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Abstract

Posterior Normal Approximation of Real-Time

Degradation Modeling Using Laplace Approximation

Supervising Professor: Dr. Shan Sun-Mitchell

Preventing failure that can cause delays or catastrophe, has been the focus and
motivation for engineers, and other establishments that deals with heavy and light machinery,
equipment, and devices. One of the biggest challenges, is accuracy and heavy computations of
remaining useful life distribution. In this thesis we will use Laplace Approximations (LA) to

avoid relying on complicated numerical computations, in calculating the remaining useful life
distribution (RLD). LA is useful method to approximate the posterior distribution of Bayesian
formula that incorporates linear degradation model and prior distribution.

This proposed approach is applicable to various degradation models composed of
univariate and bivariate stochastic parameters that form the models, symmetric and non-

symmetric prior believes, and different symmetrical error.

Under LA technique, we are able to normally approximate the posterior distribution
with its proper parameters, and then implement Bernstein distribution using those parameters to
calculate the residual life distribution. In addition, the mean squared error (MSE) of the

parameters estimator is considered.
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Abbreviations

N-N: Normal error and Normal Prior.

N-BN: Normal error and Bivariate Normal Prior

N-JN: Normal error and Joint Normal Prior with p, = 0

N-G: Normal error and Gamma Prior.

DE-G: Double Exponential error and Gamma Prior

DE-JN: Double Exponential error and joint Normal Prior with p, = 0
DE-BN: Double Exponential error and Bivariate Normal Prior.

CM: Condition Monitoring.

RLD: Residual Life distribution.
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Chapter 1
Motivation

1.1 Introduction

Performance degradation of components and devices is and always will be a challenge to technicians and
engineers. One way of monitoring the health of components, is to obtain live data of device health through sensors
in terms of amplitude signal from a working device. Change in signal will reflect a change in the health of the
device, such as cracks, vibrations, and current draw etc., all this happens while the device is functioning. The
following list includes some condition monitoring (CM) techniques applied in the industries: [16]

« Vibration analysis and diagnostics

e Lubricant analysis

e Acoustic emission (airborne ultrasound)

e Infrared thermography

« Ultrasound testing (material thickness/flaw testing)

e Motor condition monitoring and motor current signature analysis (MCSA)

e Model-based voltage and current systems (MBV1 systems)

When data is collected, it will be used in mathematical degradation model to estimate residual life of intended
device. This model will contain stochastic parameters with known distributions, hence we will use Bayesian
updating technique that uses the collected data to derive posterior parameters. This technique requires a prior
distribution assumption and the linear degradation model. This approach works well when the prior has
symmetrical distribution. However, when the prior is skewed, this technique becomes harder to implement, and
requires longer evaluation and calculation time. In this research, we apply Laplace approximation, to approximate
the posterior distribution with normal distribution, using symmetric and non-symmetric priors (i.e. gamma prior)
with different symmetrically distributed errors. Once the posterior distribution is derived, the residual life of the

device is calculated using truncated Bernstein distribution.



1.2 Concept of Bernstein Distribution

Starting with the duality relationship [1]:
P(T>t)=P(W() <wa) (1.1)

Where W(t) is the total wear function at instant t, calculated by:

W) =Wi+6t,teT (1.2)

Wi is the initial wear random variable at time t = 0.

0 is the degradation rate of W(t). It is a random variable as well.

