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Abstract

The combination therapy of antiviral peg-interferon and ribavirin has evolved as one of the better treat-

ments for Hepatitis-C. In spite of its success in controlling Hepatitis-C infection, it has also been associated

with treatment-related adverse side effects. The most common and life threatening among them is hemolytic

anemia, necessitating dose reduction or therapy cessation. The presence of this side effect leads to a trade-

off between continuing the treatment and exacerbating the side-effects versus decreasing dosage to relieve

severe side-effects while allowing the disease to progress. The drug epoietin (epoetin) is often administered

to stimulate the production of red blood cells (RBC) in the bone marrow, in order to allow treatment with-

out anemia. This paper uses mathematical models to study the effect of combination therapy in light of
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anemia. In order to achieve this we introduce RBC concentration and amount of drug in the body as state

variables in the usual immunological virus infection model. Analysis of this model provides a quantification

of the amount of drug a body can tolerate without succumbing to hemolytic anemia. Indirect estimation of

parameters allow us to calculate the necessary increment in RBC production to be ≥ 2.3 times the patient’s

original RBC production rate to sustain the entire course of treatment without encountering anemia in a

sensitive patient.

Key words: Hepatitis-C, HCV, ribavirin, interferon, epoietin, anemia, hemolytic anemia, mathematical

modeling.

Abbreviations: HCV, Hepatitis C, RBV, Ribavirin, peg-IFN, pegylated interferon, RBC, red blood cells,
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1. Introduction

About one hundred and seventy million people live with Hepatitis C virus (HCV) infection world-wide

[1]. Currently, there is no vaccine for HCV infection. The major mode of transmission of HCV is by

exposure to infected blood. Sexual and vertical transmission of HCV has been reported; however, it is rare

[2]. Hepatitis C (Hep-C) causes chronic diseases of the liver like cirrhosis and hepatocellular carcinoma [3].

The HCV infects hepatocytes which form a major portion of the cytoplasmic mass of the liver. Although

HCV predominantly replicates in hepatocytes, traces of it have been detected in other cell types [4, 5].

Some patients with Hep-C infection will naturally clear the virus without medical intervention. However,

a major proportion of HCV infected individuals develop chronic HCV infection in which the body’s immune

system does not naturally clear the virus. About 55 to 85% of HCV patients do not clear the virus themselves

and develop chronic Hep-C infection [2]. The progression to chronic-stage HCV infection is a result of weak

immune response against HCV (reviewed in [6]). Currently, the standard protocol for the treatment of Hep-C

involves two antiviral drugs, Interferon-α (IFN) and ribavirin (RBV), given in combination [7, 8]. It has

been clinically observed that the combination of RBV and IFN demonstrates a synergistic pharmacological

effect. That is to say, the treatment efficacy of this combination therapy goes well beyond the efficacies of

the individual treatments added together [1]. Although the exact mechanism of the action of either of these

drugs in treatment of Hep-C infection is not clear, direct antiviral, antiproliferative, and immunomodulatory

activities of IFN are well known [1]. In the case of RBV, many scientists seem to favor its immunomodulatory
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action as an explanation of its efficacy in HCV treatment; however, its role as a viral RNA mutagen cannot

be ignored, as discussed in Lau et al. and references therein [1]. Hep-C patients receive weekly injections of

IFN and take RBV pills daily for the period of treatment [8]. If a patient does not show traces of Hep-C

viral load in the body after six months of therapy cessation, the patient is said to have achieved Sustained

Virological Response (SVR), implying clinically cured. The goal of this treatment is to lower the viral load

and eventually achieve SVR. If SVR is not achieved, a patient is considered a chronic Hep-C patient. The

rate of achievement of SVR in Hep-C patients varies according to the genotype of the particular infecting

virus. The treatment for genotype 1 and 4 are usually carried out for 48 weeks and that for genotype 2 and

3 typically lasts for 24 weeks with lesser dosing of RBV [9]. Under this treatment, SVR rates of 46 percent

are observed in patients with HCV genotype 1, whereas 76 percent and 82 percent of patients with HCV

genotypes 2 or 3 achieve SVR [10].

In spite of being a sufficiently successful treatment for Hep-C infection, there are several negative side

effects of the treatment ranging from flu-like symptoms and anemia to temporary disability and depression,

which is a major cause for concern among medical practitioners. The most common and alarming side effect

of IFN and RBV combination therapy is reversible hemolytic anemia necessitating dose reduction or complete

cessation of RBV in many patients [11]. The RBV induces excessive hemolysis, that is, the breakdown of

red blood cells (RBC) and release of hemoglobin into the surrounding blood plasma. The body’s ability to

produce RBC at a faster rate to compensate for this excessive loss is stunted by the simultaneous bone-

marrow suppressing effect of IFN [10]. The adjective ’reversible’ signifies the fact that in most cases, the

RBC count gets back to normal levels once the treatment is stopped. To combat the situation, doctors

often prescribe a third drug, epoietin-α (EPO), which acts like the hormone erythropoietin and facilitates

RBC production in the bone marrow [10]. Epoietin (also spelled epoetin) is observed to be quite efficient

at reversing RBV-induced anemia in most patients. According to Sulkowski [10], success of the combination

therapy with IFN and RBV is contingent on maintaining adequate doses of both drugs throughout the

treatment period. The occurrence of side effects leads to a trade-off between continuing the treatment with

optimal dosage to clear the virus and exacerbating the side effects versus decreasing dosage to relieve severe

anemia, while reducing the chances of achieving SVR. With this in mind, we use mathematical modeling

to estimate the EPO-induced increase in RBC production necessary for a patient to be able to undergo the

complete course of the combination therapy without suffering from acute anemia.

The anti-anemic drug EPO is known to be well tolerated among HCV patients. However, increase in
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RBC production by more than a factor of 4 within 2 weeks should be avoided, and EPO does not increase

RBC production without bounds for all patients [12]. Certain EPO-initiated side effects like pure red-cell

aplasia due to presence of anti-erythropoietin antibodies has been observed in some patients with chronic

renal failure [13, 10]. Thus dosing only sufficient EPO is desirable.

In the context of Hep-C, mathematical modeling has been extensively used to determine the efficacy of

IFN as monotherapy and in combination with RBV [7, 14]. Differences in response depending on genotype

[15], and the concept of early virological response (EVR) to estimate possibility of achieving SVR [16] have

been reinforced with mathematical models. Viral and drug kinetics studies using mathematical models have

shed light on the understanding of this virus and its treatment in several directions [17]. All these studies

have contributed enormously to the improvement of the treatment procedure that doctors presently apply

to patients. We further this effort to develop mathematical methodologies that can be used to estimate the

necessary usage of EPO to help an HCV patient to sustain the antiviral treatment.

We construct a set of coupled five ordinary differential equations where the first three represent uninfected

target hepatocytes, infected hepatocytes and free virions based on the first model of Neumann et al.[18]. To

that we incorporate the side effect of hemolytic anemia by considering the RBC concentration as a separate

state variable and also the amount of drug in the body as a dynamic quantity rather than a constant

parameter.

We focus on the interaction of the RBC level and amount of drug with the goal of finding an optimal

drug treatment regimen to minimize the severity of anemia while still obtaining SVR. Using the first three

equations we determine the minimum amount of drug necessary for the patient to achieve SVR. Then, we

mathematically replicate a hypothetical situation with a sensitive Hep-C patient under combination therapy

who starts taking the regular dosage prescribed by the doctors depending on body weight. Here, ’sensitive’

means that the patient has a history of encountering hemolytic anemia when on this treatment. During

treatment the patient’s RBC concentration is monitored, and his dosage adjusted accordingly. From this

process we calculate the amount of drug the patient can handle without hitting anemia. Then we introduce

the effect of EPO in the equations, i.e., increase the RBC production by a factor of the patient’s original

RBC production level, to let the patient intake greater amounts of drug in the body while maintaining a

healthy RBC concentration. This allows us to calculate the EPO-induced increment in RBC production

necessary to let the patient sustain at least the minimum amount of drug to achieve SVR for the necessary

period of time. A schematic representation of the usual scenario can be seen in Figure 1. Analytic and
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Figure 1: Schematic representation of sensitivity of RBC concentration in the body and viral load to the amount of drug in
the body. The bold grey curve represents the RBC concentration in the patient which decreases as the amount of drug in the
body increases. RI is the initial RBC concentration of the patient when no drug is present and RA is the RBC concentration
at anemia. The black curve represents the viral load which also decreases as the amount of drug in the body increases. C∗

is the amount of drug in the body when the RBC concentration reaches equilibrium. CA is the amount of drug that causes
anemia and CSV R is the minimum amount of drug required by the body to achieve SVR. C∗, CA, CSV R are calculated from
the model. A clinical problem occurs when the drug amount CSV R is much higher than CA. Our goal is to use EPO to boost
the RBC production to make CA greater than CSV R. The grey dotted line represents the expected effect of EPO which keeps
the RBC concentration at a healthy level even at higher doses of combination drugs. Further discussion of the drug related
quantities can be found in Section 3.3.

numerical methods facilitate evaluation of several dosing regimens.

