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Out of the night that covers me,
Black as the pit from pole to pole,
I thank whatever gods may be

For my unconquerable soul.

In the fell clutch of circumstance
I have not winced or cried aloud.
Under the bludgeonings of chance

My head is bloody, but unbowed.

Beyond this place of wrath and tears
Looms but the Horror of the shade,
And yet the menace of the years
Finds, and shall find me unafraid.

It matters not how strait the gate,
How charged with punishments the scroll,
I am the master of my fate,

I am the captain of my soul.

— William Ernest Henley, Invictus
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Abstract

On the Quantum Spaces of Some Quadratic Regular

Algebras of Global Dimension Four

Richard Gene Chandler Jr, Ph.D.

The University of Texas at Arlington, 2016

Supervising Professor: Michaela Vancliff

A quantum P? is a noncommutative analogue of a polynomial ring on four
variables, and, herein, it is taken to be a regular algebra of global dimension four. It
is well known that if a generic quadratic quantum P? exists, then it has a point scheme
consisting of exactly twenty distinct points and a one-dimensional line scheme.

In this thesis, we compute the line scheme of a family of algebras whose generic
member is a candidate for a generic quadratic quantum P3. We find that, as a
closed subscheme of P, the line scheme of the generic member is the union of seven
curves; namely, a nonplanar elliptic curve in a P?, four planar elliptic curves and two
nonsingular conics.

Afterward, we compute the point scheme and line scheme of several (nongeneric)
quadratic quantum P?’s related to the Lie algebra s[(2,k). In doing so, we identify
some notable features of the algebras, such as the existence of an element that plays

the role of a Casimir element of the underlying Lie-type algebra.
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Chapter 1
Introduction

Algebraic geometry has long been a tool in the study of commutative algebras.
In the 1980’s, a movement began that had the goal of extending the study of algebraic
geometry to noncommutative algebras. This movement has grown significantly since
1990; this is mainly due to the work of Artin, Tate and Van den Bergh that introduced
a method of encoding the multiplication of a noncommutative algebra using geometry.

In [3], Artin, Tate and Van den Bergh defined the notion of a point module
and a line module. These modules have the property that there are points and lines
in projective space associated to them. In lieu of associating geometry directly to a
noncommutative algebra, Artin, Tate and Van den Bergh associated the geometry to
these modules.

The collection of all points associated to the point modules of an algebra is
known as the point scheme. In [3], Artin, Tate and Van den Bergh gave a method
for computing the point scheme of an algebra; one could then determine the point
modules from these points. They did not, however, parametrize the line modules by a
scheme. This was accomplished in 2002 by Shelton and Vancliff in [29, 30] for certain
kinds of algebras.

Artin, Tate and Van den Bergh’s geometry has been exceptionally useful in
the study of Artin-Schelter regular algebras (also called AS-regular algebras). These
algebras are considered to be noncommutative analogues of polynomial rings owing
to the fact that the Gorenstein condition required in the definition of Artin-Schelter

regularity is a symmetry condition that replaces the symmetry condition of commuta-



tivity of polynomial rings. Shelton and Vancliff’s construction of the line scheme gives
us a method of parametrizing the line modules by a scheme for certain Artin-Schelter
regular algebras of global dimension four; these algebras are quadratic domains, have
four generators, six defining relations, and the same Hilbert series as that of the
polynomial ring on four variables.

Quadratic Artin-Schelter regular algebras of global dimension four have become
known as quadratic quantum P3’s. Artin was the first to introduce the terminology
“quantum P27 in [1] to refer to an AS-regular algebra of global dimension three. The
name came about from the increased number of such algebras emerging from the field
of quantum mechanics at the time.

Our first consideration in this thesis will be a family of algebras defined by
Cassidy and Vancliff in [5] whose generic member is a candidate for a generic quadratic
quantum P3. In the mid-1990’s, Van den Bergh proved that if a generic quadratic
quantum P3 exists, then its point scheme consists of twenty distinct points (counted
with multiplicity) and has a one-parameter family of line modules (cf. [34]); in the
language of Shelton and Vancliff in [29, 30|, a generic quadratic quantum P2 has a
one-dimensional line scheme.

Many algebras with a point scheme consisting of twenty distinct points are
known; likewise, many algebras with a one-dimensional line scheme are known. How-
ever, it was not until 2001 that an algebra with both these properties was discovered;
Shelton and Tingey defined such an algebra in [28]. Unfortunately, Shelton and
Tingey found this algebra with the aid of a computer-algebra program and trial-and-
error; it was the only known example for nearly a decade.

In 2010, Cassidy and Vancliff defined a new type of algebra known as a graded
skew Clifford algebra. In [5], they gave examples of several families of regular graded

skew Clifford algebras; the first family is the one we consider in Chapter 3 of this
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thesis. The generic member of this family has a point scheme consisting of twenty
distinct points and a one-dimensional line scheme; furthermore, the algebra given by
Shelton and Tingey in [28] is a member of this family. However, the methods used
by Cassidy and Vancliff computed only the dimension of the line scheme, not the line
scheme itself.

In Chapter 3 of this thesis, we compute the line scheme of this family of algebras
and, for a generic member, find it to be the union of a nonplanar elliptic curve in a
P3, four planar elliptic curves and two nonsingular conics. We will also describe the
lines in P? determined by the line scheme and describe some distinguished properties
of the algebras highlighted by this geometry. Further analysis of the line scheme has
led to the conjecture that the algebras in this family are not truly generic quadratic
quantum P3’s. The analysis did however give a candidate for the line scheme of
a generic quadratic quantum P? (or perhaps a class of generic quadratic quantum
P%’s); namely the union of two nonplanar elliptic curves in a P® and four planar
elliptic curves.

Our second consideration in this thesis concerns certain algebras related to the
Lie algebra sl(2,k), where k is an algebraically closed field of characteristic zero.
These algebras include the Lie superalgebra sl(1]1), a color Lie algebra obtained via
a cocycle twist of s[(2,k) and a quantum analogue of the universal enveloping algebra
of s[(2,k), denoted U, (sl(2,k)). Each of these algebras, and sl(2, k) itself, appear in
quantum mechanics in some fashion.

In order to analyze these algebras in Chapter 4 by using Artin, Tate and Van
den Bergh’s geometry, we first pass to the universal enveloping algebra of the algebra
(this step does not apply to U, (sl(2,k))). This process gives an associative k-algebra
on three generators. However, these algebras are not graded; hence, they are not

quadratic quantum P?’s. We instead associate Artin, Tate and Van den Bergh’s ge-
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ometry to a graded algebra that maps onto the ungraded universal enveloping algebra
(respectively quantized universal enveloping algebra); we then show that this graded
algebra is a quadratic quantum P? by showing that it is either an Ore extension, or
a normal extension, of an AS-regular algebra of global dimension three.

The geometry we use is able to identify distinguished elements of the quadratic
quantum P3’s we consider (and therefore of the (respectively quantized) universal
enveloping algebra). In particular, an element analogous to a Casimir element is
identified in U(sl(1|1)) and U,(sl(2,k)). Furthermore, in the case of U(sl(1]1)), the
geometry motivated work which led to the realization of the associated quadratic
quantum P? being a twist by an automorphism of the coordinate ring of quantum

2 X 2 matrices.



Chapter 2
Preliminary Concepts

Herein, we will assume that k is an algebraically closed field; additional as-
sumptions on k will be imposed in Chapters 3 and 4. We will begin by examining
some basic definitions regarding abstract algebra and define what is meant by a reg-
ular algebra. We will then examine some concepts from algebraic geometry as well
as Artin, Tate and Van den Bergh’s construction for using algebraic geometry with
noncommutative algebras. We will conclude with a brief explanation of graded skew
Clifford algebras and Lie-type algebras.

Let B C A indicate that the set B is a subset of the set A, where possibly
A = B. We denote the set of positive integers by N. Also, let k™*" denote the set of
all m x n matrices with entries in k and M, (k) denote the set of all n x n matrices
with entries in k. If M € k™*", then we write M;; to denote the ijth entry of M.

For a subset A of a field or vector space, we write A* for the nonzero elements of A.

2.1 Abstract Algebra

The definitions, results and examples in this section can be found in books such

as [10], [14], [18], and [26].

2.1.1 Algebras and Modules

Definition 2.1.1.1. Associative k-Algebra

An associative k-algebra A is a vector space over k and a ring such that k is contained



in the center of A, and a(ab) = (aa)b = a(ab), for all « € k and a,b € A. If ab = ba

for all a,b € A, then we call A a commutative algebra.

Ezxample 2.1.1.2.

1. Let A = k[, ..., x,] be the collection of all polynomials in the variables z1, ...,
with coefficients in k. As a vector space, dim(A) = oo, and A is a commutative
algebra under standard polynomial multiplication.

2. If A =M, (k), then A is an n*-dimensional vector space and is a noncommuta-
tive algebra under standard matrix multiplication.

3. The free k-algebra on generators z, ..., z,, denoted k(z1, ..., ,,), is the k-algebra
whose vector-space basis consists of all words in xy, ..., x,, including the empty
word. Addition and scalar multiplication is defined in the standard way, but the
multiplication of two basis elements is done via concatenation. Multiplication

is then extended to the entire algebra using distribution.

Any k-algebra on n generators can be viewed as a quotient of the free k-algebra

on n generators.

FExample 2.1.1.3.
1. Defining relations of the polynomial ring k[z1, ..., z,] can be chosen to be of the
form x;x; = xjz; for i,j = 1,...,n. Thus, k[z4, ..., z,,| = k(z1, ..., 2,) /I, where
I =(z;xj—zjw; 1,7 =1,...,n).
2. Consider A = My(k). A vector space basis for A is {E;; : i,j = 1,2}, where
E;; is the 2 x 2 matrix with a 1 in the ¢jth entry and 0 elsewhere. For such

matrices, E;; Ey = 05y, where 0 is the kronecker-delta. So, we may express

A as
k<E117 E127 E217 E22>
(EijEw — 0B, B+ Eyp—1:4,j=1,2)

6



Notice that EH = E12E21 and E22 = E21E12. SO, E11 and E22 are redundant as

generators and we obtain the isomorphic algebra

k(E12, Eor)
( E},, E3, E9Ey + EyEyp—1)

Definition 2.1.1.4. Positively Graded, Connected k-Algebra

A k-algebra A is called positively graded if A = ;2 A;, where A; is a subspace of
A for all 7 and A;A; C A;y;. We call the elements of A the homogeneous elements
of degree i. We denote the degree of an element = € A by deg(x). We say that A is

connected if Ay = k.

Ezample 2.1.1.5. The polynomial ring A = k[zy,...,x,] is a positively graded, con-
nected k-algebra with A; = @

i1 i .
i1 i =i kl’l SR e for all <.

If we view an algebra A as a quotient of the free algebra, then A is graded if

and only if the defining relations of A are homogeneous.

Ezample 2.1.1.6.

1. If deg(z) = deg(y) = 1, then k[z,y] = k(x,y)/(yx — zy) is graded.

2. If deg(z) = deg(y) = 1, then A = k(z,y)/(x —y?) is not graded. However, if we
change the grading of the generators of A so that deg(z) = 2 and deg(y) = 1,
then A is graded.

3. If deg(x) = deg(y) = deg(z) = 1, then A = k{x,y,z)/{xy — yzr,xz + 22 +

22, yzy — y°) is graded.

Definition 2.1.1.7. Quadratic Algebra
We call a graded k-algebra A quadratic if it is generated by degree-one elements and

each of its defining relations is homogeneous of degree-two.



FExample 2.1.1.8.

1. If deg(z) = deg(y) = 1, then k[z, y] = k{x,y)/{yx — zy) is quadratic.

2. If deg(z) = deg(y) = 1, then A = k(z,y)/{z — y?) is not quadratic since its
defining relation is not homogeneous of degree-two. If we change the grading
of the generators of A so that deg(x) = 2 and deg(y) = 1, then A is still not
quadratic since one of its generators is not of degree-one.

3. If deg(x) = deg(y) = deg(z) = 1, then A = k{x,y,2)/(ry — yz,x2 + za +
2%, yzy — y?) is not quadratic since one of its defining relations is homogeneous

of degree-three.

Definition 2.1.1.9. Left A-Module
Let A be a k-algebra. A left A-module is an abelian group, (M, +), and an action of
A on M such that for all a,b € A and m,n € M:

(i) (a+b)m = am + bm,

(i) (ab)m = a(bm),

(iii) a(m +n) = am + an, and
(iv)

A right A-module is defined in a similar manner.

Im = m, where 1 is the unity element in A.

Ezample 2.1.1.10.
1. If A =k, then any k-vector space is an A-module.
2. If A = kz,y|, then M = k[X] is an A-module under the action defined by
rf=Xfand yf =0, for all f e M.

Definition 2.1.1.11. Cyclic Module
If A is a k-algebra and M is a left A-module, then we call M cyclic if there exists an
m € M such that M = Am. In this case, M = A/Ann(m), where Ann(m) = {a €

A :am = 0} is called the (left) annihilator of m.
8



Definition 2.1.1.12. Graded A-Module
If A=@;°,A; is a graded k-algebra and M is a left A-module, then M is called
a graded module if M = @>° __ M;, where M; is a subspace of M, for all j, and

j=—o00

AZ‘M]' C Mi+j; for all 1,7.

Ezxample 2.1.1.13. If A = k[z,y] and M = k[X] as in Example 2.1.1.10, then M is
cyclic since M = A-1. Also, Ann(1) = (y) C A and M = k[X] = k[z, y]/(y). If we
define deg(x) = deg(y) = deg(X) = 1, then M becomes a graded A-module.

For graded modules, we often want a convenient way to summarize the dimen-
sion of each homogenous degree-i subspace of the module. For this purpose, one tool

that we use is the Hilbert series.

Definition 2.1.1.14. Hilbert Series
Let A be a graded k-algebra and M = @.° M, be a graded A-module. The Hilbert
series of M is Hy(t) = > o2 dimy (M;)t"

Note that we are also allowed to discuss the Hilbert series of a graded k-algebra,

A, since A is a module over itself.

FExample 2.1.1.15.
L If A=Kz1,...,2,] = @2y Ai where A; =D, .., _; kz' - .-z’ for all 4, then
a basis for A; is B; = {& -z : i +--- +1i, = i}. So, a basis for A is

B = (U, and dimg(A;) = (i+7;—1). Thus, Ha(t) = >_5°, dimg(A)t =

> o (HTl)ti - (1—1t)”'

2. If A = K[z, 29, 23,24 and M = A/(z1,29 — x3,24), then M is a graded A-

module with action z1f = 0,2of = Tof, x3f = Taof,z4f = 0 for all f € M,

where T3 is the image of xo in M. Also, M = k[zy], as a vector space, so

dimy (M;) = 1, for all i, and Hy(t) = Y70t = 4.
9



2.1.2 Tensor Products

Given two vector spaces M and N, the direct sum M & N gives us a way to
“add” two vector spaces such that dimy (M @ N) = dimy (M) +dimy(N). A method of
“multiplying” two vector spaces, which we will denote by M ® N, is a way to combine

modules in such that dimy(M ® N) = dimy (M) dimy(N) holds.

Definition 2.1.2.1. Tensor Product of Vector Spaces
Let M and N be k-vector spaces. The vector space generated by the Cartesian
product of M and N is

S(M x N) = {Zq,(mz,nz) reN,q €ek,m; € M,n; € N, for all @} )

i=1
Let K be the subspace of F(M x N) generated by the elements
(ml + ma, n) - (mla TL) - (m27n)7 (m7n1 + n2) - (m7n1) - (m7 n2>7
(qmv TL) - q(m, n)7 (m7 qn) - q(m, TL),

for all m,my,my € M, n,ny,no € N and ¢ € k. The tensor product of M and N is

M®N =§(M x N)/K. We denote (m,n) + K € M & N by m ® n.

Under this construction, M ® N has the following properties:
(i) (m1+m2)®n=m1®n+m2®n,
(il) m ® (ny +ng) = m @ ny +m ® ng, and

(i) g(m®n)=(gm)@n=m® (qn) = (mn)q.

The reader should note that not every element of M ® N is of the form m ® n;
however, if B, = {my,...,m,} is a basis for M and By = {n,,...,ns} is a basis for
N, then B = {m; ®n; : 1 <i < r1 < j < s}isa basis for M ® N. Hence,
dimg (M ® N) = dimg (M) dimg(N) as desired.

10



Proposition 2.1.2.2. If M, N,Q, My, M, ..., N1, No, ... are vector spaces, then:
(i) MeN)©Q=M® (N®Q),

(ii) (P2, M;)) ® N =2, (M; ® N), and

(iii) M @ (D2, N;) = P;2, (M@ N;).

These properties tell us that the tensor product is associative and distributes
across direct sums. Using the tensor product, we can now define a k-algebra from a

vector space V.

Definition 2.1.2.3. Tensor Algebra
Let V be a k-vector space. Define TH(V) = @', V and T(V) = @;>,T*(V). We
call (V') the tensor algebra on V.

Addition and scalar multiplication are defined on T'(V') using the addition and
scalar multiplication on the tensor product. Multiplication is defined via concatena-

tion; that is, if u = u; ® -+ - ®u,, and w = w; - - - ® w,,, then
UW =U Q- Uy QW X+ & Wy

This, together with Proposition 2.1.2.2, verifies that T'(V) is a k-algebra. Further-
more, T(V) is a graded k-algebra with (T(V)), = T*(V) and, if V = @, kv;, then
T(V) = k</U1, ...,’UN>.

Ezample 2.1.2.4. If A = k[z,y] = k(z,y)/(ry — yz) and V = kz & ky, then A =

T(V)/{zr@y—-y®).

Let V be a k-vector space with basis B = {vi,...,v,}. The dual space to
Vis V* = {f :V — k| fisklinear}, which has basis B* = {z,..., 2,}, where
zi(vj) = 6;;, the kronecker-delta. Since V* is also a k-vector space, we may form the

vector space V* ® V* as described above. This vector space has a natural action on
11



V ®V defined via (2; ® z;) (v, @ v;) = 2zi(vg) - 2;(v;). Given this action and a subspace
W of V®V, we define a subspace of V* @ V* by Wt = {f e V* @ V* : f(w) =
0, for all w € W}. With this in mind, we now define the Koszul dual of a quadratic

algebra.

Definition 2.1.2.5. Koszul Dual
Let A be a finitely-generated quadratic k-algebra. It follows that A = T'(V')/(W),

where V' is a finite-dimensional vector space and W is a subspace of V' ® V. The

Koszul dual of A is the k-algebra A' = T(V*)/(W).

For any finite-dimensional vector space U and subspace S of U, we have that
dim(U) = dim(S) + dim(S*). Therefore, if we assume that dim(V) = n < oo and
dim(W) = m, then dim(W+) = dim(V ® V) — dim(W) = n? — m. So, in order to
determine the Koszul dual of a finitely-generated quadratic k-algebra, we need only
find n? — m linearly independent elements of 72(V*) that vanish on the generators of

w.

Ezxample 2.1.2.6. Let A = k[z1, 22] 2 k(z1, 22) /(w129 — mow1) = T'(ky @ kao) /(21 ®
Ty — To @ x1). Here dim(V) = 2 and dim(W) = 1, so dim(W+) = 22 — 1 = 3.
Hence, we seek three linearly independent elements of T?(kz; ® kzy) that vanish on

1 ® Ty — g ® x1, where {21, 29} is the dual basis to {1, z5}. In particular,

(21 ® 21) (21 @ Tg — T2 @ 1) = 21(21)21(22) — 21(22)21(21) = 0,
(22 ® 29) (21 @ Ty — To ® T1) = 22(21)22(w2) — 22(w2)20(x1) = 0,
(21 ®@ 20+ 20 ® 21) (11 ® T2 — T3 ® 1) = 21(21)22(22) — 21(22) 22(21)

+ Zg(l’l)Zl(Ig) - ZQ(ZL’Q)Zl(.Il) = 0.
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So, the Koszul dual of A is

s T(kz @& kzo) ~ k(z1, 22)

2 2 )
<21®Zl, 22®22, 21®22+22®21> <Zl, ) 2122+2221>

which is the exterior algebra on two generators.

2.1.3 Regularity

All of the graded algebras we will consider in Chapters 3 and 4 are known as
regular algebras. In noncommutative algebra, one would like to have an analogue of
objects and concepts from commutative algebra. In particular, polynomial rings are
central objects in commutative algebra so it would be desirable to have a noncom-

mutative analogue; many believe that regular algebras are the “correct” analogue.

Definition 2.1.3.1. Global Dimension
Let A be a k-algebra.
(i) An A-module P is called projective if, given any two A-modules M and N, an A-
module epimorphism ¢g : M — N and an A-module homomorphism f: P — N,
there exists an A-module homomorphism h : P — M such that gh = f; that is,

the diagram

P
h ~ g
.l
4y
M— N——0
of A-module homomorphisms commutes.

(ii) Let M be an A-module, P, Py, ... be projective A-modules and dy, dy, ... be A-
module homomorphisms such that d; : P, — P;_q, for ¢« > 1, and dy : Py — M.
We call the sequence

dn ds do di do

LIt p P, P, Py M 0

a projective resolution of the module M if Im(dy) = ker(dy_1), for all k.
13



(iii) The projective dimension of an A-module M, denoted pdim(M), is the infimum
of the length of all projective resolutions of M, not including d, or the trivial
maps at the beginning or end of the resolutions.

(iv) The left (respectively right) global dimension of A is the supremum of the pro-
jective dimensions of all left (respectively right) A-modules. If A is positively
graded and connected, then the global dimension of A, denoted gldim(A), is
gldim(A) = pdim(4k) = pdim(k,), where 4k (respectively k) is the trivial left

(respectively right) A-module (cf. [3]).

Definition 2.1.3.2. Polynomial Growth
Let A = @;°, A; be a positively graded, connected k-algebra. We say that A has

polynomial growth if there exist positive a,b € R such that dimy(4,) < an®, for all n.

Definition 2.1.3.3. Gorenstein Condition [2]
We say that a positively graded, connected k-algebra A of finite global dimension
satisfies the Gorenstein condition if
(i) the projective modules in a minimal projective resolution, X, of 4k are finitely-
generated A-modules, and
(ii) the sequence obtained by applying the functor Homy(-, A) to the modules in
X is a projective resolution of a graded right A-module isomorphic to the right

trivial module k4.

Definition 2.1.3.4. Artin-Schelter Regular Algebras [2]
Suppose that A = ;- A; is a positively graded connected k-algebra generated by
A;. We say that A is Artin-Schelter (AS) regular of global dimension d if

(i) gldim(A) =d < oo,

(ii) A has polynomial growth, and

(iii) A satisfies the Gorenstein condition.
14



The Gorenstein condition imposes a symmetry condition on A. So, it acts
as an analogue of the commutative property inherent to polynomial rings. This is
one of the motivating reasons for claiming that regular algebras are the “correct”
noncommutative analogue of polynomial rings. In fact, polynomial rings satisfy these

conditions.

Ezample 2.1.3.5. If A =k[xy,z5], then

d2 dy do

0 A A? A ak 0

is a minimal projective resolution of 4k, where

X1

T2

dy (a1, as) = [al ag] [ ] and dy(a) =a [$2 —1’1} )

aj,as,a € A and dy is the canonical map; so gldim(A) = 2. Applying Hom (-, A)
to this resolution yields a projective resolution of k4 where the maps are left multi-
plication by the matrices in the original resolution. So, A is Gorenstein and A has
polynomial growth since dimy(A,) < n+ 1 < 2n, for all n > 1. Therefore, A is a

regular algebra of global dimension two.

In this thesis, we will use the terminology “quadratic quantum P3” to refer to
an AS-regular algebra of global dimension four. A second type of regularity that we

will briefly use is known as Auslander regularity.

Definition 2.1.3.6. Auslander Regular Algebra (cf. [23])
Let A be a noetherian k-algebra.

(i) An A-module M satisfies the Auslander-condition if, for all ¢ > 0,
g < inf {i : Ext},(N,A) #0},

for all A submodules N of Ext?(M, A).
15



(ii) The algebra A is said to be Auslander regular of global dimension d if gldim(A) =

d < oo and every finitely generated A-module satisifes the Auslander-condition.

By [23] and [24, Proposition 1.3], if a quadratic k-algebra A is Auslander regular

and has polynomial growth, then it is Artin-Schelter regular.

2.1.4  Ore Extensions and Twists by Automorphisms

In this subsection, we will look at two methods of obtaining new algebras from
existing ones. The first, known as an Ore extension, allows one to append a new
generator to an algebra and obtain an algebra of higher global dimension. The second,
twisting by an automorphism, creates a new graded algebra from a known graded
algebra that will have the same vector space structure and quantum space (which

will be defined in Section 2.3).

Definition 2.1.4.1. Ore Extension [14]
Let A be a k-algebra.
(i) Let ¢ be an endomorphism of A. We call a linear map 6 : A — A a left
¢-derivation on A if §(ab) = p(a)d(b) + d(a)b, for all a,b € A.
(ii) Let ¢ be an endomorphism of A and 0 be a left ¢-derivation on A. We shall
write B = Alx; p, d] provided that
(a) B is a k-algebra, containing A as a subalgebra,
(b) x is an element of B,
(c) B is a free left A-module with basis {1, z, 22 23, ...}, and
(d) za = ¢(a)x + d(a), for all a € A.