From equation (1), the component will fail when it reaches a critical threshold wer. wi and 6 are assumed to be
statistically independent and normally distributed, due to the large number of data collected. Hence W(t) has a

normal distribution with parameters W(W(t)) and 6*(W(t)) such that

W(t) ~ N[(W(t), 6*(W(t))]. Therefore,
P(T>t)=P(W(t) <we) =1-P(T<t)

>PT<t)=1-PW(t) <wy)

Standardizing W (t) and w,,., yields

W) - uW®)]  wer — uW ()]
1-F [ WOl W] l

Representing in the normal distribution form, we get

—® lwcr - M[W(t)]
o?[W(D)]

This is called Bernstein distribution [1], where u[W(t)] and c?[W(t)] are the expected value and the variance of

the distribution, respectively. These are represented by the following
ulw (®)] = E[w;] + E[6t] = plw;] + tu[6]

a?[W ()] = Viw;] + V[6t] = o?[w;] + t?0?[6]



1.3 Problem Definitions

Degradation Signal is live collected patterns of physical changes associated with the degradation process.

e Residual Life is the remaining life length till device fails
Residual life Distribution: For a nonnegative random variable, X, the RLD denoted as Ry (t), is defined

by:
Ry(t) =PX>x+t|X >x) (1.3)

In this research, we will assume the exponential degradation model fori = 1,2, ... ...

S(ty) = Hexp(ﬁti + s(ti)) (1.4)
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From (1.4) we deduce two degradation models:

Univariate case

S(tl) = Btl' + E(tl’) (15)
Where the slope B is stochastic parameter, and e(t;) is a random error.

And jointly distributed bivariate case
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Where the intercept ® and slope B are stochastic parameter, and &(t;) is a random error.

Let § = (5(t;) = 51, 5(ty) = 55, o ... ,S(t,) = s,) be the observed degradations signals up to time t, where

t; = 0, and let D denote the failure threshold.
Using (1.5) the RLD denoted by
Rs(t) = P(S(t + t,) = D|S)
=PO(t+t,) +e(t+t,) =DI|S)

The above probability requires the distribution (pdf) of ©|S. To do this we will use the following Bayesian

formula:;
CFsIeme)
POIS) = TF(519)m)a (@)
Since
[ rsiom@ae)

Is the normalizing constant, we can use the proportionality relationship;

p(61S) « f(S|6)m(8) (1.7)
Where p(6|S) is called the posterior distribution, f(S|6) is the likelihood function, and 7 (8) is the prior

distribution.

In Chakraborty, et al paper [2], The wear function presented in this paper is referred to as the degradation
linear model and represented by the following equation:

Si=®+0ti+gi

Where 6 ~ N (uo, 60%) and & ~ N (0, 6?). &jis the error caused by noise picked up by the monitoring sensors. Similar
model was presented by Gebraeel, et. Al. [3] (2005). In [2], [3], and [4], Bayesian updating technique was used
to obtain the degradation signal information updating the distributions of stochastic parameters for linear
degradation model. The authors of [3] used matching coefficients method to show the posterior of 6 ~ N (pp, op?)

given by the following equations:

k 2 2 vk 2
F St lo} o I o
ﬂp :< L;l lzl>< > 20 - - >+Il0< 2( /22:1_1kl - > (1.8)
i t? ) \og + (a2/3E ¢t o + (02/3k_, t;
4




2 g (‘72/25';1 tzz)

o, = (1.9
: g +(‘72/Z§(=1 7

Bernstein distribution is used to estimate the residual-life distribution RLD and is given by the following equation:

®lg(®)]

P(L;y <t|S, Sy, ... ... S =—mm—
(T— |1 2 k) 1_cb[g(0)]

(1.10)

CupEt )+ 0T
J (@t + tp)%0% + o2

g(®) (1.11)

Equation (3) is truncated at zero to get a probability area of one after time t = 0. This is because the normal
distribution gives the variation of random variable between —oo to 40, starting components tests at time t = 0

and disregarding the negative values of 0.

We will show that (5) and (6) can be obtained using the Modal approximation theorem. For the modal
approximation to work we must have a unimodal distribution. Matching technique works fine when the right side

of (1.7) is Gaussian distribution.