In Section 2, we introduce our model and its parameters; in Section 3 we analyze the model and calculate

different reproductive numbers for HCV with and without treatment under varying assumptions. In Section

4 we discuss the estimation of parameters and establish the results of our analytic work numerically. In

addition, critical drug amounts are numerically calculated for the system and the results of simulations are

shown.

2. Model

Our model is an extension and modification of that used by Neumann et al. [18] which includes the state

variables T (t), target healthy hepatocytes; I(t), infected hepatocytes; and V (t), the viral load of free HCV.

In order to focus on the interplay between the drugs and the RBC concentration in an HCV patient, we

introduce two further state variables, R(t) for the RBC concentration in the body and C(t) for the amount

of drug (IFN and RBV) in the body. (Note that C(t) represents the total amount of drug in the body at
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time t and not the concentration or dosage at time t.) We define t = 0 to correspond to the beginning of

treatment. Figure 2 illustrates the key elements of the model and their interactions (labeled by parameters).

Figure 2: Compartmental Model

The model equations are:

dT

dt
= sT − dTT −

α

α+ C
βTV (1)

dI

dt
=

α

α+ C
βTV − dII (2)

dV

dt
= p

k

k + C
I − θCV − dV V (3)

dR

dt
= sR − dRR− τCR (4)

dC

dt
= ∆(R)− hC (5)

where

∆(R) = λ
R2

a2 +R2
.

We begin by considering the drug-RBC interplay which is independent of the HCV within-host dynamics.

We assume that the RBC concentration in the body (R, measured in cells mL−1) is affected by three factors:

the natural rate of RBC production in the bone marrow, which we denote by the constant sR; natural cell
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mortality, which occurs at a rate dR; and additional mortality induced by the presence of antiviral drugs in

the body. Since this last rate is proportional to the amount of drug in the body, we model it with a mass

action term τRC, where τ is the rate constant.

The amount of drug C in the body, measured in mg, changes continuously over time in response to two

factors: the drug dosage (in mg day−1), denoted by ∆(R), and the body’s ability to clear the drugs from

the body at a rate h per day. A typical HCV patient is initially prescribed a dosage of IFN and RBV, based

on his/her body weight. The daily RBV dosage is around 1000–1200 mg, and the IFN dosage is 0.1 µg

kg−1 week−1, which is orders of magnitude lower in quantity. Although the pharmacokinetics and possibly

modes of action of IFN and RBV are different, the mechanism of action of each of the drugs individually

has not been firmly established, leaving the exact nature of their synergy even less confirmed [1]. Thus, for

simplicity, rather than modeling the amount of each drug separately we consider the amount of drug C to

be the quantity of RBV since that is the drug which has the major effect on RBC levels and is reduced to

half upon encountering anemia. However, we consider the efficacy of the drug to be that of the combination

IFN-RBV therapy, since that is what affects the viral load.

We consider the dosage as a function of the RBC concentration, since in this scenario the goal is to avoid

anemia caused by HCV therapy. If a patient encounters anemia at any point during the course of the therapy,

doctors reduce the dosage of RBV to half, which increases the chances of unsuccessful achievement of SVR

[10]. We are interested in finding out the maximum amount of drug a patient can take without encountering

anemia. Thus, instead of waiting for the patient to hit anemia and then reducing the dosage to half we

will consider the following hypothetical situation to construct our dosing term, ∆(R), in the dC
dt equation.

Suppose a Hep-C patient on combination drug therapy undergoes RBC concentration monitoring followed

by a continuous reduction in the relative dose. Studying this correlation we can calculate the amount of

drug in the body which keeps the RBC concentration at a healthy equilibrium. We first construct ∆(R),

the dosage term as a function of RBC concentration, R. In reality, the dosage given by a doctor is best

approximated by a RBC concentration dependent step function

∆(R) =

 λ R > RA

λ
2 R ≤ RA

where λ is the initially prescribed dose and RA is the RBC concentration at anemia. However, in order

to facilitate model analysis, here we construct a continuous function for our virtual dosing regimen to
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approximate the actual step function, according to the following properties:

1. it should be a strictly increasing function of R,

2. at time t = 0, ∆(R) should equal the value of initial dosage λ prescribed by the doctor, and

3. when the RBC concentration reaches anemic levels (R = RA) ∆(R) should be reduced to half the

original dosage, λ
2 .

It can be noted that the function λ R2

a2+R2 with its unique inflection point fits into criterion 1) very well.

Using conditions 2) and 3) we calculate the constants λ and a in the numerical section. It is easy to note

that λ is the maximum possible dosage that can be theoretically administered. However, we never actually

attain that, since as soon as we start treatment, the RBC concentration decreases, causing the entire dosage

term to decrease. Also, the initial dosage will most likely be less than λ. Again, a is the RBC concentration

at which the dosage term ∆(R) is equal to half of λ.

We also suppose here that the patient’s RBC concentration is constantly monitored and his dosage

adjusted continuously. This assumption of optimal (continuous rather than discrete) response time permits

the dosage adjustments to be incorporated into the qualitative analysis of the model, in addition to the

numerical analysis. In practice the patient’s condition is likely to be monitored once every several days,

although in one clinical trial viral load was monitored several times per day [18]. This assumption also

allows us to address the question of whether it is technically possible to achieve SVR while avoiding anemia.

This description of treatment as continuous in time and dosage is inaccurate in two regards. First,

therapy is typically administered in discrete doses rather than continuously like some IV drugs. Second,

in practice the dosage would not be adjusted on a continuous basis, but rather switched between a limited

number (possibly only two) of levels, say the initial level and a reduced level. However, the first inaccuracy

has minimal effect on the long-term predictions of the model, since doses are typically given daily anyway

(see the end of Section 4.2 for an illustration of the difference). The second inaccuracy tends to idealize

the effects of making drug dosage responsive to RBC concentration: that is, the model describes an optimal

(immediate and continuous) responsiveness whereas real responsiveness is likely to be more coarse (in both

time and RBC level). Thus the results evaluate “proof of concept”—whether the various drugs at their

current efficiencies can be used in conjunction in such a way as to avoid anemia while achieving SVR. In

order for a less adaptive, more uniform dosing policy to strike this critical balance, drug efficiencies (including

EPO, which will be discussed later) will need to be higher than the threshold values calculated in this paper.

The (T, I, V) system explains the HCV interaction in the hepatocyte cells of the liver. The parameter sT
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is the rate of production, and dT is the natural death rate of healthy hepatocytes from the bone marrow. α

is related to the efficacy of combination therapy. It is essentially the amount of the drug at which production

of new infected cells is reduced to half; that is, when C = α, we get β
2 . If there is no drug in the body (or

the drug has no efficacy in reducing infection), α
α+C = 1 and the virus infects the healthy hepatocytes at

a constant rate β. If instead the drug works with 100% efficacy, α
α+C = 0. β is the number of infections

caused by one infected cell per unit time. As the amount of drug increases, α
α+C becomes a smaller fraction

and the production of infected cells decrease. βTV is the [unreduced] concentration (in cells/mL) of healthy

hepatocytes infected by virus, V , per unit of time. This total rate of infected hepatocytes, βTV , goes into

the second class of hepatocytes which is the infected hepatocytes, I. Here, dII is the rate at which infected

hepatocytes are cleared per unit of time.

The per capita production rate of HCV is p and hence pI accounts for the virions produced by the

total population of infected hepatocytes per unit time. k, like α, is related to the efficacy of the drugs.

It is essentially the amount of the drug in the body which reduces the production of new virions to half

of the amount produced in absence of treatment. θ is a rate with unit amount−1time−1. θCV accounts

for increased clearance of free virions due to the immunomodulatory effect of both drugs. Neumann et al.

observed only a possibly minor effect of drugs on viral clearance in the first 2 days of therapy, based on

a model which assumes constant drug efficacy over the whole period of treatment. Since, in our case, the

efficacy of the drugs is constantly changing as RBC concentration varies, it is worth considering this possible

effect of the drugs, in the absence of more extensive clinical data on this aspect of treatment. Since dV is

the clearance rate of virion in absence of treatment, dV V is the total concentration of virions cleared per

unit time.