Such an algebra is called an Ore extension of A.

16



Ezample 2.1.4.2. Let B = k[z,y] = k(z,y)/{xy — yz). Define linear maps ¢ :
k(x,y) — k(z,y) and § : k{z,y) — k{z,y) as follows:

ox)==z,  oy)=qy. dx)=0, oy =q Y,

where ¢ € k*. We must first show that ¢ and § descend to maps on B; we show that
¢ and § map (zy — yz) to itself. Since B is a polynomial ring, ¢ naturally descends
to an endomorphism of B. We must show that ¢ descends to a left ¢-derivation on

B:

6(ry — yz) = 0(zy) — d(yx) = o(x)d(y) + 0(x)y — p(y)d(x) — d(y)z

1

=q 2y’ +0—-0—q 'v’x € (zy — yx),

and it follows that 6({(xy — yz)) C (ry — yx). Thus, ¢ is a left p-derivation on B.
Therefore, the Ore extension A = B[z; ¢, ] is well defined. Explicitly, we have that

k{z,y, z)

A= .
(ry —yz, 02 — 22,2y — qyz — ¢ 'Y?)

We now turn our attention to twisting an algebra by an automorphism.

Definition 2.1.4.3. Twist by an Automorphism [4]
Let A be a graded k-algebra and 7 € Aut(A) with 7(4;) = A;, for all i. We define
the twist of A by 7 as the k-algebra A”™ where:

e A™ = A as a k-vector space, and

e the multiplication in A7, denoted x, is defined by @ b = ar?(b), where a € Ay,

b€ A;, and @, b are the elements in A7 corresponding to a and b, respectively.
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Ezample 2.1.4.4. Let A = k(x,y)/{yx — qry), where ¢ € k* and A is graded in the
standard way. Define an automorphism 7 : A — A by 7(z) = x and 7(y) = qy. It
follows that

YT =y7(z) = yr = quy = x(qy) = a7(y) =T+,

so, A" = k[, 7).

By [4, Corollary 8.5], the quantum space (defined in Section 2.3) of an algebra
is invariant under twisting. So, if two k-algebras have the same quantum space, then
it is possible that the algebras are isomorphic to, or twists of, one another. This will

motivate some of our work in Chapter 4.

2.2 Projective Algebraic Geometry

We now continue our preliminary chapter with some discussion of basic ideas
from algebraic geometry. We will focus mainly on the definition of projective space.
The definitions, results and examples in this section can be found in books such as

9], [11], [15], and [16].

Definition 2.2.0.1. Projective n-Space
Define an equivalence relation on k"t \ {0} by (o, ..., an) ~ (Bo, ..., B) if and only

if there exists A € k* such that 8; = Aq;, for all i. Projective n-space is P" =

(k" I\A{0})/ ~.

Definition 2.2.0.2. Projective Variety
If fi,..., fm € Kklxog,...,x,] are homogeneous, then the projective algebraic variety

determined by fi, ..., fin 18 V(f1, ..., f) = {p € P" : fi(p) =0, for all i}.

18



Example 2.2.0.3. If V = V(z — y) C P?, then (o, o, 3) € V for all a, 8 € k, not both
zero. So, if a = 0, then we obtain the point (0,0,1) € P2 If a # 0, we may take

a =1 and obtain the line of points {(1,1, ) : 5 € k}. Thus,

V={(1,1,8): Bek}uU{(0,0,1)}.

It should be noted that only the zero locus of homogeneous polynomials is well
defined in projective space. Furthermore, it will be useful in our analysis to look only
at irreducible varieties.

It is also possible to obtain a projective variety from an affine variety. If V' C k™
is an affine variety, then the projective closure in P* of V' is denoted P(V') and is the
smallest projective variety in P” that contains V.

We will also be discussing projective schemes in this thesis. The official defini-
tion of a scheme is attributed to Groethendiek; details can be found in [15, 16]. Herein,
it is enough to consider a projective scheme as a projective variety that encodes the

multiplicity of the points in the scheme.

Ezample 2.2.0.4. If V = V(z) and W = V(z?) in P?, then as projective varieties,
V =W ={(0,1)}. However, V # W as projective schemes as we consider V' to be a

point and W a double point (or a point with multiplicity 2).

2.3 Artin, Tate and Van den Bergh’s Geometry

In this section we define the geometry developed by Artin, Tate and Van den
Bergh in [3] and discuss how Shelton and Vancliff added to the field with their work
in [29, 30].

Definition 2.3.0.1. Point Module [3]

Let A= @2, A;, with Ay =k, be an associative graded k-algebra, generated by A,
19



with dim(A;) = n < co. A graded right A-module M = 7 M; is called a point

module if M is cyclic, generated by M, and dimy(M;) = 1, for all j.

To every point module M over A, one can associate a point in P*~! as follows.
Assume that M = EB;';O km;, where m; € ij. Since M is graded, mga = a,ms,
where o, € k, for all a € Ay; since M is cyclic, there exists a € A; such that o, # 0.
Define a k-linear epimorphism ¢ : A1 — k by ¢(a) = «,. If U = ker(p), then
k = A;/U and so dimg(U) = n — 1. The annihilator of U, denoted UL, in A is

one-dimensional; thus, P(U%) is zero-dimensional and is, hence, a point in P(A3).

Ezxample 2.3.0.2. If A =Kk[z1,x9, x5, 24] and M = A/(x1 A+ (29 — 23) A+ 24A), then

M is a point module of A with associated point (0,1, 1,0) € P3.

The collection of all such points, counted with multiplicity, that can be associ-
ated to the point modules of a quadratic k-algebra A is called the point scheme of A
[3]. Following the method in [3], under certain hypotheses one can compute the point
scheme by first writing the defining relations of a quadratic algebra A with generators
T1,...,T,, as a matrix equation of the form Nz = 0, were x = (21, ...,2,)?. The point

scheme of A can be identified with the zero locus in P(A7) of the maximal minors of

N.

Definition 2.3.0.3. Line Module [3]
Let A = @2, A;, with Ay = k, be an associative graded k-algebra, generated by
Ay, with dim(A;) = n < oo. A graded right A-module L = 72 L; is called a line

module if L is cyclic, generated by Ly and dimy(L;) = j + 1, for all j.

Similar to a point module, to every line module one can associate a line in P*~!,

Since L is cyclic, A maps onto L in a natural way. Also, because both A and L are
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graded, A; —» L;. The kernel, U, of this map has dimension n—2; so, P(U+) C P(43})

is one-dimensional and is, hence, a line in P(A}).

Ezxample 2.3.0.4. If A =k|[xq, 29,23, 24) and L = A/(21A + (29 — 23)A), then L is a

line module of A with associated line {(0,1,1,a) € P3: a € P*}.

By [29], the collection of all such lines that can be associated to the line modules

of a quadratic quantum P3, A, is called the line scheme, £, of A; £ can be realized as

a subscheme of P5. The method of computing the line scheme of a quadratic quantum

P3, A, is given in [30]. We outline the procedure here.

1.

Compute the Koszul dual of A to obtain a quadratic k-algebra on the dual

generators 21, ..., z4 with 10 defining relations.

. Rewrite the defining relations as Mz = 0 where M is a 10 x 4 matrix and

2= (21 2z).

Produce a 10 x 8 matrix from M by concatenating two 10 x 4 matrices; the
first is obtained by replacing every z; in M with u; € k and the second by using
v; € k.

Each of the 45 8 x 8 minors of this matrix is a bihomogeneous polynomial of

bi-degree (4,4) in the u; and v; and so each minor is a linear combination of

products of polynomials of the form N;; = uv; — ujv;, for 1 <i < j < 4.

. Apply the map

Nig = M3y, Niz = — Moy, Niy = Mas,

Nog = My, Naoy = —Mis, N3y = Mo,
to the polynomials to yield quartic polynomials in the six Pliicker coordinates,
M;;, for 1 <i<j <4,
The line scheme of A may be realized as the scheme of zeros of these 45 poly-

nomials and the Plicker polynomial P = MjsMsy — Mi3Moy + My Mos.
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Note that the scheme of all lines in P? is parametrized by V(P) C P5. This
is known as the Pliicker embedding. The task of recovering the lines in P? that
correspond to line modules from the line scheme is done for specific algebras in Section
3.3.1 and Chapter 4. For more information on Pliicker coordinates, the reader is

referred to [15].

In this thesis, given a quadratic quantum P23, A, we use the term “quantum

space” to refer to the collection of all point modules and line modules of A.

2.4  Graded Skew Clifford Algebras

The family of algebras that we will consider in Chapter 3 was defined in [5].
This family is an example of a type of algebra that Cassidy and Vancliff defined in
[5] that generalizes the notion of a graded Clifford algebra [20]. Before defining this

type of algebra, we must generalize the notion of a symmetric matrix.

Definition 2.4.0.1. p-Symmetric Matrix [5]
Let p;; € k*, where 1 < 4,5 < n, such that p,;;p; = 1 for all i # j. We write
= (pij) € My(k). A matrix M € M, (k) is called p-symmetric if M;; = p;;M;; for

all 7, 5.
In this thesis, we will assume that p; = 1 for all i.

Ezample 2.4.0.2.
1. If p € M, (k) with p;; = 1 for all ¢, j, then p-symmetric matrices are precisely

symmetric matrices.

1 1/3 —i 5 1 0
22 Ifpu=1|3 1 i |,then M= 1|3 8 8| isa u-symmetric matrix.
t —i 1 0 —8& =1
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We will also need the definition of a normalizing sequence in order to generalize

the concept of a graded Clifford algebra.

Definition 2.4.0.3. Normalizing Sequence [26, §4.1.13]

For a k-algebra A, we call {b, ..., b,,} C A anormalizing sequence in A if (by, ..., b,,) #
A, by isnormal in A (i.e., Ab; = by A) and the image of by is normal in A/(by, ..., by),
for all k.

Ezample 2.4.0.4. Let A =k(x1,x2)/(x179 — 1971 — 2%). Notice that x, is not normal

in A but xyz9 = (29 + x1)x1, so x; is normal in A. Also, A/(x1) = k[z5] and so x5 is

normal in A/(z1). Thus, {x1, 22} is a normalizing sequence of A.

With these concepts, we may now give the definition of a graded skew Clifford

algebra.

Definition 2.4.0.5. Graded Skew Clifford Algebra [5]

Let u € M, (k) be as above and M, ..., M,, be p-symmetric matrices. A graded skew
Clifford algebra A = A(u, My, ..., M,,) associated to p and M, ..., M, is a graded
k-algebra on degree-one generators z, ..., x, and on degree-two generators yi, ..., Yn
with defining relations given by the following;:

(a) mx; + pijxiw; = Yy (My)ijy for all 4,5 =1, ...,n, and

(b) any additional relations needed to guarantee the existence of a normalizing se-

quence that spans ky; + - - - + ky,,.

Like a graded Clifford algebra, we may associate some geometry to a graded
skew Clifford algebra through the quadratic forms related to the defining matrices.

This geometry will be in the spirit of Artin, Tate and Van den Bergh’s geometry.
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To each p-symmetric matrix Mj,, we can associate a noncommutative quadratic

form g, € S =k(z1, ..., 2n) /(252 — pijziz; + 1 <i,5 <n) via

G =21+ 20) M [z 2]

The collection of all such quadratic forms is called a quadric system. We say that a
quadric system () is right base-point free if S/(Q) has no point modules or fat point
modules [5].

The family of graded skew Clifford algebras we consider will consist of regular
algebras. In [5], Cassidy and Vancliff gave some equivalent conditions for a graded

skew Clifford algebra to be regular. We now list those below.

Theorem 2.4.0.6. [5] A graded skew Clifford algebra A = A(u, My, ..., My,) is a quadratic
Auslander regular algebra of global dimension n that satisifies the Cohen-Macaulay
property with Hilbert series 1/(1 — t)™ if and only if the associated quadric system
{q1, .-, qu} is normalizing and base-point free; in this case, A is Artin-Schelter regu-

lar, a noetherian domain and unique up to isomorphism.

The k-algebras we consider in Chapter 3 were constructed in [5] to be AS-

regular. Details of the construction of these k-algebras may be found in [5].

2.5 Lie-Type Algebras

We finish our preliminary material with discussions on Lie-type algebras. We
will first consider the traditional Lie algebra, then consider the Lie superalgebra and

conclude with the definition of a color Lie algebra.
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2.5.1 Lie Algebras and Universal Enveloping Algebras

Definition 2.5.1.1. Lie algebra (cf. [17])
Assume that char(k) # 2. A k-vector space g with an operation g x g — g, denoted
(x,y) — [z,y] and called the bracket of = and y, is called a Lie algebra over k if:

(i) the bracket operation is bilinear,

(i) [z,y] = —|y,z], for all x,y € g, and

(i) [z, [y, 2]] + [y, [z, 2]] + [z, [z, y]] = 0, for all z,y, 2 € g.

The final condition in the above definition is known as the Jacobi identity and

generalizes the notion of associativity from an associative k-algebra.

FExample 2.5.1.2.

(a) If g = gl(2,k) is the vector space of all 2 X 2 matrices with entries in k, then g
becomes a Lie algebra with bracket defined by [X,Y] = XY —Y X, forall X|Y €
gl(2,k). If we take {E11, E2, E91, E9s} as the standard basis of gl(2,k), then the
bracket is defined by [E;;, Ex] = 65 Ey — 0y Ey;, where §;;, is the kronecker-delta.

(b) If h = kx @ ky @ kz, then h becomes a Lie algebra under the bracket [x,y] = z
and [z, z] =0 = [y, z|; b is known as the Heisenberg Lie algebra.

(c) Define sl(2,k) = {M € gl(2,k) : tr(M) = 0}, where tr(M) is the trace of M.

Every element of s[(2,k) is of the form

s

where a, b, c € k; hence, sl(2,k) is a three-dimensional vector space with basis

elements



The vector space s[(2,k) becomes a Lie algebra under the commutator bracket
induced by gl(2,k). Using the basis {e, f, h}, the Lie bracket on sl(2, k) is defined
by

e, f] = h, [h, €] = 2e, [h, f] = —2f.

The geometric constructions of Artin, Tate and Van den Bergh require an asso-
ciative algebra. So in order to associate geometry to a Lie algebra, we will associate

the geometry instead to its universal enveloping algebra.

Definition 2.5.1.3. Universal Enveloping Algebra of a Lie Algebra (cf. [17])
If g is a finite-dimensional Lie algebra with basis {x1,...,2,}, then the universal

enveloping algebra of g is the associative k-algebra defined by

k{zq,...,x,)

(wwj — xjw; — [y, 2] 10,7 =1, ...,n)

U(g) =

This definition of U(g) is sufficient for the purposes of this thesis. A more

general definition that does not rely on the selection of a basis of g is given in [17].

Example 2.5.1.4. If b is the Heisenberg Lie algebra, then

k{z,y,z)
(xvy —yr — 2,02 — 22, y2 — 2y)

U) =

Consideration of U(g) when studying the modules of g is quite natural as the
category of modules of U(g) is equivalent to the category of modules of g [17].

The universal enveloping algebra of certain Lie algebras contain a distinguished
element known as the Casimir element. For details on the construction of this element,
the reader is again referred to [17]. The distinguishing feature of this element is that it

is central in U(g) and, in the case of U(sl(2,k)), it generates the center of U(s((2,k)).
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Ezample 2.5.1.5. Let s0(3,k) be the Lie-algebra with basis { E3y— Fag, E13— F31, Eo1 —
Ei5} and bracket defined by [X,Y] = XY — Y X, for all X,Y € s0(3,k). Under the
identification 1 = FE39 — Fa3, 19 = F13 — E31, and x3 = FEo — E19, the bracket is
given by

(1, 29| = x3, (23, 1] = X9, (g, 23] = 1.

The universal enveloping algebra of s0(3,k) is

U(so(3,k)) = k(xy, o, 73)

b
(X179 — Toxy — T3, T3X1 — T1T3 — Tg, Tals — T3To — T1)

and the Casimir element is w = 22 + 22 + 22. Notice that w is central in U (s0(3,k)).
1T Ty T I3

2.5.2 Lie Superalgebras and Universal Enveloping Algebras

Definition 2.5.2.1. Superspace (cf. [7])

A superspace is a Zs-graded k-vector space; that is, a superspace is a k-vector space
V' with subspaces Vy and V; such that V' = V& V;. We call V the even part of V'
and V; the odd part of V.

Ezrample 2.5.2.2. The k-vector space
k™ = {(an, g, ...y m; Br, P, ..., Bn) * u, B; € k, for all 4, 5}
is a superspace with
Vo = {(aq, 9, ... ;n; 0,0,...,0) : oy €k, for all i}
and

Vi= {<0707 "'70;517527 7511) : ﬁj € k, for all ]}

Given a superspace V and x € V, if x € V;, then we say that |x| = i is the
parity of x. If |x| = 0, then we call = even; if |z| = 1, then we call x odd. If z has

parity, we also say that x is homogeneous.
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Definition 2.5.2.3. Lie Superalgebra (cf. [7])

Let char(k) = 0. A superspace g = go @ g1 with an operation g x g — g, denoted
(z,y) — [z,y] and called the superbracket of x and y, is called a Lie superalgebra
over k if:

(1 [gug]] - gl+_] (mod 2) for all ¢ j,

)
(ii) the bracket operation is bilinear,

(iii) [z, y] = —(=1)lIW¥I[y, 2], for all homogeneous z,y € g, and

(iv) (=)=, [y, 2]+ (= 1)y, [2, 2]+ (=1)#=][2, [z, y]] = 0, for all homogeneous

x,Y,z €g.

The last condition above is known as the super-Jacobi identity. Note that the

above also implies that gy has a Lie algebra structure with the induced bracket.

Ezample 2.5.2.4. If gl(m|n) denotes the k-vector space of (m + n) x (m + n) block

matrices of the form
A B

C D
where A € k™™ B € k™" C € k™™ and D € k™*™, then gl(m|n) has a superspace

structure with

|

Furthermore, gl(m|n) is a Lie superalgebra with bracket [X,Y] = XY —(-1)XIVy x|

A
0

0
c 0

:Aekmx’",Dek”X”}, 91:{

:Bek™" C e k”xm}.

for all homogeneous X,Y € gl(m|n).

The concepts of a universal enveloping algebra and Casimir element generalize

from Lie algebras to Lie superalgebras.

Definition 2.5.2.5. Universal Enveloping Algebra of a Lie Superalgebra (cf. [7])

If g is a finite-dimensional Lie superalgebra with basis {z1, ..., z,,} of homogeneous el-
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ements, then the universal enveloping algebra of g is the associative k-algebra defined

by
k{zq,...,x,)

U(g) = .
(0) (wix; — (=)l — [y, 25] 24,5 =1, ..., n)

The Casimir element of a Lie superalgebra supercommutes in the algebra; that

is, if w is the Casimir element and z € U(g) has parity, then zw = (—1)Plwas.

2.5.3 Color Lie Algebras and Universal Enveloping Algebras

Before defining a color Lie algebra, we must first define a bicharacter map. If
(G is an abelian group, then € : G X G — k* is an antisymmetric bicharacter map if:
(a) €(g,h)e(h,g) =1, for all g, h € G,
(b) €(g,hk) =€(g,h)e(g, k), for all g,h, k € G, and
(c) e(gh,k)=€(g,k)e(h, k), for all g,h, k € G.

Definition 2.5.3.1. Color Lie Algebra [27]
Let € be a bicharacter map on G and assume that char(k) = 0. By a color Lie
algebra g, we mean g = € gec 9g 18 a G-graded space over k, equipped with a bilinear
multiplication [, -] : ¢ X g — g such that:

(i) [gg,9n] C ggn, where g, h € G,

(ii) [z,y] = —e€(g, h)[y, x|, where z € g4, y € gp, and g,h € G, and

(iii) e(k, g)[x, [y, 2]] + e(g, M)y, [z, 2]] + e(h, k)[z, [z,y]] = O where z € g4, y € gn,

z€grand g, h, k € G.

This last condition is known as the color-Jacobi identity. Note that if we take
G to be the field Zy = {0, 1} and take (g, h) = (—1)9", where g, h € Z,, then we may

realize Lie superalgebras as a subclass of color Lie algebras. As such, the definition
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of the universal enveloping algebra of a color Lie algebra is a natural generalization

of that of the universal enveloping algebra of a Lie superalgebra.

Definition 2.5.3.2. Universal Enveloping Algebra of a Color Lie Algebra (cf. [27])
If g is a finite-dimensional G-graded color Lie algebra over k with basis {x, ..., z,, } of
homogeneous elements, then the universal enveloping algebra of g is the associative

k-algebra defined by

k(zq,...,x,)
(rixj — e(g, h)xjo; — [, 2]t 2 € 94,5 € @nyg,h € Griyj=1,...,n)

U(g) =
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Chapter 3

A Family of Quadratic Quantum P3’s

In this chapter we will examine a family of algebras whose generic member is
a candidate for a generic quadratic quantum P3. This family was originally defined
in [5]; it was constructed in such a way that the generic member has a point scheme
consisting of twenty distinct points and a one-dimensional line scheme. Prior to
Cassidy and Vancliff constructing this family, the only known example of such an
algebra was the algebra found by Shelton and Tingey in [28]. However, techniques
used in [28] and [5] determined only the dimension of the line schemes of these algebras

and not the line scheme itself.

3.1 The Family of Algebras A(y)

Definition 3.1.0.1. The Family of Algebras A(y) [5]
Let v € k* and write A(y) for the k-algebra on generators x1, xs, z3, x4 with defining
relations:

T4T1 = 12124, :c% = x%, T3T1 = T1T3 — x%,

T3Ty = 1X2T3, 3@21 = :E%, XTylo = Loy — fyx%,
where i? = —1.
By construction of A(y) in [5], A(7) is a regular noetherian domain of global

dimension four with Hilbert series the same as that of the polynomial ring on four

variables. The special member A(1) is the algebra introduced in [28]. It should be
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noted that the polynomials given in [28] that define the point scheme of A(7) have
some sign errors. Moreover, A(1) was studied in [13] in the context of finding the
scheme of lines associated to each point of the point scheme; the entire line scheme
was not analyzed. Thank you to B. Shelton and M. Vancliff for providing their notes
on a potential approach toward computing the line scheme of the algebra defined in
28].

It is useful to observe that A(y) = A(—v), for all v € k*, under the map that
sends xy — —x9 and zy — xy, for all & # 2. In fact, there exist two antiautomor-
phisms of A(y) defined by ¢ : 21 <> x3, T <> x4, and ¥y : T9 > A3, T4 > ATy,

where A € k* and \* = ~.

3.2 The Quantum Space of A(7)

In this section we will compute both the point scheme and line scheme of A(7).
The method follows that of [3] and [29, 30]. We will assume that char(k) # 2 in
this section. Let eq,...,es denote the four elementary points in P3; that is, ¢; =

V(z;j, xx, x1), where {i,7,k,1} = {1,2,3,4}.

3.2.1 The Point Scheme of A(7)

Theorem 3.2.1.1.

(a) For every v € k*, the point scheme of A(7) is p(y) = {e1, ea, 3,4} U Z,, where
Z, =V(af —dai+ 72, 2k —idxgrd — 1, yry — 2ix + a3 ). We call the points
belonging to Z, the generic points of p(7y).

(b) If v* # 4, then p(7y) has twenty distinct points.
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(c) Ifv* = 4, then p(7y) has exactly twelve distinct points; the eight closed points of Z.,
have multiplicity two and the elementary points ey, es, €3, e4 each have multiplicity

one.

Proof. Following [3], we write the defining relations of A(v) in the form Mz = 0,
where M is a 6 x 4 matrix and z is a column vector given by 7 = (zy, %9, 73, 74).

Thus, we may take M to be the matrix

(2, 0 0 —ixy]
0 x3 —ixo 0
M- r1 0 —x3 0
0 x 0 —T4
T3 X9 —X 0
RESEE 0 — |

The point scheme of A(y) can be identified with the zero locus in P(A(7)7) of the
4 x 4 minors of M. The polynomials that define p(y) are listed in Appendix 5.1.1.
If x1 = 0, then computing a Grobner basis using the polynomials in Appendix

5.1.1 yields the polynomials:

3 2.2 3 3 2 2
3 2,.2 2 2,.2 3 3

An easy computation shows that these polynomials vanish precisely if the x; pairwise
vanish, for i = 2,3,4; that is, eg, e3,e4 € p(7y). If 27 # 0, we may take z; = 1. A

Grobner basis computation yields the polynomials

2 4, .8 (2 4,8 2 .2 .3 5
irg(y® —day +xy), dws(y” —4xy +xy), w5 —ivsry — 1, yxe — 2ixy + x3x].

If, in addition, x4 = 0, we obtain that e; € p(y). Otherwise, we see that

Z,=V( v — Az + a8, 25 —izza] — 1, yry — 2iz] + 2377 )
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gives the remaining points of the point scheme.

Since 8§ —4x}+~2 = 0 if and only if (2} —2)? = 4—+2, we see that 2§ — 42} ++2
has eight distinct zeros if and only if 4% # 4; if 42 = 4 then 2§ — 42} + 7? has exactly
four distinct zeros, each of multiplicity two. Given a zero, x4, of 2§ — 4a] + 2, the
equation x2 — iz3r? — 1 = 0 has a unique solution for x3 if and only if x} = 4, which
is not a solution of 2§ — 4z} + +* = 0 since v # 0; hence, there are two roots of
13 —iw3x? — 1, each of multiplicity one. Finally, given zeros x3 and z, of x§ — 4z} +~*
and z2 — ix3z? — 1, the equation vy — 2ix} + 375 = 0 has a unique solution.