In [2] also, the authors decided to consider Gamma distribution as their prior, since it provides more

flexibility in capturing the characteristics of real world sensory data. Various degrees of skewness were explored.
Again, the degradation model
S; =0t; + (t;) (1.12)
0~T'(a, B) and iid ,~N(0,02) fori =12, ... .. N

They obtain the following posterior distribution

90(—1

1
F(O1S1, S, v, Si) = exp l—z—z(a - ul)zl, 6 € R* (1.13)
01

where

r 1
c= f 0% lexp [——2(0 - ,ul)zl do
207
Zo

t



and

+oo

_ 1 f ya_l 1 (9 )2 :
- c(t + e P 202 =
y=0

Since c is the normalizing constant for the posterior distribution of 8, the authors did no find a closed form.

X O (;?) dy (1.14)

Therefore this RLD requires numerical integration to calculate at any time t. Moreover, @ is involved, the
integrand becomes more complicated function, this requires the use of fine intervals to evaluate it numerically.

Hence, this leads to slower evaluation times.

1.4 Normal approximation to the posterior distribution

To overcome slower evaluation time, and the closed form issue, we propose to apply Laplace
approximation. If the posterior distribution p(6|X) is unimodal with symmetric or non-symmetric, it can be
approximated with Gaussian distribution. By taking the logarithm of the posterior density log[p(8]S)], and
using a Taylor expansion centered at the posterior mode 8, this expansion can be approximated by a quadratic

function of 6. A full proof of this concept will be verified in chapter 2.



Chapter 2

Laplace Approximation

Laplace approximation method is a way to find a Gaussian approximation of the posterior. As it is known,
in Gaussian distribution, mode=mean=median. Hence this approximation will be centered on the mode of the
distribution of the posterior. To calculate this mode, it involves calculating the derivative of logarithm of the

posterior, and then setting the derivative equal to zero. The following steps

2.1 Laplace Approximation

By Bayes rule:

p(0lX) p(X|0)p(0)

p(01X) = 5 = >

(2.1)

Z = [p(X|0)p(6)d(6) (2.2)

Laplace approximation aims at finding a Gaussian approximation q(8|X) centered on the mode of the distribution

X1 6,
] andGz[E]
Xk Hk

p(@|X) = p(X|0)p(@) non — normalized posterior,and f(0) = log[p(0]|X)]

p(0]X). The approximate posterior distribution is:

for X =

This approximation works as follows:

Using Taylor expansion on log p(08|X) at 8 = 8,, we have:

1
log[p(81X)] ~ log[p(61X)g=s,] +1(B1X)g=0,(6 — 8,)" + 50— 6,)"H(61X)g-0,(0 — 8,) + 0(8,|X) (3)

Where J(61X)o-0, = Viog[F(81X)]o-,and H(O1X)o-o, = ~[VLog(p(®1X)) o-0,] " = |[5H], . |

Note that the second derivative of H(@|X) at its maxima converges to a negative number. Then for
7
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J(.) and H(.) are the Jacobian and Hessian matrix of log(ﬁ(elx)) evaluated at 6, respectively. O(.) stands for
the higher order terms of the Taylor series expansion. Since the logarithm of Gaussian distribution is a quadratic

function we can ignore the higher order terms and (3) will become:

1
log(p(81X)) ~ log|P(81X)p=g,| +(81X)e=0,(0 — 8o) + 5, (6 — 0,)"H(61X)p-p,(6 —6,)  (2:4)

If we let the expansion point 6, to be the local maximum of log(ﬁ(elx)), the Jacobian matrix J(.) will vanish at

the local maximum of the distribution. Thus (4) will be reduced to the following:

1
log(p(81X)) ~ log[p(81X)p=g,] + ; (6 — 8,)"H(81X)e=p,(6 —8,)  (25)

Exponentiation of (5) will lead to:

