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ABSTRACT

MATHEMATICAL MODELING OF THE BONE REMODELING PROCESS

IRIS LIZETH ALVARADO, Ph.D.

The University of Texas at Arlington, 2018

Supervising Professor: Dr. Hristo Kojouharov

The skeleton is a very important organ that needs to be continuously remod-
eled due to microdamage, changes in mechanical loading, or mineral homeostasis. The
bone remodeling process is responsible for maintaining the structure and function of
the skeletal system. Accumulation of microdamage that goes unrepaired within the
bone matrix can lead to bone fragility and loss of mechanical properties. Evidence
suggests that when microdamage is present in the bone structure, osteocyte apoptosis
plays an important role in the initiation of the bone remodeling process. Osteocytes
are known to release RANKL a promoter of osteoclastogenesis (bone-resorbing cells)
and scelorstion an inhibitor of osteoblastogenesis (bone-forming cells).

The mathematical model presented in this work studies the initiation and organi-
zation of cells within a cortical bone multicellular unit (BMU) in the presence of
microdamage. We did this by extending a base model and incorporating the role of
osteocytes and a signaling pathway known to regulate bone formation Wnt canonical
pathway. Equilibrium and stability analysis was performed on several simplifications
of the model that indicated that osteocytes may reach their maximum density de-

pending on the rate at which osteoblast cells undergo apoptosis or become embedded



in the bone matrix. Numerical simulations were performed using MATLAB in which
we study the initiation of the process in the presence of several sized microcracks.
Additionally, we study age-related bone disorders and potential therapeutic targets

to overcome such disorders.
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1 Introduction

The skeletal system has several important functions such as structural support,
protection of vital organs, movement, and mineral storage. In order to carry out
these functions, bones need continuous replacement and maintenance. The process in
which mature bones are continuously replaced throughout our lifetime is termed bone
remodeling. Bones need to be able to withstand and account for everyday changes
mechanical loading and accumulation of microdamage within the bone matrix [27, 4].
Microdamage that goes unrepaired can lead to bone fragility and loss of mechanical
properties [43]. The bone remodeling process is therefore responsible for repairing
microdamage and keeping the optimal structure of the skeletal system. This is done
through the tight coupling of resorption and formation bone. Imbalances between
bone resorption and bone formation can lead to several bone diseases such as osteo-
porosis, Paget’s disease, and osteopetrosis [13]. Bone diseases can arise in both men
and women for a variety of factors such as hormonal and age-related changes; e.g.
about 10 million Americans over the age of 50 have osteoporosis and approximately
1 million have Paget’s disease [13]. Mathematical modeling of biological processes
such as bone remodeling has proven useful in better understanding these processes,

explaining diseases, and developing potential therapies [36].

1.1 Bone Cells

Removal of old bone and formation of new bone are done by two main bone cells:
osteoclasts and osteoblasts, respectively. Osteoclast cells are derived from hematopoi-
etic stem cells and osteoblast cells are derived from multipotent mesenchymal stem
cells [27]. Both types of stem cells go through several commitment and differentia-

tion stages before becoming active cells that remove or form bone. Once they have
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completed their lifespan, osteoblast and osteoclast undergo apoptosis. Osteoblasts,
however, have two alternative fates; they can become bone lining, quiescent, cells
which are found on the surface of bone, or they can become embedded in the bone
matrix and differentiate further into osteocyte cells [4].

Extensive research has been done over the importance of the osteoblast and osteo-
clast cells and their role in the bone remodeling process, however, there has been
increasing evidence that osteocytes have an equally important role in bone remodel-
ing. Osteocytes are the most abundant cell type in bone making up over 90% of all
bone cells in the adult skeleton [6]; they are formed when approximately 5 to 20%
of osteoblasts are buried in the osteoid they are forming [4]. Osteocytes live within
structures called lacunae and are extensively connected to one another through their
cytoplasmic extensions. Osteocyte density within the bone matrix has been studied
as an indicator of age or disease; several papers have linked osteocyte cell density with
age and bone diseases in humans and rats [29, 24, 45, 16]. Authors in [29] presented
decreasing linear correlations between osteocyte density and age. Additionally, au-
thors in [44] suggest that osteocyte cells, rather than the work done by osteoclasts
and osteoblasts, determines bone mass and volume. Due to the osteocytes’ optimal
location within the bone matrix and their extensive network, they are thought to
sense microdamage in bone or changes in mechanical loading that initiate bone re-
modeling [4]. Osteocyte apoptosis occurs through the accumulation of microdamage
in the skeletal system when the microdamage interferes with the osteocyte connec-
tions [17, 42]. Osteocyte apoptosis has also been shown to occur through unloading
or excessive loading of bones [30, 17], where excessive overloading is always followed

by osteoclast recruitment and resorption.



1.2 Signaling Pathways and other Key Factors

Several important signaling pathways and factors that regulate the prolifera-
tion, differentiation, and apoptosis of bone cells in the bone remodeling process have
been identified in literature. In this section we will focus on those we believe are the
key players in this complex biological process. These include growth factors, signaling
ligand-receptor pathways, and systemic hormones.
Transforming growth factor-beta (TGF-£) has many roles in bone homeostasis, bone
cancers, and metastases [18]. One of its main roles in the bone remodeling process is
to balance bone formation and bone resorption. Active osteoclasts have been shown
to activate TGF-£ and other similar growth factors, found within the bone matrix,
through the resorption of bone [5]. The release of TGF-5 then increases differentia-
tion in the early stages of osteoblastogenesis, but blocks further differentiation into
the active osteoblast cells along with bone mineralization. Furthermore, TGF-3 has
been shown to induce osteoclast differentiation and apoptosis [15].
One signaling pathway that has been studied for about two decades because of its im-
portance in the regulation of osteoclastogenesis is the RANK-RANKL-OPG pathway
[37]. The receptor-activator nuclear factor k8 (RANK) is expressed on the surface
of osteoclast precursor cells. Cells in the osteoblastic lineage are known to produce
the surface-bound ligand, RANKL, and the soluble decoy receptor osteoprotegerin,
OPG [37]. Cell-cell binding of RANK and RANKL promotes the differentiation of
osteoclast precursors, and OPG acts as an inhibitor by binding to RANKL (see Fig-
ure 1). Recent discoveries have been made about the osteocytes’ role in the pathway.
The osteocytes are able to express a soluble form of RANKL and promote osteoclas-
togenesis [46]. The authors in [46] also suggested there is an increase in RANKL
production when osteocyte apoptosis occurs; i.e. RANKL is produced when there

are changes in mechanical loads or microdamage is present. Others have suggested
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that osteocyte apoptsosis initiates targeted bone remodeling through this elevated
production in RANKL and recruitment of osteoclasts [12, 19].

A less well-known signaling pathway is the Wnt canonical pathway which has been
identified as a regulator of osteoblastogenesis [23]. Wnt canonical signaling is initiated
by secreted Wnt ligands binding to the co-receptors low-density lipoprotein receptor-
related protein, LRP, and Frizzled. Through this extracellular binding, there is no
degradation of the intracellular signaling mediator -catenin which then accumulates
in the cytoplasm and translocates to the nucleus where it controls target gene tran-
scription [3, 20]. This signaling pathway is known for regulating commitment to the
osteoblastic lineage as well as for osteoblastic precursor proliferation and differen-
tiation (see Figure 2). Osteocytes have been shown to secrete an inhibitor of the
pathway, sclerostin, which binds to LRP preventing signaling [4].