If the point scheme of a quadratic algebra with four generators and six defining

relations is finite, then it consists of twenty points counted with multiplicity (cf. [34]).

Therefore, (b) and (c) are proved. O

Corollary 3.2.1.2. Let A= A(y) and V = A;.
(a) The points in P(V*) x P(V*) on which the defining relations of A vanish are of

the form (e1,e3), (e, €1), (e3,e4), (€4, €3) and

2

((17 g, (3, a4)7 (1a iaQQg ,043_1, _ia4)) )

where (1, aa, a3, 4) € 2., and i* = —1.
(b) For all v € k*, there exists an automorphism o : p(y) — p(y) which, on closed

points, is defined by: e <> eq, €3 <> ey, and
1 = (1,ic0z 2, azt, —i
U( 705270537054) — ( y iy, Qg 'lOé4),

for all (1,00, a3, 014) € Z,. Hence, on the closed points of p(7), o has two orbits
of length two and n orbits of length four, where n =4 if |Z,| =16 and n = 2 if
|Zv| = 8.
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Proof. Part (a) is easily reached by computation. The existence of the map in (b)
follows from (a) and [22, Theorem 4.1.3]. The size of the orbits may be verified by

computation. O

3.2.2 The Line Scheme of A(7)

For this section, we assume that char(k) = 0.

In [30], a method was given for computing the line scheme of any quadratic
algebra on four generators that is a domain and has Hilbert series the same as that of
the polynomial ring on four variables. In this subsection, we summarize that method
while applying it to A(7); further details may be found in [30].

The first step in the process is to compute the Koszul dual of A(v). Let
{21, 29, 23, 24} be the basis of V* dual to {z1,xs,x3,24}. The Koszul dual of A(y) is

the k-algebra A(7)' on generators 21, 2o, 23, 24 With defining relations:

2129 = 0, 2921 = 0,
2324 = 0, ZpAR3 = 0,
iZ421 = —Z21%4, i2322 = —RX9%3,
Z3%1 = —Z1%3, Z4Ro = X224,
22+ z§ = —7Y2924, 25422 = —2123.

One then rewrites these relations in the form of a matrix equation similar to
that used in Section 3.2.1; in this case, however, it yields the equation Mz = 0, where

T =(21,...,24) and M is a 10 x 4 matrix whose entries are linear forms in the z;.

z
One then produces a 10 x 8 matrix from M by concatenating two 10 x 4 ma-
trices, the first of which is obtained from M by replacing every z; in M by u; € Kk,

and the second is obtained from M by replacing every z in M by v; € k, where

35



(u1,...,uq), (v,...,v4) € P35 For A(y), this process yields the following 10 x 8

matrix:

U9 0

0 U3 0 0 0 s
0 ug 0 0 0 V4
0

U3 Ul 0 V3 0 V1
M (7) - 0 Uy 0 U9 0 Vg 0 Vg
—Uy 0 0 wu —-wvg O 0
0 —u3z tuy 0 0 —wv3 dwy O
Ul 0 us  Yuz U1 0 V3 YU2
0 Uy Ul U4 0 Vg VU1 U4

Each of the forty-five 8 x 8 minors of M() is a bihomogeneous polynomial of
bidegree (4,4) in the w; and v;, and so each such minor is a linear combination of
products of polynomials of the form N;; = w;v; — u;v;, where 1 <+¢ < j < 4. Hence,
M) yields forty-five quartic polynomials in the six variables N;;. Following [30],
one then applies the map:

Nig = M3y, Nig = —Mag, Nig > Mo,

Nog = My,  Nag = =Mz,  Nszg = M,
to the polynomials, which yields forty-five quartic polynomials in the Pliicker coordi-
nates M;; on P.

The line scheme £(7) of A(y) may be realized in P° as the scheme of zeros of
these forty-five polynomials in the M;; together with the Pliicker polynomial P =
MioMsy — MysMsoy + MygMas. For A(7y), these polynomials were found by using
Wolfram’s Mathematica and are listed in Appendix 5.1.2.

In the remainder of this section, we compute and describe £(y) as a subscheme
of P°. The lines in P(V*) that correspond to the points of £(v) are described in

Section 3.3.
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3.2.3 Computing the Closed Points of the Line Scheme of A(7)

Our procedure in this subsection focuses on finding the closed points of the line
scheme £(7) of A(7); in the next subsection, we will prove that £(+) is reduced and
so is given by its closed points. We denote the variety of closed points of £(v) by
().

Subtracting the polynomials 5.1.2.19 and 5.1.2.20 produces MsMozM3,. If
My = Msyz = Moy = 0, then M5 = 0 = M3y, so there is a unique solution in this

case. This leaves six cases to consider:

(I)  MisMas # 0, Moy =0, (IV)  Mas # 0, Miy =0 = May,
(II) M23M24 7& 07 M14 = 07 (V) M14 # 07 M23 =0= M247
(III) M14M24 # O, M23 = O, (VI) M24 # O, M14 = O == M23.

We will outline the analysis for (I), (II), (IV) and (VI); the other cases follow
from these four cases by using the map v, defined in Section 3.1. In applying the

map 11, the reader should recall that M;; = —M;; for all i # j.

Case (I). M14M23 7é 0 and M24 = 0.
With the assumption that M,y = 0, a computation of a Grébner basis yields several
polynomials, one of which is M3 M;4Mas. Hence, M;3 = 0, and another computation

of a Grobner basis yields several polynomials, two of which are:

My Moz + Mg M3y,
Mgy — MP M3, — M3 M3, 4 My Mog M3, + M M3,

so that, in particular, MisMs, # 0. Using the first polynomial to substitute for
M4 Ms3, and using the assumption that M3, # 0, we find that the second polynomial

vanishes if and only if M3, + M2, + yMy4Moz — M?, — M2, = 0. Another computa-
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tion of a Grobner basis yields only these polynomials, so that this case provides the

component
L1 =V( M3, Moy, M1gMss + MisMsy, M122 + M??z; + yMyaMas — M124 - M223 ).

In Theorem 3.2.3.1, we will prove that £, is irreducible if and only if v* # 16. Here
we show that if 2 = 16, then £; is the union of two nonsingular conics. Since

A(4) =2 A(—4), it suffices to consider v = 4. In fact, let a € k and let
Q = M}y + M3, 4+ v My Mg — M7y — M35 + 20( M1y Mg + My Msy),

and associate to () the symmetric matrix

0 0 «

-1 a+32 0
a+? -1 0f’

« 0 0 1

which has rank at most two if and only if ) factors. This happens if and only if

(v, ) = (+4,F1). It follows that if v = 4, then
Q = (Mg — M3y + Myy — Mog) (Mg — Msg — My + Mag),
and £ = £1, U £4p, where

,Qla = V( Mlg, M24, M14M23 + M12M34, M12 + M14 - M23 - M34 )7
Slb = V( M13, M24, M14M23 + M12M347 M12 - M14 + M23 - M34 )7

and each of £;, and £y, is a nonsingular conic, since using the last polynomial in
each case to substitute for My in My Mog + MioMsy yields a rank-3 quadratic form

in each case. Moreover, £y, is ¥, applied to £4,.

Case (II) M23M24 7£ 0 and M14 = 0.

With the assumption that M4, = 0, a computation of a Grobner basis yields several
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polynomials, two of which are M3 Moz M3, and Moz Moy M?2,. Hence, M3 = M3y = 0.
With these additional criteria, another computation of a Grobner basis yields exactly
three polynomials: Mo f, Mo f, Moy f, where f = M3y — MyaM3y — iMozM3,. Thus,

f = 0. It follows that this case yields the irreducible component
£y =V( Mz, Mia, Msy, My — MiaMy; — iMaz M3, )
of £ (7).

Case (III) M14M24 7é 0 and Mgg = 0.

This case is computed by applying ; to case (II), giving

€3 =V( Mg, Myz, Mz, M3, — M} My + iMyy My, ).

Case (IV) M23 7é 0 and M14 =0= MQ4.
If, additionally, M5 # 0, then M3 = 0 and M;y = 0 for all i = 1,2,3. It follows
that M2, = M2, and so these assumptions yield a subvariety of £,. Hence, we may

assume that M, = 0. It follows that this case yields the irreducible component
L4 =V( Myy, Myy, Myy, MzsMsy + iyMisMys — M;, )
of £(7), so £4 is ¥, applied to £s.

Case (V): M4 # 0 and Mz = 0 = Myy.

This case is computed by applying ¢ to case (IV), giving the irreducible component
L5 =V( Moy, Myy, Msy, MysM7y — iyMisMiy — My, )
of £'(y), which is also ¥, applied to £;.

Case (VI) M24 7é 0 and M14 =0= M23.

Using M4 = 0 = My, a computation of a Grobner basis yields several polynomials,
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one of which is Mo M3, — Mi3Ms4 whereas the others are multiples of MIQ2 -+ M§4. In
particular, two of those polynomials are: Mo Moy(M%E + M2,) and M3z, (MZ, + M,).
It follows that M%, + M2, = 0, so that this case yields the component £5 = £5, U L,
of £(v), where

L6a = V( Mg, Mas, MioMsq — My3May, My + iMsy ),
Lop = V( My, Moz, MyoMsy — Mi3Moy, Mis — iMsy ),

and each of £4, and £¢, is a nonsingular conic, since using My + iM34 to substitute
for Mo in Mo M3y — M13Msy yields a rank-3 quadratic form in each case. Moreover,
Lep is 11 applied to Le,.

Having completed this analysis, we can see that the point
V( Ml?a M147 M237 M24a M34 )7

that was found earlier, is contained in £4 N £5 N £¢. We summarize the above work

in the next result.

Theorem 3.2.3.1. Let £'(7) denote the reduced variety of the line scheme £(7) of
A(Y). If 42 # 16, then £'(v) is the union, in P5, of the following seven irreducible
components:
(1) £ = V( Mg, Moy, MiaMas+ MisMas, M2+ M2+~ My Mg — M2, — M2, ),
which is a nonplanar elliptic curve in a P3.
(IT) £ =V( My3, My, Mzy, My — MyoM3 —iMazM3, ), which is a planar elliptic
curve.
(IT) L3 = V( Mg, Mz, Moz, M3, — ME Msy+iM4M3, ), which is a planar elliptic
curve.
(IV) £4 = V( My, My, Moy, MMy + iyMEMoy — M3, ), which is a planar

elliptic curve.
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(V) L5 = V( Moz, Moy, Mzy, MioM37 —iyMEZMyy— M3, ), which is a planar elliptic
curve.
(VIa) Lo = V( My, Mss, MisMsy — My3Msy, Mg +iMsy ), which is a nonsingular
conic.
(VIb) Le = V( My, Mas, MyoMsy — My3Msy, Mio — iMsy ), which is a nonsingular
conic.
If v = 4, then £'(v) is the union, in P°, of eight irreducible components, siz of which
are £, L3, £4, L5, Loa, Lop (as above) and two of which are
L£1a = V( Mz, My, MyyMoz + MigMszy, Mg+ My — Mys — My ),
L1y = V( Miz, My, MigMys + MigMsy, Mg — My + Moz — M3y ),

which are nonsingular conics.

Proof. The polynomials were found in the preceding work, as was the geometric
description for £1,, £15, L6, and Lgp, s0 here we discuss only the geometric description
of the other components.

(I) Write gy = My Mo + MiasMsy and g = M7, + M, +~yMiaMss — ME, — M3,
viewed in k[Mis, M1y, Moz, M3,]. Since

@2 = Mty — (v/2)MyaMsy + M3, — (M7, — (7v/2) M1aMag + M3;)

modulo ¢, and since char(k) # 2, we may take the Jacobian matrix of this system of
two polynomials to be the 2 x 4 matrix
M3y Mos My Mo
2Myz — (v/2)Msa —(2Mis — (7/2)Ma2s)  —(2Ma3 — (7/2)Mia)  2Mszs — (7/2) M
Assuming that all the 2 x 2 minors are zero, we find that M2, = MZ (from
columns one and four) and M%, = M, (from columns two and three). Substituting

these relations into the minor obtained from the last two columns yields that either
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(v £ 4)MsMyy = 0 or YMisMyy = 0, so MsMyy = 0 (since y(7* — 16) # 0).
Substitution into ¢; implies that there is no solution, and so the Jacobian matrix has
rank two at all points of V(q1, g2). It follows that V(qi1, ¢2), viewed as a subvariety of
P3 = V(M,3, Moy), is reduced, and so £; is reduced. Following the method of the proof
of [32, Proposition 2.5], if V(q1, ¢2) is not irreducible, then there exists a point in the
intersection of two of its irreducible components, and so the Jacobian matrix has rank
at most one at that point, which is a contradiction. Hence, V(qi, ¢2) is irreducible,
and thus nonsingular since it is reduced. Moreover, its genusis 4 —2 -2+ 1=1. It
follows that V(q1, ¢2) is an elliptic curve, and the same is true of £.
(IT) Viewing h = M3, — Mo M3 —i Moz M3, as a polynomial in k[ Mg, Moz, Moy,
the Jacobian matrix of h is a 1 x 3 matrix that has rank one at all points of V(h)
(since char(k) # 2), so V(h) is nonsingular in P? = V(M;3, M4, Mz,).
(III), (IV), (V) These cases follow from (II) by applying ¢ or 1, as appropriate.
O

3.2.4 Description of the Line Scheme of A(7)

In this subsection, we prove that the line scheme £(7) of A(7y) is reduced and

so is given by £'(7) described in Theorem 3.2.3.1.

Lemma 3.2.4.1. For all v € k*, the irreducible components of £(7y) have dimension

one; in particular, £(7) has no embedded points.

Proof. By [5], A(y) is a regular noetherian domain that is Auslander-regular and
satisfies the Cohen Macaulay property and has Hilbert series the same as that of the
polynomial ring on four variables. Hence, by [29, Remark 2.10], we may apply [29,
Corollary 2.6] to A(7y), which gives us that the irreducible components of £(7) have

dimension at least one. However, by Theorem 3.2.3.1, they have dimension at most
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one, so equality follows. Let X; denote the 11-dimensional subscheme of P(V ® V)
consisting of the elements of rank at most two, and, for all v € k*, let X5 denote
the 5-dimensional linear subscheme of P(V ® V') given by the span of the defining
relations of A(y). By [29, Lemma 2.5], £(v) = X; N X, for all v € k*. Since X,
is a Cohen Macaulay scheme for i = 1, 2, and since dim(X; N X3) = 1, the proof of
29, Theorem 4.3] (together with Macaulay’s Unmixedness Theorem) rules out the

possibility of embedded components. O

Theorem 3.2.4.2. For all v € k™, the line scheme £(7) is a reduced scheme of degree

twenty.

Proof. Let X; and X5 be as in the proof of Lemma 3.2.4.1, and let X = X; N Xo.
Since deg(X7) = 20 by [15, Example 19.10], Bézout’s Theorem for Cohen Macaulay
schemes ([11, Theorem III-78]) implies that deg(X) = 20. However, since £(y) = X
by [29, Lemma 2.5], the reduced scheme X’ of X is isomorphic to £'(7y). Since the
degrees of the irreducible components of £'(7y) in Theorem 3.2.3.1 are as small as
possible, deg(X') > 4 4+ 12 4+ 4 = 20; that is, 20 = deg(X) > deg(X’) > 20, giving
deg(X) = deg(X’). As X has no embedded points by Lemma 3.2.4.1, it follows that
X = X', so X is a reduced scheme. Thus, £(7) is reduced and has degree twenty
since deg(£'(7)) = 20. O

We now offer two alternative proofs for the statement that £(7) is reduced. The
first proof follows the same general format as the one above. The distinction is that
in the above proof, the computation of the degree of X’ uses the degree of curves in

£'(7). The new proof computes curves in X’ directly and makes use of their degrees.

Proof. Let X, X and X5 be as in the proofs of Lemma 3.2.4.1 and Theorem 3.2.4.2.

Since deg(X7) = 20 by [15, Example 19.10], Bézout’s Theorem for Cohen Macaulay
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schemes ([11, Theorem III-78]) implies that deg(X) = 20. The polynomials that
define X, called the Van den Bergh polynomials, are given in Appendix 5.1.4. For
more information on the construction of these polynomials, the reader is referred to
29, 30].

We now compute X', the variety of closed points of X. Computing a Grobner
basis for the polynomials in Appendix 5.1.4 yields several polynomials, one of which
is 12y516. We make use of a symmetric argument to that in Section 3.2.3. If 4% # 16,
then this computation yields the following irreducible components:

o X1 =V(v1, Yo, Y3+ VY3Ys — Y2, Y3 — Yays — Y2 ), which is a nonplanar elliptic
curve in a P3,

=V( 1, ¥s, Y3+ Y6, Y3Ys — iVYiys + iy ), which is a planar elliptic curve,

e X,

o X3=V(y1, Vs, Ys, Y3ys + iyays — iyS ), which is a planar elliptic curve,

o X4 =V( v, Y6, Ys+Ys, Yiys — iy5ys + iy ), which is a planar elliptic curve,
o X5 =V(y1, Yo, Us, Yiys + ivY3ys + iys), which is a planar elliptic curve,

® Xoo = V(ys, Ys, Y2 +iysys, Y2 — Y1), which is a nonsingular conic,

o Xop = V(us, Ys, Y3+ Y3y, Y2 + 1), which is a nonsingular conic.
If v = 4, then X’ is determined by X5, X3, X4, X5, X6, X6, and two nonsingular

conics:

X1a =V(y1, Y2, Y3 — 2us — Ys + 206, Y5 — Yays — va ), and
X1 =V( Y1, Yo, Yz +20s + Us + 206, Ui — Ya¥s — Yo )-

Verification that these components are elliptic curves and conics is done following the
method in Section 3.2.3.

Having found these components, we see that, for all v € k*, deg(X') = 4 +
12 +4 = 20. Therefore, 20 = deg(X) > deg(X’) = 20 which implies that X = X’
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and the scheme is reduced, since X has no embedded points by Lemma 3.2.4.1. Since

£(v) = X, £(v) is also reduced. O

We now give a second alternative proof to Theorem 3.2.4.2. This method makes
use of the coordinate ring of £(vy) and computing the dimension of the local rings

associated to £(7). For this proof, we assume that char(k) # 2.

Proof. Suppose char(k) # 2. Consider the coordinate ring of £(vy) defined as R =
k[Ms, ..., M34])/I, where I is the ideal generated by the polynomials in Appendix
5.1.2. Let f = Mo + M3 + iMyy + iMaz + Myy. Since the intersection of £(vy) with
V(f) consists of finitely many points, we may use f to compute the degree of £(7);
note that none of the intersection points are intersection points of the components of
£(7). The points of intersection of £(7) and V(f) are given by the following:

(a) V( Mg, Mz, Mas, Msy — 1, My — iMoy, M234 - M224 -1 ),

(b) V( M3, Moy, Maoz—1, Myg+iMiy+i, i( Mg+ 1) My — Myg, 2M},+ (6 —~) M3, +

(9 = 29) M3, + (6 —7)Mis +2 ),

) V( Myz, Myy, Msy, Moz —1, Mo+ Moy + 1, My, + 4iM3, — 4Moy — 21 ),

) V( My, Moz, Myz—1, Mig+ Moy +1, (Mag+ 1) Msy + Moy, (Moy+1)*+ M3, ),
e) V( Mg, My, Moy, Mz —1, Moz —i, M3, + Msy+ ), and

) V( Mg, My, Msy, Miz—1, Mg+ 1+ iMyg, 2M3, — 4iMZ + (v — 3) My +1 ).
The method of computation for these points of intersection is the same as
the method in the proof of Theorem 3.2.3.1 and Theorem 3.2.1; however, in this
computation, we did not make use of Grobner bases; this allows us to assume only
that char(k) # 2 for this proof, instead of char(k) = 0 as before. For a generic k,

there will be exactly twenty intersection points. The reader should note that cases
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(a) and (b) were also described explicitly in [8]. We will use the same method of

computation for all cases.

Let J denote the ideal of k[Ma, ..., M34] that is generated by the polynomials
in Appendix 5.1.2 and f. Also, let m;; (respectively, J) represent the image of M;;
(respectively, J) in the localized ring in each case.

(a) In this case, it is straightforward to see that My, May, M3 are each nonzero.

Setting M34 = 1 in J yields several polynomials, some of which are:

—m14(—m13m14 + mi3ma3 + 1mi13migmes + 1M13Mis3 + Mi13MazMmay + Zm14m23m24)7
mia(—imizmia + imismeos — Mi3MiaMa3 — M13M53 + 1M13M23Ma4 + M14M23M24),
2 2 :

M23Mag — Mi,M23M24 — M13M14M54 + YIM13MM14M23,

. 2 . . 2
—1M13M14M24 + M4 M24 + 1M23M24 + T14M23M24 — 1M 14MG, + YM13114123.

Since my4 is nonzero in this case, we can invert it and obtain that the following

polynomials belong to .J:

—m13Mmi4 + Mi3Mao3 + 1M13M14M23 + 1M13M53 + M13M23Ma4 + 1M 14M23M24,

—1M13M14 + 1MI3M23 — M13M14M23 — M13M53 + 1M 13M23M24 + M14M23M24.

The polynomial 2imi4mazmeoy is a linear combination of these polynomials. Since
char(k) # 2 and my4 and my, are nonzero, we can invert them and obtain that
maos € J. Now, using the third polynomial above, we see that my3 € J. Finally,
the fourth polynomial then implies that mqs—imsqs € J. This allows the remaining
generators of J to be written as multiples of the generator m3, — m32, — 1.

Therefore, the localized ring associated to these intersection points is isomorphic
to a polynomial ring in one variable z with exactly one relation: 2% — 2% — 1 = 0;

thus, the ring has dimension three.
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(b) In this case, we can see that My, Mas, M3, are nonzero. Setting M3 = 1 in the
ideal yields several polynomials, some of which are:
mis(—mi3 + im3; — migmag + imigmag + MigMag — iM13Miamsy),
—maa(imaz + miy + imizmig + mizmaog + iMmisgmag — Mizmigmas),
mia(miamog — imigmismoy + m%4m24 - im14m§4 + imagmsg + ymizmig).
As before, since mq4 is nonzero, we can invert it. So, the first and second polyno-
mials tell us that mos € J and this implies, together with the third polynomial,
that my3 € J. This now allows all the remaining generators of .J to be written as

multiples of the generator
2mi, + (6 —y)md, + (9 — 2y)m?2, + (6 — y)myy + 2.

Therefore, the localized ring associated to these intersection points is isomorphic
to a polynomial ring in one variable with exactly one relation of degree four (as
char(k) # 2), and so has dimension four.
(c) In this case, Mo, Mag, Moy are nonzero. Setting Moz = 1 yields several polyno-

mials, some of which are:

(i + m13 + imaa + mag) (M3 — im35 + Mmigmig — imi3mag + MiaMag + iMi3miamss),

(i + mas + imag + mag)(—ma3 + im3y — mizgmag + iMizmag + Miamaog — iM13MiaM34),

—M14Mag + iIM13M14Mag — M34May + iM14M3, — iM2gM3zs — YM13M14,
M4 — M13M24 — 1M34 — MI3M34 — LM14M34 — M24M34.

Note that the image of M in J is —mag —imis — i — may. Since the image of M,
is nonzero in J, we can invert it. So, using the first and second polynomials, and
the fact that ms, is nonzero in J, we obtain that mq, € J. This, combined with
the third polynomial, implies that ms, € J and this, together with the fourth
polynomial, implies that m;3 € J. This now allows all the remaining generators
of J to be written as a multiple of the generator

—2+ 4im24 + 4m§4 - ng4
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Therefore, the local ring associated to these intersection points is isomorphic to
a polynomial ring in one variable with exactly one relation of degree three, and
so has dimension three.
In this case, Miy, My3, Moy, M3, are nonzero and Moy # —1. Setting M3 = 1
yields several polynomials, some of which are:
maa(mas + im1amas + im3s + MagMay — iM14MazMay + M14M34),
—mzq(—ima3 + Miamas + M3y — iMagMmaog — M14MazMay + iM14M34),
m14m3s + Magmay + 1M14M23MasM3s — M14M3,.
We can invert mo4 and —myg4 in the first and second polynomials and take a linear
combination of the resulting polynomials to obtain 2imismss € J and we again
invert ms, to obtain that mis € J. This, together with the third polynomial,
implies that mg3 € J. This allows the remaining generators to be written as
multiples of the generator
1+ 4dmgy + Tms, + 4mi, + my,.
Therefore, the local ring associated to these intersection points is isomorphic to
a polynomial ring in one variable with exactly one relation of degree four, and so
has dimension four.
In this case, M3, M3, M3, are nonzero. Taking M3 = 1 yields several polyno-
mials, some of which are:
—2mi4ma3may,
—m?2 MagMaog — M14M3, + MazMaoaMm3, + Yimiamazmsa,

. 2 . 2 .
mga(—imiamaog + My Moy + MiaMazmag — iMiamsy + 1Ma3Masmsg + yM14ma3),

1M23 — M14M23 — Mig + 1M23M24 + 1T14M23M24 — 11141 34.