3. Analytical Work

The model is essentially split into two separate systems because the RBC equation and drug amount

equation are decoupled from the rest of the model. This allows us to analyze this model as two separate

systems and as a cohesive system of equations. One of these subsystems is two-dimensional and considers

only the effect that drug amount and RBC count have on each other. The other is three-dimensional and

models the dynamics of target hepatocytes, infected hepatocytes, and free virions.
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Parameter Interpretation
sT natural production rate of hepatocytes
sR natural production rate of RBC
dV natural clearance rate of virus
dT natural death rate of hepatocytes
dI clearance rate of infected hepatocytes
dR natural death rate of RBC
α drug amount to reduce infection rate to half
p production rate of virus
β rate of new infections per virion
k drug amount to reduce virus production rate to half
θ rate of virion death per unit drug
τ rate of RBC death per unit drug
λ maximum drug dosage
a RBC concentration at which drug dosage is reduced to λ

2
h rate of drug clearance

Table 1: This table gives a brief interpretation of the parameters used in the model.

3.1. Analysis of (R,C) system

We determine the equilibrium of the decoupled dR
dt and dC

dt without regard to the complete system.

Equating dC
dt = 0 we identify C∗ = λ

h
R2

a2+R2 . Then we use C∗ to find the abscissa of the equilibrium point,

by equating dR
dt to zero, resulting in the cubic equation

F (R) = (dR +
τλ

h
)R3 − sRR2 + dRa

2R− sRa2 = 0 . (6)

In light of this, we rescale the equation using r = R
a , d = dR

SR/a
, and ã = τ λh

SR/a
to make our cubic equation

depend on two parameters ã and d which simplifies to

f(r) = (ã+ d)r3 − r2 + dr − 1 = 0 (7)

Further details on these calculations can be found in Appendix A.1.

Observation 1. The equation (7) has exactly one positive real root.

Proof. Since f(r) is cubic in r, there is a possibility of a maximum of 3 roots. Note that, if r = 0, f(r) < 0,

and if r is large, f(r) > 0, so there is one or three real positive roots. Thus there cannot be 2 roots. Now

let us consider the case of 3 possible roots. Using the rescaled equation, we analyze the possible roots in the

parameter space. We consider f(r) as a function of ã and d, that is, r3ã+ (r3 + r)d = r2 + 1. Then, we use
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the original equation and the first derivative of this equation 3r2ã + (3r2 + 1)d = 2r. Since if f(r) has two

roots, f(r) = 0 and at that point f(r) should be tangent to the x − axis, thus f ′(r) = 0. We apply linear

algebra to this system of equations. Solving the system using the Gauss method, we find ã = − (r2+1)2

2r3 < 0

and d = r2+3
2r > 0. These solutions are biologically extraneous since all parameter values are positive and

the bifurcation lies only in the second quadrant as shown in Figure 3. Therefore, we have determined that

the system does not have a biologically relevant bifurcation point.

Figure 3: This curve is plotted using parametric curve ã = − (r2+1)2

2r3 < 0 and d = r2+3
2r

> 0

Hence, we conclude that the system cannot have three positive real roots. We determine that there is

only one positive real root by analyzing the bifurcation diagram in the first quadrant. For further details on

exact method, refer to Appendix A.2.

Observation 2. The equilibrium (R∗, C∗) is locally asymptotically stable.

Proof. To analyze the local stability of this nontrivial equilibrium point we use a Jacobian matrix,

J(R∗,C∗) =

 −dR − τC∗ −τR

2 a2λR
(a2+R∗2)2

−h


Since dR > 0, C∗ > 0, h > 0, τ > 0, we know tr(J) = −(dR + τC∗ + h) < 0, and det(J) = h(dR + τC∗) +

2τR∗2a2λ
a2+R∗2 > 0, thus we show (R∗, C∗) is locally asymptotically stable. For further details refer to Appendix

A.3.

Observation 3. The equilibrium (R∗, C∗) is globally stable
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Proof. We have proven local stability; now our interest is in the global stability of the (R,C) system. To

this end, we apply the Poincaré-Bendixson Theorem. The Poincaré-Bendixson Theorem states that there

are three possibilities for the asymptotic behavior of solutions to a two-dimensional system: a limit cycle, an

unbounded solution or a stable equilibrium point. Now, using Dulac’s criterion using the co-efficient function,

g = 1
R , we prove that there is no limit cycle. We also note by simple comparison that lim supt C(t) < λ

h

and lim suptR(t) < sR
dR

; hence the solution cannot be unbounded. Thus local stability is extended to global

stability for the unique equilibrium point. Further technical details are relegated to Appendix A.4.

Consequently by a theorem of Thieme [19] the behavior of the (1)–(5) system is asymptotic to the

behavior of the three dimensional subsystem (1)–(3) with the equilibrium values C∗ and R∗ substituted

for the state variables C and R. In the next subsection, we will use this reduced system to determine the

necessary equilibrium drug amount to eliminate HCV from the (T, I, V ) system.

3.2. Analysis of (T, I,V)

We analyze the (T, I, V ) subsystem and determine the desired critical drug amount, CSV R, for which

the disease free equilibrium of (T, I, V ) is stable. In the absence of Hepatitis C treatment, Callaway and

Perelson [20] calculate the basic reproduction number (R0).

R0 =
1
dI

pβ

dV

sT
dT

. (8)

R0 can be interpreted as the average number of newly infected T-cells produced by an infected T-cell during

its (infected) lifetime. That is, an infected T-cell lives for 1
dI

units of time; each of p virions produced by a

bursting infected T-cell will produce β
dV

new infected T-cells, from the population of uninfected T-cells of

sT
dT

.

We first analyze equations (1–3), taking C as an asymptotic constant; in a sense we take it to be a

parameter. Then the disease free equilibrium (DFE) is

(T0, I0, V0) = (
sT
dT
, 0, 0).

Linearizing the system about the DFE, and imposing conditions for stability we calculate R̂ which we call
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the controlled reproduction number (CRN).

R̂ =
α

α+ C

k

k + C

dV
θC + dV

sT pβ

dIdT dV
(9)

R̂ =
α

α+ C

k

k + C

dV
θC + dV

R0 (10)

Observation 4. When R̂ < 1, the DFE is stable, and when R̂ > 1, the DFE exists but is unstable.

This observation is established in Appendix A.5. Thus, the infection is eliminated from the hepatocyte

population when the DFE is stable. Now our attention shifts to the endemic equilibrium since our biological

interest is treatment of chronically HCV infected individuals. Here the endemic equilibrium is defined as the

equilibrium when I∗ > 0 and V ∗ > 0. We solve the endemic equilibrium conditions to get:

T ∗ =
sT

dT R̂
(11)

I∗ =
sT
dI

(
1− 1

R̂

)
(12)

V ∗ = dT
(α+ C)
αβ

(R̂− 1) (13)

Observation 5. The endemic equilibrium of the (T, I, V ) system is globally stable if R̂ > 1.

See Appendix A.5 for further details on the equilibrium point of the (T,I,V) subsystem. The global

stability of the (T ∗, I∗, V ∗) equilibrium in the (T, I, V) subsystem can be proved using a Liapunov’s function

as in De Leenher and Pilyugin (2008) [21]. Defining the Liapunov’s function as

W = ξ

∫ T

T∗

(
1− T ∗

τ

)
dτ + η

∫ I

I∗

(
1− I∗

τ

)
dτ + ζ

∫ V

V ∗

(
1− V ∗

τ

)
dτ

and using properties of the equilibrium we have proved its global stability (see Appendix A.5.4).

3.3. Critical Dosages

Now that we have found the condition (R̂ ≤ 1) for which the DFE is stable, we solve for CSV R, the

drug value for which R̂ = 1. This provides the minimum amount of drug needed to achieve SVR in a

Hep-C patient. When we use equation (10) to solve for C, we obtain a cubic equation in C of the form
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G(C) = C3 +A2C
2 +A1C +A0 = 0, where

G(C) = C3 +
(
dV
θ

+ k + α

)
C2 +

(
kα+ (k + α)

dV
θ

)
C +

(
kα

dV
θ

(1−R0)
)
. (14)

We observe that G(0) < 0 if and only if R0 > 1. In addition G′(C) > 0 for each C and limC→∞G(C) = +∞;

therefore there exists one unique root, namely

CSV R = −A2 −
1

3 3
√

2

[(
B1 +

√
B2

1 − 4B2

) 1
3

+
(
B1 −

√
B2

1 − 4B2

) 1
3
]
, (15)

where

B1 = 2A3
2 − 9A1A0 + 27A0.

