*xb =c € A and six choices 0 *x b = ¢ € C. However this form will not lead to

the construction of a Cayley table since the choices 0 x b = ¢ € A generates 1,3,9 or
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5,9,11. Since these sets are not disjoint it is impossible to have two choices from set
A. Next Let’s consider form k; + 1 which consist of six choices 0 b = ¢ € C. Recall
that each choice 0% b = ¢ € B generates 3(n/2) = 18 entries in the Cayley table and
one odd entry in row one. This implies that by filling row zero we obtain 108 of 144
missing entries for the Cayley table where 6 of the 108 entries are odd entries in row
one. Therefore, there are 36 even entries missing in the Cayley table 6 of which are
missing for row one. Recall that each choice a * b = ¢ generates 18 entries in the
Cayley table. This implies that in order to complete the Cayley table we need two
choices 1 % h = k the generates three even entries respectively in row one. Note that
h is odd since we have established that after row zero is filled all the even columns
are also filled. However if the choice 1 x h = k generates 18 entries in the Cayley
table where h is odd then 1% h = k generates the entries 2,4, 10, 2,6,8 or 0,6, 10 in
row one. Notice that these sets are not disjoint. Therefore, it is impossible to have
two equalities 1 * h = k that generates 3 entries in row one after row zero is filled.
Let’s consider form 2 which consists of one equality 0 x b = ¢ € C', three equalities
0% b = c € B and three equalities 0 *x b = ¢ € C. This implies that after row zero
is filled we obtain 126 of 144 missing entries for the Cayley table. Now each choice
0% b = c € B generates one odd entry in row one. The choice 0 xb = ¢ € C' generates
one odd entry and one even entry in row one. Therefore 9 of 126 entries are inputted
in row one where 6 are odd and 3 are even. Thus, we need three odd entries to fill
row one. This leads us to the following 9 cases to determine if form 2 leads to the

construction of a Cayley table.

1. Let the choice 0 x b = ¢ € A generate the entries 1,3,9 in row zero and the

choice 1%z = y generate the entries 2,4, 10 in row one. Note z is odd and y is even.
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2. Let the choice 0 x b = ¢ € A generate the entries 1, 3,9 in row zero and the

choice 1 * x = y generate the entries 2,6, 8 in row one.

3. Let the choice 0 x b = ¢ € A generate the entries 1, 3,9 in row zero and the

choice 1xx = y generate the entries 0, 6, 10 in row one. 4. Let the choice O0xb=c e A

generate the entries 1,5, 7 in row zero and the choice 1 x x = y generate the entries

2,4,10 in row one.

5. Let the choice 0 x b = ¢ € A generate the entries 1,5,7 in row zero and the

choice 1 x x = y generate the entries 2,6, 8 in row one.

6. Let the choice 0 x b = ¢ € A generate the entries 1,5,7 in row zero and the

choice 1 % x = y generate the entries 0,6, 10 in row one.

7. Let the choice 0 * b = ¢ € A generate the entries 5,9, 11 in row zero and the

choice 1 % x = y generate the entries 2,4, 10 in row one.

8. Let the choice 0 % b = ¢ € A generate the entries 5,9, 11 in row zero and the

choice 1 * x = y generate the entries 2,6, 8 in row one.

9.Let the choice 0 x b = ¢ € A generate the entries 5,9,11 in row zero and the

choice 1 * x = y generate the entries 0,6, 10 in row one.

We only show case 1 since all other cases are handled similarly and lead to the

same conclusion.

Assume 0 x b = ¢ € A generates the entries 1,3,9 in row zero and 1 xz = y
generates the entries 2,4, 10 in row one. This implies that the choice 0 xb=c € B
must generate the entry 5,7 or 11 in row zero. The choice 0xb = ¢ € C' must generate

the entry 0,6 or 8 in row one. Next we determine the value to which b is congruent
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to when the choice 0 % b = ¢ generates the entry 5, 7 or 11 in row zero. Consider the

following table:

Table 4.10. Iteration 4.10

[a+7iBm+1)]x[b+jBm+1)] =[c+ j(B3m+1)]
c+iBm+1)+m]*[a+jBm+1)+ (m+1]) =[Db+jiBm+ 1)+ m]
b+iBm+1)+2ml*xjc+jBm+1)+ (2m+1)] =[a+jiBm+1)+ (2m+1)]