We may invert mo3 in the first polynomial to obtain that myymeoy € J. This
fact, together with linear combinations of the next two polynomials, and the

fact that mes and ms, are invertible, implies that myy, mas € J. Finally, the
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last polynomial now tells us that mo3 — i € J. It follows that the remaining
generators of J can be written as multiples of the generator —mgy — m3, — 7.
Therefore, the local ring associated to these intersection points is isomorphic to
a polynomial ring in one variable with exactly one relation of degree three, and
so has dimension three.
(f) In this case, My, My3, My, are nonzero. Taking M3 = 1 yields several polyno-
mials, some of which are:
—2mi4ma3may,
mag(miamay + im3 Moy + IM14N23Ma4 + T14M34 — T23M2gM3s — Yimiamas),
mia(—miamay — imiymos — iM14mazmas — M14M3, + MogMaogmss — Yimi4ma3),

. 2 9 2 3
mog + 21m14Ma3 — 2mima3 + 2ima3 — 2mi14mis — M55 — M14Ma4 + 2Mo3Mos+

. 2 2 2 2 . 2
+1Mi1amagmayg + M Ma3Mog + 21M53Ma4 + M14M53Mo4 + MagMi, — 1M14M23 M5,

1M23 — M14M23 — Mig + 1M23M24 + 1T14M23M24 — 11141 34.

Since mq4 is nonzero, we can invert it, and so the first polynomial tells us that
Masmay € J. We may also invert mqs; so this, together with my4 being nonzero
and using the second and third polynomials, tells us that mes € J. All this,
together with the fourth polynomial, implies that mqs € J and finally the fifth
polynomial then implies that mss € J. These facts allow us to write the remaining
generators as multiples of the generator —1 — 3imyy + 4m?, + 2im3, + iymy,.
Therefore, the local ring associated to these intersection points is isomorphic to
a polynomial ring in one variable with exactly one relation of degree three, and
so has dimension three.
So, from the work above, we see that the degree of £(7) is 3+4+3+4+3+3=20.
From our work in Section 3.2.3, we know that £'(7) has degree twenty. Therefore,

£(7v) = £'(7) (as £(y) has no embedded points by Lemma 3.2.4.1).
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3.3 The Lines in P* Parametrized by the Line Scheme of A(7)

In this section, we describe the lines in P(V*) that are parametrized by the
line scheme £(y) of A(v). We also describe, in Theorem 3.3.3.1, the lines that pass
through any given point of the point scheme; in particular, if p is one of the generic
points of the point scheme (that is, p € Z,), then there are exactly six distinct lines
of the line scheme that pass through p. Since we will use results from Section 3.2.3,

we resume the assumption that char(k) = 0.

3.3.1 The Lines in P3

In this subsection, we find the lines in P(V*) that are parametrized by the line
scheme. We first recall how the Pliicker coordinates Mo, . .., M3, relate to lines in P3;
details may be found in [9, §8.6]. Any line £ in P? is uniquely determined by any two

distinct points a = (ay,...,a4) € £ and b = (by,...,bs) € £, and may be represented

a; Qag a3 Qa4
by by bz by

that has rank two; in particular, the points on ¢ are represented in homogeneous

by a 2 X 4 matrix

coordinates by linear combinations of the rows of this matrix. In general, there are
infinitely many such matrices that may be associated to any line ¢ in P?, and they
are all related to each other by applying row operations.

The Pliicker coordinate M;; is evaluated on this matrix as the minor a;b; — a;b;
for all 7 # j, and the Pliicker polynomial P = M5 M34y — M3 My + My4Msg vanishes
on this matrix.

Since dim(V') = 4, we identify P(V*) with P%. By Theorem 3.2.4.2, £(v) is given
by Theorem 3.2.3.1. We continue to use the notation e; introduced in Section 3.2.1.
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(I) In this case, v # 16 and the component is £, which is a nonplanar elliptic curve

in a P? (contained in P%), where
L1 = V( Mz, Moy, MigMoz+ MisMsy, M7y + Msy + yMygMog — M7, — M3y ).

It follows that any line ¢ in P(V*) given by £, is represented by a 2 x 4 matrix of the

form:

*
*) 0 by 0 by

aq 0 as 0]

where a;, b; € k for all j and a?b3 + a3bj —vaibaazby — a3bj —b3a% = 0. In particular, if
p € L, then p = (Ajay, Aaba, A\1as, Aaby), for some (Ai, Ao) € P, such that a3 + a2b? —

yaybaaszby — a?b3 — bia? = 0. Tt is easily verified that p lies on the quartic surface
2 2.2

2.2, 2 2 2
V( 2125 + T3 — YT1 X030y — TIXT; — THT3 )

in P(V*) for all (A;,\z) € P'. Hence, the lines parametrized by £; all lie on this

quartic surface in P(V*) and are given by:
V(xs, xotxg), V(x4 x1+tx3), and V(x; —axs, x9 — Pry )

for all o, 8 € k such that (a* —1)(8% — 1) = yaB. The case v = 4 is discussed below

in cases (Ia) and (Ib).

(IT) In this case, the component is £5, which is a planar elliptic curve, where
€4 = V( My, My, May, Miy — MioMgy — iMos M3, ),

so any line in P(V*) given by £, is represented by a 2 x 4 matrix of the form:

aq 0 a3 ay
01 0 o
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such that a? — aja3 + iazai = 0. It follows that £, parametrizes those lines in P(V*)
that pass through e, and meet the planar curve V(zq, ¥3 — z122 + ixzz?); this planar

curve is a (nonsingular) elliptic curve since char(k) = 0.

(IIT) In this case, the component is £3, which may be obtained as 1, applied to
£9. Hence, £3 parametrizes those lines in P(V*) that pass through e, and meet the

planar elliptic curve V(zy, x5 — x3x3 + ix123).

(IV) In this case, the component is £4, which may be obtained as 15 applied to
£5. Hence, £, parametrizes those lines in P(V*) that pass through e; and meet the

planar elliptic curve V(3,23 — x5z + iyriz,).

(V) In this case, the component is £5, which may be obtained as ¢, applied to £4.
Hence, £5 parametrizes those lines in P(V*) that pass through e; and meet the planar

elliptic curve V(zy, x5 — xox3 + iyrizy).

(VI) In this case, the component is £ = L6, U L£gp, where

L6a = V( Mg, Moz, MioMsq — My3May, Mo+ iMsy ),
Lop = V( My, Moz, MioMsy — MysMay, Mo —iMsy ),

which are nonsingular conics. Following the argument from case (I), any line in P(V*)

given by £g, is represented by a 2 x 4 matrix of the form:

aip a2 4z a4

aa; Bay Paz aas|’
such that a, 3, a; € k for all j, ajas = iazas and o # 3. A calculation similar to that
used in (I) verifies that every point of the line lies on the quadric V(zz — izgxy). It

follows that £¢, parametrizes one of the rulings of the nonsingular quadric V(zz5 —

iz3x4); namely, the ruling that consists of the lines V(dz1 — exy, dxs + iexs) for all
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(6,¢) € PL. Since £4, may be obtained by applying 1; to £¢4, we find £¢, parametrizes
one of the rulings of the nonsingular quadric V(x3z4 — ix1xs); namely, the ruling that

consists of the lines V(03 — ey, 611 + iexy) for all (6,¢) € PL.

(Ia) and (Ib) In this case, v =4 and the component is £, = £, U £4;, where

L1a = V( Mz, May, MyaMoz+ MigMzy, Mg+ My — Maz — M3y ),
le = V( Mlg, M24, M14M23 + M12M34, M12 - M14 + M23 - M34 )7

which are nonsingular conics. Following the argument from case (I), any line in P(V*)
given by £y, is represented by a 2 x 4 matrix of the form (x) such that a,bs + a1by +
boaz = asby. A calculation similar to that used in (I) verifies that every point of the

line lies on the nonsingular quadric
Qo = V( 1129 + 1124 + ToX3 — T3T4 )
in P(V*). Hence, the lines parametrized by £, all lie on @, and are:
V(xg, vo+z4) and V(z; —axs, (a+ 1)z + (a— 1)y )

for all a € k, which yields one of the rulings on the quadric @),. Applying ¢, to these

lines, it follows that the lines parametrized by £, are:
V(xy, zao+x4) and V(g —axy, (a—1Dag+ (a+ 1)z, )
for all a € k, which yields one of the rulings on the nonsingular quadric

Qb = V( T3X4 + To3 + 2124 — X122 )

3.3.2  The Intersection Points of the Line Scheme of A(7)

The intersections of the irreducible components of £(7y) are straightforward to

compute and are listed in Appendix 5.1.3.
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For i = 1,...,6, let £; € P° denote the point with the ith coordinate nonzero
and all other coordinates equal zero. If v € k is generic, then the distinct intersection
points of the components of £(v) are Fy, Es, E4, Es, By + Ey, E3 + FEg, B4 + Eg,
E, + E;s.

Since A(7) is a graded skew Clifford algebra, A(7) contains a normalizing se-
quence of four linearly independent homogeneous degree-two elements. One such
normalizing sequence is {x%,m%,xgm + z4x3, 1122 + 291 ). We conjecture that the
intersection points of the components of £(7) correspond to right ideals of A(7) that
have a “large intersection” with the normalizing sequence. We explore this idea below.

Denote A = A(7). Using Section 3.3.1, we obtain the following correspondences

between the intersection points of £(vy) and right ideals of A:

(i) By o~ 9 A 4 244, (V) Ey £ By e 24A+ (21 F 23) A,
(i) E3 e x9A + 234, (vi) B3+ Eg e~ 19A + (21 £ 23) A,
(i) Ey e x1A+ 14A, (vil) By £ Eg o~ 11 A + (22 F 24) A,
(iv) E5 e x1A+ 134, (viil) By £ E5 e 234 + (22 + 24) A.

Below we express each of the degree-two subspaces of the ideals above as a span
of basis elements of A(«y). This is easily verified computationally.
(oA + x4A), = kayws @ kroxy @ kroxs @ kx3 @ krow; © koyoy © ka?,
(x0A+ 23A), = kaszy © kroxry @ kaors @ ko2 @ kaow, © koo © ka?,
(1A + 24A), = kayrs G kroxy @ kvs @ kr12y © koyas © koo @ ka?,
(r1A+ x3A), = kaszy @ kroxs @ ko2 © ko12y © ko123 © koyoy © ka?,
(24A + (21 £ 23)A)y = k104 ® kg2 & kvgzy ® kas & k(2] £ 2173)

@ k(z122 £ izoxs) ® krsay,
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(w2 A + (z1 £ 23)A), = kaoz B ka2 @ krows @ krory © ki,
O k(r123 + 73) O k(1174 £ T374),
(1A + (29 £ 24)A), = ko? @ ko17y O ko173 © kozy © kg,
® k(23 + m914) O k(2073 £ 2473),
(x3A + (z2 £ 24)A), = kagzy @ kaoxs @ k2? @ kaszy @ k(zow; £ 2477)

® k(22 £ z914) © kayxs.

One can easily see that the intersection of any of these ideals with the nor-
malizing sequence above is of cardinality 2. Furthermore, when checking the ideals
corresponding to other points of the line scheme that are not intersection points, the

intersection is either of cardinality 0 or 1.

3.3.3 The Lines of £(v) that Contain Points of p(~)

In this subsection, we compute how many lines in P(V*) that are parametrized
by £(7) contain a given point of p(vy). By [29, Remark 3.2], if the number of lines is
finite, then it is six, counting multiplicity; hence, the generic case is considered to be
six distinct lines. The reader should note that a result similar to Theorem 3.3.3.1 is
given in [13, Theorem IV.2.5] for the algebra A(1), but that result is false as stated
(perhaps as a consequence of the sign errors in the third relation of (3) on Page 797

of [28]).

Theorem 3.3.3.1. Suppose v € k*, and let Z., be as in Theorem 3.2.1.1.

(a) Foranyj € {1,...,4}, e; lies on infinitely many lines that are parametrized by

£(7).

(b) Each point of Z., lies on exactly siz distinct lines of those parametrized by £(7).
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Proof. Since (a) follows from (II)-(V) in Section 3.3.1, we focus on (b). Let p =
(1, a0, i3, ) € Z,,. It follows that ; # 0 for all j. Suppose that 2 # 16.

Let @ = 1/az and 8 = ag/ay, so (a® —1)(8% — 1) = yaf, by 5.1.1.15 in
Appendix 5.1.1. Hence, p € V(21 — axs, o — fz4), which is a line that corresponds
to an element of £,. Clearly, no other line given by £; contains p.

Let 79 = (1,0, a3, ) and let ¢, denote the line through ey and 5. By 5.1.1.9,
we have 1 —aZ+iaza? = 0, so ry € V(xg, 23—z 23 +ix32%). Thus, {5 corresponds to an
element of £, and p € ¢5. Conversely, let 7, = (by, 0, b3, by) € V(2,3 —x 123 +ix377).
If p lies on the line through 7, and e, then there exists (A, \2) € P! such that
p = (Ab1, Ao, Ad1bs, A1by).  Thus, \by # 0 and «; = b;/by for i@ = 3,4. Hence,
rh = (b1,0,b1a3,biaq) = (1,0, a3, ) = 79. It follows that no other line given by £,
contains p.

Let r4 = (1, a9, cv3, 0) and let £, denote the line through ey and r4. By 5.1.1.2,
we have a3 — ag +iad = 0, so 14 € V(z4, 73 — 233 + ix123). Thus, ¢4 corresponds
to an element of £3, and p € £4. An argument similar to that of £, proves that no
other line given by £3 contains p.

Let 73 = (1, 9,0, g) and let ¢35 denote the line through e and r3. By 5.1.1.5,
we have aj} —a3ay +iyas = 0, so r3 € V(x3, x5 — 1524 +iyxiT2). Thus, £3 corresponds
to an element of £4, and p € /3. An argument similar to that of £, proves that no
other line given by £, contains p.

Let 7 = (0, e, a3, ay) and let ¢4 denote the line through e; and r1. By 5.1.1.8,
we have ozg’—ozgozi—i—z’ya%ogl =0,s0m € V(z1, x%—mgmi—m’ngu). Thus, ¢4 corresponds
to an element of £5, and p € £4. An argument similar to that of £, proves that no
other line given by £; contains p.

By 5.1.1.1, we have ag = tiagay, so either p € V(z129—ix3xy) or p € V(ix1xe—

x3xy) (but not both, since azay # 0). In the first case, p € V(ayxr — x4, qws + i22)
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and, in the second, p € V(ayx1 — x4, ic4x3 + x3). These lines correspond to elements
of £¢, and Lg;, respectively. Since each quadric has only two rulings, and since each
irreducible component of £¢ parametrizes only one of the rulings in each case, no
other line given by £4 contains p.

If, instead, v = 4, the only adjustment to the above reasoning is in the case of

the lines parametrized by £;. Since v = 4, the polynomial 5.1.1.15 factors, so
(1) (g + g + apag — asoy) (e — oy — apos — azoy) =0,

that is,

(1+as)as + (1 — az)ay) (1 — ag)as — (14 az)ay) =0,

which provides exactly two lines (of those parametrized by £;) that could contain p.

These lines are
V(x— (1/az)zs, ((1/az) +1)zg + (1/az) — 1)xg )

and

V( T3 — Q3xy, (043 — ].)ZEQ + (043 + 1)(134 ),

which correspond to elements of £, and £y, respectively. If the first factor of () is
zero, then p belongs to the first line, whereas if the second factor of () is zero, then
p belongs to the second line. If both factors of (1) are zero, then oy = agay, which
forces azay = 0, by 5.1.1.1, and this contradicts p € Z,. It follows that p belongs to
exactly one line of those parametrized by £;.

For all v € k*, it is a straightforward calculation to show that the six lines

found above are distinct. O
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Considering Theorems 3.2.3.1, 3.2.4.2 and 3.3.3.1 in the case where 72 # 16, we

arrive at the following conjecture.

Conjecture 3.3.3.2. The line scheme of the most generic quadratic quantum P2 is
isomorphic to the union of two spatial elliptic curves and four planar elliptic curves.
(Here, spatial elliptic curve means a nonplanar elliptic curve that is contained in a

subscheme of P° that is isomorphic to P3.)
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Chapter 4

Different Flavors of s[(2, k)

In this chapter we examine the quantum spaces of several quadratic quantum
P3s that can be traced back, in some fashion, to the Lie algebra s[(2,k). The first
algebra discussed is s1(2, k) itself; we will summarize some known results on its quan-
tum space. The quantum spaces of the remaining algebras will then be discussed in

the same fashion. We assume that char(k) = 0 in this chapter.

4.1 The Lie Algebra sl(2,k)

Let s[(2,k) be as defined in Section 2.5.1. In order to associate any geometry

to sl(2,k), we first pass to its universal enveloping algebra, U (sl(2,k)), defined as

kie, f, )
(he —eh —2e, hf — fh+2f, ef — fe—h)

Note that the Casimir element in U(s[(2,k)) is Q' = h* — 2h + 4def.

U(s1(2,k)) =

However, we are unable to associate Artin, Tate and Van den Bergh’s geometry
to U(sl(2,k)) directly since it is not graded. Therefore, we consider a graded k-algebra

obtained from U(sl(2,k)) by homogenizing using a central variable.

4.1.1 The Quadratic Quantum P* Associated to U(sl(2,k))

Definition 4.1.1.1. The Quadratic Quantum P? Associated to U (s((2,k))
The quadratic quantum P? associated to U(sl(2,k)) is the k-algebra

ke, f, h,t)
(he — eh —2et,hf — fh+ 2ft,ef — fe — ht,te —et,tf — ft,th — ht)’
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Theorem 4.1.1.2. The k-algebra H(sl(2,k)) is AS-regular; in fact, H(sl(2,k)) is an

iterated Ore extension of kle, t].

Proof. Define C' = kle, t| and linear maps oy : k(e,t) — k(e,t) and d; : ke, t) —
ke, t) by
o1(e) = e, o1(t) =t, d1(e) = 2et, 01(t) = 0.

We must show that o7 and ¢; descend to an automorphism of C' and a left o-
derivation of C', respectively. Since C' is a polynomial ring, o, naturally descends to

an automorphism of C. We see that d; descends to a left oi-derivation of C' since
Si(et —te) = a1(e)d1(t) + 01(e)t — o1 (t)d1(e) — 81 (t)e = 2et® — 2tet;

it follows that 0, ((et —te)) C (et —te). Therefore, B = C|h; 0y, ;] is an Ore extension

of C and
k(e, h,t)
( he — eh — 2et, et —te, ht —th )’

B pu—
Now, define linear maps o3 : k{e, h,t) — k(e, h,t) and d, : k{e, h,t) — k{e, h,t) by

0-2<€> =6, UQ(h) =h + 2t7 UQ(t) - t)

(52(6) = —ht, 52(]1) = O, 52(t) =0.

We see that o9 and d, descend to an automorphism on B and a left oo-derivation of

B, respectively, since:

oo(et — te) = et — te,
oo(he — eh — 2et) = (h + 2t)e — e(h + 2t) — 2et = he — eh — 4et + 2te,
oo(ht — th) = (h + 2t)t — t(h + 2t) = ht — th,

Sa(et — te) = oa(e)da(t) + da(e)t — oo(t)da(e) — Sa(t)e = —ht* + tht,
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52(ht - th) = Og(h)(SQ(t) + 52(h)t - Ug(t)dg(h) - 52(t)h = 0,
da(he — eh — 2et) = aa(h)da(e) + da(h)e — oa(e)da(h) — da(e)h — 205(e)d2(t) — 252(e)t

= —h?t — 2tht + hth + 2ht*;

it follows that oo((he — eh — 2et, et — te, ht — th)) C (he — eh — 2et, et — te, ht — th)
and d2((he — eh — 2et, et — te, ht — th)) C (he — eh — 2et, et — te, ht — th). Hence,
A = B[f;09,02] = H(sl(2,k)) is an Ore extension of B. By [25], A is Auslander
regular and Cohen Macaulay; by definition of Cohen Macaulay [23, Definition 5.8|, A

has polynomial growth and is, hence, AS-regular by [23]. ]

Corollary 4.1.1.3. The k-algebra H(s!(2,k)) is a quadratic quantum P3.

Proof. Since A = H(sl(2,k)) is an iterated Ore extension of ke, t], A is Auslander
regular by [25]. By [23, Theorem 4.8], A is a domain and, thus, ¢ is a normal regular
element of A. If follows that A is a normal regular extension of kle, f, h], in the
language of [22], and so is AS-regular of global dimension four (cf. [22, Theorem 2.6,
Corollary 2.7] and the paragraph after [22, Definition 3.1.1]). Hence, H(sl(2,k)) is a

quadratic quantum P3. O

4.1.2 The Quantum Space of H(sl(2,k))

In this section we discuss both the point scheme and the line scheme of H(s[(2,k)).
We will then examine some properties of U(sl(2,k)) that can realized through the
quantum space of H(sl(2,k)). For ease of notation, we will define 1 = e, x5 = f,

$32h7$4:t.
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4.1.2.1 The Point Scheme of H(sl(2,k))

Theorem 4.1.2.1. [21] The point scheme of H(sl(2,k)) is

p=V(ry) UV(x1, 29, 23) UV (24, 42122 + ;Eg)

Figure 4.1: The Point Scheme of H(s(2,k))

We state the following result as a corollary to the work in [21].

Corollary 4.1.2.2. Let A = H(sl(2,k)) and V = A;.

(a) The closed points in P(V*) x P(V*) on which the defining relations of H(sl(2,k))
vanish are of the form (p,p), where p € p.

(b) There exists an automorphism o : p — p which, on the closed points, is defined
by a(p) = p.

Proof. Part (a) is easily computed by computation. The existence of the map in (b)

follows from (a) and [22]. O

The conic V(t, h* + 4ef) C p corresponds to a distinguished central element of

H(sl(2,k)); namely, Q = h? — 2ht + 4def = h* + 2(ef + fe). The points on the conic
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are of the form p(ay, ) = (402, —a3,4a1a,0) for ay, as € k. We associate Q to

points of this form since

Q( pla, az) , o(plar,az)) ) =0.

It is easily computed that € is central in H(sl(2,k)) and that the image of 2 in
U(sl(2,k)) = H(sl(2,k))/({t — 1) is the Casimir element, ' = h? — 2h + 4ef, which is

the generator of the center of U(sl(2,k)).

4.1.2.2 The Line Scheme of H(sl(2,k))

Theorem 4.1.2.3. [30] The line scheme, £, of H(sl(2,k)) consists of two components:
(1) £1 = V(My, Moy, M3y) counted with multiplicity 4, and
(II) £,, counted with multiplicity one, which is given by the zero locus of the fol-
lowing polynomials:
M7y — My3Mos, 2My3May — MigMzy, 2Mia Moy — Moz M3y,
MyoMsy + 2My4Mas, MigMzy + 2M19Myy, M2, + 4My4Moyy.

The following corollary describes the lines in P? that are parametrized by the
line scheme. That is, it describes the lines in P? that correspond to line modules of
H(sl(2,k)). It should be noted that the corollary below was originally proved in [21]
by using Borel subalgebras. However, it may also be proved using a technique similar

to that in Section 3.3.1.

Corollary 4.1.2.4. [21] The lines in P3 that are parametrized by the line scheme of
H(sl(2,k)) are the lines in the pencil of quadrics Q(8) = V(23 + 4xy29 — 6223), for
all § € PL.
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4.2 The Lie Superalgebra s((1]1)

Consider the Lie superalgebra gl(1]1) as in Example 2.5.2.4. The supertrace of

vl

is str(M) = a — d. Define sl(1|1) = {M € gl(1|1) : str(M) = 0}. Every element of

ol

for all a,b,c¢ € k; hence, sl(1|1) is a three-dimensional k-vector space with basis

O S |

The vector space sl(1]|1) becomes a Lie superalgebra under the supercommutator

a matrix

s[(1]1) is of the form

elements

bracket induced by gl(1]|1). Using the basis {e, f, h}, the Lie superbracket on s((1]1)
is defined by

[evf]:hv [h,e]:O:[h,f], [e,e]:[f,f]:[h,h]zo.

The universal enveloping algebra of sl(1|1) is

ke, f, h)

U(ﬁ[(1|1)>: <6f—|—f€—h7 he—eh, hf—fh, 62, f2 >

Motivated by Le Bruyn and Smith’s work in [21], and in order to obtain a graded
algebra that maps onto U(s((1]1)) that has the potential to be a quadratic quantum

IP3, we construct the algebra given in the following section.
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4.2.1 The Quadratic Quantum P? Associated to U(sl(1]1))

Definition 4.2.1.1. The Quadratic Quantum P? Associated to U(sl(1]1))

The quadratic quantum P? associated to U(sl(1]1)) is the algebra

ke, f, h,t)

P = 7o T Fe i, he —eh, hf — fh, el —te, JE—1f, W —th )’

Note that U (sl(1]1)) = H(sI(1]1))/{t — 1, €2, f?).

Theorem 4.2.1.2. The k-algebra H(sl(1]1)) is AS-regular; in fact, H(sl(1|1)) is an Ore
extension of kle, h, t].