B2 = A2
2 − 3A1.

It has been noted in [18] that for higher efficacy of the therapy, the effect of treatment on the infection

rate βTV is negligible. In this limiting case we have α
α+C = 1. Then equation (14) becomes quadratic:

C2 +
(
k +

dV
θ

)
C + k

dV
θ

(1−R0) = 0,

with solution

CSV R =
−(dV + θk) +

√
(dV + θk)2 + 4kdV (R0 − 1)

2θ
. (16)

Note that we introduce treatment into an infected population only if R0 > 1, implying that the body is

incapable of clearing out the virus by itself. Therefore, (R0 − 1) > 0 making CSV R > 0 always.

As mentioned before we define CA as the maximum amount of drug a body can tolerate without en-

countering anemia. To compute CA we first determine RA, i.e., the RBC concentration at anemia for the

patient, which is a clinically fixed quantity independent of the amount of drug in the body. Equation (5)

represents the change in RBC concentration with respect to the amount of drug, and at equilibrium it gives

a relationship between the amount of drug in the body and the RBC concentration. Thus, using the RBC

concentration RA we solve dR/dt = 0 for CA, the amount of drug (IFN+RBV) in the body that causes
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anemia in the absence of additional treatment with EPO:

CA =
sR − dRRA

τRA
. (17)

Thus, if the amount of drug in the body is more than CA, a person will get anemia. In terms of the biology

of Hepatitis C treatment and the side effect of anemia, the analysis of the (R,C) and (T, I, V ) subsystems

allows us to compare the following critical drug amounts: the equilibrium drug amount C∗, which keeps

the RBC concentration at an equilibrium; the minimum amount of drug in the body so that the viral load

goes below detection, CSV R, leading to successful achievement of SVR; and the drug amount CA, that is,

the maximum amount of drug a patient can tolerate without getting anemia. Numerical estimation of these

values, and their relative values can provide an objective view about the patient’s condition and necessary

steps to be taken. This is explained in detail in the results, Section 5.

The ideal scenario for a doctor is to observe CSV R ≤ CA. Then depending upon other factors concerning

the patient he can prescribe a dosing regime so that the amount of drug in the body stays in the interval

(CSV R, CA). That will ensure that SVR is achieved without encountering anemia. The patients for whom the

inequality is reversed, we treat with EPO to boost CA higher than CSV R so that doctors have an opportunity

to treat them without anemic complications.

To introduce the effect of epoietin we increase (multiply) the RBC production by a factor b and recalculate

CA. Epoietin is known to increase RBC production by a factor of the patient’s original RBC production level

from clinical trials [10]. The aim for our treatment is to achieve CSV R ≤ CA by increasing the production

of RBC in equation (17) by a factor of b (b > 1). Solving for b in

CSV R =
bsR − dRRA

τRA
(18)

calculates the critical factor bc which is the minimum-fold increase in RBC production using epoietin for a

particular patient, to safely achieve SVR. In the following section, we estimate the value of bc from numerical

simulations.
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4. Numerical Simulation

4.1. Model Parameter Estimation

In this section we address the estimation of some of the parameters using various sources and ’indirect’

estimation procedures in the absence of real patient data. Please note that this numerical calculation is

more of a ’proof of idea’ and not an effort to estimate the dosing for every patient. All the assumptions and

special cases considered in this section are mentioned in the discussion of estimation of individual parameters.

During estimation, we fix the values of certain parameters (sT ; dT ; dI ; dR; p; β and h) taken from literature

(given in Table 3) [7], [22] and [23]. Recall that our goal is to provide optimal treatment for a HCV patient

who otherwise would develop anemia under standard treatment. In this theoretical study, we capture this

hypothetical HCV patient by appropriately estimating the rest of the parameters (except b). We apply the

effect of EPO (anti-anemic drug) to this patient, through change of the parameter b in the model. The

complete list of parameters including the estimated ones is tabulated in Table 3.

Estimating λ and a

We first develop estimates for parameters λ and a used in the dosing function ∆(R). As stated in Section

2, this function should have the property that when the RBC concentration is normal, say R = RI (as at

the onset of treatment), ∆(RI) gives the initial dosage ∆I prescribed by a doctor, and when anemia occurs,

R = RA, the dosage is cut in half, ∆(RA) = RI/2. If RI , RA, and ∆I are known, then we can solve these

equations,

∆I = λ
R2
I

a2 +R2
I

and ∆I/2 = λ
R2
A

a2 +R2
A

,

to obtain λ and a:

a =
RIRA√
R2
I − 2R2

A

=
1√

1
R2
A
− 2

R2
I

and λ = ∆I

(
1 +

a2

R2
I

)
= ∆I

R2
I −R2

A

R2
I − 2R2

A

. (19)

Doses of RBV are typically prescribed based on hemoglobin concentration at a given point in time. It

is known from [24] that the RBC-to-hemoglobin ratio in a person is roughly constant, as makes biological

sense. Therefore, taking values for RI , the usual (initial) hemoglobin concentration HI , and the hemoglobin

concentration HA at anemia from [25], we can determine the RBC concentration RA at anemia by a simple

proportion:
RI
RA

=
HI

HA
. (20)
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We take the value of ∆I=1200 mg day−1 for the initial dosage from [10]. The clinical definition of anemia

appears to vary in the literature: papers like Afdhal et al. reduce dosing of RBV at hemoglobin level < 12

g dL−1 [11] whereas Sulkowski et al. take this value to be 10 g dL−1 [10]. In this paper we use 10 g dL−1

as the hemoglobin level at which the RBV dose is reduced to half. From these quantities we can then use

equations (19) to calculate λ and a (see Table 4.1 for all values).

Table 2: Base values used to determine dosing parameters

Symbol Meaning Value Source
HI Normal (initial) hemoglobin level 160 mg mL−1 [25]
HA Hemoglobin level at anemia 100 mg mL−1 [25]
RI Normal (initial) RBC concentration 6.1× 103 cells mL−1 [25]
RA RBC concentration at anemia 3.8× 103 cells mL−1 eqn. (20)
∆I Initial dosage 1.2× 103 mg day−1 [10]
a Half-saturation constant for dosing 8.1 × 103 cells mL−1 eqn. (19)
λ Maximum dosage 3.3 × 103 mg day−1 eqn. (19)

It should be noted that equations (19) (and hence the criteria from which they were derived) require

that RI/RA >
√

2 ≈ 1.414, that is, that the normal RBC concentration be at least 41.4% greater than the

RBC concentration at anemia. From (20), this is equivalent to saying HI/HA >
√

2. If this inequality does

not hold, then it is not possible for a dosing function of the given form (a rational quadratic) to obey the

constraint ∆(RA) = ∆(RI)/2, and one must adjust either the function (to, say, a rational polynomial of

higher order) or the constraint. In clinical practice, an anemic patient is often given medication to boost

up the hemoglobin count to healthy levels before antiviral therapy is initiated. Since HA is always 100 mg

mL−1, the initial hemoglobin level of 140 mg mL−1 is desired to apply this model. This hemoglobin level

could be too much to ask from a patient with history of anemia since hemoglobin levels of approximately

120–150 mg mL−1 for women, 130–170 mg mL−1 for men, are considered normal.

Estimation of sR

In a healthy or uninfected individual, the dynamics of the RBC concentration will be

dR

dt
= sR − dRR

Then at equilibrium, sR = dRR. From [22], we get that dR= .0231 day−1. Now using the initial RBC

concentration R = RI (given in Table 4.1), we calculate sR = 1.4× 102 cells mL−1 day−1.

Estimation of τ
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We estimate the value of τ using the dynamical equation dR
dt by substituting appropriate estimates of

R,C, dRdt along with the parameter values, as follows.

τ =
1
RC

(
sR − dRR−

dR

dt

)
.

Note that
dR

dt
≈ RI −RA

δt
,

where δt is the time taken for the initial RBC concentration to decrease to anemic levels.

From the results of the clinical trial in [26], we know that more than 50% of patients receiving IFN-α and

RBV encountered anemia within the 14–28 days leading to dose reduction. From Table 4.1, we see that our

hypothetical patient will develop anemia if the reduction in RBC concentration is RI −RA = 2.3× 103 cells

mL−1. Since our patient is ’sensitive’, we assume this reduction to take place within 14 days of initiation of

therapy. Hence, dR
dt ≈ −

2.3×103

14 cells mL−1 day−1.