First we determine to which value b is congruent to when the choice 0xb = c € B
generates the entry 5 in row zero. Now in order to generate the entry 5 in row zero
we must have [b+ j(3m +1)+2m| =0 and [a+ j(3m + 1) + (2m + 1) = 5. Since
m = 3 and a = 0 then b+ 105 + 6 = 0 and 105 + 7 = 5. Therefore b + 4 = 0.
Thus b = 8. We then determine to which value b is congruent to when the choice
0% b = c € B generates the entry 7 in row zero. This implies b + 107 + 6 = 0 and
105 + 7 = 7. Therefore b+ 6 = 0. Thus b = 6. Lastly we determine to which value
b is congruent to when the choice 0 x b = ¢ € B generates the entry 11 in row zero.
This implies b+ 107 + 6 = 0 and 10j + 7 = 11. Therefore b + 10 = 0. Thus b = 2.
Now from the previous statements the choice 0 x 8 = ¢ generates the entry 5 in row
zero since 0 * ¢+ 5 = 5. The choice 0 * 6 = ¢; generates the entry 7 in row zero since
0% cy+7=7. And the choice 0 x 2 = ¢y generates the entry 11 in row zero since

Oxcog+11=11.

Now we determine to which value ¢ is congruent to when the 0 xb = ¢ € C
generates the entry 0,6, or 8 in row one. First we determine to which value c is
congruent to when the choice 0 % b = ¢ € C' generates the entry 0 in row one. This

implies that ¢+ 1057 +3 = 1 and b+ 105 + 3 = 0. Therefore, ¢ = b+ 1. Next we
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determine to which value c is congruent to when the choice 0xb = ¢ € C' generates the
entry 6 in row one. This implies that c+ 105743 =1 and b+ 105 4+ 3 = 6. Therefore,
¢ = b+ 7. Finally we determine to which value ¢ is congruent to when the choice
0% b = c € C generates the entry 8 in row one. This implies that ¢+ 107 4+ 3 = 1 and
b+ 105 + 3 = 8. Therefore, ¢ = b+ 5. Thus the choice 0 % c3 = c3 + 1 generates the
entry 0 in row one, the choice 0 * ¢4 = ¢4 + 7 generates the entry 6 in row one, and
the choice 0 % c5 = ¢5 + b generates the entry 8 in row one. Therefore if (Q, %) is a
3-inverse quasigroup of order 12 such that the choice 0 x b = ¢ generates the entries
1,3,9 in row zero and the choice 1 * x = y generates the entry 0,6 or 8 in row one

then the following set of equalities must hold.

Table 4.11. Iteration 4.11

0x8=c
Oxc+5=5
0%x6=c¢
Oxcy +7=7
O0%x2=cy
Oxcp+11 =11
0*63203+1
Oxcyg=ca+ 7
Oxcs =c5+5

Note that the proof for any applicable value of ¢ where 0 * 8 = ¢ is similar to
the proof that will be given below. Therefore we will only show the case when ¢ = 2.
The goal of this proof is to determine if the previous equalities hold can we construct
a Cayley table associated with (). Recall that 0x8 = ¢, 0% 6 = ¢, and 0% 2 = ¢y

are from set B and O%xc3 =c3+1,0%xcy = ¢4+ 7, 0% c5 = ¢c5 + 5 are from set C.
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Therefore, ¢, c1, ¢3, c3 + 1, ¢4 + 7, and ¢5 + 5 are even and ¢; are odd for ¢ = 3,4, 5.
Now the table below displays the possible choices for an entry in the Cayley table .

For example since 0 * 8 = ¢ then the table shows that 0«8 = ¢ =10, 2,4, 6,8 or 10.

Table 4.12. Equalities 4.12

c= 0124168110
= 0124168110
Coy = 0124168110
cs+1=10]2[4]6]8|10
c,+7=1012]4]6 8|10
cs+5=10]214]6|8]10

Let ¢ = 2; this implies that 0 * 8 = 2 and 0« 7 = 5. Recall that ¢, ¢y,co,c3 + 1,
cy + 5, and c5 + 7 are even and ¢; are odd for ¢ = 3,4,5. Therefore, ¢, o, c3 + 1,
¢4+ 5, c5+5 cannot equal 2; and ¢; # 7 for i = 3,4,5. Thus ¢y 0, co Z8, c3+1 # 8§,
e, +7#2and ¢5 +5 % 0. Moreover 6 — ¢y # and 2 — ¢y £ 8 — 2 since 0 % 8 = ¢,
0%x6 = ¢, and 0 % 2 = ¢y are from set B. Therefore, the remaining choices for ¢y,

c3+ 1, cy +5, and ¢5 + 7 are listed below.