Proof. Define B = Kkle, h,t] and linear maps o : k(e ,h,t) — k(e ,h,t) and 0 :
k{e, h,t) — k(e, h,t) by

Since B is a polynomial ring, o naturally descends to an automorphism on B. We

see that 0 descends to a left o-derivation of B since

§(eh — he) = a(e)d(h) + d(e)h — a(h)d(e) — 6(h)e = hth — h*t,
S(et —te) = a(e)d(t) + d(e)t — a(t)d(e) — 6(t)e = ht* — tht,

§(ht — th) = 0,

and so o((et —te,eh — he, ht —th)) C (et —te,eh — he, ht —th). Hence, A := B[f; 0, ]
is an Ore extension where

ke, f, h,t)

A
(ef+ fe—ht, he —eh, hf — fh, et —te, ft —tf, ht —th)

12

= H(sl(1]1)).

Thus, by [25], A is Auslander regular and Cohen Macaulay; by definition of Cohen
Macaulay [23, Definition 5.8], A has polynomial growth and is, hence, AS-regular by

[23). 0
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Corollary 4.2.1.3. The k-algebra H(sl(1|1)) is a quadratic quantum P3.

Proof. Since A = H(sl(1]1)) is an Ore extension of k[e, h, ], A is Auslander regular
by [25]. By [23, Theorem 4.8], A is a domain and, thus, ¢ is a central regular element
of A. It follows that A is a central regular extension of kle, f, h], in the language of
[22], and so is AS-regular of global dimension four (cf. [22, Theorem 2.6, Corollary
2.7] and the paragraph after [22, Definition 3.1.1]). Hence, H(sl(1|1)) is a quadratic

quantum P3. O

4.2.2  The Quantum Space of H(sl(1]1))

We will now examine the point scheme and line scheme of H(sl(1]1)). The
process used to determine these is the same as that outlined in Section 3.2. Define

r1=¢e,x9=f,x3="h, 14 =1

4.2.2.1 The Point Scheme H(sl(1|1))

Theorem 4.2.2.1. The point scheme of H(sl(1]1)) is
p = V(xs,x4) UV (2324 — 20122),

that is, the union of a nonsingular quadric and a line in P3.

Proof. The polynomials that define p are listed in Appendix 5.2.1. The zero locus
of these polynomials is easily computed to be V(x3,x4) U V(2324 — 22122) using the
logic in the proof of Theorem 3.2.1.1. It remains to show that the point scheme is
given by its closed points.

The Jacobian matrix of the point scheme is J(z1, xo, 3, 24), which is given in
Appendix 5.2.2. If p is a multiple point contained in a d-dimensional, irreducible

component of p, then the (3 — d) x (3 — d) minors of J(p) vanish [15]. An easy
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computation shows that the only points where such minors vanish are the points
e; = (1,0,0,0) and es = (0,1,0,0) in V(z3z4 — 22122).

By [9], the multiplicity of the point p € p is the vector-space dimension of
O,p- Thus, by Bertini’s Theorem, we may intersect the scheme with a generic,
complementary-dimensional linear scheme that intersects p at p and then compute
the dimension of the local ring at p to determine the multiplicity.

The coordinate ring of p is k[xy, zo, 23, 4] /I, where I is the ideal generated by

the polynomials in Appendix 5.2.1. Consider the projective line
L= V(l‘g - ZE37fL’4).

The coordinate ring of p N L is k[zy, 2, 73, 24) /{74, To — 3, 2123, 2323) which is iso-
morphic to k[zy, xs]/(z123, z323). The points of intersection are e; and (0, 1,1,0). In
order to determine the multiplicity of e;, we localize around e; and obtain k[zs]/(x3),
which is two-dimensional. Therefore, e; has multiplicity two, which implies that e;
is a multiple point only as a consequence of it being an intersection point of two

irreducible components. Also, because of the symmetry of z; and zy in H(sl(1]1)),

we can conclude that the same applies to e;. Hence, p is as proposed. O]

Corollary 4.2.2.2. Let A = H(sl(1]1)) and V = A;.
(a) The points in P(V*) x P(V*) on which the defining relations of H(sl(1]|1)) vanish

are of the form (p,p), if p € V(xszy — 2x129), and are of the form
((ah G, 07 0)7 (Oéb —Qa, 07 O)>7

Zf (Oél, A9, O, O) € V(iL'g, 1'4).
(b) There exists an automorphism o : p — p which, on the closed points, is defined

(P1,D2,D3,D1), D € V(2324 — 22122)
by O_(p) = 0(p17p27p3ap4) - .

(plu_p27070>7 p € V($37I4)
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Figure 4.2: The Point Scheme of #H(s[(1]1))

Proof. Part (a) is easily computed by computation. The existence of the map in (b)

follows from (a) and [22]. O

4.2.2.2 The Line Scheme of H(sl(1|1))

In this section we compute the closed points of the lines scheme of H(sl(1]1)),
called the line variety, using the same process as in Section 3.2.2. In Section 4.2.3, we
show that #H(sl(1|1)) is isomorphic to a twist of an algebra in the family discussed in

[30, §3.1]; thus, the line scheme of H(sl(1|1)) is a reduced scheme by the work in [30].

Theorem 4.2.2.3. The line variety, £, of H(sl(1]1)) has dimension three and is given

by the irreducible components:

(U £ = V( M3y, MyzMay — My Moz );

(II) £5 =V( My, Mas, M3, +2Mi3Myy, 2M15 + Msy ),
(III) L3 =V( My3, My, Mz, + 2M4Moz, 2My5 — Msy ).
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Proof. The polynomials that define £ are given in Appendix 5.2.3. A Grébner basis
for these polynomials is given in Appendix 5.2.4. Polynomial 5.2.4.10 tells us that in
order for these polynomials to vanish, either Ms34 = 0 or 2M73 Moy +2M14Mos +M§4 =
0. We will use the polynomials in Appendix 5.2.4 to analyze £.

If we assume that M3z, = 0, computing a Grobner basis yields that the polyno-
mials that define the line scheme vanish only if My3Myy — M4 Mss = 0. So this case
yields the irreducible component £;.

If M34 # 0, then we may assume Mz, = 1, which implies that 2M3Msy +
2My4Ms3 + 1 = 0. Computing a Grobner basis with degree reverse-lexicographical

ordering yields the polynomials:
Mas Moy, M4 Moy, Maz(2My4 Mz + 1), My (2My4 Mz + 1),

2Mi3Mog + 2My4Mas + 1, M3 Mo, MMy, 2My9 + 4MyaMos + 1.

To examine the zero locus of these polynomials further, we consider two sub-
cases: M1, = 0 and My # 0.

If My, = 0, then My = 1 + 2M3Myy = 1 + 2Mi5 = 0. Since this was
computed using a Grobner basis with degree reverse-lexicographical ordering, we
may rehomogenize these polynomials with respect to Ms, to obtain the irreducible
component £, [9].

If Myy # 0, then My3 = Moy = 1+ 2Mi4Msz = 2M5 — 1 = 0. We then
rehomogenize with respect to M3, to obtain the irreducible component £s.

Therefore, the line variety is as proposed.

[]

The following corollary describes the lines in P? that are parametrized by the
line variety of H(s[(1]1)). That is, it describes the lines in P? that correspond to line

modules of H(s[(1]1)).
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Corollary 4.2.2.4. The lines in P that are parametrized by the line variety of H(sl(1]1))

(i)
(i1)

those that intersect the line V(x3,xz4) from the point scheme, and
those that belong to the rulings of the quadric V(2z1x9 — x3x4) from the point

scheme.

Proof. Let (a1, as,as,aq), (by, by, b3, by) € P be distinct points and let

[ — a; ag a3 Qg
by by by by

represent the projective line between them.

(i)

If ¢ is given by £, then M3, = 0 when evaluated on ¢ which implies that we

may assume, for some a € k, that

b1 bQ aas Oaag b1 bg b3 Oébg

a1 Q9 as ay ay a2 az aas
(= , or .

Applying row operations, we find that we may assume that

/— €1 C2 C3 (G4
C1 Co 0 0 ’
where ¢y, ..,c¢ € k. From this representation of ¢, we can see that ¢ intersects

V(x3,x4) if and only if £ is given by £;.

If ¢ is given by £, then My = Moz = 0; an argument similar to that of (i)

/- ap 0 0 a4
Oaga,go’

for some (a1, a4),(az,a3) € P. By requiring further that M3, + 2M3Myy =

allows us to assume that

2Mi5 + M3, = 0 when evaluated on ¢, we see that 2a1a2 — asay = 0. So, ¢ passes

through (aq, 0,0, a4) and (0, az, ag, 0), both of which lie on the quadric V(22122 —
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w374); in fact, for any point p = (ay, das, das, as) belonging to ¢, where § € P,
we see that p € V(2z129 — x3x4). Thus, ¢ belongs to one of the rulings of the
quadric V(2z11y — x324). In particular, £ € {V(ux, — 14,229 — pa3) : p € P}
By a symmetric argument, ¢ is given by £3 if and only if ¢ belongs to the other

ruling of V(2x129 — x314), namely, {V(uz; — 3,229 — pxy) : p € P}

4.2.3 Twisting O,(Ms) to H(sl(1]1))

When computing the quantum space of H(sl(1]1)), it was noticed that the
quantum space was isomorphic to that of O,(M,), the coordinate ring of quantum
2 x 2 matrices (see Definition 4.2.3.1). Since the quantum space is invariant (up
to isomorphism) under twisting by an automorphism, this led to a conjecture that

H(sl(1]1)) is a twist by an automorphism of O,(My), for some g € k*.

Definition 4.2.3.1. The Coordinate Ring of Quantum 2 x 2 Matrices [12]

The coordinate ring of quantum 2 x 2 matrices is

k{a,b,c,d)

M pu—
Oy(Mo) {(ab — qba, cd — qdc, ac — qca, bd — qdb, bc — ¢b, ad — da — (q — g~ 1)be)’

where ¢ € k*, ¢* # 1.

Lemma 4.2.3.2. [33]
(i) The point scheme of O,(My) is V(ad — bc) UV(b,c).
(ii) The line scheme of Oy(My) parametrizes all the lines in P that belong to V(ad—

be) and those lines that intersect V(b, c).

Theorem 4.2.3.3. The algebra H(sl(1|1)) is isomorphic to a twist by an automorphism
(cf. Definition 2.1.4.3) of the algebra O;(My), where i* = —1.
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Proof. Let A= O;(My) and 7: A — A be the automorphism defined by
T(a) =ta,  T(b)=0b,  7(c)=c, 7(d)=—id

Also, let A™ be the algebra obtained by twisting A by 7, with multiplication, x, defined
by Txy = x7(y), for all T,y € A], where T,y are the elements of A7 corresponding

to z and y in A;. It follows that:

Gxb—bxa=ab—iba =0,

bakd—dxb=—ibd — db = —i(bd — idb) = 0,
Cxd—d*¢= —icd —dc = —i(cd —idc) = 0,

axd+dxa—2bxc= —iad +ida — 2bc = —i(ad — da — 2ibc) = 0.

Therefore,

k{a,b,c,d)
{ ab—ba, ac — ca, be — cb, bd — db, cd — dc, ad + da — 2bc )

I

AT

This algebra is isomorphic to H(sl(1]1)) under the isomorphism ¢ : A™ —

H(sl(1]1)) defined by

This result leads to the identification of a distinguished supercommuting ele-
ment of H(sl(1]1)) (and therefore of U(sl(1|1))). The element ad — ibc € O;(My),

called the quantum determinant, is central in O;(M,); its image in H(sl(1]1)) is
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1 (ef — %), which, by Corollary 4.2.2.2(a), corresponds to the quadric V(2ef — ht) in
the point scheme of H(s[(1[1)). We consider 2ef — ht =2 (ef — ) € H(sl(1|1)).
Like in sl(1|1), we consider e and f to be odd elements of H(sl(1|1)) and h to

be an even element; we also take ¢t to be an even element of H(s[(1]1)). Thus,

e(2ef — ht) = 2e(ht — fe) — eht = eht — 2efe = hte — 2efe = —(2ef — hi)e,
Fef — ht) = 2(ht — ef)f — fht = htf — 2ef*> = —(2ef — ht),

h(2ef — ht) = (2¢f — ht)h,

t(2ef — ht) = (2ef — ht)t.

So, the quantum space is indeed identifying a distinguished super-commuting
element of H(sl(1]1)). Note that the image of this element in U(sl(1]1)) is 2ef — h =
ef — fe; this element also super-commutes within U (sl(1|1)).

It is as if the element 2e f —h € U(sl(1]1)) is playing the role of a Casimir element
of a Lie superalgebra, but the Casimir element of U(s[(1[1)) is not well-defined since
the Killing Form on sl(1]|1) is degenerate. Hence, the geometry we associated to

H(sl(1]|1)) was able identify a “generalized Casimir” element of U(sl(1[1)).

4.3 The Color Lie Algebra sl (2, k)

Let {e, f,h} be the standard basis of s[(2,k) and define
1 1 1
a; = §(e—f), a2:—§(€+f), a3:§h,

so that the bracket on sl(2,k) is defined by
[aly a2] = —as, [CLQ, ag] = daq, [a'h a3] = —as.

Let G = Zy x Zy and define a G-grading on sl(2,k) by sl(2,k) = @, - X

geG “* 9
where

Xo = {0}, X0 = kay, X(0,1) = kag, X(1,1) = kas.
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Define a bicharacter map € : G x G — k* by € ((a1, a2), (81, f2)) = (—1)0Pz—azb1,
The color Lie algebra sl;(2,k), called Klein sl(2,k), is the e-Lie algebra with
bracket
la1, as] = as, las, a1] = a9, laz, a3] = a;.
For more details on the construction of sl;(2,k) from s((2,k), the reader is referred
to [6].

The universal enveloping algebra of sl (2, k) is

k<a/17 a2, CL3>

U(slk(2,k)) =

< a1a9 + agsa; — as, ao0as3 + asag — aq, asap + a;az — as >
4.3.1 The Quadratic Quantum P? Associated to U (sl;(2,k))

Following the example of [21], we homogenize U (sl (2,k)) using a central vari-

able.

Definition 4.3.1.1. The Quadratic Quantum P? Associated to U(sly(2,k))
The quadratic quantum P? associated to U(sl(2,k)) is the k-algebra H (sl (2,k)) on

generators aq, as, as, as with defining relations
102 + Q201 = G304, 203 + A3Q2 = G104, a3ay + a1a3 = G204,

104 = Q40a7, A204 = A40G2, a3aq4 = a4a3.

Unlike #H(sl(2,k)) and H(sl(1]1)), H(slk(2,k)) does not appear to be an Ore
extension of a polynomial ring. Instead, we make use of a result of Le Bruyn, Smith

and Van den Bergh in order to prove regularity.

Theorem 4.3.1.2. The algebra H(sl,(2,Kk)) is a quadratic quantum P3.
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Proof. A computation using Bergman’s Diamond Lemma shows that a basis for
U(slk(2,k)) is B = {al'a?a? : i1,d0,i3 = 0,1,2,...}. Let D = H(sl,(2,k)). Note
that A = D/(a4) is a skew-polynomial ring on three variables and therefore is an
AS-regular algebra. We will prove that D is a central regular extension of A in the
sense of [22].

Suppose ayf = 0in D for some f € D. We may assume f = g1+¢go+---+gm € D
is homogeneous, where each of the g; are scalar multiples of monomials with the
generators of D in increasing order. Let f denote the image of f in D/(ay — 1).
Since asf = 0 in D, we have f = 0 in D/(aq — 1) = U(sl,(2,k)). Since the g; are
written with the generators in increasing order, f = 0 must belong to the defining
relations of U(sl;(2,k)) and implies that an element of the form al'a}?a?*, for some
J1, 72,73 = 0,1,2..., is missing from B, which is a contradiction. Therefore such an f
cannot exist and so a4 is regular in D.

It follows that D is a central regular extension of A and by [22] is therefore an
AS-regular algebra of global dimension four (cf. [22, Theorem 2.6, Corollary 2.7] and
the paragraph after [22, Definition 3.1.1]). Moreover, A is a skew-polynomial ring, so
it is Auslander regular. Hence, by [23, Section 5.10], D is also Auslander regular and

satisfies the Cohen Macaulay property. m

Let S5 be the symmetric group on {1,2,3} and define p = (1 2 3) € S;5. The
map ¢ : H(slk(2,k)) — H(slk(2,k)) defined by

90(%‘) = Qp(j)» 90(614) = Q4,

for j = 1,2,3 is an automorphism of H(sl;(2,k)). We will make use of both ¢ and

¢~ in our analysis of the quantum space of H(sl;(2,k)).
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4.3.2  The Quantum Space of H(sl(2,k))

To the compute the quantum space of H(sl;(2,k)), we follow the same process

as for H(sl(1]1)).

4.3.2.1 The Point Scheme of H (sl (2,k))

Theorem 4.3.2.1. The point scheme, p, of H(slx(2,Kk)) is the union of three lines and

five points:
(i) p1 = V(a1 aq), (v) ps = V(as + a1, a3 + ay, as — 2a1),
(ii) p2 = V(az, as), (vi) 6 = V(as + a1, a3 — a1, ag + 2ay),
(ZZ’L) p3 = V((lg, CL4) (U’LZ) pr = V(ag — Q1,03 — A1,04 — 20,1),
(iv) ps = V(ai,as,as3), (viii) pg = V(ag — a1, a3 + a1, aq + 2a1),

where the points e; € po NP3, €2 € Py NP3, e3 € p1 NPo are counted with multiplicity

three and all other points are reduced.

Proof. The polynomials that define p are listed in Appendix 5.3.1. A Grébner basis
for these polynomials is given in Appendix 5.3.2. The zero locus of these polynomials
is easily computed to be Ule p; using the logic in the proof of Theorem 3.2.1.1. It
remains to determine the multiplicity of the points in p.

The Jacobian matrix of the point scheme is J(ay, as, as,as), which is given is
Appendix 5.3.3. We must examine the zero locus of the 2 X 2 minors to determine the
multiplicity of points in p1, po, p3, and the zero locus of the 3 x 3 minors to determine
the multiplicity of points in py, ..., pg [15]. An easy computation shows that the only
points where the minors vanish are the points ey, es, and e3. So, ey, s, e3 are the only

possible multiple points in the scheme.
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The existence of the automorphism ¢ gives a symmetry between a;, ay and ag
in H(sl;(2,k)). So, we need only compute the multiplicity of e;; the symmetry gives
that this will be the multiplicity of e; and es.

The coordinate ring of the point scheme is k[ay, as, ag, as] /I, where I is the ideal

generated by the polynomials in Appendix 5.3.2. Consider the projective plane
P =V(ay — a3 — ay4).

The coordinate ring of p N P is the commutative algebra on ay, ..., a4 with defining

relations
al =0, 2aza3 + a3 =0,
4a2a3 —aj =0, 8alay + aj =0,
ay —as — ay =0, 2a1a3 + aj = 0,
4ayazai — aj =0, 8ayajas + aj =0,
16aia3 — aj = 0, 4a2a3 — aj = 0,
8aZazay + aj = 0, 2a3a% + atas = 0.

The points of intersection of p and P are e; and (0,1,1,0). In order to determine

the multiplicity of ey, we localize around e; and obtain a commutative algebra on

generators as, ag, ay with relations
2 _ _ 2 _ _
ay =0, asay =0, ay +2a3 = 0, as —asz — ayg = 0,

that is isomorphic to a polynomial ring on one variable x, with exactly one relation,
23, and so has dimension three. Therefore, by Bertini’s Theorem and [9], e; has

multiplicity three; symmetry tells us that e; and e also have multiplicity three.
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Figure 4.3: The Point Scheme of H (sl (2,k))

Corollary 4.3.2.2. Let A = H(slk(2,k)) and V = A;.
(a) The points in P(V*) xP(V*) on which the defining relations of H(slk(2,k)) vanish

are of the form (p,p), if p € U§:4 pi, and are of the form
( (O'/la G2, a3, O) ) <<_1)5j2a17 (_1)63.30527 (_]‘)6].10[37 0) ) )

if (o1, 0, 3,0) € p;, for j =1,2,3, where §;;, is the Kronecker-delta.
(b) There exists an automorphism o : p — p which, on the closed points, is defined by
(P1,p2,P3,P4), PEPI=4,..,8
U(p) = 0(p17p27p37p4) = .
((=1)%2p1, (=1)%%p, (=1)%'p3,0), p€pj,j=1,2,3

Proof. Part (a) is easily computed by computation. The existence of the map in (b)

follows from (a) and [22]. O
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4.3.2.2 The Line Scheme of H(sl;(2,k))

We now discuss the line variety of H(sl(2,k)). That is, we examine the closed

points of the line scheme.

Theorem 4.3.2.3. The line variety, £, of H(sl;(2,k)) has dimension two and is given
by the union of the thirteen irreducible components:
(1) Lo =V( My, My, Mz, ),
(1) £ =V( Mia, Mzy, My — May, Mz — Mas ),
(1) Lo =V( Mo, Mss, Mg+ Moy, Mg+ Mss ),
(IV) £3=V( Msy, Mg+ 2Mas, 2My3 + Moy, 2Ms3 — My ),
(V) L4 =V( Msy, Myy+2Mag, 2M13+ Moy, 2Ma3 + My ),
(VI) £5=V( Mz, Moy, My — My, Mg+ Mas ),
(VII) L6 =V( Myz, My, Mszy+ My, Mz — My ),
(VII) L7 =V( Moy, Msy+ 2Mya, Myy—2Maz, 2Mis — My ),
(IX) Lg = V( Moy, Mszy+2Mig, My — 2Mas, 2M15 + Myy ),
(X) Lo =V( My, Ma3, My — Mzy, Myz— My ),
(XI) £10 = V( My, Maz, Mg+ My, Mz + My ),
(XII) €11 = V( My, Myy—2My3, Mzy —2Miy, M3y +2Mi3 ),
(XIII) £15 = V( Myy, May — 2M3, Mzy — 2Mys, Msy —2My3 ).

Proof. The polynomials that define £ are given in Appendix 5.3.4. A Grobner ba-
sis for these polynomials is given in Appendix 5.3.5. Using Polynomial 5.3.5.3, we

consider the following seven cases:
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(i) My = Moy = Mz4 =0, (V) My = My =0, M3y # 0,
(il) M3y =0, My4Myy # 0, (Vi) Myy = M3y =0, Mayy # 0,
(i) Moy =0, Moy M3y # 0, (vil) Moy = M3y =0, My # 0.
(iv) Myy =0, M4 M3y # 0,

We will analyze £ using the polynomials in Appendix 5.3.5.

(i) If Myy = Myy = M3q = 0, then all the polynomials vanish and we obtain the
irreducible component £;.

(ii) If M3y = 0 and Mi4Msy # 0, then Polynomial 5.3.5.44 tells us that either
Mo =0 or My + 2Ms3 = 0.

o [f M5 =0, then computing a Grobner basis yields the polynomials:

M224(M14 — May)(Miy + May), Mos Moy (Mg — May) (Mg + May),

M223(M14 — Moy) (Mg + Myy), My Moy (Mg — Moy) (Mg + May),
My Moz (Myy— Moy ) (Myg+Moy), (Myg—May)(Myg+May) (M124 + M224) )
My3May — My Mo, My Moz (M3 My — MazMay),

My M7, — Mos M3y, (MygMyy — Moz Moy )(Myz My + Moz May).

So, either M4 — Myy = 0 or M4 + Msy = 0. Computing another Grobner
basis with each of these polynomials yields the irreducible components £,
and £, respectively.

o If Myy # 0, then My + 2Ms3 = 0. Since M4 # 0, we know that Mss # 0.

Computing a Grobner basis yields the polynomials

M224(2M23 — Msy)(2Mas + Moy), Mo Moy (2Ma3 — Moy)(2Mas + May),

(2Ma3 — Moy)(2Mas + Mag) (AM35 + Ms,) | MMy + 2Mys,

Mo (8M13 My + M3,) (4My3Moz — M3,) (4Mis Moz + M3,)
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Mo Moy (2Mas — Moy ) (2 Moz + May), Mo Ma3(2Mas — Moy ) (2 Moz + May),
Mo (8M13M223 + M§9’4) ; Mo M3 (2My3 — May)(2My3 + May),
M2, (2Maz — Moy)(2Mas + Myy), M?, M3 (2Mi3 + Myy).

So either 2Ms3 — Moy = 0 or 2Msy3+ Moy = 0. Computing another Grobner
basis with each of these polynomials yields the irreducible components £3
and £4, respectively.

(iii) This case can be analyzed using the automorphism ¢!

Applying this auto-
morphism to each of the components £, £, £3 and £, yields the components
L5, L6, L7 and Ly, respectively.

(iv) This case can be analyzed using the automorphism ¢. Applying this automor-
phism to each of the components £, £5, £3 and £4 yields the components £y,
£10, £11 and £, respectively.

(v) This case yields no solution. If M4 = My, = 0, then computing a Grébner basis
yields several polynomials, one of which is Msz4. But this case assumes M3y # 0,
and so the variety component is empty.

(vi) This case yields no solution. If My, = M3, = 0, then computing a Grobner basis
yields several polynomials, one of which is My4. But this case assumes My # 0,
and so the variety component is empty.

(vii) This case yields no solution. If Myy = M3y = 0, then computing a Grobner basis
yields several polynomials, one of which is My4. But this case assumes My # 0,
and so the variety component is empty.

Therefore, the line variety is as proposed.

]

We will again make use of the automorphism ¢ when describing the lines in P?

that correspond to line modules of H (sl (2,k)). We will explicitly compute the lines
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given by £o,...,£4. The remaining lines are obtained in the same manner as £5, ..., £1o

in the above proof.