To calculate the amount of drug in the expression for τ , we consider the effect of drug on the RBC

concentration if a constant dosing regime was used instead of the ’self-adjusting’ dosing. This dynamics is

represented by the equation dC
dt = ∆I − hC. Then at equilibrium, the amount of drug in the body would be

Cavg =
∆I

h

= 631.5 mg (21)

Since the patient encounters anemia at t = 14 days,we take the RBC concentration R = RA. Substituting

these values we calculate τ = 9× 10−5 mg−1 day−1.

From the last two equations, i.e., from the dR
dt = 0 and dC

dt = 0 equations we calculate the C∗ = 233.67

mg and R∗ = 3.19× 103 cells mL−1.

Estimation of α and k

Neumann et al. [18] found that the initial drop in the viral load under therapy depends mostly on the

efficacy of the drug on the production rate of virus. In fact, if the efficacy of the drug on p is 100%, then the

effect on β can be ignored. However, no drug is perfect, and if k
k+C < 1, the effect of drug on β becomes more

prominent as treatment continues. Other literature has modeled treatment of HCV with these antivirals

without considering any effect of drugs on β at all [14, 27].
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Here we perform our primary computations considering the scenario that there is no effect of drugs on

β. The changes in final result due to considering the effect of drugs with 50% efficacy in reducing infection

( α
α+C ) will be discussed in the results section. Now, k

k+C is the efficacy of the combination therapy in

reducing new virion production in infected cells. From Herrmann et al. [28] we have that the mean efficacy

of the therapy with standard IFN and RBV is 36% and of peg-IFN is 63%. Taking the average we use

ε = 49%, for the calculation of k. For the amount of drug in the expression for k we use the value of Cavg

as calculated in equation 21.

Therefore,

k

k + C
= (1− ε) (22)

k =
1− ε
ε

C (23)

k = 657 mg. (24)

Estimation of θ and dV

The average clearance rate of free HCV in Dahari et al. [7] is 7.8 per day which is estimated in the

presence of drugs. It is difficult to find the clearance rate of the virus in vivo in the absence of treatment.

Most patients who are diagnosed for HCV infection get treated immediately. Here, for illustration purposes,

we investigate the scenario where there is a 30% increase in clearance rate due to the antivirals. Then we

have dV + θC = 7.8 day−1. Assuming a 30% increase due to the drug, we should have a pre-treatment

clearance rate dV = 7.8 − 30% = 5.5 day−1. Thus, θC = 2.3 day−1. For the amount of drug C we use

the value of C∗ due to reasons explained at the end of section 2. Note that at this point we have already

estimated all the parameters necessary to calculate C∗. This gives θ = 0.009 mg−1 day−1. The effect on the

numerical result if we assume θ = 0 is discussed in section 4.2.

Calculation of Initial Conditions

The (T, I, V) equations at C = 0 give us the dynamics of the HCV virus in the patient before initiation

of treatment. We calculate the equilibrium values of the variables in this system and use these as the initial

condition for T, I and V in our model with treatment. Thus,

(T (0), I(0), V (0)) =
(
dIdV
pβ

,
dV V (0)

p
, V (0)

)
=

(
2.19× 106, 1.8× 106, 106

)
,
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Table 3: Parameter Value Table
Parameter Value Reference

sT 26000 cells mL−1 day−1 [7]
sR 1.4 × 102 cells mL−1 day−1 estimated *
dV 5.5 day−1 estimated *
dT 0.0026 day−1 [7]
dI 0.26 day−1 [7]
dR .0231 day−1 [22]
p 2.9 virions cells−1 day−1 [7]
β 2.25 × 10−7 mL virion−1 day−1 [7]
k 657 mg estimated *
θ .009 mg−1 day−1 estimated *
τ 9 × 10−5 mg−1 day−1 estimated *
λ 3.3 × 103 mg day−1 estimated *
a 8.1 × 103 cells mL−1 estimated *
h 1.9 day−1 [23]

* As explained in the text.

where V (0) = 106 is derived from [7].

The initial condition R(0) = RI as mentioned before and C(0) = 0 mg, as time t = 0 corresponds to

initiation of therapy.

Table 4: Initial Conditions of State Variables
Variable Initial Value
T (0) 2.19 × 106 cells mL−1

I(0) 1.8 × 106 cells mL−1

V (0) 1 × 106 virion mL−1

R(0) 6.1 × 103 cells mL−1

C(0) 0 mg
Initial values of variables used for the simulation.

4.2. Numerical Results

Recall that solving the equilibrium equations dR
dt = 0 and dC

dt = 0 numerically we calculate the steady state

RBC concentration, R∗ = 3.19×103 cells mL−1, which is much below the anemic level of RBC concentration,

calculated above as 3.8 × 103 cells mL−1. From equation (16), we get that CSV R = 691 mg. That is, the

minimum amount of drug that should be present in the body on an average, to ensure achievement of SVR

is 691 mg. The maximum drug amount that the body can take in and still avoid anemia, calculated from

(17), is CA = 153 mg. Here, the minimum amount of drug necessary for a patient to achieve SVR is greater

than the maximum amount of drug a patient can tolerate without encountering anemia, i.e., CA < CSV R, a
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common clinical scenario, which is a cause for concern among doctors, as mentioned earlier. To address this

situation, doctors administer EPO. The aim of the treatment would be to boost CA so that CSV R ≤ CA,

where the patient gets cured while not getting anemia in the entire period of treatment. From equation 18,

we get that, to achieve CA = CSV R the factor b = bc = 2.31. That is, enough epoietin is needed to boost the

RBC production by around 2.3 times. Figure 4 shows the increase in CA as EPO increases RBC production

in the body by increasing b.

Figure 4: In this graph the thick line shows the increase of CA as EPO increases the production of RBC in the body. The thin
horizontal line represents the drug amount CSV R. Therefore the critical factor bc is marked by the intersection of these two
lines, as indicated by the arrow.

Thus we conclude that RBC production in this particular patient has to be increased by more than 2.3

times, to sustain a continuous dosage of 1200 mg per day along with normal RBC concentration for the

entire period of treatment around 48 weeks = 336 days. It might appear that the more we increase RBC

production the better the result. However, the ability of EPO to increase RBC production is limited, as

mentioned earlier [12]. A HCV patient has been observed to increase RBC production by a maximum of 3

times only [10]. Many patients with weak immune system do not respond well to EPO dosing, as explained in

the introduction. Thus the minimum increment necessary to endure antiviral treatment should be targeted.

We numerically solve the entire model (1)–(5) without and with epoietin at different levels, for the

period of 48 weeks treatment (=336 days). For the purpose of this paper we are interested in the period of

treatment only, since therapy-induced hemolytic anemia is reversible. That is, RBC concentration shoots

back to healthy levels as soon as these antivirals are discontinued. We note in the graphs in Figure 5 & 6,

when EPO is not administered (denoted by bold line), the RBC concentration drops below anemic levels. Due
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to that, our hypothetical dosing regimen starts decreasing the antiviral dosing, leading to a relapse in viral

load even before the end of the treatment period. When instead we give enough EPO to increase the RBC

production by 2.3 times (denoted by large dashed line), the viral load is significantly reduced throughout the

period of therapy whereas the RBC concentration is maintained at non-anemic levels throughout treatment.

Note that the RBC can also be maintained at non-anemic levels (dotted line) when a lighter dose of EPO

(causing approximately 1.5 times increase in RBC production) is given. However, the viral load starts to

relapse around therapy cessation (336 days), resulting in unsuccessful achievement of SVR. (In practice,

relapse is more common after treatment stops than before.) Finally, a higher dose of EPO to increase RBC

production by 3 times (small dashed line) can maintain the RBC concentration at healthy pre-treatment

levels, which helps the body sustain a higher constant concentration of the antivirals. Although this appears

to be the perfect scenario, it is practically almost impossible to increase a person’s RBC production by 3

times without significant complications, as described before.

Figure 5: In this graph we observe the trajectories of the RBC concentration at different levels of EPO administration. The
bold line shows the trajectory when no EPO is give, i.e. b = 1. The small dashed lines show the behavior when only EPO
enough to make CA = CSV R is given to a patient. When enough EPO to increase RBC production about 1.5 times is given,
we note from the dotted line that the RBC concentration is maintained above anemic levels. The large dashed line shows the
behavior of the state variable when sufficient EPO is given to achieve b = 3. We observe that the viral load has a steep decline
but does not shoot back during the period of treatment of 48 weeks=336 days (see Figure 6), and the RBC concentration is
maintained at pre-treatment levels. However, this might be clinically undesirable.