Table 4.13. Equalities 4.13

= 416|810
cy = 0 416 10
cs+1=10 416 10
ca+7=10 61810
cs+5= 416|810
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Notice from the previous table if 0 * 8 =2 then 0x6 =4, 0%x6 =6, 0%x6 =8

and 0 %6 = 10.
Case 1la

Let 0% 6 = 4; this implies that 0% 11 = 7. Therefore ¢o, c3+ 1,c4+ 7 and ¢35+ 5
cannot equal to 4. Also ¢; cannot be congruent to 11 for ¢ = 3,4,5 and 2 — ¢y # 2.

Therefore, the remaining choices for ¢y, ¢34+ 1, ¢4 + 5, and c5 + 7 are as listed below.

Table 4.14. Equalities 4.14

Cop = 6 10
cs+1= 6 10
et +7=10 8 110
cs + 5= 68110

Observe that if 0«8 =2 and 0% 6 = 4 then ¢y = 6 or ¢; = 10. Let ¢y = 6. This
implies that 0«5 = 11 and 0x5 = 7. However if 0%x5 = 7 then 0% 5 # 7. Let ¢ = 10.
This implies that 0 x5 =6 and 0 *5 = 0. However if 0 x5 = 6 then 0 % 5 # 0. Thus
06 # 4.

Case 1b

Next let ¢; = 6; this implies that 0 x 6 = 6 and 0 x 1 = 7. Therefore we obtain

the following table.
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Table 4.15. Equalities 4.15

Cy = 0 4 10
cs+1=10 4 10
C4+7: 0 10
s+ 0= 4 8110

The choices for ¢4, +7=0o0r ¢4, +7 =10. Let ¢4, +7 = 0. This implies 0%x2 =4
or 02 =10. Let 0% 2 = 4. This implies that 0«3 =11, and 03 =8. [f 0x3 =11
then 0 % 3 # 8. Therefore 0 % 2 # 4. Let 0% 2 = 10. This implies that 0% 3 = 4 and
0x3=28. If 03 =8 then 0x*3 # 4. Therefore 0 * 2 # 10. Thus we conclude that
cy +7#0. Let ¢4 +7 =10. This implies 02 =4 0or 0%2 =0. Let 0% 2 = 4. This
implies that 0 * 3 = 11 and 0«3 = 10. If 0«3 = 10 then 0 % 3 # 11 . Therefore
0x2#4. Let 0% 2 =0. This implies that 0% 3 =10 and 0 x 3 = 4. If 0% 3 = 4 then
0% 3 #£ 10 . Therefore 0 % 2 # 0. Thus we conclude that 0 * 6 # 6.

Case 1c

Next let ¢; = 8. This implies that 0«6 = 8 and 0 * 3 = 7. Therefore we obtain

the following table.

Table 4.16. Equalities 4.16

Co = 0 6 10
cs+1=10 6 10
C4+7: 0 6

cs+5= 416 10
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Notice that the choices for ¢, + 7 are 0 and 6. Let ¢4 +7 = 0. This implies that
O0x2=06o0or 0%x2=10. Let 0% 2 = 6. This implies that 0 x5 =0 and 0% 5 = 11
which is a contradiction. Therefore 0 %2 # 6. If 0 % 2 = 10 then we get 0 x5 = 0 and
05 = 6 which is again a contradiction. Therefore 0*2 # 10. Thus we conclude that
cy +7#0. Let ¢4 +7 = 6. This implies that 0x2 =0 or 0 %2 = 10. Let 0% 2 = 0.
This leads to the contradictory statements 0« 11 = 11 and 0 % 11 = 6. Therefore
0%2 # 0. Let 0«2 = 10. the choice again leads to contradictory statements 0«11 = 6
and 0% 11 = 0. Therefore 0 * 2 £ 10. Thus we conclude that ¢4, + 7 # 6. Hence both

choices for ¢4 4+ 7 leads to a contradiction. Therefore 0 x 6 # 8.
Case 1d

Next let ¢; = 10; this implies that 06 = 10 and 0% 5 = 7. Therefore we obtain

the following table.