Systemic hormones, such as glucocorticoids, estrogen, parathyroid hormone (PTH)
and vitamin D, have been shown to regulate the differentiation and apoptosis rates
of bone cells [26]. PTH has been studied due to its importance in regulating bone
remodeling and because of its involvement in clinical trials as a therapy for treating
low bone mass in osteoporosis. PTH has been shown to bind to its receptor on the
surface of cells in the osteoblastic lineage, including osteocytes, to promote the pro-

duction of RANKL and increase bone resorption [47].
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Figure 1. Schematic of the ligand, receptor, and inhibitor interaction in the RANK-
RANKL-OPG Pathway - a regulator of osteoclastogenesis..
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Figure 2. Schematic of the ligand, co-receptors, and inhibitor interaction in the Wnt
Canonical Pathway - a regulator of osteoblastogenesis..

1.3 Bone Structure

Due to its complexity, bone can be described at various length scales; at the
macroscale we can distinguish between cancellous (spongy) or cortical (compact)
bone. Although cancellous bone is more metabolically active [39], cortical bone com-

prises 80% of all skeletal mass [38]. Additionally, cortical bone is known to bear



much of mechanical loads and is subject to fatigue damage [35, 34]. Bone remod-
eling that is site-specific such as that initiated by the presence of microdamage is
termed targeted bone remodeling.Cortical bone at the microscale is composed mostly
of cylindrically-shaped osteons in which sheets of mineralized collagen (lamellae) fibers
wrap in concentric fashion around a Harvesian canal. Within the canal is a capillary
for the osteon, which provides blood and nutrients to the surrounding bone matrix
[39]. Additionally, the stem cells necessary for executing the bone remodeling process

are thought to travel to the remodeling site via the capillary [34].

1.4  Bone Multicellular Unit (BMU)

The bone remodeling process is executed by a unit of organized cells called the
bone multicellular unit, BMU, composed of cells in the osteoclastic (bone-resorbing)
and osteoblastic (bone-forming) lineages. The active osteoclasts and osteoblasts and
their precursor cells are able to remove old bone and form and deposit new bone
restoring it to its healthy state. The BMU organization varies only slightly among
the types of bone, cortical (compact) and trabecular (spongy). For cortical bone, pre-
cursor cells and nutrients are supplied to the BMU through a small capillary, called
the Harvesian canal, that grows along with the BMU [39]. At the front of the BMU,
the resorption zone, active osteoclasts lead the bone turnover by breaking down and
resorbing the bone matrix. At the end of the BMU, the formation zone, active os-

teoblasts refill the cavity with osteoid which then becomes mineralized.

1.5 Types of Microdamage found in Bone
Arguably, the main purpose of the bone remodeling process is to prevent accu-
mulation of microdamage [27, 28, 2] that occurs due to everyday loading conditions.
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Bone remodeling termed as targeted is site-specific to mechanical changes or mi-
crodamage. There are two main types of microdamage that occur in bone: linear
microcracks and diffuse damage. Although both affect the integrity of the skeletal
system, linear microcracks, which mostly occur in interstitial bone, are known to
initiate the bone remodeling process, where as diffuse damage may not [28, 43, 33].
According to authors in [32], linear microcracks are sheet like defects within the bone
matrix that are approximately elliptic in shape.

As stated in [31], accumulation of microdamage can affect the mechanical properties
of bone and cause skeletal fragility or stress fractures. Osteocyte apoptosis, due to
microdamage or changes in loading, causes surrounding osteocytes to release factors
such as RANKL [45, 31, 19]. Furthermore, osteocytes, when they undergo apoptosis,

unleash the Wnt canonical pathway.

The purpose of this work is to study the bone remodeling process in cortical
bone due to microdamage. This has been done by 1) incorporating the role of os-
teocytes in the natural initiation of the process, and 2) examining the effects of the
Wnt canonical pathway on osteoblastogenesis. Evidence in literature suggests osteo-
cytes have the ability to initiate the bone remodeling process through accumulation
of microdamage. The mathematical model found in [8] has been extended to include
osteocytes, the Wnt canonical pathway, and its inhibitor sclerostin. Numerical re-
sults show the natural initiation of the bone remodeling process through the death
of osteocytes from accumulation of microdamge. Additionally, potential therapies
for healthy bone remodeling are explored. The paper has been structured into the
following sections: model formulation can be found in section 2, followed by theo-
retical analysis of the model in section 3, section 4 presents numerical results and

discussion obtained through MATLAB along with sensitivity analysis for parameters,
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and concluding remarks are found in section 5.



2 Model Formulation

Mathematical modeling of complex biological processes is a useful tool that
can be used to shed light on the unknown and study hypothesis without physical
intervention or cost. There are currently very few mathematical models that have
studied the population dynamics of the osteoclasts, osteoblasts, and other cells in

their lineage (including osteocytes) in the bone remodeling process.

2.1 Previous Mathematical Modeling

Authors in [22] constructed one of the first temporal models of the population
dynamics of osteoclasts and osteoblasts at a single site of bone remodeling. A power
law approximation was used to implicitly include the effect of local factors such as
the transforming growth factor beta (TGF-£), insulin-like growth factor (IGF), and
the RANK-RANKL-OPG pathway. An extension of [22] was also done by authors
in [40] which studied the temporal and spatial profiles of RANKL and OPG as they
affect the bone remodeling process. This model was able to capture the cutting cone
phenomena of a BMU in trabecular bone, and the ability of the RANKL/OPG fields
to steer the BMU. Further extensions of [22] were made to study osteocyte-induced
targeted bone remodeling [14] . This model studied the population dynamics of active
osteoclasts, osteoblasts, and osteocytes. Similar to the Komarova model, it implicitly
included the effects of the RANK-RANKL-OPG pathway, the Wnt canonical path-
way, and sclerostin through power-law approximation.
The mathematical model constructed in [26] was the first to explicitly include afore-
mentioned factors. This work studied the biochemical control network of the bone

remodeling process by using enzyme kinetic reactions (i.e. law of mass action) to
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include TGF-5 and the RANK-RANKL-OPG pathway. Several metabolic diseases
and possible therapies were studied using this model. This model was extended in
[37] to include activator/repressor Hill functions to simulate the effects of the factors
on the differentiation or apoptosis rates of the cells.

The mathematical model found in [8] was an extension of the [37] model with spatial

effects. We explain this model closely in the following subsection.