Because estimates for several model parameters are based on scant data and/or heuristic arguments,

we have carried out uncertainty analysis on CSV R and R0 as a function of some of the input parameters
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(see Figure 7(a)). The mean estimates and ranges of the input parameters are obtained from the literature

([18, 28]). The parameter ε (used in estimation of k and α) is assumed normally distributed with mean 0.36

and variance 0.09 whereas parameters dV , dI and RI are assumed uniformly distributed with mean 6.20

day−1, 0.24 day−1 and 5450 cells mL−1, respectively. Distributions for the rest of the input parameters (RA,

a, λ, sR, τ , k) are derived using model equations. The distributions for unknown parameters are obtained

via a Monte-Carlo sampling procedure. Variation in λ (mean=3342mg/day) and CA (mean=154mg) are

found to be negligible. On the other hand, relatively high variance is found in our output variables CSV R

(mean=786 mg, SD=153 mg) and R0 (mean=5.03, SD=2.01).

In order to determine which model parameter(s) may have the most effect on these critical quantities, we

carried out a sensitivity analysis on CSV R, a function of parameters k, θ, sT , β, p, dT , dV and dI . The local

sensitivity indices (SI) are computed by normalizing the partial derivatives of CSV R with respect to each of

its parameters. The SI suggest that the most sensitive parameter to CSV R is θ followed by β whereas the

least sensitive among its parameters is k (see Figure 7(b)). CSV R is positively related to parameters k, sT ,

β and p, whereas θ, dT , dV and dI are negatively related. This implies that increases in the former set of

Figure 6: In the above graph, we show by the bold line the dynamics of the viral load. The small dashed lines shows the
behavior when only EPO enough to make CA = CSV R is given to a patient. When enough EPO to increase RBC production
about 1.5 times is given, we note from the dotted line that the viral load tends to re-emerge before therapy cessation although
the RBC concentration is maintained above anemic levels (see Figure 5). The large dashed line shows the behavior of the viral
load when sufficient EPO is given to achieve b = 3. We observe that the viral load has a steep decline but does not shoot back
during the period of treatment of 48 weeks=336 days, and the RBC concentration is maintained at pre-treatment levels (see
Figure 5 ). However, this might be clinically undesirable.
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(a) Estimated distribution of CSV R and R0 as functions of
their parameters. The distribution of CSV R resembles a
Gamma distribution whereas the distribution of R0 can be
approximated by a chi-square distribution.

(b) Local Sensitivity Indices (SI) and relative strength of in-
put parameters on the output variable CSV R.

Figure 7: Results of uncertainty and sensitivity analyses

parameters will result in increases in the value of CSV R, and the reverse for the latter set of parameters. In

particular, the SI are highest for θ and β, which implies that it is critical to identify the potential effects

of treatment on the rates of free virus clearance and new infections of hepatocytes, neither of which has

been clearly documented to date. We therefore consider in the remainder of this section a few alternative

scenarios involving these parameters.

Now, if we assume the efficacy of effect of drug on β is 50% and compute α exactly like k, we get α equal

to 631 mg. Keeping all the other parameters same we get the new CSV R = 405 mg, from equation 15. Then

an increase in RBC production by around 1.6 times is enough to clear the virus and not cause anemia at

the same time, i.e., to have CA = CSV R. We observe that changes in these parameter values can change

the results significantly and thus the necessity to conduct clinical studies to estimate the mean and range of

values of these parameters cannot be over-emphasized.

If we assume no effect of drug on the clearance of free HCV from the liver, that is, θ=0, with efficacy

of drug effect on β as 50% we get CSV R= 726 mg. In that case, the RBC production rate will require an

increase of 2.4 times to achieve CA = CSV R.

Finally, we present in Figure 8 an illustration of the difference between administration of HCV drugs

continuously or on a (discrete) daily basis. It can be seen that the amount of drug in the body under

continuous dosing falls well within the sawtooth interval resulting from discrete daily dosing.

It is useful to have an estimate of the minimum increase in RBC production necessary to maintain healthy
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Figure 8: An illustration of the drug amount in the body, RBC level, and virion count resulting from continuous (smooth curve)
vs. discrete (sawtooth) daily administration of HCV drugs during treatment. The continuous (*-) curve is generated from our
model. The other curve(-) is generated from a model where the last equation is changed to dC

dt
= −hC, and an impulsive dosing

regimen which is adjusted and administered daily is conducted. Note total drug administered per day remains the same for the
two sets of curves, as do all other model parameters.

RBC concentration above anemic levels and sufficiently reduce viral load at the same time. Choosing a

responsive dosing strategy ∆(R) turns out to be pivotal, since otherwise the system would maintain the high

dose irrespective of the patient’s RBC level.

5. Discussion

Mathematical models have been used in the past to understand details of the mechanism of infection of

HCV with or without treatment [18]. Models by Dixit et al. [14], Neumann et al. and Dahari et al. [7, 18]

have estimated efficacies of antiviral peg-interferon by itself and in combination with ribavirin. Although this

combination therapy is highly successful, it has been associated with many adverse treatment-related side

effects, the most common being reversible hemolytic anemia. To combat hemolytic anemia, many patients are

prescribed the drug epoietin (EPO). EPO is the artificially synthesized version of the hormone erythropoietin

that stimulates RBC production in the bone marrow. Our model is extended from the immunological model
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in Neumann et al. [18] by adding two separate state variables to represent the RBC concentration and drug

amount in the body as dynamical systems. Analysis of the decoupled equations separately gives two critical

values of drug amount: C∗, the drug concentration required to maintain the RBC population at equilibrium,

and CSV R, the drug concentration required for patient recovery. Also, the RBC concentration and amount

of drug equation helps us to calculate another critical drug amount CA which is the maximum amount of

drug in the body that can avoid anemia.

If in a patient CA < CSV R, the doctors can prescribe a dosage to maintain the equilibrium amount of

drug in the interval (CSV R, CA) which will achieve SVR in the patient without encountering anemia. The

clinical problem arises when in a patient this inequality is reversed. In that case, the doctor applies EPO

to boost CA by increasing the RBC production to make CA ≥ CSV R. The factor by which RBC needs to

be increased can be calculated from our models. Our estimated set of parameters presents a ’proof of idea’

situation in which this factor is found to be 2.3 to achieve CA = CSV R.

We also show through graphical simulations that a lower increase in RBC production might compromise

chances of achieving SVR. Theoretically, very high doses of EPO can avoid any significant decrease in RBC

concentration throughout therapy and increase tolerability of drug thus strengthening chances of achieving

SVR. However, that is not practically feasible in a majority of patients. EPO has limited capabilities to

increase RBC production and comes with its share of possible side effects. Thus the need to estimate the

necessary increase in RBC production cannot be over-emphasized. Our model provides a way to use math-

ematical modeling to predict if a patient will encounter anemia under the prescribed dosing of IFN+RBV,

or not. Further, it can estimate the increase in EPO-induced RBC production necessary to achieve SVR

without encountering anemia.

Our model has some limitations. Firstly, we are considering a mean field model where the stochastic

variability in the numerical values of parameters is not taken into account. As analyses in the previous

section illustrate, the uncertainty in the estimates of several key treatment-related parameters may cause

significant variations in the threshold quantities that determine patient outcomes. The parameter values for

different patients with their specific strength of immune system and medical history could be varied, and it

is essential to have a comprehensive notion of how dosing should be adjusted if a parameter changes within

a certain range. Such a detailed understanding of the system, however, will require targeted clinical trials

which can provide relevant data for fitting this model.

Second, a more detailed model could treat the two drugs, IFN and RBV, as separate state variables.
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Since they have different pharmacokinetic profiles and probably different antiviral effects, it would be a more

realistic representation of the scenario. However, for that to be useful it is necessary to have well-established

theories regarding the modes of action of these drugs independently and in synergy, which is not yet available

[1]. Also, the initial dose of IFN and RBV for a specific patient is determined based upon his/her body mass,

liver condition, etc. In this model this differentiation is implicit in taking the ∆I as 1000 mg for patients

with body mass less than 75 kg and 1200 mg for body mass greater than 75 kg. The model can be made

more realistic by putting in parameters or modifying initial conditions of the differential equations to take

into account the intrinsic properties of a patient. However, including this change will necessitate estimation

of more drug-specific parameters, and relevant patient data will be essential.
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Appendix

A.1. Finding Equilibrium Points for (R,C) system

Equating dC
dt = 0, we get C∗ = λR2

h(a2+R2) .

Substituting C∗ into dR
dt = 0, we get

0 = sR − dRR− τC∗R = sR − dRR−
τλR3

h(a2 +R2)
.

Multiplying by h(a2 +R2) and then dividing by h results in

F (R) =
(
dR +

τ

h
λ
)
R3 − sRR2 + dRa

2R− sRa2.