Corollary 4.3.2.4. The lines in P that are parametrized by the line variety of H(sl(2,Kk))

are:

(i) all lines in V(ay),

(i1) all lines in V(a1 — ag) that pass through (1,1,0,0),
(111) all lines in V(ay + azg) that pass through (1,—1,0,0),
(iv) all lines in V(aq — 2a3) that pass through (1,—1,0,0),
(v) all lines in V(ay + 2a3) that pass through (1,1,0,0),

(vi) all lines in V(a; — ag) that pass through (1,0,1,0),

(
(
(
(
(
(
(vii) all lines in V(ay + ag) that pass through (1,0, —1,0),
(viii) all lines in V(ay — 2az) that pass through (1,0,—1,0),
(iz) all lines in V(aq + 2as) that pass through (1,0,1,0),
(z) all lines in V(az — ag) that pass through (0,1,1,0),
(xi) all lines in V(ay + ag) that pass through (0,1, —1,0),
(zii) all lines in V(ay — 2ay) that pass through (0,1, —1,0), and
(

(xiii) all lines in V(a4 + 2ay) that pass through (0,1,1,0).
Proof. Let (by, by, bs, by), (1, ca, 3, c4) € P? be distinct points and let
by by b3 b
- [ 1 b2 03 4]
Ci Cp C3 (4
represent the projective line through them.

If ¢ is given by £9, then My = My, = M3, = 0 when evaluated on ¢ which

implies that we may assume that

P L
0162630‘



From this representation of ¢, we can see that every point of ¢ belongs to V(a4). So,
¢ is given by £y if and only if £ belongs to V(ay).

If 7 is given by £, then M5 = M3, = 0; by an argument similar to the one

€7d1d200
0 0 dy dy|’

where (dy,ds), (d3,d;) € P'. By requiring further that My — My, = Mz — Maz = 0

above, we may assume that

when evaluated on ¢, we see that (d; — dy)ds = 0 = (dy — do)d4. So, di = dy, which
implies that ¢ passes through (1,1,0,0) and belongs to the plane V(a; — as).

If ¢ is given by £9, then me may assume that

/= d dy 0 0
0 0 dy dy|’
as above. By requiring further that M4+ Msy = Mi3+ Msg = 0, we see that dy = —d;.
So ¢ passes through (1,—1,0,0) and belongs to the plane V(a; + as).

If ¢ is given by £3, then M3, = 0 implies that

g_d1d2d3d4
lds dg 0 0

)

where dy, ..., dg € k. By requiring further that My, + 2My3 = 2Mio9 + Moy = 2Ms3 —

M5, = 0 when evaluated on ¢, we see that

p

dyds 4 2d3dg = 0

2d3d5 + d4d6 =0

(dy — 2d5)dg = 0.

\

If dg = 0, then d3 = dy = 0. Applying row operations on ¢ yields that

[t oo
1o 10 0|’
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which is the line V(as, as). This line is also given by £,.

If dg # 0, then dy = 2d3 and we may take dg = 1. Thus, ds3(ds + 1) = 0
which implies that d3 = 0 or d5 = —1. If d3 = 0, we again obtain the line V(a3, a4).
Otherwise, using row operations, we may assume that

. [0 dr ds 2d3] |
1 -1 0 O
where d; € k. Thus, £5 also gives all lines that pass through (1, —1,0,0) and belongs
to V(as — 2a3).

If ¢ is given by £4, then

/- di dy ds dy
ds dg 0 0|’
as above. By requiring further that My + 2Ms3 = 2M19 + Moy = 2Mo3 + Moy = 0

when evaluated on ¢, we see that

;

d4d5 + 2d3d6 == O

2d3d5 + d4d6 — 0

(d4 -+ 2d3)d6 = O

\

So, as in the case of £3, the component £4 gives the line V(as, a4) and lines, ¢, of the

form

E_Od7d3—2d3
111 0 o |

Thus, £4 gives all lines that pass through (1,1,0,0) and belong to V(a4 + 2a3).

To analyze the lines given by the remaining components, one may now use
and =1, To obtain the lines given by £s, ..., £s, one may apply ¢! to the lines
described by £4, .., £4, respectively. To obtain the lines given by £, ..., £15, one may

apply ¢ to the lines described by £, ..., £4, respectively. [
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We finish this section by remarking that, unlike H(sl(2,k)), H(sl(1|1)) or
H,(s1(2,k)) (which is discussed in the next section), the quantum space of H (sl (2, k))
does not contain a distinguished conic or quadric. In the case of the other algebras,
certain conics and quadrics in the point schemes identified distinguished elements of
the algebra, including an analogue of a Casimir element for each underlying Lie-type

algebra. This suggests that sl;(2,k) lacks such an element.

4.4  Quantum sl(2,k)

The final algebra we will analyze is a quantum analogue of U(s[(2,k)), denoted
U,(s1(2,k)); it is a type of algebra known as a quantum group that plays a central

role in mathematical physics.

Definition 4.4.0.1. Quantum sl(2,k) (cf. [31])
Quantum s((2,k) is the k-algebra
k(E, F, K, K™
< KE — EK, KF — ¢-2FK, EF — FE — K=K ? >

Uy(s1(2,K)) =

>—q

where ¢ € k* and ¢* # 1.

It should be noted that this is not the current official version of a quantized

s[(2,k); that version replaces the relation EF — FE — K2:f:22 =0 with EF — FE —

q2

I;:;{:ll = 0 in the defining relations (cf. [19]). We thank S. P. Smith of the University
of Washington for bringing to our attention that if A denotes the graded algebra
defined below in Definition 4.4.1.1 and if O, denotes the current official version of
quantized sl(2,k) (cf. [19]), then the ring of degree-zero elements in A[(KT)™'] is
isomorphic to O,, where ¢* = q.

In order to recover U(sl(2,k)) from U, (sl(2,k)), we make the change of variable

K = ¢. We then do the following:
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e Note that

. K2_K—2 e q4H+2_q2 e (4H+2)q4H+1_2q B
qlfi g2 — g2 - qlﬁ} q2H+4 — 21 B qlg% (2H + 4)@2H+3 — 2H2H-1 =

So, in the limit, we obtain the relation EF — FE — H = 0.
e Note that diq(KE—qQEK) = 4 @"E-¢’Eq") = He" ' E~2qBq¢" —*EHq" .
Taking ¢ = 1 yields the relation HE — FH — 2E = 0. A similar construction

holds for the relation KF — ¢ ?FK = 0 yielding HF — FH + 2F = 0.

4.4.1 The Quadratic Quantum P? Associated to U, (s[(2,k))

Definition 4.4.1.1. The Quadratic Quantum P? Associated to U, (s((2,k))
The quadratic quantum P? associated to U, (sl(2,k)) is the k-algebra H,(s[(2,k)) on

generators F, F, H, T, with defining relations

KT =TK, KE = ¢*FK, KF = ¢ *FK,
K? 17

ET = ¢*TE, FT = ¢ *TF, EF - FE = ——,
¢ —q

where ¢ € k* and ¢* # 1.

Note that U, (sl(2,k)) = H,(sl(2,k))/(KT — 1). The regularity of this algebra
is readily seen as it is an Ore extension of a skew polynomial ring, as shown in the

next result.

Theorem 4.4.1.2. The k-algebra H,(s1(2,k)) is AS-reqular; in fact, H,(s!(2,k)) is an
Ore extension of the skew polynomial ring

k{E, K,T)

B= .
(KT —TK, EK — ¢ ?KE, ET — ¢°TE )

Proof. Define linear maps o : k(E, K, T) — k(E,K,T) and 0 : k(E,K,T) —
k(E, K,T) by



T2_K2

0B = =

These maps descend to an automorphism of B and a left o-derivation of B, respec-

tively, since

o(KT —TK) = KT - TK,
0(FK — ¢ ?’KE) = ¢*EK — KFE,
o(ET — ¢*TE) = ¢ *ET -~ TE,

§(KT — TK) = o(K)d(T) + §(K)T — o(T)8(K) — 6(T)K = 0,

§(EK — ¢ ’KE) = 0(E)§(K) 4+ 6(E)K — ¢~ (0(K)d(E) + 6(K)E)
T2 — K2
:(q2—q2)K_K<q —q )
§(ET — ¢*TE) = 0(E)d(T) + 0(E)T — ¢* (o(T)8(E) + 6(T)E)

2 2 2
- (—fz-_;i)T—T(—f )

it follows that c((KT — TK,EK — ¢ ?KE,ET — ¢°TE)) C (KT — TK,EK —

¢ *KE,ET — ¢*TE) and §((KT — TK,EK — ¢ ?KE,ET — ¢°TE)) C (KT —

TK,EK — ¢ 2KE,ET — ¢*TFE). So, H,(sl(2,k)) = B[F;0,4] is an Ore extension

of B. By [25], A is Auslander regular and Cohen Macaulay; by definition of Cohen

Macaulay [23, Definition 5.8], A has polynomial growth and is, hence, AS-regular.
L]

Corollary 4.4.1.3. The k-algebra H,(s1(2,k)) is a quadratic quantum P3.

Proof. Since A = H,(sl(2,k)) is an Ore extension of B, A is Auslander regular by
[25]. By [23, Theorem 4.8], A is a domain and, thus, 7" is a normal regular element of
A. Tt follows that A is a normal regular extension of A/(T") (in the language of [22]),

which is a skew polynomial ring, and so A is AS-regular of global dimension four
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(cf. [22, Theorem 2.6, Corollary 2.7] and the paragraph after [22, Definition 3.1.1]).

Hence, H,(s[(2,k)) is a quadratic quantum P3. O

We will make use of an automorphism ¢ : H,(sl(2,k)) — H,(sl(2,k)) defined

4.4.2 The Quantum Space of H,(sl(2,k))

Again, the quantum space of H,(sl(2,k)) is computed as before. To ease nota-

tion, we define x1 = E, 1o = F, x5 = K, and x4, = T.
4.4.2.1 The Point Scheme of H,(sl(2,k))

Theorem 4.4.2.1. For every q € k* and ¢* # 1, the point scheme, p(q), of Hq(s1(2,k))

1s the union of a line, two conics and two points:

(i) p1 = V(x3,24), (1) py = V(x1,x2,3 + x4), and
(”) Po = V(9€37 q4%21 + (CI4 - 1)2$1I2); (U) ps = V($1, T2, T3 — $4)-

(Z”) p3 = V(l’4, q4$§ + <q4 - 1)21'1ZE2),

Proof. The polynomials that define p(q) are given in Appendix 5.4.1. A Grébner basis
for these polynomials is given in Appendix 5.4.2. The zero locus of these polynomials
are easily computed to be U?Zl p; using the logic in Theorem 3.2.1.1.

The Jacobian matrix, J,(x1, xe, x3,24), of p(g) is given in Appendix 5.4.3; be-
cause of the size of the matrix, we present it in terms of its individual columns. We

examine the zero locus of the 2 x 2 minors to determine the multiplicity of points in
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P1, P2, p3 and the zero locus of the 3 X 3 minors to determine the multiplicity of the
points in p4 and ps [15]. The only place where the minors vanish are ey, es € p1Np2Nps.
If we examine the multiplicity of e;, we may make use of the automorphism ¢
to deduce that the multiplicity of ey is equal to that of e;.
The coordinate ring of the point scheme is k[xq,xo, x3, 24] /I, where I is the

ideal generated by the polynomials in Appendix 5.4.2. Consider the projective plane
P =Y(xy — x5 — 14).
The coordinate ring of p(q) N P is k[z1, 9, x3, x4] with defining relations

$§:E?1 + :ngi =0, l’§$4 — :rgxi =0, x9—x3—x4 =0,
2 2, 2 _
r1x37y = 0, T17574 = 0, rir3T4 = 0,
r128 — 2¢ v 2 + Brrad + ¢rasad + ¢trl =0, 222 - 2¢*2%2? + Bada? + o2l =0,
x1x§ — 2q4x1$§ + q8x1x§ + q4a:§ + q4x3x‘2 =0, x%m% — 2q4a:%x§ + q%%m% + q4x1x§ =0.

The points of intersection of p and P are

(¢*=1)*> (¢*=1)*>

(_L 1. 0,1), <_L 1, 1,0), (0,0, 1, =1), (1,0,0,0);

by inverting x; + (qf%)gxg + ﬁm, we will determine the multiplicity of e;. This
yields a ring that is isomorphic to a commutative ring on generators x, y with relations
2?2 =0, xy = 0, y?> = 0, which is three-dimensional. Thus, e; is a multiple point only
as a consequence of it being an intersection point of three components; because of
the automorphism ¢, we can conclude the same applies to es.

Therefore, the point scheme is as proposed.
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Figure 4.4: The Point Scheme of #,(s((2,k))

Corollary 4.4.2.2. Let A = H,(sl(2,k)) and V = A;.
(a) The points in P(V*) xP(V*) on which the defining relations of H,(sl(2,k)) vanish

are of the form (p,p), if p € p1 U py Ups, and are of the form

4(=1)

((041,a2,043,oz4) 3 (alaq j042>q72a37q2044)) )

Zf (Oél,OCQ,Oég,OQl) S p]) fOTj = 273

(b) There exists an automorphism o : p — p which, on the closed points, is defined

(plap27p37p4)a p€p1Up4Up5
by o(p) = o(p1, p2, p3,pa) =

(P1.a* Y o, g %p3.¢%pa), P € pj, for j=2,3
Proof. Part (a) is easily computed by computation. The existence of the map in (b)

follows from (a) and [22]. O

In the case of H(sl(2,k)) and H(sl(1|1)), the embedded conic and the quadric
in their respective point schemes corresponded to a Casimir element of the underlying

Lie-type algebra. The same is true of H,(sl(2,k)).

The quantum Casimir element of U, (sl(2,k)) is

4 2 —2
¢ +1\ (K*+ K

Qq:EF+FE+(q4—1)(q2—q2 '
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The image of this element in H,(s((2,k)) is

4 2 2
;. qg +1 x5+ 2y
Qq—$1$2+$2x1+ (q4—1) (q2—q—2 )

Let p € py \ V(z1); we may express p in the form

b= ((q - ]-) a17 _q 044, 07 <q4 - 1)2a1a4)

and
U(p) = ((q4 - 1>205%7 _qgaia Oa qz(q4 - 1>2051054) )

where a1, as, ay € k. An easy computation shows that

Y (p,a(p)) = —¢*(¢" — 1)*aial — ¢*(¢" — 1)*afaf + (Zj J_r 1) q2(q; _1;4(;%&4 = 0.
Similarly, if p € p3 \ V(z1), then
p=((¢" = 1)%af, =¢"a3, (¢" — 1)’10a3,0)
o(p) = ((Q - 1) ala 043761 (q —1) CY1043>0),
and
0. 0) = (4" — VPl — g’ —1Patad + (L) LI

So the quantum Casimir element vanishes on the points in each conic; we may
conclude that the geometry is identifying € as a distinguished central element of
H,(sl(2,k)) and is, therefore, identifying 2, as a distinguished central element of

U,(s1(2,k)).
4.4.2.2 The Line Scheme of #,(sl(2,k))

Theorem 4.4.2.3. The line variety of Hy(sl(2,k)) is £(q) = U>_, £i where
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(I) £ =V( Mis, Moy, My ),
(II) L5 =V( My, Moy, M3y ), and
(III) £5 is given by the zero locus of the seven polynomials:
q* M3, + My Moy (=1 + ¢*)?,
Mg M3y + My Moz — Mz Moy,
¢ M3, + MisMays(—1 + ¢*)?,
— Mo Moy Msy + MysM3, + MasM3yq*,

(—M223 + M224)M34q4 + Mo Moz Mag(—1 + q4)2,
— Mo Mg Msy + M123M24 + M14M§4q4,
(Miz — Myy)(Mis + Mig)Msaq* + Mo MizsMia(—1 + ¢*)%

Proof. The polynomials that define the line scheme are given in Appendix 5.4.4.
A Grébner basis for these polynomials is given in Appendix 5.4.5; we will use the
polynomials in Appendix 5.4.5 to analyze £(q).
Polynomial 5.4.5.1 implies that in order for all the polynomials to vanish, either

Mzy =0 or ¢*MZ, + (¢* — 1)> My, Moy = 0.
(a) If Mzy =0 =q¢* Mz, + (¢* — 1)> M4 My, then Myy =0 or Moy =0. If M1y =0=

Moy, then all the polynomials vanish and we obtain the component £,.

If My = 0 and My, # 0, then Polynomial 5.4.5.42 implies that M3 = 0. A

computation with a Grébner basis yields the polynomials
My M3y Moy, MysMos M3, M7y M3 Moy,

Since we are assuming Moy # 0, either My = 0 or Myz = 0. This yields the
components V; = V(Ma, My3, Mia, Mss) and Vy = V(Mys, Myy, Mas, Msy).
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If Myy = 0 and My4 # 0, then Polynomial 5.4.5.42 implies that M3 = 0. A

computation with a Grobner basis yields polynomials
My Mz MY, My My My, M7, My3My.

Since we are assuming My, # 0, either M5 = 0 or M3 = 0. This yields the
components V3 = V(My, Moz, Moy, Msy) and Vy = V(Mi3, Mas, Moy, Msy).

(b) If Mzy = 0 but ¢*M2, + (¢* — 1)2M 4 Moy # 0, then M4Msy # 0. Polynomial
5.4.5.30 implies that M;3 = 0. A computation with a Grobner basis yields the

polynomials
M4 Mo, My M35 Moy, Mo Moz M3, My Moz Moy.

Since we are assuming My, Moy # 0, we see that Moz = 0 and all the polynomials
vanish. So, we obtain the component £;. Note that V5,V C £4.

(c) If Mzq # 0 but ¢*M2, + (¢* — 1)2M4 Moy = 0, then we may take Mzy = 1.
Computing a Grobner basis with degree, reverse-lexicographic ordering yields

the polynomials

2 2
(¢" — 1) My Moy +q*, Mg — Mz Moy + My Mas, (¢" —1)" My3Mas+q*,

4M 4M
_M12M24 + M13M224 -+ ﬁ, —M12M13 -+ M123M24 + ﬁ,
(1+4¢" ((‘14 —1)* Mg Moz Moy + ¢* (M3, — M223))
(¢* — 1)2 Mo MyzMyg + ¢*(Miz — Mya) (Mg + Myy)
(¢ —1)° '

Multiplying these polynomials by powers of ¢* — 1 and rehomogenizing with re-

spect to M3, shows that £3 is as proposed.
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The following corollary describes the lines in P? that are parametrized by the
line variety of #H,(s((2,k)). We thank S. P. Smith of the University of Washington

for his suggestion to consider a pencil of quadrics in P3.

Corollary 4.4.2.4. Let £(q) = U, & be the line variety of H,(sl(2,k)) as above.
Denote 11 = E, 2o = F, x5 = K, and x4 = T. The lines in P? that correspond to

line modules of H,(sl(2,k)) are precisely those in the pencil of quadrics

Qq4(e,B) =V ( ag (23 + 23) + a(¢* — 1) w120 + B w324 ) ,

where (o, B) € P1. More precisely,
(i) £, gives all lines in V(x3),
(it) Lo gives all lines in V(x4), and
(111) L3 gives the union of the following three families of lines:
(a) those in V(x2) that pass through ey,
(b) those in V(x1) that pass through ez, and
(c) those of the form V(x1 —ajx3—bixy, To—asxs—boxy), where ay, as, by, by € K,

q¢* + (¢* — 1)%a1a3 = 0 and ayas = biby.
Proof. Let (a1, az,as,ay), (by,ba, b3, by) € P3 be distinct points and let
/= [al as as a4]
by by by by
represent the projective line through them.
(i) If ¢ is given by £, then M3 = My = Mj, = 0; an argument similar to (i)
allows us to assume that
- [al a, 0 a4] '
by by 0 by
From this representation of ¢, we can see that every point of ¢ belongs to V(x3).

So, ¢ belongs to V(x3) if and only if £ is given by £;.
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(i)

(iii)

Applying the automorphism ¢ to the lines described by £, gives that £5 gives
all lines in V(z4).
Assume that /¢ is given by £3.

If M3, = 0, then we may assume that

(= €1 C2 C3 C4
C; Cg 0 0 ’
where ¢q, ..., cg € k. Requiring the polynomials defining £3 to vanish yields the

following system of equations:

030506 =0, c§c5c6 =0,
cacicsct = 0, cicycieg = 0,

2 _ 2 _

cscqcg(creg — cacs) =0, cgeqci(cicg — cacy) = 0.
If c5e6 # 0, then ¢3 = 0 = ¢4 and we again obtain V(x3,z4). If csc = 0, then
creseacs = 0 = coczeqcs. Since (cs,¢6,0,0) € P, exactly one of ¢5 and ¢g are

zero. This implies that, if ¢ = 0, then cic3c4 = 0 and we make take cg = 1.

€_01003c4
1o 1 0 ol

The cases where c3 = 0 or ¢4 = 0 are described by £; and £5. We need only

6—000304
o1 0 ol

We see that ¢ belongs to V(z1) and passes through e;. By a similar argument,

Hence,
discuss

if ¢c¢ = 0, then ¢ belongs to V(z3) and passes through e;.

If M34 # 0, we may take M3y, = 1 and we may assume

E_alagl()
ey by, 0 1)
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By requiring that the polynomials that define £3 vanish on ¢, we see that ¢* +
(¢* —1)%aya9 = 0 = ¢* + (¢* — 1)?b1bo, and hence, ajay = biby. Also, we see that
any point on a line ¢ with this representation belongs to V(z1 — ajx3 — by, xo —

a3 — bQSC4).

The lines given by £; and £, are precisely those in Q;(0,1). The lines given by

0 0 ¢35 ¢4 0 0 c3 ¢
and ,
01 0 0 1 0 0 O

for C3Cy §é O, belong to Qq (1, —C§+Ci>. If ¢ = V(Il — a1xr3 — blfL’4, To — A3 — b21’4),

c3cq

£3 of the form

where ay,as,b1,0y € k, ¢* + (¢* — 1)?a1a2 = 0 and ajay = bybs, then ¢ belongs to

Qq <1, — (q471)2 (a162 + CLle)> .

q4

If a # 0, then we may take o = 1. If 52 # 4, then Q,(1, 8) has rulings
{V ( w1 — gt (x5 — 01wg) , (gt — 1)%xzy + 23 — o2y ) RS [P’l}
and
{V ( Ty — puqt (x5 — 01wg) , pl(g* — 1)%z) + 23 — a2y ) D€ Pl} ,

where 6; and §, are distinct solutions of 6% + 36 + 1 = 0.
If 3% = 4, then

2
Qu(1.8) =V ( ¢ (0t Go) (0" = Pz, )

which is a rank-three quadric and so has only one ruling, namely

{V ( x — pgt (a:g + §x4) , (gt — 1)y + 23 + gm ) S E Pl} .
The lines in each of these rulings are given by £3. Therefore, the lines corre-

sponding to line modules of H,(s[(2,k)) are as proposed.
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Chapter 5

Appendix

In this Appendix, we list the polynomials that define the various schemes discussed throughout

this thesis.

51 A7)

5.1.1 The Polynomials Defining the Point Scheme of A(7)

51.1.1. 2323 + 2323,

5.1.1.2. =z (mg —x2z3 + z:clz%)

5.1.1.3. T9 (1‘% — 33%1‘3 + lemg)

5.1.1.4. x4 (m% —2?z3 + mlx%)

5.1.1.5. = (a:i — 2324 + i’yx%mg)

5.1.1.6.  x» (azi —z3xy + i'yx%acg)

9.1.1.7.  z3 (;Ui —z3xy + i’yaz%xz)

5.1.1.8. T (z% — zgxi + i’yx%:m)

5.1.1.9.  x9 (a::{’ —rzi+ ixga:i)
5.1.1.10.  iyaiad — 22x0my — xow37y
51.1.11.  ix32% — x12dw3 — 2120327
5.1.1.12. x:{’m + 'yx%achg — x1x§x4 + i$%$3l’4
5.1.1.13.  a3x3 + 112324 — 2om373 + iyaizany
5.1.1.14. i’yx:{’mg + 'ya:%xg — 2x1X2x3T4 + ix‘;’m

5.1.1.15. %22 — 2323 — yri20m374 — 2305 + 2327
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5.1.2 The Polynomials Defining the Line Scheme of A(y)

5.1.2.1.  MysMs3y — My3Msoy + M4 Mss

5.1.2.2. 2M713 M4 Moz Moy

5.1.2.3.  Mio(yMi3MyiaMas + iMoo Mg Moy + i Moz Moy Msy)

5.1.2.4.  Migp(yM13My4Maz — iMyo Mg Moy — iMaz MagMsy)

5.1.2.5.  Mis(vyMisMyaMaog + iMroMyy Moy + iMag Moy Msy)

5.1.2.6.  Miz(yMigMyaMas — iMio My Moy — iMoz Moy Msy)

5.1.2.7.  Muys(yMisMyaMog + iMyoMyy Moy — iMag Moy Msy)

5.1.2.8.  Mya(yMisMyaMog + iMyoMyy Moy + iMag Moy Msy)

5.1.2.9. Moz (yMis M4 Mag + i Mo M1y May + i Moz Moy Msy)
5.1.2.10. Moz (yMy3 My Moz — iMya Mg Moy — i Moz Moy Msy)
5.1.2.11. Moy (yMy3MiaMas + iMyo Mg Moy + i Moz Moy Msy)
5.1.2.12. Mg (yMy3 My Moz + iMyo Mg Moy + i Moz Moy Msy)
5.1.2.13.  Myo(MiaMi3Mas 4 My Mg Mszg + iMyq Moz May)
5.1.2.14.  Myo(MiaMi3Mas + My MygMszy — iMy4 Moz May)
5.1.2.15.  Miz(MioMigMas + MysMiaMsy + iMi4 Moz Moy)
5.1.2.16.  Mys(MiaMi3Mas + My MygMszy + iM14 Moz May)
51.2.17.  Mysy(MiaMi3Mas + My MygMszy — iMy4 Moz May)
5.1.2.18.  Masz(MiaMigMas + MisMiaMsy + iMia Moz Moy)
5.1.2.19.  May(MiaMi3Mas + My Mg Mszy + iMy4 Moz May)
5.1.2.20.  May(MiaMi3Mas + My Mg Mszy — iM14 Moz May)
5.1.2.21.  May(Mi1aMi3 Moz — My Mg Mszy + iM14 Moz Moy)
5.1.2.22.  Msg(My1aMi3Mas + MyisMigMsy + i Mg Moz May)

5.1.2.23. M123M23M24 + M13M14M223 — M13M14M324 + Mg Moz Moy Msy
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5.1.2.24.