2.2 Base Spatio-Temporal Model

In this work, we study the targeted bone remodeling process as it occurs within
a cortical BMU due to microdamage. We use the framework provided by [8] to study
the initiation of the process through the apoptosis of osteocyte cells due to accumu-
lation of microdamage.
The authors developed a 1-D spatial-temporal model to study the organization of cells
within the BMU in the presence of biochemical factors such as the RANK-RANKL-
OPG pathway, TGF-3, and PTH. Their model was developed using material-balance
partial differential equations for active osteoclast (C,), precursor osteoblast (B,),
active osteoblast (B,), and TGF-g (T) (see equations 1-5). It was assumed that
osteoclasts’ travel along the direction of the BMUs progression at a constant speed
u and that all other cells and factors have negligible movement in this direction. It
was assumed that a capillary forms at the speed at which the osteoclasts progress, u,
and that precursor osteoclast, C),, and uncommited osteoblast, B, are being provided
by the tip of this capillary. A gaussian equation (equation 5) was used to model the
local supply of C, and B,, where py,q, is the maximum density of cells at the tip of
the capillary, b is the initial position of the capillary tip, and c is the width of the pro-
file of cells. The differentiation rate, D¢, , of osteoclast precursors, C), is dependent
on RANK-RANKL binding; thus, mass action kinetics was used to determine the

10



concentration of RANKL (Rl). Furthermore, the apoptosis rate, A¢c, of osteoclasts
is dependent on the amount of TGF-3 in the system. TGF-3 was assumed to be
released as the osteoclasts resorb bone where « is the concentration of TGF-4 found
in the bone matrix, k,.s is the bone volume resorbed per unit time, and Dy is a con-
stant degradation rate. The uncommited osteoblast, B,, differentiate at a rate Dgu
which depends on the concentration of TGF-f; similarly, the precursor osteoblast, B,
differentiate into active osteoblast, B,, at a rate Dgp which also depends on TGF-j3
present in the system. Active osteoblast were assumed to have a constant apoptotic

rate Ap,.

aC, . R T ac,
= Do, (+7)Cp = Ac,x (- )Co — (1)
ot kgp P kga ox
dT
dt = ozk:reSC' DTT (2)
dB, T T
DT act B D rep B
dt <k3T ) Bp (kgp ) p (3)
dB, T
dt gp p(k_gp)Bp - ABaBa (4)
(z—ut—b)?
Cp(x,t) = By(,t) = praze 22 (5)

Buenzli et al. [8] used hill functions, 7**(X) and 7"’ (X), are used to represent
stimulating (act) or inhibiting (rep) actions that a biochemical factor X has on the
differentiation or apoptosis rate of a cell. These functions are expressed as follows,

where k is an activation/repression coefficient.



This model was used to study the organization and structure of cells within the BMU,
and is extended in this work to study the initiation of the bone remodeling process

in the presence of microdamage.

2.3 Proposed New Spatio-Temporal Model

The mathematical model in [8] gave a fitting framework to study the organi-
zation of cells within the BMU in the presence of microdamage. We extend this
model to include the primary “sensors” of microdamage found within the bone ma-
trix, namely the osteocytes. Osteocyte apoptosis has been correlated to presence of
microdamage in several papers. Additionally, we adjust the model to include other
biochemical factors currently believed to play a major role in the process. Sclerostin,
secreted by osteocytes, is known to inhibit the Wnt canonical pathway which has
recently been found to regulate the commitment and differentiation of cells in the

osteoblastic lineage.
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Figure 3. Important factors and their activation (4) or inhibition (-) on the commit-
ment, differentiation, or apoptosis of bone cells.

Our model consists of one partial differential equation and four ordinary dif-
ferential equations of, arguably, the most important cells and factors in the bone
remodeling process. We extend the spatial-temporal model given by [8] by adding
an equation for the density of osteocytes in order to study the initiation of targeted
bone remodeling process through microdamage. The Wnt canonical pathway, primar-
ily responsible for regulating bone formation, is also integrated in the model. Finally,
we adjust the dependence of the ligand and receptor concentration in the RANK-
RANKL-OPG pathway on the osteocyte density.

Similar to the previous model, it is assumed that the BMU travels along a longitudi-
nal axis (i.e. along the longitudinal direction of an osteon), z, at a constant speed, u.
Within the BMU there is a capillary that grows (also along z) at a speed u and con-

tinually supplies osteoclast precursor cells and osteoblast uncommitted progenitors,
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where C, and B, are the density of cells, through its tip. We assume the local supply
of these precursor and progenitor cells is given by the Gaussian equation. Following
Buenzli’s model, an advection equation is given for the density of active osteoclast
cells, C,, that travel longitudinally (z-direction) along the BMU resorbing old or

damaged bone matrix at a constant speed, u.

oC Rl T oC
a:D act_c_A act_ca_ a 8
6t CPT‘- (kgp) p Caﬂ- (kga) u 8'7; ( )
dT
E :akTesCa — DTT (9)
dB act W, wct; T
d_tp —=(Dp,m t(@)Jngﬂ t<k:_gu))B“
aci WBP re T
— (D t(@)JFDgﬂ p(@))Bp (10)
dBa ac WBF e T
i =(Dy m t(k_g) +Dp p(k_};p))B”
— Ap,B.— Dy, Ba(l - SS ) (11)
dsS S
& Dy B(1— 12
7 Ba Bal Smaa;) (12)
Cy(2,t) =Bu(2,1) = pragge 35 (13)

The differentiation rate, D¢, , of the precursor osteoclast cells (C},) to active os-
teoclast cells is stimulated by the concentration of RANKL, denoted by RI, and kgp
is the dissociation binding constant. As RANKL binds to RANK (on osteoclast pre-
cursor surface), the binding promotes the differentiation of C, to C,. OPG inhibits
this process by binding to RANKL. It is assumed that the binding rates of these
proteins occurs at a much faster rate (than that of the cells) thus the quasi-steady

state concentration of RANKL will be determined through the law of mass action in
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section 2.4. The apoptosis rate, A¢,, of the active osteoclast cells is stimulated by
TGF-$ (T) whose equation is given below and dissociation binding constant is k¢, .
Similar to [8] we make the assumption that the rest of the cells or factors have no
significant movement along x. It is assumed that TGF-{ is released from the bone
matrix as the osteoclast cells resorb bone at a rate k,.s; « is a proportionality con-
stant expressing the TGF-/ content stored in the bone. We also assume that TGF-(
degrades proportional to its concentration at a rate Dr.

We include ordinary differential equations for the denisities of active osteoblast cells,
B, and their precursors, B,. The differentiation rate, Dp,, of B, to B, is promoted
by TGF-g and Wnt binding with co-receptors Frizzled and LRP. Furthermore, dif-
ferentiation of B, to B, is also promoted by the Wnt binding and repressed by the
concentration of T'; the dissociation binding constants are k:gi, k‘gu, k:gi, and k:]gp, re-
spectively. Wp, and Wp, denotes the concentration of Wnt ligands binding to B,, and
B,, respectively; similar to the expression of Rl, we will obtain the quasi-steady state
concentration using the law of mass action. We assume that the active osteoblasts are
removed from the system through apoptosis or by becoming embedded in the bone
matrix and differentiation into osteocytes; Ap, is the constant rate of apoptosis for
the osteoblasts. We assume that some of osteoblasts will become embedded in the
bone matrix and differentiate into osteocytes at a rate Dp, and a limiting term is
added to account for the limited space available in cortical bone for new osteocytes to
form. We denote the maximum density of osteocytes as S,,... We also use hill func-
tions, 7 (X) and 7" (X)), to represent stimulating (act) or inhibiting (rep) actions
that a biochemical factor X has on the commitment, differentiation, or apoptosis rate
of a cell. Thus, excluding the expressions for RANKL and Wnt which are developed

in section 2.4, our model consists of equations 8-13.
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2.4 Signaling Pathways

As mentioned previously, hill functions are used to include the effects of bio-
chemical factors on the differentiation and apoptosis of cells; we can see the activation
(+) or inhibition (—) of the factors and state variables in Figure 3. These biochemical
factors come in the form of ligands in signaling pathways or growth factors such as
TGF-5. Due to the fast reaction rates of the ligands binding to their receptors on
cells for the RANK-RANKL-OPG and Wnt canonical pathways, we use the principle
of mass action kinetics to determine the quasi-steady state concentration of the ligand

for each respective pathway as is presented in [25].