Next, dividing by a3 throughout, we get

(
dR + τ

λ

h

)(
R

a

)3

− sR
a

(
R

a

)2

+ dR

(
R

a

)
− sR

a
= 0

.

Again dividing throughout by sR
a , we get

(dR + τ λh )
(
R
a

)3(
sR
a

) −
(
R

a

)2

+
dR(
sR
a

) (R
a

)
− 1 = 0.

Now we rescale using r = R
a , d = dR

(
sR
a )

,ã = τ λh
(
sR
h )

. Then we get

f(r) = (ã+ d)r3 − r2 + dr − 1 = 0.

Here note f(0) = −1, limr→∞ f(r) = +∞ > 0 as ã+d > 0 , and most importantly f(r) < 0 if r ≤ 0 (because

if r ≤ 0, all terms of the equation will be < 0).
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A.2. Bifurcation Analysis for (R,C) system

From the previous section we have

f(r) = (ã+ d)r3 − r2 + dr − 1 = 0.

Now the possible cases are as follows: We know that at a bifurcation point, f(r) = 0 and f ′(r) = 0, since

at this point the sub-system will have two positive real roots; thus for our system

f(r) = 0⇒ ãr3 + dr(r2 + r) = r2 + 1, (A.25)

f ′(r) = 0⇒ 3ãr2 + d(3r2 + 1) = 2r. (A.26)

This is a linear system with respect to ã and d. Hence we can write:

 r3 r3 + r

3 r2 3 r2 + 1


 ã

d

 =

 r2 + 1

2 r

.

Now, since the determinant of the coefficient matrix is non-zero (r 6= 0), we can calculate its inverse to

get

 ã

d

 = ( −1
2r3 )

 3 r2 + 1 −r3 − r

−3 r2 r3


 r2 + 1

2r

.

Therefore,

ã = − (r2 + 1)2

2r3
< 0. (A.27)

d =
r4 + 3r2

2r3
=
r2 + 3

2r
> 0. (A.28)

Thus our bifurcation line lies in the second quadrant of the parameter plane. However, motivated by

biological reasons, our region of interest lies in the first quadrant where ã > 0 and d > 0. Plugging in

(ã, d) = (1, 1) in f(r) we get f(r) = 2r3 − r2 + r − 1. In this case, f(r) = 0 has only one positive real root.

Hence, we conclude that we have only one equilibrium point throughout the first quadrant.

29



A.3. Local Stability of (R,C) system

Recall that

dR

dt
= sR − dRR− τCR,

dC

dt
= λ

R2

(a2 +R2)
− hC.

From the previous results, we derive that

J(R∗,C∗) =

 −dR − τC∗ −τR∗

2 a2λR∗

(a2+R∗2)2
−h



Since dR > 0, C∗ > 0, h > 0, τ > 0, we have ⇒ tr(J) = −(dR + τC∗ + h) < 0, and det(J) =

h(dR + τC∗) + τR∗ 2a2R∗λ
a2+R∗2 > 0

∴ (R∗, C∗) is locally asymptotically stable.

A.4. Global Stability of (R,C)

According to the Poincaré-Bendixson Theorem there are three possibilities for end behavior solutions to

our system: a limit cycle, an unbounded solution or a globally stable equilibrium point. We use Dulac’s

criterion and the Poincaré-Bendixson Theorem to prove global stability of (R∗, C∗) which allows us to say

that C(t) is asymptotically constant.

To apply Dulac’s Criterion, let g = 1
R . Then we have

∇ · (gẋ) =
∂

∂R
(
sR
R
− dRτC) +

∂

∂C
(λ

R

a2 +R2
− hC

R
)

= − sR
R2
− h

R

< 0

∴ there is no limit cycle.
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We observe that
dC

dt
< λ− hC,

so lim supt→∞ C(t) ≤ λ
h . Likewise

dR

dt
< sR − dRR,

so lim supt→∞R(t) < sR
dR

; hence the solution cannot be unbounded and by the Poincaré-Bendixson Theorem

we have a globally stable equilibrium. We see that local stability has extended to global stability.

A.5. Analysis of (T, I,V) System

Since (R∗, C∗) is globally stable in the (R, C) system, we can apply a theorem of Thieme [19] to conclude

that the dynamics of the full system (1)- (5) are asymptotic to those of the reduced (T, I, V) system (1)-(3)

with C = C∗. To find the equilibria of the reduced system, we write

dT

dt
= sT − dTT −

α

α+ C
βTV = 0 (A.29)

dI

dt
=

α

α+ C
βTV − dII = 0 (A.30)

dV

dt
= p

k

k + C∗
I − θCV − dV V = 0 (A.31)

To determine the disease free equilibrium (DFE), we let I = 0 and V = 0 and solve dT
dt = 0 for T . It is

clear by inspection that the DFE is ( sTdT , 0, 0).

A.5.1. Stability Analysis of DFE

From the previous section we know that the DFE is (STdT , 0, 0); now we will analyze the stability of the

DFE. Using the Jacobian matrix,

J(T∗, I∗,V ∗) =



−dT − αβ V
α+C 0 − αβT

α+C

αβV
α+C −dI αβT

α+C

0 pk
k+C −θC − dV


.
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Substituting ( sTdT , 0, 0) for (T ∗, I∗, V ∗) yields

J(
sT
dT
,0,0) =



−dT 0 −
αβ

sT
dT

(α+C)

0 −dI
αβ

st
dT

(α+C)

0 pk
k+C −θC − dV


.

The characteristic equation is:

(−dT − λ)

∣∣∣∣∣∣∣
−dI − λ

αβ
sT
dT

α+C

pk
k+C −θC − dV − λ

∣∣∣∣∣∣∣ = 0.

We have that λ1 = −d∗T ; now we consider the other sub-matrix and find its eigenvalues.

(dI + λ)(θC + dV + λ)− (
αβ sTdT
α+ C

)(
pk

k + C
) = 0

λ2 + (dI + θC + dV )λ+ dI(θC + dV )− (
αβ sTdT
α+ C

)(
pk

k + C
)

Let δ = dI(θC + dV )− (
αβ

sT
dT

α+C )( pk
k+C ) . Now we apply the quadratic formula,

λ2,3 = −(dI+θC+dV )±
√

(dI+θC+dV )2−4δ

2 < 0.

For stability of the DFE, we want all the eigenvalues to have negative real parts. If
√

(dI + θC + dV )2 − 4δ is

imaginary, then we are done as−(dI+θC+dV ) is always negative. If−(dI+θC+dV )−
√

(dI + θC + dV )2 − 4δ

is real then it is negative. Thus we only consider λ2, and the criterion for stability of DFE is

−(dI + θC + dV ) +
√

(dI + θC + dV )2 − 4δ < 0

⇔ (dI + θC + dV ) >
√

(dI + θC + dV )2 − 4δ

⇔ (dI + θC + dV )2 > (dI + θC + dV )2 − 4δ.
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We can cancel out like terms from both sides, since they are both positive.

⇔ −4δ < 0

⇔ δ > 0

⇔ dI(θC + dV )− αβsT
dT (α+C)

pk
k+C > 0

⇔ R̂ = αβsT pk
dIdT (α+C)(k+C)(θC+dV ) < 1.

Thus the DFE is locally asymptotically stable if and only if R̂ < 1.

A.5.2. Endemic Equilibrium

Now, we solve for the endemic equilibrium points, using V ∗ 6= 0 and I∗ 6= 0.

dI

dt
=

α

α+ C
βTV − dII = 0

⇒ I∗ =
α

α+ C

βT ∗V ∗

dI
dV

dt
= p

k

k + C
I − θCV − dV V = 0

0 =
pαkβ

(k + C)(α+ C)
T ∗V ∗ − θCV ∗ − dV V ∗

V ∗ 6= 0⇒ T ∗ =
dI(dV + θC)(k + C)(α+ C)

kαpβ

From dT
dt = 0, we see that

sT − dTT =
α

α+ C
βTV,

⇒ V ∗ =
sT

T ∗β α
α+C

− dT (α+ C)
αβ

,

⇒ V ∗ =
sT kp

dI(dV + θC)(k + C)
− dT (α+ C)

βα
.