5.1.2.25.

5.1.2.26.

5.1.2.27.

5.1.2.28.

5.1.2.29.

5.1.2.30.

5.1.2.31.

5.1.2.32.

5.1.2.33.

5.1.2.34.

5.1.2.35.

5.1.2.36.

5.1.2.37.

5.1.2.38.

5.1.2.39.

5.1.2.40.

5.1.2.41.

5.1.2.42.

5.1.2.43.

5.1.2.44.

M3, M3 Mas + iMyo Mg Mag Moy — MMy Moy — Mz M3 Mo

iy My Myz M3y — y Mg M35 Moy — Myo MyyMagMsy — Moz Moy M3,

iy MygMyaMagMsy — MisMyaM3, — MEy Moz Moy 4+ Moz Moy M3,

1y Mo M3 My Moz — M122M14M24 + M13M23M224 + M14M223M24

Y M3 M3 Mag + Mo M3 Moz Msy + iMio My Moy + My Mg M3,

YME M3, + ME MygMag + MioME Msy + My M3, Mgy + Myy Moz M3,

—iy Mo ME Moz + y Mg MygMag Moy + M3, Mz Moy + i Mo Mg M3, + Mig Moy M3,
iy M3y Myy + M3y Mg + iM2, My Moy — Mys Mys M3y + M7z Moy May

Y Mo M3 Mg Mas + M7 Myg Moy — Mig My M3y — Myg M1y Moz My — iMygMas M3,
iy MPs Mg My + M Mys Moy + iMig My M3, — 2My3 M7 Moy + Myg Moy M3,

iy M7y M3 Mag—~y Mo Mg Mog Moy — iy Mia Myy Mog~+Myo MPy Moy ~+MyaMog Moy Ms,
iy Mg MPsMag — M7y Myz Moy + 2My3 M35 Moy — Mys Moy M3, + iMag M3, May

iy M7y My3Mag — My Moy + Myg M3 Moy — Mg M3, Msy + iMas M,

YMP Moz Msy — Myo MYy Mos + Mio Mog M3, — M7 Msy + iM7 M3, + My M3,

iy My Mag — yMis My MogMsy — MioMPg Moy — iM1o Mg Moy Msy + My3 M35 Msy —
Mz M3,

Y Mg M7y Mag + iyMisM?y + M7y Mg + My MogMsy — My M7y — M7y Moz Msy
’L’}/M123M223 — ’}/M14M223M34 + M12M14M223 — M12M14M§4 + M§3M34 - M23M§)4
iy Mo My M2, + iM3y Mas + iM% My May — iMio M3y — iMya M2 Msy + M2,M2,

iy My My3 Mag Msg — Mg Moz Moy Msy — Mio Mg M3, + ME Moy Msy — iMy4 M3, —
Moy M3,

iy Mg MygMag My — iM7y M1y Mag — iMio MEy Mgy — Myo Myg M3, — iMyo M35 Ms, —
iM14 Moz M3, + Mog M3, Ms,

iy Mo M2 Mog — v Mo My Moz Msg — iy M3 My Msy + M3, Myy Mog + Mo M3 Msy +
My M3, My + My Moz M3,
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5.1.2.45. ")/M122M14M23+Z")/M12M123M14+Mf27M122M1247M122M2237’L'M12M23M224+M123M224+
M M3,

5.1.2.46. —Z"}/M123M23M34 + 7M14M23M§4 + M123M224 + M124M223 — M124M§4 + iM14M224M34 —
M3 M3, + M,

5.1.3 The Intersection Points of the Line Scheme of A(7)

5.1.3.1. £ N Ly = V(Msa, Moy, Mya, My3, M7, — M33) = {Ey £ Eyq}
5132, £1N &5 = V(May, Mag, M2, — M2,, M3, My5) = {E5 + Eg}
51.3.3. £ NLy=V(May, M3, — M2, M1y, My3, My5) = {E4 + Eg}
5.1.3.4.  £1N &5 = V(Msy, Mag, Mo, My, MZ, — M%) = {E; + Es}
5.1.3.5. £1NLey = V(MZ,, Moy, Mag, M1y, My3, M1 + iMsys) = 0
5.1.3.6.  £1NLe = V(MZ,, Moy, Moz, M1y, My3, Mis — iMsys) =0
5.1.3.7. £9NLg = V(Msg, Mas, M4, My3, M12) = {E5}
5.1.3.8.  £oN Ly = V(Msy, Mos, Mg, M13, M12) = {E4}
51.3.9.  £5N &5 = V(Mzy, Mog, Moz, Mg, M3, M3,) =0

5.1.3.10.  £5N L = V(Msy, Moz, M1y, M3, My2) = {E5}

5.1.3.11.  £5N Lap = V(Msa, Moz, Mg, Myz, My2) = {E5}

5.1.3.12.  £3N L4 = V(M3,, May, Mag, M1y, M1z, M12) = ()

5.1.3.13.  £3N L5 = V(Msy, Moy, Mas, My3, Mi2) = {E3}

5.1.3.14.  £3N L6q = V(May, Mg, M1y, M3, Mo) = {Es}

5.1.3.15.  £3N Le, = V(Ma4, Mg, M1g, M1z, M12) = {E5}

5.1.3.16.  £4N L5 = V(May, Moy, Moz, M1y, Mi2) = {E>}

5.1.3.17.  £4N Leq = V(Msy, Moy, Maz, M1y, My2) = {E2}

51.3.18.  £4N La = V(Msq, Moy, Mg, M1y, My5) = {E»}

5.1.3.19.  £5 N L¢q = V(M34, Moy, Ma3, M4, M13) = {E2}
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5.1.3.20.  £5N Loy = V(Ma4, Moy, Moz, M1y, Mi2) = {E»}

5.1.3.21.  £6a N Lep = V(Mss, Moz, M1y, MisMoy, Mi2) = {Es, E5}
5.1.3.22.  £1,N Lo = V(M34, Moy, M1y, M3, M1a — Mag) = {E1 + E4}
5.1.3.23.  £1p N Ly = V(May, Moy, M1y, My3, Myy + Maz) = {E) — Ey}
5.1.3.24. £, N L3 = V(May, Mog, M1y — M3y, My, M12) = {E3 + Eg}
5.1.3.25.  £1p N L3 = V(May, Moz, My4 + M3y, M3, My2) = {E5 — Eg}
5.1.3.26.  £1,N Ly = V(May, Moz + Msy, My, My3, My2) = {Es — Eg}
5.1.3.27. L1y N Ly = V( Mo, Moz — Msy, Mya, My, M1o) = {E4 + Eg}
5.1.3.28.  £1,N L5 = V(Msy, Moy, Moz, M3, Mo + Myy) = {Ey — E3}
5.1.3.29.  £1, N L5 = V(Mza, Moy, Moz, M1z, M1s — My4) = {E1 + E3}
5.1.3.30.  £1, N Loq = V(Mza, Moy, Moz, M1y, M1z, My2) = 0

5.1.3.31.  £15 N Loq = V(May, Moy, Moz, My, My3, M1s) = )

5.1.3.32.  £1,N Lep = V(May, Moy, Moz, My, My3, M1s) = )

5.1.3.33.  £45 N Lep = V(Msyg, Moy, Mos, M1y, M3, M12) = ()

5.1.3.34.  £1,NEL1p = V(May, M2, + M2,, M1y — Moz, M1z, Mo — M3y) = {Ey £iE3+iEy+ Eg}

5.1.4 The Van den Bergh Polynomials Defining £(7)

5.1.4.1. —i(yayays — iy1y3Ys)
5.1.4.2. —yoyays — 1Y1Y3Ys
5.1.4.3.  —iyys + y3ys — yay? + YYsyals

5.1.4.4.  i(y3ys + iy2y3ya + iVY2YaYs — Y1Y5Ys)
5.1.4.5.  yiya + iy2ysys + iVY2yale + Y1YsYe
5.1.4.6.  i(y1y5 + iy1y3ya + iY1Y3Y5 — Y2YsYo)

5.1.4.7.  y1y3 + iy1ysys + iY1Y3Ys + Y2YsYe
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5.1.4.8.  iydys — yY3ys — Y3ys + Yayi + U + iVY3Ys — YYsYaYs — YYsYsYe
5.1.4.9.  y1yays + y1y2 + iyaysys + ivyey2

5.1.4.10.  iy1yays + iy1y2 + y2ysys + YY2y2

51411, —iy3ys + ysyd + ysyays — ysya

51412 yiyays — y3ve + Y2vs — YYsy2

5.1.4.13.  y1yays + Y3Ys — Y2Ys + VYsVR

51414, y3ys + yay? + yi1yeys — Ysye

51415, —y2ys — yayZ + y1yaye + ysy2

5.1.4.16. iy —ya — ysyd +iyiys — ysyays — YYiYe — Vyaysys + ysyi + 1Yé

5.2 H(sl(1]1))

5.2.1 The Polynomials Defining the Point Scheme of H(sl(1|1))

52.1.1.  22(2w179 — w374)
5.2.1.2.  z3x4(2w122 — T324)
5.2.1.3.  22(2w179 — w374)
5.2.1.4.  mox4(2w172 — T3T4)
5.2.1.5.  mox3(2w122 — T3X4)
52.1.6. zix4(22122 — T3T4)

52.1.7.  za3(2z122 — T3T4)
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5.2.2 The Jacobian Matrix of the Point Scheme of H(s((1]1))

22907 22173
2LoT3 Ty 2711374
22973 22173

21‘%1}4 driroTys — ,’Egl‘?l
21‘%1‘3 dxirox3 — x§x4
dx X004 — xgx?l 233%964
|4r1 w223 — x%m 233%963

_xi

201T2Ty — 295333?1
4rixon3 — 395%:1:4
_:EQ.'L'Z
2:10195% — 2x9x3%4
—&El.%'?l

2
2ziTe — 2212374

Ax ToTy4 — 330335?{
2r1T0x3 — 230%354
a3
2901:1:% — 2191374
—1'23?3
290%1‘2 — 2117374

—.’L’leg

5.2.3 The Polynomials Defining the Line Scheme of H(sl(1[1))

5.2.3.1.

5.2.3.2.

5.2.3.3.

5.2.3.4.

5.2.3.5.

5.2.3.6.

5.2.3.7.

5.2.3.8.

5.2.3.9.

5.2.3.10.

5.2.3.11.

5.2.3.12.

5.2.3.13.

5.2.3.14.

5.2.3.15.

5.2.3.16.

5.2.3.17.

— M3 Mys(MigMay — My4Mos)

(M4 Moz — MyzMay) (2ME, + MizMay + Mg Mas)

Moz Moy (M4 Moz — Mi3May)
Mo My MiaMsy
My M4 M3y

— M3 M3 M3y
—2MyoM13Mao3 M3y
—2M123M23M34

— M3 My4 Moz M3y
—2M13M223M34
—2M1oMya Moy M3y
My Mya Moy M3y
72M124M24M34

My Moz Moy M3y

— M3 Moz Moy M3y
M3 Moz Moy M3y

— M4 Moz Moy Msy
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5.2.3.18. My Mys Moy Msy

5.2.3.19.  —M232; Moy Mz,

5.2.3.20.  —2My, M3, M3,

5.2.3.21. Moz M3, M3y

5.2.3.22.  —MyjzM14M2,

5.2.3.23. —Maz Moy M2,

5.2.3.24.  MioMsy — MysMoy + MyyMos

5.2.3.25. =My (M7 Msy + MioMygMoy — My MygMas + Mg Moz Msy)
5.2.3.26. My (M2 Msy + MyaMyg Moy — MyoMyyMag + My Moz Msy )
5.2.3.27. My (M2 Msy + MyaMygMyy — MyoMyyMag + Mz Moy Msy)
5.2.3.28.  —Myy (M2,Msy + MygMyzMay — MyoMys Moz + Myz Moy Ms,)
5.2.3.29.  MZ%Msy(2Myy + Msy)

5.2.3.30.  —MPMsy(2M1y — Msy)

5.2.3.31.  —MigMaz (— Mo Msy + MyzMaoy — Myy Moz + M3,)

5.2.3.32.  —MigMaz (—MioMsy + MyzMaoy — Myys Moz — M3,)

5.2.3.33.  MyyMazMsy(2M19 — Msy)

5.2.3.34.  MZMsy(2Myy — Msy)

5.2.3.35.  MizMoyMszs(2Mia + Msy)

5.2.3.36.  —MyyMyy (MygMsy — MysMoy + My Mag + M2,)

5.2.3.37.  —MyaMay (Mi2Mss — MizMay + MigMog — M3,)

5.2.3.38.  —M2,Ms4(2M 15 + Msy)

52339, MizMsy (MyoMsy + MyzMoy + My Moy + M2,)

5.2.3.40.  MyyMsy (—MyoMsy + MyzMoy + Mg Moy + M2,)

5.2.3.41. MosMsy (—M12M34 + Mi3Moy + Myy Moz + M324)
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5.2.3.43. M3, (2M13Mag + 2My14 Moz + M3,)

5.2.4 A Grobner Basis for the Line Scheme of H(s[(1]1))

The following polynomials were found by computing a Grébner basis using Wolfram’s Math-

ematica and the polynomials given in Appendix 5.2.3.
5.2.4.1. My Moy M3,
5.2.4.2.  MysM2,Ms,
5.2.4.3.  MZ2MyyMsy
5.2.4.4.  MyyMayM3,
5.2.4.5. My M32,Ms,
5.2.4.6.  MygMazMagMsy
5.24.7.  MaysMsy (2M14Myg + M)
5.2.4.8. M2 MyyMs,
5.2.4.9.  MyyMsy (2M14Mog + M)
5.2.4.10. M2, (2My3Mag + 2My4 Mos + M2,)
52411, MayMsy (2M13Myy + M)
52412 —MZ, (—2My3Myy + 2My4 Mg — M2,)
5.2.4.13.  Mj3Ma3 M3,
5.2.4.14.  Mi3Mys Moy Msy
5.2.4.15.  —MygMoy(MysMas — MysMoy)
5.2.4.16.  My3M3 My
52417,  —M3; (—2My3Moy + 2My4Mas + M3,)
5.2.4.18.  Mi3M14M3,
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5.2.4.20.  —MygMoy(MiysMos — MysMoy)

5.2.4.21. M3 My Moz Msy

52422, —MyaMoz (—2Mi3 Moy + 2My4 Mo + M3,)
5.2.4.23.  MjsM2,Msy

52424,  —M32, (—2Mi3May + 2My4 Moz + M)
5.2.4.25.  MizMsy (2Mi3 Moy + M)

524.26.  — (—2M3May + 2M14Mog + M3,) (2My3 Moy + 2M14 Mog + M3,)
5.2.4.27.  MZEMozMsy

5.2.4.28.  My3Moz(My3 Moy — My Mag)

5.2.4.29.  ME My Msy

5.2.4.30.  MizMya(Mi3Mag — MyaMag)

52431, M2 (2My3May — 2My4 Moy + M3,)

5.2.4.32. MioMsy — M3 Moy + M4 Mos

5.2.4.33.  —May (—4M12 M3 Moy + 4AMyo My Mas + M3,)
5.2.4.34.  —Mag (—AMys Mg Moy + AMyo Myy Mog + M)
5.2.4.35.  —Myy (—4MyyMygMyy + 4Myo My My + M3,)
5.2.4.36. Mz (4MyaMy3 Moy — 4Myo My Mg — M3,)

5.2.4.37. 8M122M13M24 — 8M122M14M23 + 4M14M23M§4 + M§4

53 H(sl(2,k))

5.3.1 The Polynomials Defining the Point Scheme of H(sl;(2,k))

5.3.1.1.  ap(asa} — 2aza3a1 — adaq + adaq)
5.3.1.2. —aq (a4a% + 2asa3a1 — a§a4 — a§a4)
5.3.1.3. as (a4a% — 2aqa3a1 + a§a4 — a§a4)

5.3.1.4.  a1a4(2a1a2 — asay)
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5.3.1.5.  —(az —a3)(az + az)a?
5.3.1.6. —ajas(2aia3 — agsay)
5.3.1.7.  aga4(2a1as — azay)
5.3.1.8.  aga4(2aza3 — ajay)
5.3.1.9. (a1 —a3)(a; + az)a?
5.3.1.10.  —a%(2a1az — azay)
5.3.1.11. (a1 — az)(a1 + az)a?
5.3.1.12.  aza4(2aza3 — ajay)
5.3.1.13.  aza4(2a1a3 — asay)
5.3.1.14.  —a2(2a1a3 — azay)

5.3.1.15.  —a2(2a2a3 — aja4)

5.3.2 A Grobner Basis for the Point Scheme of H (sl (2,k))
The following polynomials were found by computing a Grobner basis using Wolfram’s Math-

ematica and the polynomials given in Appendix 5.3.1.

5.3.2.1.  aza3(2a3 — a4)(2a3 + ay)

5.3.2.2.  agaq(2a3 — aq)(2a3 + a4)

5.3.2.3.  a2(az —a3)(az + a3)

5.3.24.  azas(2a2 — aq4)(202 + ay)

5.3.2.5.  —a3(2aza3 — ajay)

5.3.2.6.  ai(2aia3 — azas)

5.3.2.7.  azas(2a1a3 — asay)

5.3.2.8.  ai(2aias — azay)

5.3.2.9. as (4a1a2a3 + 2a§a4 — af’l)

5.3.2.10.  aga4(2a1as — asay)
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5.3.2.11.

5.3.2.12.

5.3.2.13.

5.3.2.14.

5.3.2.15.

as (4a1a2a3 + 2a§a4 — a4)

3

aj(ar — as)(a1 + as)

a3a4(2a1 — a4)(2a1 + a4)

asaqs(2a1 — aq)(2a1 + aq)

a§a4 + Za%agag — agagai

5.3.3 The Jacobian Matrix of the Point Scheme of H (sl (2,k))

The following matrix is determined by the polynomials in Appendix 5.3.2.

o o o O

[NV

a
2aza3
2a3ay4
2a5a3
daga?
2a3a,4
4a3as
2a;a3

8aragay

8arasay

_3a%a4 + 4aqa9a3

0
4aay — a3
2aa3
8&2&3(14
—2aza?
—a?
—agai
2a,a3
4aya?

2
4aa2a4 — azay

8ajazas + 6a%a4 —a
0
0
4a2ay — a3

2 2
2aja3 — azaj

3
4

3a3a3 — aj
8a2a3a4
—2aza?
dalay — ai
—2asa3
2a;a3
daiazay — agai
—d?
8aiasas + 6a§a4 — ai
—agai
4aya’
—2aza?
4aay — a3
0

2 2
2a7iaz — azaj

2a3ay — 4azal
daza? — 3aza3
2a3a, — 2a3ay4
4a3az — 3aza3
3a1a?l — 4asazay
daiazay — 3a2ai
2a1a§ — 2a2a3a4
daiasay — 3a3ai
2a3 — 3aza?
2a1a§ — 2a2a3a4
2a3 — 3azaj
2a%a4 — 2a§a4
4a3az — 3azal
4a3ay — 3azal

az{’ — 2aza3a4 |

5.3.4 The Polynomials Defining the Line Scheme of H(slx(2,k))

5.3.4.1.

5.3.4.2.

5.3.4.3.

5.3.4.4.

5.3.4.5.

5.3.4.6.

— My (2M13M122 + Moy M7y — MysM3y 4+ MysMygMas — M7z Moy + M14M23M24)

MMy — M3z M7y + Myz Moy M3y — MagMs, My — My M3y + Miz M3,

— M4 Moy (MisMiy — Moz Moy)

Moy (M14 M3y + 2Mas M3y — MygM3y — Mag M3, + MygMyg Moy + Mz MagMay)

2M1o M4 Moy M3y

2M124M24M34
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5.3.4.7.

5.3.4.8.

5.3.4.9.

5.3.4.10.

5.3.4.11.

5.3.4.12.

5.3.4.13.

5.3.4.14.

5.3.4.15.

5.3.4.16.

5.3.4.17.

5.3.4.18.

5.3.4.19.

5.3.4.20.

5.3.4.21.

5.3.4.22.

5.3.4.23.

5.3.4.24.

5.3.4.25.

5.3.4.26.

5.3.4.27.

5.3.4.28.

5.3.4.29.

2M14M224M34

MyaMss — MygMog + Mo Msy

— M2 My4(2M12 M3 + M3y My + MioMoay)

M3,(2M1o Mz + MsaMys + Mo May)

My4(2M1a M3 Maz — Mg Moy Moz — MygMzg Moz — Mo MyaMay + MizMyaMsy)
—Miy (M34M122 — 2M3E Mo + M3 Mo + Mg Mog Mo — M5 Msy + M14M23M34)
My (Msy M7, + M3y Mys + MygMas Mg + Mis Moy Myg 4+ My Moz May)

— M4 Moy (2M12 M3 + M3y Mz + MioMoay)

Mg Moy (2My2Myz — M3aMys + Mz Moay)

—M14M34M122 - M23M34M122 - M14M223M12 + M14M224M12 + M23M224M12
— My3 Moz Moy Myo + Myg M35 Msy — Mz Mg Moy Msy

Mo Moy (Mg Mg + 2M12 Moz — Moz Msy)
Mo (M3 My — 2M13 Moz + Moz May) M3y
— Moy (M2 M3 My + Mia Moy My — MigMza My — 2M12 M3 Moz + M3 Moz M)
My3(My3 My — 2Mi3Maz + Moz May) M3y
My Moy(MioMyy + 2Mio Moz — Moz M3y)

—Mi3Msg M2, — Moy My M7y — MisME Mo + MisMygMos Mo + M3 Moy Mo —
M3 Moy Mo + M3 Moy Msy — Myy Moz Moy Msy

My Moy (MioMyy + 2M12 Moz + Moz Msy)

—M14(2M12 My3 Moz — Mig Moy Moz + Mz Mzg Moz — Moy Mz Moz — My M4 May)
Mosz(Mi3Myy — 2M13Maz + Moz Moy ) My

May (Msg M3y — M3, Mys — MygMasMyy — MyzMay Mo + Mig Moy Msy)

Moy (M34M122 + 2M223M12 - M224M12 — Mi3Moy Mg — M223M34 + M13M24M34)
M3, (Mo My + 2M15 Moz — Moz Msy)

— Moy (MyoMiz Mg + Mo MosMya — 2Myo M3 Mag — Mis Moz Msa + Mog Moy Msa)
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53430 —M14M34(2M12M13 + M34M13 — M12M24)
5.3.4.31. M3, (M3, — M3, — M3,)

5.3.4.32. —M14M24M123 + M23M24M123 — M14M223M13 + M14M§4M13 — M23M§4M13
+ MioMag M34 M3 + M14M223M24 — Mg M4 Moy M3y

5.3.4.33.  —MyyMay (Mo My + Moz Msy)

5.3.4.34. —MPME 4+ M3 M7y — Mo Mgy M7y — Mos M3, Myy — MG M3, + M7 M3,
5.3.4.35.  —MoyMzy(Myo Moy — My3Msy)

5.3.4.36.  —MPsM3, + M3 M3, — My Msy M3, + Mg M3, Moy + M7y M3, — M3 M3,
5.3.4.37.  MyaMay (ME, + MogMiy — M3, — M3, — My3May — MioMsy)

5.3.4.38.  MyaMoy (M3, + MogMyg — M3, + M3, — MyzMay — Mo Msy)

5.3.4.39.  —MaqMsy(M12 M4 — 2M19Mag + Moz Msy)

5.3.4.40.  —MysMoy My + MogMogME — MygM3s My + Mos M3, Mys + Mio Moz Msy Mz —
Moz Moy M3, + My M3y Moy — Myo Mg Moy Msy

53441, M2, (M2 — M2, + M2,)

5.3.4.42.  —Msy (MayME — M3, Myg + MygMagMiz — MioMsg Mg + Mo Moy Msy)
5.3.4.43.  —MuMsy (M7) — MagMua + M3, — M3y — MisMoy — Mi2Msa)

5.3.4.44.  —Msy (My4M35 — M3, Mo + Mz Moy Mos + MioMsy Moz — Myo M4 Msy)
5.3.445.  —MyyMsy (M2, — MogMyy + M2, — M3y — MyzMay + Mo Msy,)

5.3.4.46.  —M2, (M? + M2, — MZ,)

5.3.5 A Grobner Basis for the Line Scheme of H (sl (2,k))

The following polynomials were found by computing a Grébner basis using Wolfram’s Math-

ematica and the polynomials given in Appendix 5.3.4.
5351 M24(M24 - M34)M34(M24 + M34)
5.3.5.2. MyyMyy M2,
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5.3.5.3.