2.4.1 Mass Action Kinetics - RANKL Concentration

The RANK-RANKL-OPG pathway can be seen as the following reversible re-
actions in equations 14 and 15, where RANK, RANKL, and OPG are denoted by R,

RI, and O, respectively; Arri, Aor are complexes.

R+ RI \:ARRI (14)

O + Rl = Aop; (15)

We assume that there are a constant number of RANK receptors on the surface of
osteoclast precursor, Ng. We can develop ODEs for the rate of reactions using mass
action kinetics (equations 17-20). Production and degradation terms are included for

RANKL and OPG: PRZ, Po, DRl; Do.

R = NiC, (16)

dO
—= = —kiRIO + ksAom + Po + Do (17)
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dRl

= —k1RIO + koAor) — k3RIR + kyArpy + Pri + Dpgy (18)
dA

del = k1 RIO — kyAor (19)
dA

% — ksRIR — ks Agpy (20)

Since it is assumed that the binding reactions occur much more quickly than the

change in cell concentration we obtain equations 21 and 22.

Py + Do =0 (21)

Pri+Dr =0 (22)

Parathyroid hormone, PTH, is a well-known regulator of the RANK-RANKL-OPG
pathway [37] and is assumed to be provided homogeneously along the BMU. Repres-
sion of OPG and activation of RANKL by PTH is given by 7pry 5 and 7§57y 5 ,
respectively. The production and degradation of OPG are expressed in equations
23 and 24 where (5o is the OPG production rate of active osteoblasts, O, is the
maximum possible amount of OPG, and Dy, is the rate of degradation of OPG. The

concentration of OPG is found in equation 25.

re. o)
Po = 5OBa7TPTpH,Ba(1 0 ) (23)
Do = —Do0O (24)
ﬂOBaﬂ—;DejszyBaOmax

= rep (25>
DOOmax + BOBGT‘-PTH,BG

Similarly, the production and degradation of RANKL are expressed in equations

26 and 27 where fBg; is the RANKL production rate of osteoblast precursors, Rlp,esent
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is the total concentration of RANKL in free or complex form, Rl,,,, is the maximum
concentration of RANKL that is found on the surface of the osteoblast precursors

and released by apoptotic osteocytes, and Dy is the rate of degradation of RANKL.

RI "
P — 1 _ tpresen 2
RI BRl( leax ) ( )
DRI = _DRlRlpresent (27)
Rlyresent = R+ [Rl— O] + [Rl — R = RI(1 + K4,0 + K1, R) (28)
Rlmae = RprW%%H,Bp + Ro(Smaz — S)W%’%H,S (29)

BRZ(‘Rprﬂ-?DCTt“H,BP + RQ(Sma;v - S))

Rl = -
(14 Ka,0 4+ Ka, R)(Bri + Dri(B1 Byt g, + Ro(Smaz — S)m871.5))

(30)

2.4.2 Mass Action Kinetics - Wnt Concentration

A similar approach can be taken when deriving the expression for the Wnt
ligand, W. One main difference from the RANK-RANKL-OPG pathway is that the
Wnt canonical pathway has two co-receptors, LRP (L) and Frizzled (F'). The Wnt
ligand binds to Frizzled, then binds to LRP to form a trenary complex that inhibits
degradation of S-catenin (see section 1.2). Sclerostin (Scl) is expressed by osteocytes
and inhibits the pathway by binding to the LRP co-receptor. Equations 31-33 show

the reversible reactions for the Wnt canonical pathway:.
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AWF + L= AWFL (32)
Scl+ L = ASclL (33)

We assume that there are a constant number of Frizzled and LRP receptors
on the surface of uncommited progenitors ,B,, and precursors of the osteoblastic
lineage, B, (Np and N, respectively). ODEs for the rate of reactions using mass
action kinetics as shown in equations 34-37. Production and degradation terms are

included for Wnt and Sclerostin: Py, Pse, Dw, Dgeq.

AW
— = —ksWF + ks Awr + Py + Dy (34)
dAwr
dt::%me+@WF—mme+mAmu (35)
dsel
dtc = —kfgSClL + klOASclL + PS’cl + DScl (36)
dAsg.
;”H:@SdL—kmA&m (37)

Once again, finding the quasi-steady state of W and Scl we obtain equations

38 and 39.

Pw + Dy =0 (38)
Pse + Dgg =0 (39)

The production and degradation of sclerostin are expressed in equations 40 and
41 where fg is the sclerostin production rate of osteocytes, Sclq, is the maximum
possible amount of sclerostin, and ng is the rate of degradation of sclerostin. The

concentration of sclerostin is found in equation 42.
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Secl

Ps = BsaS(1 — SClmaa:) (40)
Dse = —DggScl (41)
SCl - /BSCISSCZT)’L(II (42)

a ﬁSCZSClmax + /BSCZS

Wnt ligands are expressed by osteocytes, however, without the presence of
apoptotic ostocytes (microdamage) the Wnt canonical pathway cannot be unleashed.
Equation 43 gives the production of Wnt, where Sy is the Wnt production rate of
osteocytes, Wiresent 1s the total concentration of Wnt in free or bound form, and W4,

is the maximum concentration of Wnt expressed by osteocytes.

S W, ¢
P - 1 — 1 f— M 43
= (1= o)1= L (43
Wresent = W + K, WE + WKp, FL (44)
Winaw = R3S (45)
DW = _bWWpresent (46)

Equation 47 gives the expression of the concentration of Wnt ligands. The
equation is modified in order to incorporate the concentration of sclerostin by finding
the total amount of LRP in the system and solving for the LRP concentration. How-
ever, taking into account that we have Frizzled and LRP receptors on both B, and
B,, we separate the expression of W into Wp, and Wg, which represents the Wnt
ligands available to bind with receptors on the surface of B, and B, respectively (see

equations 52 and 53).
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1 — 2)R;S
W: BW( Smaac) 3 S _ (47)
(1+ Kp, F + Kp, FL)(Bw(1 — g2=) + Dw R35)

Fp, = NpB, (49)
N.B,
LBu - L (50)
1+ KBQFBu + KB3SCZ
N.B
Lp = P o1
% " 14 Kp,Fp, + Kp,Scl (51)
1— <5 )R3S
(1+ Kp, Fp, + Kp,Fip, Lp,)(Bw (1 — 5—) + DwR5S)
1— 5 )R3S
W, = Pl = 5, ) s (53)

(14+ Kp, Fp, + Kp,Fp,Lp,)(fw (1 — KSM) + DwR3S)

Our proposed system consists of spatio-temporal equations that includes some
of the most important signaling pathways currently known. This model allows us to
study the initiation of the BMU through apoptotic osteocytes due to microdamage,
and the effects of the signaling pathways. The following tables provide descriptions
for the parameters within the main PDE model, the RANK-RANKL-OPG pathway,

and the Wnt canonical pathway.
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Table 1. Parameter definitions for main PDE model

Symbol | Description

D¢, maximum differentiation rate of C),

kgp dissociation binding constant for RANKL binding on C),
D} maximum differentiation rate of B, due to TGF-3

DY maximum differentiation rate of B, due to Wnt pathway
kTu dissociation binding constant for TGF —  binding on B,
k”i dissociation binding constant for Wnt binding on B,

Ac, maximum apoptosis rate of C,

k:ga dissociation binding constant for TG F — beta binding on C|,
Dg; maximum differentiation rate of B, due to Wnt Pathway
kg, dissociation binding constant for Wnt binding on B,