Thus, the endemic equilibrium is

(T ∗, I∗, V ∗) =
(
dI(dV + θC)(k + C)(α+ C)

kαpβ
,

α

α+ C

βT ∗V ∗

dI
,

sT kp

dI(dV + θC)(k + C)
− dT (α+ C)

βα

) (A.32)
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Then simplifying using R̂, the endemic equilibrium is

T ∗ =
sT

dT R̂
(A.33)

I∗ =
sT
dI

(
1− 1

R̂

)
(A.34)

V ∗ =
(α+ C)dT

αβ

(
R̂− 1

)
(A.35)

A.5.3. Local Stability of Endemic Equilibrium

Into the Jacobian matrix,

J(T∗,I∗,V ∗) =


−dT − αβV

α+C∗ 0 − βαT∗

α+C∗

αβV ∗

α+C∗ −dI αβT∗

α+C∗

0 pk
k+C∗ −θC∗ − dV


we substitute (T ∗, I∗, V ∗) for definitions (A.33)–(A.35); the following Jacobian matrix results:

Ĵ =


−dT − dT

(
R̂− 1

)
− λ 0 − αβ sT

dT R̂(α+C)

dT

(
R̂− 1

)
−dI − λ αβ sT

dTR(α+C)

0 pk
k+C −θC − dV − λ


From this matrix, we determine the characteristic equation:

P (λ) = −(dT R̂ + λ)(dI + λ)(θC∗dV + λ) + (dT R̂ + λ)
αβsT pk

dT (α+ C∗)(k + C∗)R̂

−dIdT (θC∗ + dV )(R̂− 1)

Let q = (θC∗ + dV ), then

P (λ) = −λ3 + λ2(dI + dT R̂ + q) + λdT R̂(q + dI)− dIdT q(1− R̂) = 0

.
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Now we apply the Routh-Hurwitz Criterion to determine stability. Let

D =
α

α+ C

k

k + C
pβsT (A.36)

(A.37)

Then we can write

R̂ =
D

dIdT q
.

We have analyzed the disease free equilibrium to understand under which conditions the DFE is stable.

Now our attention shifts to the endemic equilibrium since our biological interest is treatment of chronically

HCV infected individuals. Turning to the endemic equilibrium, we solve to get:

The Routh-Hurwitz criteria are now the following conditions:

1. (dI + dT R̂ + q) > 0

2. dIdT q(R̂− 1) > 0

3. (dI + dT R̂ + q)dT R̂(q + dI) > −dIdT q(1− R̂)

Given the assumed positivity of the parameters, the first condition always holds, and the second condition

is true if and only if R̂ > 1. If R̂ > 1 is true and condition 3 is satisfied then the endemic equilibrium is

stable. From condition 3, we have

D2 (q + dI)
dI

2dT q2
+D

(
(q + dI)2

dIdT q
− 1
dT

)
+ dIq > 0. (A.38)

Equating the left hand side of equation (A.38) to zero, we obtain two roots, D1,2 as

D1,2 =
−
(

(q+dI)
2

dIdT q
− 1

dT

)
±
√

( (q+dI)2

dIdT q
− 1

dT
)2 − 4 (q+dI)

dIdT q

2
(

q+dI
d2IdT q

2

) . (A.39)

Let

Q =
(

(q + dI)2

dIdT q
− 1
dT

)2

− 4
(q + dI)
dIdT q

. (A.40)

If Q is negative, then inequality (A.38) is always satisfied. Furthermore, since 4 (q+dI)
dIdT q

is positive, if Q is
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positive, then −
(

(q+dI)
2

dIdT q
− 1

dT

)
dominates the sign of the roots, making D1,2 < 0 since

(
(q + dI)2

dIdT q
− 1
dT

)
> 0,

which can be seen from the fact that

(
(q + dI)2

dIdT q
− 1
dT

)
> 0⇔ (q − dI)2 > dIq.

A.5.4. Global Stability of Endemic Equilibrium

Observation 6. The endemic equilibrium (T ∗, I∗, V ∗), of the (T, I, V) system is globally asymptotically

stable, when it exists (i.e., R > 1).

Proof. Let us define

f(T ) = sT − dTT. (A.41)

Then,

(f(T )− f(T ∗))
(

1− T ∗

T

)
= −dT (T − T ∗)

(
1− T ∗

T

)
(A.42)

= −dT
T

(T − T ∗)2

≤ 0.

The above inequality holds true since T , the concentration of healthy hepatocytes is always positive.

Recall that the endemic equilibrium is

(T ∗, I∗, V ∗) =
(
dI(dV + θC)(k + C)(α+ C)

kαpβ
,

α

α+ C

βT ∗V ∗

dI
,

sT kp

dI(dV + θC)(k + C)
− dT (α+ C)

βα

) (A.43)
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Also, at this equilibrium we get the following equalities from the equilibrium conditions:

α

α+ C
βT ∗ =

dI(dV + θC)(k + C)
kp

(A.44)

f(T ∗) =
α

α+ C
βT ∗V ∗ = dII

∗ (A.45)

pk

k + C
I∗ = (θC + dV )V ∗ (A.46)

(A.47)

Now, let ξ, η, ζ be chosen constants and W be the Liapunov function.

W = ξ

∫ T

T∗

(
1− T ∗

τ

)
dτ + η

∫ I

I∗

(
1− I∗

τ

)
dτ + ζ

∫ V

V ∗

(
1− V ∗

τ

)
dτ

Then

W ′ = ξ

(
1− T ∗

T

)(
sT − dTT −

α

α+ C
βTV

)
+ η

(
1− I∗

I

)(
α

α+ C
βTV − dII

)
+ζ
(

1− V ∗

V

)(
p

k

k + C
I − θCV − dV V

) (A.48)

Choosing ζ = ξdI
k+C
pk , ξ = η = 1 and using (A.44), (A.45), (A.46), (A.41) simplified W ′ becomes

W ′ = f(T )
(

1− T ∗

T

)
− α

α+ C
βI∗

TV

I
+ dII

∗ − dII
V ∗

V

+dI
k + C

pk
(θC + dV )V ∗

(A.49)

Then adding and subtracting f(T ∗)(1− T∗

T ) yields

W ′ = (f(T )− f(T ∗))
(

1− T ∗

T

)
− α

α+ C
βI∗

TV

I
+ dII

∗

+f(T ∗)
(

1− T ∗

T

)
+ dII

∗ − dII
V ∗

V

(A.50)

37



Now using (A.45), (A.46) we get,

W ′ = (f(T )− f(T ∗))
(

1− T ∗

T

)
− dII∗

[
T ∗

T
+

TV I∗

T ∗V ∗I
+
V ∗I

V I∗
− 3
]

We know from construction that the first term is negative. The second term is also negative since the

geometric mean of the 3 non-negative terms ((T
∗

T ·
TV I∗

T∗V ∗I ·
V ∗I
V I∗ )

1
3 = 1) is always less than the arithmetic

mean of those terms. Therefore, W ′ ≤ 0.

We note that W ′ = 0 iff both the first and the second term is zero. The second term is zero if T∗

T = 1

and V ∗I
V I∗ = 1, in which case the first term also becomes zero. Thus the largest invariant set is

M = {(T, I, V ) ε int(<3
+) : T = T ∗ and I

I∗ = V
V ∗ }

Then LaSalle’s Principle [29] implies that all bounded solutions in int(<3
+) converge to the largest invariant

set in M. Now to show the boundedness of the system. Consider,

d(T + I)
dt

= sT − dTT − dII ≤ sT − d0(T + I)

where d0 = min{dI , dT }.

∫ T+I

T0+I0

d(T + I)
sT − d0(T + I)

≤
∫ t

0

dt
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Here, T0 = T (0), I0 = I(0), V0 = V (0). Then

ln | sT − d0(T + I)
sT − d0(T0 + I0)

| ≤ −d0t

I + T ≤ sT
d0

(1− e−d0T ) + (I0 + T0)e−d0t

lim sup
t→∞

(I + T ) ≤ sT
d0

Again,

dV

dT
= p

k

k + C
I − (θC + dV )V

≤ p
k

k + C

sT
d0
− (θC + dV )V

V ≤ −e
− t
θC+dV

θC + dV
[

pksT
(k + C)d0

− (θC + dV )V0] +
pksT

(K + C)(θC + dV )d0

lim sup
t→∞

V ≤ pksT
(K + C)(θC + dV )d0

Hence the (T, I, V) system has bounded solutions and it is clear that the largest invariant set in M is the

singleton set {(T ∗, I∗, V ∗)}. This is because M is a simply connected 1-dimensional domain, where solutions

are always monotone. Alternatively, using T (t) = T ∗ in equation 1 (i.e., dT
dt = 0) we conclude that V is

constant with respect to time inside M, which in turn implies (with equation 2) I is also constant. Also,

the solutions starting on the boundary move into the interior of the set except on the T − axis. Hence the

result holds for all solutions. Therefore, (T ∗, I∗, V ∗) is globally asymptotically stable.
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