1
FO1X) = EXP[log(5(81X0)] = H(O1X)g=0,EXP |5 (0 — 0,)TH(81X)05,(6 ~ 6)]  (2:6)

Define

2 = [-H(elx),, |

For (2.6) to be a multivariate normal distribution with a mean vector of 8, and a covariance matrix

o [fe? -
2 = —[V2log(p(61X)) 6-6,] = [(ae];) ]
60=0

o

The normalizing constant for the posterior distribution is

Z = [ EXP [zog[ﬁ(em]] de



1
~ 5(8,1%)[ ,EXP [—5(0 ~8,)7[Z1(0 - 0,)| do

= 58,1V 2D E ][ = [——(e 6,)7[271(60 - 6,)| do
= 5(8,1X)J @0z ]

Where n is the dimension of the unknown variables @ and || is the determinant of 71,

The normalized posterior distribution is now expressed approximately as

P(8,IX)EXP [~5 (6 — 0,)7[E1](6 — 6,)]

P(8,1X)y (2m)" |27

p(01X) =

With the normalizing constant Z, the Gaussian approximation for p(@|X) is:

1 1
q(8) = ———EXP [—— 6 —0,)"[Z1](6 - 6,)
JeorE 2
0.8 . T . . :
0.6 .
04r 1
02+ 1
0 ' - ' -
-2 -1 0 | 2 3 4

Figure (1): The above plot shows the normalized distribution p(8) in yellow.

Laplace approximation centered at mode 6, of p(0) in red. [2]



By Laplace approximation (@8|X)~N(8,Z71) [4], we can apply the Modal approximation based on the

multivariate normal distribution, to find the mode, 8, of (8|X).

For univariate distribution

q(6) = EXP[—EEE(H—-aJﬂ

1
V2no

Where

-1
% = — (Iazlog POI) )
00z |,_,

10



Chapter 3

Laplace Approximation applied on univariate distribution
In this chapter, we apply Laplace approximation method to various cases of error and prior distributions
on the univariate degradation model:

Si = Hti + El'
3.1 Univariate Normal Prior and Normal Error

Recall, the Bayesian equation:

_fS10)£O)
FOIS) = rros == f(S116) - £0)

Components of the equation are:

The likelihood function:

k
1 2 242
L(S,|0) o nExp {_F [S2 — 25,6t; + 62t ]}
i=1
The prior function:

1
f(0) « Exp {—? [0 — 26, + ué]}

0

The product of

1 1 K t? K S.t. 2 g2
L(si0) 1) o Bxp {3 o? (?+%>_9(%+Zl_;21 M%T)H
0 0 0

By Laplace approximation (0|Sl-)~N(9,2‘1) [4], we can apply the Modal approximation based on the

multivariate normal distribution, to find the mode, 8 of (81S;). 8 is the 6 where p(6|S;) is max, this is solved by

setting

og(f(Sil6) - F©)) _
20 B

and solve for 8 [5].

11



og(f(Sil®)-f(O) _ 2[ (1 T ]\ (wo  TESiti\] _
e s M o | AL

0-2 + O-g {le t12> _ <O-2M0 + O-(? Z{czlsltl>

252
0,0

Kk
_ 0%ug + 0§ N St

=0
2 k 2
o2+ 05 Xt
2 2 k
o= 0 to 0y 2i=1Siti
) 2vk 12 2 2Vvk  £2
o2 +o5 N ti or+of it

N ( {'(=1Siti>( o > o < (a2/3K, t? > 11
= 0
{'€=1 tiz Ug + (02/2211 tiz Ug + (02/21'21 12

Next, we calculate the posterior variance:

1

o [, g

002

1 k 2
g} o

-1

-1

[02+a§ i-‘zltl-zl
- —
olo

céa?

= (12)

2 2 vk 2
0%+ 0§ Li=1

Thus, equations (11) and (12) asymptotically matches (5) and (6).

12



3.2 Gamma Prior and Laplace Error

We will extend the Modal approximation for different priors, i.e. double exponential error and Gamma

prior. As we stated above, the next phase of this research is to consider €(t;) iid Laplace (0,b),0 ~ I'(a, B).