Dy | maximum differentiation rate of B, due to TGF — f3

kgp dissociation binding constant for T'GF' — 8 binding on B,
Ap, apoptosis rate of B,

Q concentration of TGF — [ found in the bone matrix

Kpes bone volume resorbed per unit time by a single osteoclast
Dr degradation rate of TGF — f3
Dp, rate at which B, becomes embedded in bone

u average speed of the BMU’s progression
DPimaz maximum concentration of B, or C, at the tip of the capilary

b initial position of the tip of the capillary

c width of the gaussian curve
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Table 2. Parameter definitions for RANK-RANKL-OPG Pathway

Symbol | Description

Bri production rate of RANKL

Dpy degradation rate of RANKL

R, maximum number of RANKL on the surface of B,

Ry maximum concentration of RANKL produced per S
T¢rmp, | activation parameter for RANKL related to PTH on B,
T8t | activation parameter for RANKL related to PTH on S

Ky, association binding constant for RANKL-OPG

Oz maximum possible OPG concentration

Bo production rate of OPG
Tprup, | Tepressions parameter for OPG related to PTH on B,

Do degradation rate of OPG

Ky, association binding constant for RANK-RANKL

Ng number of RANK receptors expressed on C),

Table 3. Parameter definitions for Wnt Canonical Pathway

Symbol | Description
Bw production rate of Wnt
Rs maximum concentration of Wnt produced per §
Kp, association binding constant for Wnt-Frizzled
Np number of Frizzled receptors expressed on B, and B,
Kpg, association binding constant for Wnt-Frizzled-LRP
Ny, number of LRP receptors expressed on B, and B,
Kp, association binding constant for LRP-sclerostin
Bse production rate of sclerostin
SCmaer | maximum possible sclerostin concentration
ESC degradation rate of sclerostin
Dw degradation rate of Wnt
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3 Model Analysis and Comparison

Our model consists of one partial differential equation (PDE) and four ordi-
nary differential equations (ODEs), as seen in equations 8-13. In order to perform
equilibria and stability analysis of the system, we transform our equations into a
purely autonomous ODE system by removing the advection term in the active os-
teoclast equation, C,. Furthermore, since the precursor gaussian equation depends
on space and time, we make a simplifying assumption that the cells, C,, and B, can
be expressed as an exponentially decaying function as the tip of the capillary passes
through a particular point, £ = b. We lump together C, and B, into a single variable
P. Thus P can be written as an ODE as in equation 54, where f will depend on
the differentiation rate of the cells into active osteoclasts and osteoblasts along with
a adjusting constant that will account for the profile of the local supply of cells given
by the gaussian equation as it passes through a point, £ = b.

dP

3.1 Simplified ODE System 1

In this section we simplify our system to a system of three ODEs (P, C,,
B,). We assume that all other state variables (B,, T, and S) are constant; the hill
functions, expressing the signaling pathways, are also considered constants. Different

variables are used for the differentiation and apoptosis rates for simplification.
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% = fl( CL1P — a2P> (55)
ac,
di = CL1P a3Ca (56)
dB,
= asP — a4B, — a5 B, (57)

To analyze the system, we find the single equilibrium E; = (P*, C,*, B,") =
(0,0,0), and the Jacobian, J(F7). Since this is a lower-triangular matrix, the diagonal
entries are the eigenvalues for the Jacobian. We note that the eigenvalues are all

negative, thus £ is a stable equilibrium.

—filar +az) O 0
(05} 0 —Q4 — Uj

It is expected that once the precursor cells, P, have left the remodeling site,
z, the active osteoclasts and osteoblasts will remove old bone and form new bone,
respectively, then leave the site. The solution for this system (equations 58-60) verifies

the stable equilibrium and stability of the system.

P(t) — P(O)e_fl(al+a2)t (58)

Ca(t) = Ca(0)e" — P(0) ————— a5l (eleamm—e)t _ 59
(1) = Cul0)e™ = P(O) 2 —eoi(e G
B, (t) = B,(0)e ™" — P(0)—— 2t (glar—er—ealt _ 1) (60)

ar+as — ay
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3.2 Simplified ODE System 1la

The previous system 1 is modified by no longer assuming that the RANK-

RANKL-OPG signaling pathway is constant, as follows.

AP RI
- P—a,P
g =~ Nulaur—g P~ alh)

ac RI
a _ pP_ :
@ ! T wC
B,
di = CLQP - CL4Ba - (I5Ba
ol b P + by

(1 + b4bj£{LBa + bgp)(b7 + bgP)

(61)
(62)
(63)

(64)

A single biologically meaningful equilibrium is found: E, = (P*, C,*, B,")

= (0,0,0). Similar to the previous model, the Jacobian, J(FEs), indicates a stable

equilibrium.

fla(_ klcz:;bjh o az) 0

J(Fo) = a1by _
( 2) k1b7+b2 as
(45} 0 —ay4 — Q5

3.3 Simplified ODE System 1b

ODE system 1b, we remove the assumption that the Wnt Canonical Pathway

18 constant.
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dP Rl W

— = — P — P 65
f1b( 1k1+Rl a2k2+W ) ( )
dC RI

2 = P —a3C, 66
it krr " (66)
dB, |74
di = Q9 k2 T WP — a4Ba — a5Ba (67)
biP+b

RI = o (68)

(1+b—ibj3 +b6p)(b7+bgp)

C7

W = 69
010(1 + CSP + CgP(Csifs,P)) ( )

A single biologically meaningful equilibrium is found: FE;3 = (P*, C,*, B,")
= (0,0,0). Similar to the previous model, the Jacobian, J(FEj3), indicates a stable

equilibrium.

_ a1bo _ azcq
flb( k1b7+b2 ka(ca4cr)+cr ) 0 0
J(FE.) = a1by .
( 3) k1b7+b2 a3 0
____asc1 _ _
ko(ca+cr)+er 0 a4 s

3.4 Simplified ODE System 2
Subsections 3.4-3.6 incorporate an ODE for the osteocyte density. We begin by

considering both signaling pathways as constants for this system.

dP
% = f2< CL1P — CLQP) (70)
dc,
di = CL1P agCa (71)
dB, S
dt = CZQP — a4Ba — CL5BG(1 — a—6) (72)
ds S
—aB.(1 — —
e o aﬁ) (73)
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After analysis, we determing that ODE system 2 has a line of non-isolated
equilibria along the S—dimension: E; = (P*, C,*, B,*, S*) = (0,0,0, S/7*¢). The

Jacobian for this system is as follows.

fg(-dl — CLQ) 0 0 0
3] —as 0 0
J(E4) - free
(05} 0 —ay4 — CL5(1 — Sas ) 0
i 0 0 as(1—525) 0]

We note that the Jacobian matrix is lower-triangular; the diagonal entries of

free

the matrix are the eigenvalues A = fo(—a; — ag), —as, —aq — as(1 — ST>’ 0. J(Ey)

has three negative eigenvalues and one zero eigenvalue, thus we classify the line of

non-isolated equilibria as an attracting line.

3.5 Simplified ODE System 2a

ODE system 2a removes the assumption that the RANK-RANKL-OPG path-

way is constant.