Table 4.17. Equalities 4.17

Cy = 0 4
cs+1=10 4
C4+7: 6|8
cs+5H= 4168

Notice the choices for ¢, are 0 and 4. Let ¢ = 0. This implies that 0 x 2 = 0.
Therefore 0 x 11 = 11, 0x3 =4 and ¢y, +7=6o0orcy +7 =8 . Let ¢4 +7 = 6.
This implies that 0« 11 = 6. If 0% 11 = 6 and 0% 11 # 11. Thus ¢4 + 7 # 6. Let
¢4+ 7 = 8. This implies that 0x11 = 6. If 0x11 = 6 then 0% 11 # 11. Thus ¢4 +7 # 8.
Therefore, we conclude that ¢y £ 0. Let ¢ = 4 This implies that 0% 2 = 4. Therefore
0x3=11,0%x11=0and ¢4, +7=6o0rcy+7=8. Let ¢4, +7 = 6. This implies that
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0%11 =6. However 0x 11 A0 if 0% 11 = 6. Thus ¢4 + 7 # 6. Let ¢4 + 7 = 8. This
implies that 0 x 11 = 6. If 0 % 11 = 6 then 0% 11 # 0 . Thus ¢4 + 7 # 8. Therefore,
we conclude that co # 4. Furthermore 0 % 6 # 10. In conclusion, since 0 x 6 # 4,
0%x6 #6,0%x6 # 8 or 0*6 # 10. This implies that 0% 8 # 2. Since the proof for
each case and any applicable choice for 0 x 8 = ¢ lead to a contradiction we conclude

that a 3-inverse quasigroup of order 12 with a long inverse cycle does not exist when

(n/2)(3m +1) =0.
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CHAPTER 5
Conclusion

5.1 Conclusion

Finite inverse loops and quasigroups with long inverse cycles have applications
in cryptography as shown by Keedwell.[3] The existence of such structures for some
specific orders has been studied extensively by Keedwell[3] and Scherbacov.[5] With
our research we continued the investigation of the possible orders for which such

structures exist.

In Chapter 2 we started our study by looking at order 9 loops with a long inverse
cycle, as well as the quasigroups of order 8 with a long inverse cycle. More specifically
we studied the existence of the following algebraic structures: (i) 3 and 7- inverse
loops with a long inverse cycle of order 9, and (ii) 3 and 7 inverse quasigroups with a
long inverse cycle of order 8. We approached our investigation of such structures by
looking at which products 0 % b = ¢ would lead to the construction of a Cayley table.
After providing the basic definition of m-inverse loops and quasigroups we proved the
following.

Theorem 1. A 3 or 7- inverse loop with a long inverse cycle does not exist.

Theorem 2. A 3 or 7- inverse quasigroup with a long inverse cycle does not

exist.

In Chapters 3 and 4 we generalized the work from Chapter 2 to order 3k, 3k +1
and 3k + 2. More specifically in Chapter 3 we studied the existence of m-inverse

loops with a long inverse cycle of order 3k and 3k + 2. Notice the existence for order
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3k + 1 was studied by Keedwell in.[1] We showed the different ways to fill out row
zero for each particular order and after this information was provided we proved the
following:

Theorem 3. A 1l-inverse loop with a long inverse cycle of order 11 does not
exist.

Theorem 4. A l-inverse loop with a long inverse cycle of order 15 does not
exist.

In chapter 4 we studied the existence of m-inverse quasigroups with a long
inverse cycle of order 3k, 3k + 1 and 3k + 2. We again showed the different ways to
fill out row zero for each particular order and after this information was provided we
proved the following:

Theorem 5. A 3-inverse quasigroup with a long inverse cycle of order 16 exists.

Theorem 6. A 7-inverse quasigroup with a long inverse cycle of order 20 exists.

Theorem 7. A 3-inverse quasigroup with a long inverse cycle of order 12 does
not exist.

Notice that our work, together with previous work of Keedwell, completely
answers the question of the existence of finite m-inverse loops and quasigroups with

a long inverse cycle for all orders.
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