LIF(Sil0)] o f[Exp{—%lSi - 0t} = Exp {—%il&- - etil}

Need to rearrange the observations such that for some k we have
Sk:Sk—HthOOTSk:Sk—th<O

Thus, we may write

n n n
lek — 0ty | = Z(Sk — 0ty) (g, <0) — Z(Sk — 0ty) * 1(g, >0)
k=1 k=1 k=1

The product of

1[< - ob
LIf(S:10)]- f(0) «x 6% Exp {—E [Z(Sk — 0t) (g, <0) — Z(Sk —0t) " Lg>0) + I
k=1 k=1

}

r n n n n
1 6b
= 0% 'Exp), 3 Z Sk Ligp<0) — Z Oty - L, <0) — Z Sk *Lg>0) + Z Oty - Lg>0) + B
| k=1 k=1 k=1 k=1

Take the log of the above expression then we have the following:

n n n
1 b
(a —1)log(6) — 3 [Z Sk " Ligp<0) — Sk " L(g>0) + 0 <Z tk * Lg>0) — Z tk L0y + E)
k=1

}

n n
b
=0 'Exp -+ Z Sk Uerz0) = Sk " Ligy>0) + 6 <Z b Le>0) = b " Tees0) + E)

k=1 k=1

k=1 k=1
Olog(L(S,16) - £(6)) (a—1) 1[N C b
50 =—% 3 Ztk'ﬂ(£k>0)_Ztk'ﬂ(skso)-l'E =0
k=1 k=1
@—-1) 1(< § b
= =3 Z te * Ligp>0) — Z t " Ligp<0) +E
k=1 k=1

13



a—1

-1 b
5 <2’£=1 tie * Leg>0) = Zie=1tie " L) + 3)

=0

Az_[ 9%10g(L(S:16) - £(6)) ll
0" = |- 962 |9=§

(E) (Z;cl=1 97 IL(sk>0) — g Il(skso) + F)
= p— fora>1

Thus, the approximated posterior distribution is ©|S ~N(8, 62).

With the mean and variance both approximated, the Bernstein distribution will be used to calculate the remaining

life distribution.

3.3 Gamma Prior and Normal Error

The same procedures are used to approximate posterior distribution with e~N (0, %) and 6~T'(a, B)

K
1
p(0|S) x 8% texp {_FZ S? +6b — Hza} where 8 € ® = R* U {0}
i=1

Solve for
dlogp (6|S) ~  —b++Vb% +8ac
— = - T =_0=0=
00 —4a
-1
s2_ <l6210g(p(9|5) ) _ 1
262 o-d (c/82) + 2a
. (—b—+b?% +8ac 1
0|S~N ; —~
—4a (c/62) + 2a
Where
k k
1 1 1 O,
b=?25iti—ﬁ, “=thi' and c=a —1
i=1 i=1

With the mean and variance both approximated, the Bernstein distribution will be used to calculate the remaining

life distribution.
14



Chapter 4

Laplace Approximation applied on bivariate distribution

In this chapter, we apply Laplace approximation method to:

4.1 Bivariate Normal prior (0, B)

The model of our continuous degradation signal w.r.t time is the following:
Li:®+Bti+£i:>£i:Li_®_Btil

is normally distributed random error.

Where (9) ~N (('uo), ( % p"a‘éal)) and € iid ~ N(0,02)

B H1 Po0o01 01
By Bayes definition we have the following: P(6', B|L;) < f(L;|0', B)m(6', B)

n . — Q' — . 2
-y 5B

i=1

EXP

1
f(LiIH,ﬁ)—W

Let A = 2ma,0.+/(1 — p2)
1 l(e' — 1) 200" — 1) B =) | (B - ua ”
)

2(1 - pg o2 0,0,

1
n(6',) = 7 EXP |~

[L; — (6" + Bt)]* = [L; — 2L,(6" + Bt;) + (6" + Bt)?]