% ~ ful e T_ZRZP ~ ayP) (74)

dZa i Jil =P~ aC (75)

df;“ — 4sP — aiBy — asBa(1 — %) (76)

2 —wn0 -2 (77

Rl — b1 P + by(ag — 5) (78)

(1+ 8B 4 hP)(br + bs P + bo(a — 5))

bs+b5 B
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Similar to the previous ODE system, ODE system 2a has a line of non-isolated

equilibria along the S—dimension: E5 = (P*, C,*, B,*, S*) = (0,0,0, S/re¢).

o0 0 0

Y2 —as 0 0
J(E5) B free

as 0 —Qy4 — a5(1 - Sag ) 0

00 as(1— %) 0

balas = ST) ) — as)
k1 (by + bo(ag — ST7¢°)) + by(ag — ST7ee) 2

Y1 = faa(—aa(

bQ(CLG . Sfree) )
]{Jl(b7 + bg(a6 — Sfree)) —|— bg((l6 — Sfree)

V2 :al(

We note that the Jacobian matrix, J(Fj5), is lower-triangular; the diagonal en-

Sfree

tries of the matrix are the eigenvalues A = 1, —as, —as —a5(1— o

), 0. Equilibrium

FE5 is classified as an attracting line of non-isolated equilibria.

3.6 Simplified ODE System 2b

ODE system 2b includes both the RANK-RANKL-OPG and Wnt canonical

pathways as shown in equations 79-84.
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dP Rl W

= (=t P = g = P)
g}z%kmm — ayC,
dga =0 IfWP ~ aaBa —asBa1 - a_Se>
lef a5 Ba(1 — a%)

b1P + bQ(CLG — S)
(14 5285 + b P) (b7 + bsP + by(ag — 5))
615(1 - ai)
" S(1+ e3P + ey P(esP — Comie)) o1 — 2)

Rl =

Similar to previous systems, ODE system 2b has a line of non-isolated equilibria

along the S—dimension: Es = (P*, C,*, B,*, S*) = (0,0,0, S/7¢¢).

v 0 0 0
Y4 —as 0 0
J<E6) - free
V5 0 —ay — CL5<1 - Sag ) 0
Sfree

0 0 as(1—222) 0

ba(ag — SIree

¥3 = fap(—as( 2(do )

k2 (s + bolag — 577)) + by(ag — S77e))
c7(a6 _ Sfree)Sfree
ka(c10(ag — S77e¢) + criagSIee) + 7 (as — Sfree)Sfree))
bQ(CI/G _ Sfree)
V4 :a1<k1(b7 + by(ag — SIree)) + by(ag — Sfree))
c7(a6 _ Sfree)Sfree
ko(c10(ag — SI7¢¢) + c11a6577¢¢) + c7(ag — Sfme)SfTee)

_az(

Y5 =as(
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We note that the Jacobian matrix is lower-triangular; the diagonal entries of

the matrix are the eigenvalues A = s, —as, —as — as(1 — Sfm) 0. J(Es) is found to
have three negative eigenvalues and one zero eigenvalue, thus it has an attracting line

of non-isolated equilibria.

3.7 Complete ODE System

Our final simplification of the PDE system includes both signaling pathways and
all state variables found in our model (equations 8-13). The main difference between
our model and this ODE system, is that an ODE is used to model the precursor cells

rather than the gaussian expression.

dP RI Wp T
- _ —(qg——— P
i fr( — <a2k2+Wp +a7k:3+T) ) (85)
dC, RI T
it~ e+ R CkoT (86)
dB Wp T ks
P . B 87
di (a2k2+Wp+a7k3+T) (a11k6+WBp+a8k5+T) P (87)
dB, Wpg k S
i B B, —asB,(1 — —
i = T B B e B - ) ()
dTl’
E = agCa aloT (89)
dsS S
- B (1—- =
= aBa(1- ) (90)
B, +0b —
Rl = _ 0iB tbyfas — 5) (91)
<1+ ba —ﬁb(}_% +b6P)(b7+bng+bg(a6—S))
W 015(1 — g) (92)
P 025(1 + CgP + C4P(C5P m)) + Cg(l '5(;)
caS(1l—=
W S0 =) (93)

P 025(1 + Cng + C4Bp(C5Bp m)) -+ Cg(l 5;)
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It is determined that this system has a line of non-isolated equilibria along the
S—dimension: E; = (P*, C,*, B,*, B,*,T*, 5*) = (0,0,0,0,0, S/7°¢). We compute the

Jacobian matrix and obtain J(E7).

Y+ 0 0 0 0 0
w0 0 0 0 0
Yo 0 7o 0 0 0
J(E7) - free
0 0 —mo —as—as(1-5-) 0 0
0 ag 0 0 —ap 0
0 0 0 as 0 0
B bg(axﬁ o Sfree)
% = fr( al(kl(b7 + by(ag — S7¢¢)) + bo(ag — Sfme)))
B clsfree(l _ Sfree/GG)
V= fF( a2(k2<c2sfree + Cg(l _ Sfree/aﬁ)) + clsfree(l _ Sfree/GG)))
ba(ag — ST
g = al( 2( (§ ) )

kl(b,? + bg(aﬁ _ Sfree)) + bg(aﬁ _ Sfree)

ol e1877(1 — 517 Jag) |
Yo = Q2 k2<625’free + 09(1 _ Sfree/CLG)) + Cleree(l _ Sfree/a6>

Clsfree(l _ Sfree/CLG) ) .
kG(CQSfree + Cg(]_ _ Sfree/CLG)) + clsfree(l _ Sfree/aﬁ) 8

Y10 = —an(

This Jacobian matrix is lower-triangular with diagonal entries (and eigenval-

Sfree
ae

ues): A =,0,0,—ay —as(1— ), —a19, 0. Similar to the simplified ODE systems,

it is determined that the line of non-isolated equilibria is an attracting line.
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3.8 Comparison of ODE and PDE Models

As mentioned previously, simplifications were made in order to transform our
PDE model to an autonomous ODE model. One of those simplifications consisted
of no longer modeling our precursor cells through a gaussian equation, but rather
presenting it as an exponentially decaying equation 54 that decayed at a rate f,
where f depends on the differentiation of P to B, and C, and an adjusting constant
to fit the shape of the gaussian equation. The adjusting constants varied for each of
the models.
Figure 4 shows the comparison between models 1, 1a, and 1b. Although the end
behavior of models is the same, we see that system 1 has a very large concentration
of osteoclast and osteoblast. This is expected, since introducing the RANK-RANKL-
OPG pathway reduces the differentiation rate of P. Similarly, introducing the Wnt
canonical pathway reduces the differentiation rate of P. This also occurs for systems
2, 2a, and 2b as is seen in Figure 5. Osteocyte cell concentration reaches the maximum
concentration quickly for systems 2 and 2a, but because of the lower differentiation
rates in system 2b, S approaches the maximum concentration much slower. The
lifespan of a BMU is approximately 6 - 9 months, making the simplified systems

unrealistic [27].

33



« 10" ODE Comparison

6 T T T

[mm]

a

C Concentration
[N

—ODE 1
—ODE 1a
ODE 1b}

% 5 10 15 20 25 30 35 40 45 50
4
— 15210 . . . . ‘
2 —ODE 1
£ —ODE 1a
s ODE 1b/|
©
=
QL _
2
Q
®)]
[11]
m 0 T T } ) I 1 | -
0 5 10 15 20 25 30 35 40 45 50

Time [days]

Figure 4. Model Comparison of Simplified ODE Systems 1, 1a, and 1b.
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Figure 5. Model Comparison of Simplified ODE Systems 2, 2a, and 2b.