5.3.5.4.

5.3.5.5.

5.3.5.6.

9.3.5.7.

5.3.5.8.

5.3.5.9.

5.3.5.10.

5.3.5.11.

5.3.5.12.

5.3.5.13.

5.3.5.14.

5.3.5.15.

5.3.5.16.

5.3.5.17.

5.3.5.18.

5.3.5.19.

5.3.5.20.

5.3.5.21.

5.3.5.22.

5.3.5.23.

5.3.5.24.

5.3.5.25.

5.3.5.26.

My M3, M3y

M4 Moz Moy M3y

M3, (M7 + M3, — M3,)

M3 Moy Msy

M3y (M7 — M3, + M3,)

My3Msy (M3, + M3, — M3,)

MogMay (M3, — M3, + M3,)

Mia(Myg — Msa) Mag (Mg + Msys)

Myy(Myg — Moy)Mag(Miy + May)

Myy Moz (M3, — M3, — M3,)

(M2, + M3, — M3,) (M7, — M3, + M3,)

—May (—Mi3 M3, + MyaMagMay + Mi3M3,)
Mas(2M13 — Moy) Moy Msy

—Ma3May (M3, + 2My4Mas — 2M13May)

May (4My3 M2y — 2Mog M2, + MysM2, — MysM2,)
(My3Myy — 2M13Mag + MagMay) M3,
Mz Mya Moy M3y

Mg (—Mag M3, + MyzMiaMas + Moz M3,)
MysMsy (M3, — M3, + 2My4 Mas)

— Moy (Mag M7y — 2M13 Moy Myg + Moz M3, — Moz M3,)
My3Msy (M7 + M3, — M3))

Mg Moy (MizMyy — Moz Moy)

Mag (2My5 M2, — 2Mos Moy Myy — 2Mys M2, + Moy M2,)

M3 M3y — Moz M3, — 2My3 Moz M2, + 2Mog Moy M3,
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5.3.5.27. Mz (2May M3y + M3, M3 — 2M14MasMy3 — Moy M3,)
5.3.5.28.  (2My4 M3y — 4AMas M3y + Moz M3,) May

5.3.5.29.  Mjs(Miz — Maz)(M3 + Maz) Moy

5.3.5.30. (Mg — Mas)(Ms + Mag) (M3, + M3, — M3,)

5.3.5.31.  My4Mss — MysMay + My Msy

5.3.5.32. Moy (4M12 M3 — 2M34 M35 — Mio M2, + My Moy Msy)
5.3.5.33.  MZ2,(Mya M4 + 2My1o Moz — Moz Msy)

5.3.5.34. Moy (M12M3, — My3Msy Moy + 2M12 M4 Mos)

5.3.5.35.  Maq (Mi12M3, — Myo M3, + MizMayMsy)

5.3.5.36. Moz (2M12 M, + 2Ma3 Msy Myy — 2M12 M3, + M3, M3y)
5.3.5.37.  MyoM3, + Mas M3, + 2My1o Moz M2, — 2Moz M2, M3y
5.3.5.38.  Myy(2My3 + Moy)(MioMay — MizMsy)

5.3.5.39.  My3Moy(2Mio Mg + Mig Moy — Moy Msy)

5.3.5.40.  Mas(2M1o M3 My — 2Myo Moz Moy + Moz Moy M3y)
5.3.5.41.  —Mia M3, + My3 M3, + AMyo M3 M4 Moz

5.3.5.42.  MyaM3, — 2M13 M3y M2, + My M3, + 2M12 M3 ME,
5.3.5.43.  2Mya My M2, + 2Mog Msy M2, + Myo Moz M2, — Mg M2, Ms,
5.3.5.44. Mg (2M14 M3, + 4Mog M2, — Moz M2,)

5.3.5.45.  MP,Mi, — MBM?y — M M3, + Mis M3,

5.3.5.46.  2My3MiyM3, — 2Moz Moy M2, — Myz Moz M2, + Moz Moy M2,

5.4 H,(sl(2,k))

5.4.1 The Polynomials Defining the Point Scheme of #,(s((2,k))

5411 —(¢—=1)(g+1)(¢* +1) 12324
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(g=1)(q+1) (¢ +1) w2324

5.4.1.2. pes
wcz»,(wlw2q8+w§q4—xiq4—2x1zzq4+1‘11'2)

S4L3. = @ DI @)

54.1.4 o (qfl)(qul)(qz‘Fl)a:laBa:i

(]2
54.1.5.  (¢—1)(g+1) (¢* +1) aizsay

z3(r3—r4)rs(T3+74)
5.4.1.6. d(qjl)(q+1)(q§+1)

(g=1)(g+1D)(¢*+1)z2w32]
7

5.4.1.7. &
54.1.8. — q“ﬂg; (oga)aa(ogtas)

5.4.1.9. _(q*1><q+1>gf+1)x§msm4

sy, Al )
5.4.1.11. _(q‘1><q+1>(q2+2(q4+1)xlzzxsz4
st e
sl B )
s -mmln)
54115 _rema(cmid el —2niwagt daims)

(¢—1)q*(g+1)(¢>+1)

5.4.2 A Grobner Basis for the Point Scheme of H,(sl(2,k))
The following polynomials were found by computing a Grobner basis using Wolfram’s Math-

ematica and the polynomials given in Appendix 5.4.1.

5.4.2.1.  wzzz4(xs — 24)(23 + T4)

5.4.2.2. x2x3xi

5.4.2.3. x2x§x4

5.4.2.4. x§z3x4

5.4.2.5. J;lxga:i

5.4.2.6. J;la:%m

5.4.2.7. xi (qsxlxg — 2q4m1x2 — q4:r§ + q4xi + xlxg)
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5.4.2.8.

5.4.2.9.

5.4.2.10.

5.4.2.11.

5.4.2.12.

5.4.2.13.

5.4.2.14.

(q4 + 1) T1T2X3T4

23 (Bz122 — 2¢ 2172 + ¢*23 — ¢*aF + z122)

zaxy (Pr1s — 2¢ 0120 + ¢*2f + 7122)
zax3 (Pr1s — 2¢ w120 + ¢*23 + 7122)
x%x3m4

z124 (Prrws — 2¢ w120 + ¢*2f + 7122)

123 ((18%1%2 —2¢*z1w0 4 ¢*23 + 331952)

5.4.3 The Jacobian Matrix of the Point Scheme of H,(sl(2,k))

The matrix comprised of the following columns, read from left to right, is determined by the

polynomials in Appendix 5.4.2.

1 (Bzrme — 2¢* w132 + 3¢

24 (323 — a2) 1T

2

4x§ =+ mlwg)
114

0 0
0 rg,mi
0 z§x4
0 2x9r374
ach?l 0
x§z4 0
(@—12(g+1)? (¢ +1)* w2z} (¢ - D*(q+1)? (> +1)° 2123
(¢* + 1) mozszs ’ (¢*+ 1) z1z324 ’
(@=D*q+1?(¢*+1)° maa} (a—1)%(a+1)% (¢ +1)” 2123
(g—1D%g+1)2 (¢ + ) 23z 24 (2¢3z172 — dgtz122 + ¢*23 + 221 32)
(q—1)2(g+ 1) (¢*+1 )2 z3z3 23 (2¢3z172 — 4gtz172 + ¢ 23 + 221 32)
2r12324 0
4 (2¢%z1m0 — dgtmian + ¢tad 4 221 3)) (g—1)%(g+1)% (¢* + 1) 3z
3 (2¢8z172 — 4¢*z122 + P2 + 221 22) L (- 1)2q+1)2 (¢ +1)° 223

x3 (xg — Sxi)

z2T] 2a223T4
2xox324 zgmg
13364 963363
zlxi 2x1132T4
2111324 mlmg
—211413131 214 (qulrg — 2q4m112 — q4z§ + 2q4zi + mlmg)
(q4 + 1) T1X2T4 ’ (q4 + 1) T1X2T3
2x3 (q r1T2 — 2q xr1T9 + Qq x3 - q ac4 + a:lzvg) —2q4:c§ac4
0 o2 (Bzrze — 2¢*x 1m0 + 3qa? + z122)
2 (Bzrze — 2¢*x 1m0 + 322 + z122) 0
x%x4 I%QCS
0 1 (Bzr22 — 2¢ w122 + 3¢*22 + z122)

0




5.4.4 The Polynomials Defining the Line Scheme of H,(sl(2,k))

The following polynomials determine £(g). Note that some of these are nonzero scalar mul-

tiples of those obtained using the process outlined in [30].

5.4.4.1.  MygMaz — MizMay + Mo M3y
5.4.4.2. Mg (MiaMisMyaq® — 2M1oMysMisq* + MPsMssq* — ME Msaq* + Myo MisMyy)
5.4.4.3. My (MiaMasMoyq® — 2Mio Moz Mosq* — M3sMasq* + M3y Msaq* + Mio MagMay)
5.4.4.4. Moy (M1aMasMosq® — 2Mio Moz Moyq* — M3sMasq* + M3, Msaq* + Miz MagMoay)
5.4.4.5. Mg (M1aMasMosq® — 2Mio Moz Moyq* — M3sMssq* + M3, Msaq* + Mis MagMay)
5.4.4.6.  Msy (M1aMisMyaq® — 2MioMysMisq* + MPsMasq* — ME Msaq* + MioMisMyy)
5447, (My3Mays — MyyMoy) MZ,q>
54.4.8.  (My3Mays — MyyMoy) MZ,q>
5.4.4.9.  Msy (MioaMagMasq® — 2My3 Moz Masq* — M3z Mssq* + M3, Mssq* + My Moz May)

5.4.4.10.  MyoMsy (My3Masq® + M3,q* — 2My3Masq® + MisMag)

5.4.4.11.  MypMsy (M1gMagq® + M3,q* — 2M14 Masq* + Mi4May)

5.4.4.12.  MyzMsy (My3Masq® + M3,q* — 2My3Masq® + MisMag)

5.4.4.13.  May (—Mi3Mi1sMssq® — MisM3,q* + M?y Masq* + Mis My Masg®
+ Mo MyaMsyq* — M7 Moz — Myp M4 Msy)

54414 M13M34 (M14M24q8 + M324q4 — 2M14M24q4 + M14M24)
5.4.4.15. M14M34 (M14M24q8 + M324q4 - 2]\4’14J\4-24q4 + M14M24)

5.4.4.16. M3y (MEMayq® — MyoMysMsag® + MisM3,q* — MyzMyaMasq* — M Mayg*
+ Mo M3 Msaq* + MysMiyMas)

5.4.4.17.  MyaMsy (My3Masq® + M3,q* — 2My3Masq® + MisMag)
5.4.4.18.  MazMsy (My1gMasq® + M3,q* — 2M14Masq* + MiyMoay)

5.4.4.19.  MazMsy (My3Masq® + M3,q* — 2M13Masq* + MisMag)
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5.4.4.20.  Msy (—MisM3,q® + MiaMagMsaq® + MisM3,q* — MasM3,q* + Myy Moz Mayq*
— My Moy Msaq* — MysMagMay)

54421 M24M34 (M13M23q8 —|— M324q4 — 2M13M23q4 + M13M23)

5.4.4.22. M3y (—Mi3MazMoaq® + MiaM3yq* — Moy M3,q* + MysMasMosg* + Mio Moz Msaq*
— M4 M35 — MioMo3 Msy)

54.4.23.  MogMsy (M14Mosq® + M3,q* — 2M14Mosgq* + MyaMoy)

5.4.4.24. M3, (Mi3Masq® + M3,q* — 2M13Mazq* + MysMas)

5.4.4.25. M3, (M1aMasg® + M3,q" — 2M14Mosg" + M1y May)

5.4.4.26. My (MiaMyzsMisq® — 2Myo MisMyag* + MEMsaq* — M Msaq* + Myp MisMiy)

5.4.4.27.  MioMi3My4Masq® + M3 Moz Mssq® — My Mg Moy Msaq® + Mio My M3, q*
— 2Myo M13 M4 Masg* + Mo My3 M4 Moy

54428 M12M124M23q8 —|- M122M14M34q8 — M13M14M23M34q8 + M124M24M34q8
+ M12M13M§4q4 - M12M124M23q4 - M12M13M14M24q4 - M122M14M34q4
+ Mo M3 M4 Moy

5.4.4.29.  MioMisM35q® + M3 M3 Ms4q® + M7 MogMsaq® — MyaMoz Moy Mszsg®
— MioMiyM3,q* + Mio Moy M2, q* — MioMy3 Moz Mogq® — M3 Mo Msag*
+ MioMy3 Moz Moy

5.4.4.30. Mz (M12MagMayq® — 2Mio Moz Masq* — M35 Mzaq* + M3, Mssq* + Mo Moz Moy )
5.4.4.31.  Mas (M1 MagMaysq® — 2M12 Moz Mosq* — M3z Mauq* + M3, Masq* + Mio Moz Moy)

5.4.4.32.  MioMizMiqsMayq® + Mio Mz M3 q* — 2Myo Mg MyaMayg* + Mo Myz My Moy
+ M3 My Moz Msy — M3 Moy Msy

5.4.4.33.  MioMisMi4Mosq® + MyoMiaM3,q* — MioMysMyaMoszq* — MioMPsMosg*
+ ME,Mi3Msaq* + MioME Moy — M3, Mz Msy — Mz MosMsy
+ M3 My Moy M3y

5.4.4.34. M13M14 (q4 + 1) (M13M23q8 + M324q4 — 2M13M23q4 + M13M23)

5.4.4.35.  MizMiy (¢* + 1) (M1aMaaq® + M3yq* — 2M14Mosq* + MysMay)
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54436 M13M124M23q12 + M124M§4q8 — M13M124M23q8 + M12M13M14M34q8 + M123M324q4 —
M3 Mg Magq® — MioMigMyaMssg* + MMy Moy

5.4.4.37.  MipyMyaMogMayq® — MioMysM3,q* + Mg MagM3,q* — Mio My Moz Mosq*
+ M2, Moy Msaq® + MioMig M3, — Mg M3, Msq — M7, Moy Msy
+ M3 Moz Moy M3y

5.4.4.38.  MisMia Moz Mosq'? + MysMagM3,q® — Mz Mg Moz Moyg® + Myy Moy M3, q*
— My Mg MagMoyq* + Mz My Moz Moy

5.4.4.39.  MygM3Moyq'? + M2 M2,¢® — Mg M3 Mayq® + Myo Moz Moy M34q® — Myz Moz M2,q* +
M3, M32,q* — MyoMasz Moy Msyq* + Mz Moz M3,

5.4.4.40.  —M?ZMysMoyq'? — Mig Moy M2,¢® + M2 Moz Moyq® + Myo My Moz Msyq®
+ MigM1aM33q* — MysMogM3,q* — MyoMysMogMsaq* — MyzMyaM3s

5.4.4.41. —MizMyaM3,q"? + MisMiyM3,q® — My3 Moy M3,q® + Myo My Moy Msaq®
— Myy Moz M2,q* + M2 Moz Mayg* — MygMyaMoyMzaq* — M3 Moz Moy

5.4.4.42. M23M24 (q4 + 1) (M13M23q8 + M§4q4 - 2M13M23q4 + M13M23)
5.4.443.  MaysMay (¢* + 1) (M1aMasg® + M3,q* — 2My4 Mosq* + MyyMoy)

54444 M122M13M14q8—M123M14M23q8+M13M124M24q8—2M122M13M14q4+M12M123M34q4—
M12M124M34q4 + M122M13M14 + M123M14M23 - M13M124M24

5.4.4.45.  (Mi3Mas — MyaMay) (—MiaMasq® + MioMsag* + MyzMay)

5.4.5 A Grobner Basis for the Line Scheme of H,(s((2,k))

The following polynomials were found by computing a Grobner basis using Wolfram’s Math-

ematica and the polynomials given in Appendix 5.4.4.
5451 M324 (M14M24q8 + M§4q4 - 2M14M24q4 -+ M14M24)
5.4.5.2.  MoyMsy (M14Mosq® + M3yq* — 2M14Maaq® + MysMoy)

5.4.5.3.  MasMsy (MiaMasq® 4+ M3,q* — 2M14Mosg* + Mi4Moy)
5.4.5.4.  MagMay (¢* + 1) (M14Maaq® + M3yq* — 2M14 Maaq* + MygMoy)

5.4.5.5. Mos Moy q4 + 1) (M14M24q8 + M§4q4 — 2M14M24q4 + M14M24)
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5.4.5.6.  MagMay (¢* + 1) (M14Maaq® + M3yq* — 2M14 Maaq* + MygMoy)

54.5.7. M3y (q* + 1) (M1aMasq® + M3,q* — 2M14Mosq* + M14Moy)

5.4.5.8. M3 (q* + 1) (MiaMaaq® + M3,q* — 2M14Mayq* + Mi4May)

5.4.5.9. M3 (q* + 1) (MiaMaaq® + M3,q* — 2M14Mayq* + Mi4May)
54.5.10.  MiaMsy (M14Moaq® + M3,q* — 2M14Mosgq* + My Moy)
5.4.5.11.  MisMas (q* + 1) (M1aMaaq® + M3,q* — 2M14 Masq* + Mi4May)
5.4.5.12.  MysMss (q4 + 1) (M14M24q8 + M2,q* — 2M14Mayq* + M14M24)
5.4.5.13.  MysMss (q4 + 1) (M14M24q8 + M2,q* — 2M14Mayq* + M14M24)
54.5.14. M3, (Mi3Masq® + M3,q* — 2M13Mozq* + My3Mos)

5.4.5.15.  MoyMzy (Mi3Mazq® + M3yq* — 2My3Mozq* + MisMas)

5.4.5.16.  —Mi3MsM32,q® + MiyM3;Mayq® + 2Mi3 Moz M3 q* + M3, M2,q* — M3, M2,q* —
2M14 M35 Mayq* — Mig Moz M3, + Mya M3 Moy

5.4.5.17.  MazMsy (Mi3Masq® + M3,q* — 2M13Masq® + MisMoas)

5.4.5.18.  MazMay (q* + 1) (M13Masq® + M3,q* — 2M13Masq® + MisMag)
54.5.19.  May3May (¢* + 1) (MisMasq® + M3,q* — 2My3Masq* + MysMas)
5.4.5.20.  MazMay (q* + 1) (M13Masq® + M3,q* — 2My3Masq® + MysMag)
5.4.5.21.  MizMsy (M1gMasq® + M3,q* — 2M14 Masq* + Mi4Moay)

54.5.22.  (My4Mas — MyisMas) (M14Maaq® + M3yq* — 2M14Masq* + MysMay)
5.4.5.23.  MysMsy (My3Masq® + M3,q* — 2M13Masq* + MisMag)

54.5.24.  (¢* + 1) (My1sMya Moz Mosq'® — AMy3 My Moz Mosq'? — M3, q°
+6M13M14MagMayq® — AM13 M1y Moz Mosq* + MygMig Moz Moy)

5.4.5.25.  (¢*+1) (Mi3M1aMasMosq® — AMy3 M1y Moz Mosq*? — Mayq®
+6M13M14MogMosq® — 4AMy3Mya Moz Mosg* + MisMya Moz May)

54.5.26.  (¢" +1) (MiaMiaMazMosq"® — 4M13Mya Moz M2aq'? — M3y q®
+6M13My4Mos Mosq® — AMy3 Mg Moz Mosq* + Mz Myy Moz Moy)
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5.4.5.27.  MiysMos (¢* + 1) (M13Mazq® + M3,q* — 2M13Ma3q* + My3 Mo

54528 M14M23 <q4 —|— 1 M13M23q8 —|— M324q4 — 2M13M23q4 —|— M13M23
54529 M14M23 (q4 —|— 1 M13M23q8 —|— M§4q4 — 2M13M23q4 —|— M13M23
54530 M13M14 (q4 —|— 1 M14M24q8 —|— M§4q4 — 2M14M24q4 —|— M14M24

54531 M13M14 q4 —|— 1 M14M24q8 —|— M§4q4 — 2M14M24q4 —|— M14M24

) ( )
) ( )
) ( )
) ( )
) ( )
5.4.5.32.  MizMy (q* + 1) (M1aMaaq® + M3,q* — 2M14 Masq* + Mi4May)
54.5.33. M2 (¢* + 1) (MizMazg® + M3,q* — 2M13Mazq* + My Mog)
54.5.34. M2, (¢* + 1) (MizMasg® + M3,q* — 2Mi3Masq* + My Mos)
54.5.35. M2 (¢* + 1) (MizMasg® + M3,q* — 2Mi3Masq* + My Mos)
5.4.5.36.  MizMsy (Mi3Mazq® + M3,q* — 2My3Mazq* + Mi3Mas)
5.4.5.37.  (Mi3May — MyaMagz) (Mi3Masq® + M3,q* — 2My3Mazq* + My3Mas)

5.4.5.38.  —MizM}Mosq® + M MiaMoyg® + M M3,q* — M M32,q* + 2Mi3M% Mosg* —
2ME My Mosg* — Mz M3 Mos + MMy Moy

5.4.5.39.  MizMy (¢* + 1) (M13Masq® + M3,q* — 2M13Masq® + MisMag)

5.4.5.40.  MyzMy (¢* + 1) (MisMasq® + M3,q* — 2M13Masq® + MysMag)

5.4.5.41.  MizMy (¢* + 1) (MisMasq® + M3,q* — 2My3Masq® + MysMag)

5.4.5.42.  MysMss — MisMay + MioMsy

5.4.5.43. Moy (M12MagMayq® — 2M1a Moz Mosq* — M3sMsuq* + M3, Mssq* + Mio Moz May)
5.4.5.44.  Mas (M1 MagMayq® — 2M1a Moz Mogq* — M3sMsuq* + M3, Mssq* + Mio Moz May)

5.4.5.45.  MioMya Moz Moyq'® — 4Myo My MogMoyq'? — Mg M3z Msaq'? — Moy M3, q®
+ 6M12M14MogMayq® + 2M14 M3z Msaq® — 4Myo MyaMoz Mosg* — My M3z Mssq*
+ MigMy4 Moz Moy

5.4.5.46. Mo Mi3MozMayq'® — 4Myo M3 Moz Moyq'? + Mys M3, Msaq'® + Mas M3, q®
+ 6 Mo M3 MagMayq® — 2My3 M3, M34q® — 4M192 M3 Mo Moyq?
+ Mig M3, Msaq* + MioMi3 Moz Moy
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5.4.5.47. Mo Mi3MyaMaaq® — AM1o MigMiaMayq'? + ME Moy Msaq*? + MygM3,q8
+ 6 Mo M3 M4 Mosq® — 2ME Moy M34q® — 4M12 M3 MiyMayg?
+ M7 Moy Msaq* + Mo My M4 Moy

5.4.5.48.  MioMi3MyqMosq'® — 4Myo M3 Mg Mazq'? — M3 Moz Mzaq'? — MysM3,q®
+ 6 Mo Mg M1y Masq® + 2ME Mog Msaq® — 4AM1oMis Mg Mozq® — ME MosMsag*
+ MiogMy3Mi4Mos

5.4.5.49. My (M1oaMisMi4q® — 2M1oMisMyaq* + M7z Mayq* — MYy Masq* + MioMyzMiy)
5.4.5.50.  Myz (MioMi3Miaq® — 2MraMisMyag* + M Msaq* — M Mssq* + MioMy3Miy)

5.4.5.51.  MysMo3M3,q'S + My M3, Moyq'® + AM3Z, Mog Moyq*® + 4 M4 M3q'?
+ AM13M3,q'? — AMyy Moz M3,q'? + 2Mog Moy M3, q'? — 4AMy3 M3y Moyq'?
— 16 M2, Moz M2sq*? — 8M14M3sq® — 8Mi3M3,q® + 6M14 Moz M3¢8
+ 4Mog Moy M3,q8 + 6 M3 M3 Masq® 4+ 24M7 Mog Mayq® + AMy4 M3sq?
+ AM13 M3 q* — AM1aMos M3, q* + 2Mas Moy M3,q* — AM3 M35 Moyq?
— 16 M2, Moz Mayq* + Myg Moz M3, + M3 M3y Moy + 4AM7, Moz Moy

5.4.5.52.  AMZ,Mi3My4q'6 + M2, M4 Ma3q® + Mz M2 Moyq'® + 2My3 My, M3, g2
— 16 M2, M3 Myaq*? + 4M3P Masq'? — AME MyyMasq'? + AM3 Moyq'?
— AMy3 M7y Mosq'? + AMys M1y M3,q® + 24M7y MisMy4q® — 8MP) Mo3q®
+ 6 M5 M1y Masq® — 8Mi3Maaq® + 6Mi3 M, Moaq® + 2M13 Mg M3, q*
— 16M 7, M3 Miaq* + 4AM37 Masq* — 4AM7a M1y Magg* + AM P Moyg*
— AMy3 M7y Mosq* + AMP Mg My + M7sMiyMos + Mys M7 Moy
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