Figure 6 shows that the complete ODE system is a very good representation of
the PDE model (with spatial homogeneity). There are small differences in maximum
concentrations of osteoclast and osteoblast cells that can be attributed to the adjust-
ing factor, fr. With this analysis we can conclude that the PDE system will reach
any equilibrium (C,*, B,*, B,",T*, S*) = (0,0,0,0,0, S/¢). The set of parameters
chosen for the results in this section allowed us to reach the maximum density of
osteocytes; the following section presents further study of our PDE model with this
and other sets of parameters (parameter values for this section found in Appendix A).

Although the ODE system closely models the spatially-homogeneous PDE model, the
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PDE model gives the advantage of being able to consider non-spatially homogeneous

intial conditions; i.e. we can consider spatially-dependent initial microcracks.
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Figure 6. Model Comparison of the Complete ODE System with the PDE system.

3.9 Sensitivity Analysis

Local sensitivity analysis was performed to determine how variations in each
parameter impact changes in four model outputs: 1) the time to remodel, Tipq, 2)
the final osteocyte density, Sfina, 3) the maximum osteoblast and 4) the maximum
osteoclast density, Ba,g: and Ca,,.,.. Since no analytic expression exists for any
of the model outputs, we estimate the sensitivity index numerically (see Equation
94 where ST represents the sensitivity index). This sensitivity index is described
further in [1]. This local method calculates SI for a single parameter while fixing

all other parameters. In comparison to global methods which consider big and small
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changes in all parameters, local methods consider only small changes in individual
parameters. This has limitations, but is considered more efficient for small systems
with no discontinuities [41]. Thus, we discuss the sensitivity index for a £1% change
in individual parameter values (see Figures 7-12). Varying changes in parameters
were considered and can be found in Appendix B.
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Figure 7. Sensitivity analysis for a 1% increase in parameters in the main model.

37



Sensitivity Analysis (-1%)

2

1
P
< I ® sfinal
£ LU C1 I “NNnriLT m Tfinal
= 2 A A A l
"é a‘I Hq g & & L@ &l g o@“‘\ & i.3;:?“' . Ba_max
& 1 W Ca_max

-2

3

Parameters

Figure 8. Sensitivity analysis for a 1% decrease in parameters in the main model.
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Figure 9. Sensitivity analysis for a 1% increase in parameters in the RANK-RANKL-
OPG Pathway.
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Figure 10. Sensitivity analysis for a 1% decrease in parameters in the RANK-RANKL-

OPG Pathway.
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Figure 11. Sensitivity analysis for a 1% increase in parameters in the Wnt Pathway.
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Figure 12. Sensitivity analysis for a 1% decrease in parameters in the Wnt Pathway.

One observation that can be made from our sensitivity analysis (Figures 7-12)
is that small changes in parameters will not affect the final osteocyte density, Sfinar-
In other words, small changes in parameters will not affect the equilibrium of the
system. Most of the parameters did affect the final time to remodel, T'f;pq, Which
allowed us to modify parameters not found in literature (such as the production and
degradation rate of sclerostin). Variation in parameters for the Wnt pathway affected

the maximum osteoblast density, as expected.
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4 Numerical Results using PDE Model

We now study the effects of different sized linear microcracks as found in [32]
which gives the mean dimensions of sheet-like, approximately elliptically-shaped mi-

crocracks (see Table 4).

4.1 Initial and Boundary Conditions

We use the gaussian equation, once more, to approximate the elliptic shape of
the microcracks and give an expression for initial osteocyte density in Equation 95,
where € is the proportion of apoptotic osteocytes due to the microcrack size. We give
values for epsilon and the longitudinal length, LL, for large, moderate, and small
microcracks in Table 5 where dimensions for large and small microcracks are two
standard deviations above and below the mean, respectively. Equations 96-98 give
the remaining initial conditions and boundary conditions for the system. Note, a
single boundary condition is given for the state variables due to the advection term

given in Equation 8.

Table 4. Dimensions of Linear Microcracks [32]

Dimension Mean | Standard Deviation
Longitudinal Length | 404um 145um
Transverse Length 97um 38um
Thickness 9um 3um
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Table 5. € and LL Values for Microcrack Sizes

Size € LL

Large 0.1 | 694um
Moderate | 0.05 | 404um

Small 0.01 | 114um

Co(2,0) = By(2,0) = By(2,0) = T(2,0) =0
S(0,1) = Spaz — €Smaze” 2"

Co(0,t) = B,(0,t) = B,(0,t) =T(0,t) =0
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Figure 13. Initiation of the bone remodeling process by large, moderate, and small

microcracks.

Figure 13 shows initial large, moderate, and small microcracks (represented by
initial concentration of osteocytes). It is observed that all sizes of microcracks are
able to initiate the bone remodeling process.

larger microcracks require longer remodeling time and that greater concentration of

osteoblasts are required to remodel the damage.

4.2 Age-related Disorders in Bone

Osteocyte density has been observed to decrease due to age. Many attribute this

to a reduction in bone formation, BF within the BMU, while bone resorption, BR,
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remains unchanged [42]. Additionally, rapid remodeling, which occurs when the BMU
remodels at a much faster pace, is observed in older adults [42]. This phenomena does
not allow osteoblast to keep up with the bone resorption done by osteoclast. Both
decrease and rapid remodeling also occur in diseases such as osteoporosis and Paget’s
disease [11]. We run numerical simulations to study both reduced bone formation

and rapid remodeling, and compare them to normal remodeling in Figures 14 and 15.
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Figure 14. Reduced bone formation in bone compared to normal bone remodeling.
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Figure 15. Rapid remodeling compared to normal bone remodeling.

Both age-related disorders show incomplete remodeling. It has been stated in
literature that microdamage that goes unrepaired will eventually lead to bone fragility
and loss of mechanical properties [43]. A decrease in bone formation caused by a de-
crease in osteoblast concentration, but no change in osteoclast concentration as is
observed in Figure 14. This disorder causes less osteoblast to become embedded in
the bone matrix and a lower final osteocyte concentration, thus incomplete remod-
eling. Rapid remodeling, on the other hand, was obtained by increasing the speed

of the BMU. Bone resorption was unchanged and concentration of osteoblast signifi-

45



cantly decreased. This also cause lower final osteocyte concentration and incomplete

remodeling.

4.3 Wnt Canonical Pathway - Therapeutic Targets

The Wnt canonical pathway is known for regulating commitment to the os-
teoblastic lineage as well as for osteoblastic precursor proliferation and differentiation.
Activation of this pathway can result in increased bone mass, where as inhibition can
lead to low bone mass and lead to diseases such as osteoporosis. In this section we
study three therapeutic targets dealing with the Wnt canonical pathway.
The first therapy (7" — 1) consisted of increasing the production of Wnt ligands by
osteocytes. Figure 32 shows that increasing the production rate is able to increase
the final osteocyte density.
The second therapy (7' — 2) found in literature is the injection of diphenylsulfonyl
sulfonamide; this is currently being studied as a means to promote the activation of
the Wnt canonical pathway. It does this by inhibiting SFRPs which bind with Wnt
ligands, thus increasing the binding affinity of Wnt-Frizzled-LRP. We studied this
therapy by decreasing the value of the dissociation constant Kpgo, which is inversely
proportional to the binding affinity of Wnt-Frizzled-LRP. Figure 30 shows that an
increase in affinity of Wnt-LRP-Frizzled binding caused by injection of diphenylsul-
fonyl sulfonamide increases osteoblast cell density, increases the osteocyte density,
and decreases the time for remodel.
The third therapy (7' — 3) that is currently being studied is the injection of antiscle-
rostin antibodies which bind with sclerostin to inhibit sclerostin from binding with
LRP. We studied this therapy by decreasing the binding affinity of Sclerostin-LRP
binding, which is inversely proportional to the dissociation constant Kps. Figure 31

shows that a decrease in binding affinity of Sclerostin-LRP binding caused by injec-
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tion of antisclerostin antibody increases osteoblast cell density, increases the osteocyte

density, and decreases the time for remodel.
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Figure 16. Three potential therapies in the presence of reduced bone formation..
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Figure 17. Three potential therapies in the presence of rapid remodeling..

Figures 16 and 17 compares the three therapies when there is decreased bone
formation and rapid remodeling, respectively. All three therapies are able to promote
bone formation for both disorders, however, therapies 2 and 3 remodel the bone much

more quickly.
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5 Conclusion and Future Work

In this work, we developed a mathematical model to study the bone remodeling
process within the cortical BMU. A major function of bone is to withstand everyday
mechanical loading which can cause accumulation of microdamage in the bone ma-
trix. The bone remodeling process is therefore responsible for repairing microdamage
and keeping the optimal structure and function of the skeletal system. We study
the organization of cells within the BMU, in particular those responsible for sensing
damage in the bone matrix, osteocytes, along with two important signaling pathways
that are regulated by these cells.
We were able to successfully develop a spatio-temporal model to incorporate the role
osteocytes. Our work is the first to explicitly include concentration of ligands and
co-receptors in the Wnt canonical pathway using the principle of mass action kinet-
ics which has a potential for targeted therapies that promote bone formation. We
performed equilibrium and stability analysis on several simplifications of the model
which indicate that the overall system an attracting line of non-isolated equilibria in
the S—dimension.
We were able to run numerical simulations in MATLAB that studied the initiation
of the bone remodeling process through different sized microcracks. Finally, we were
able to study biological scenarios for age-related bone disorders and studied therapies

to overcome such disorders.
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Appendix A - Parameter Values

Table 6. Parameter Values - main PDE model

Symbol | Description Value Reference
D¢, maximum differentiation rate of C, 41.26 day~! [9]
Ac, maximum apoptosis rate of C, 2.82 day~! [9]
Dgu maximum differentiation rate of B, due to TGF-§ 20.2675 day~!

Dg; maximum differentiation rate of B, due to Wnt Pathway 30.40125 day~!
kL dissociation binding constant for TGF — /8 binding on B, 339.2 mm~3 [9]
kY. dissociation binding constant for Wnt binding on B, 1.204x10% mm~3 [7]
5, | maximum differentiation rate of B, due to TGF — j8 0.05 day™*
2y maximum differentiation rate of B, due to Wnt Pathway 0.5 day~?
kgp dissociation binding constant for TG F' — 8 binding on B, 105.6 mm~3 [9]
kng dissociation binding constant for Wnt binding on B, 1.204x10% mm~3 [7]
k& dissociation binding constant for RANKL binding on C, 1.0025x10” mm~3 9]
kL, dissociation binding constant for TGF — beta binding on C, 339.2 mm~? 9]
a concentration of TGF — 8 found in the bone matrix 3946 mm~? [9]
Eres bone volume resorbed per unit time by a single osteoclast 9.425x10~% mm?/day [9]
Dp, rate at which osteoblasts become embedded in the bone matrix 0.1 day?
Ap, apoptosis rate of B, 0.1 day~!
Dy degradation rate of TGF — f3 0.5 day ™! [9]
Smaz maximum osteocyte density per unit of volume 20000 mm~® [10]
u average speed of the BMU’s progression 0.03 mm/day [34]
Pmagz maximum concentration of B, or C, at the tip of the capilary 2589 mm ™3 [9]
b initial position of the tip of the capillary 0.2 mm
c width of the gaussian curve 0.1 mm [34]
Table 7. Parameter Values - RANK-RANKL-OPG Pathway
Symbol | Description Value Reference
Bri production rate of RANKL 3.48377x10%day !
Bo production rate of OPG 326305 day~! [9]
Ngr number of RANK receptors expressed on C), 2326 [9]
D degradation rate of RANKL 10.13 day ™! [9]
Ka, association binding constant for RANKL-OPG 1.66058x10~ mm? [9]
Ka, | association binding constant for RANK-RANKL 5.6655x10~8 mm3 9]
Ry maximum number of RANKL on the surface of B, 2.7x10° [9]
Ry maximum concentration of RANKL produced per S 2.7x108
Omaz maximum possible OPG concentration 1.205x10™ mm—3 [9]
Do degradation rate of OPG 0.35 day~* 9]
Tpra,B, | activation parameter for RANKL related to PTH on B, 0.019 [9]
mpru,s | activation parameter for RANKL related to PTH on S 0.019
TprH,B, | repressions parameter for OPG related to PTH on B, 0.0711 [9]
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Table 8. Parameter Values - Wnt Canonical Pathway

Symbol | Description Value Reference
Bw production rate of Wnt 107 day~! [7]
Dw degradation rate of Wnt 2 day ! [7]
Kp, association binding constant for Wnt-Frizzled 3.8x107% mm? [21]
K, association binding constant for Frizzled-LRP 1.3393x107° mm?® [21]
Kp, association binding constant for LRP-sclerostin 4.93x107" mm? [21]
R; maximum concentration of Wnt produced per S 2.7x10°
Bse production rate of sclerostin 3.26305x10% day !

SCmae | maximum possible sclerostin concentration 6.5261x10'2 mm—3
Dg, degradation rate of sclerostin 0.35 day !
Np number of Frizzled receptors expressed on B, 30 [21]
Ny, number of LRP receptors expressed on B, 4000 [21]
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Appendix B - Additional Sensitivity Analysis

Sensitivity Analysis (5%)
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Figure 18. Sensitivity analysis for a 5% increase in parameters in the main model.
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Figure 19. Sensitivity analysis for a 5% decrease in parameters in the main model.
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Sensitivity Analysis (5%)
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Figure 20. Sensitivity analysis for a 5% increase in parameters in the RANK-RANKL-
OPG Pathway.
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Figure 21. Sensitivity analysis for a 5% decrease in parameters in the RANK-RANKL-
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Sensitivity Analysis (5%)
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Figure 22. Sensitivity analysis for a 5% increase in parameters in the Wnt Pathway.
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Figure 23. Sensitivity analysis for a 5% decrease in parameters in the Wnt Pathway.
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Sensitivity Analysis (10%)
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Figure 24. Sensitivity analysis for a 10% increase in parameters in the main model.
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Figure 25. Sensitivity analysis for a 10% decrease in parameters in the main model.
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Figure 26. Sensitivity analysis for a 10% increase in parameters in the RANK-
RANKL-OPG Pathway.
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Figure 27. Sensitivity analysis for a 10% decrease in parameters in the RANK-
RANKL-OPG Pathway.
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Figure 28. Sensitivity analysis for a 10% increase in parameters in the Wnt Pathway.
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Figure 29. Sensitivity analysis for a 10% decrease in parameters in the Wnt Pathway.
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Appendix C - Additional Figures
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Figure 30. Therapeutic Target: Inject diphenylsulfonyl sulfonamide which inhibits
SFRP binding with Wnt and promotes Wnt-LRP-Frizzled binding.
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Figure 31. Therapeutic Target: Inject antisclerostin antibody which binds with scle-
rostin and inhibits Sclerostin-LRP binding.
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Figure 32. Increase production of Wnt ligand by osteocytes.
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