n
1
f(L;16",B) = [ ZF(L% —2L;0' —2BL;t; + 0" +20'Bt; + ﬁztf)]
i=1

— 20" + 1 2p,(0'B — 6"y — o8 + potir) N B? = 2Buy + pf
2(1 - a? 0,01 of

n(6',B) = —EXP

15



( = L2 L L 9' BLit; 07 9'Bt, Pt 9"’
; ( 202 + o2 202 o2 202> - 2(1 - p2)o?
F(L;16", B)n (8", B)  EXP ! L O 1o PoB'B  pob'ia
(1—-p§los 201 —p5os (1—pglo,or (1—ps)o,oy
__ PoloB oot B*  Bm M
\ 2(1 = p3)a? (1 -pd)af

(1 - pg)o-oo-l (1 - pg)o-oo-l

Collecting like terms

2

9"

n 0’
A Te

— p5)og

_ 1[n8” (1 - p2)aZ + 6" o2
o2 (1-pd)o?a}

“n(1 — p2)o + o2

2| -pdo?ad
(*2)_ :l=1ﬁ2ti2_ ﬁz
202 2(1-pdof
_1[ZR,B20 - pY)tfo? + 07
(1 - pg)a 0-1
_1[ZR,B20 - pY)tfo? + 07
(1 - pg)a 0-1
_ B [EQ - pD)tfof + o?
- (1 - p3a2of
(*3) i=1 Li0’ 0o pob'in
o (1—p3)o¢ (1-p3)o,0
_ i=10'(1— pe)Lioioy + 6'u,0%0; — 0'pyu 00, 01
(1 - ,03)0'20'30'1 04
9’ Yie (1 - pé)Liod 0'1 + [l00'20'12 — Pol10%0,04
(1 - p?)otozo?
a? (1—=p3o,o1 (1 —p3)of

16
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g i1 (1 — p3)Liti0,07 — potto0°01 + 11000 | 0y
i (1 — p2)o20,0f g,

=B - ?=1(1 — pg)l‘itio—ozo—l2 + ,u10'20'02 - po[l00'20'00'1
. (1 - p3)otaa?

?:10’ﬁti poelﬁ
g2 1- pg)o-oo-l

(*5) -

_ 9',8 _poo-z - ?:1(1 - pg)tio-oo-l [0001]
| (1 - pg)0'20'00'1 0,01

_ 9',8 _p00'20'00'1 - Z?:l(l - pg)tio-go_lz
i (1 - p3)o?oiaf

Combine 1,2,3,4, and 5 we have the following

(L;|6", B)m(6", B)

( 57 n(1 — p2)o? + o
/ (1—pé)o?as

— 26’
l (1—p3o*oiof

1
 EXP | -5 —29’ﬁ[

poo—zo-oo-l - Z?:l(l - pg)tlagalz
(1 - p)oaiaf
o [ZEi (1 = pd)tiol + o? 2 Yisi(1 = p3)Litiofof + po?ad — poto0°0,0
ﬁ Y 2 2 - ﬂ N2 2422
. (1 —=p2)o2of (1 - p5)o?oso;

l2?=1(1 — po)Lioiof + p,0%af — poulazaoall \
|
|
/l

Next, we will take the derivative of log p(©, B|L;) and set it equal to zero to find argmax log p(0, B|L;), where
0€0,BeB

© and B are estimated mean vectors.

dlogf (Li|6", B)m(8", B) _

0
00’

_pr [MA=pD)02 + 0%| | Sii(1 = pRILi0Z0} + o0?0f ~ potti 6?0001
(1 - p2)oag (1 - pd)o?aZa?

Yiei(1 = pi)tiojof — po020,0,
+B > =0
(1-pé)o*asai

o n(1 — p2)oZ + o
(1-p5)o?as

17



121(1 = p)Lio50f + 110207 — polty 020,04 ‘B Yo (1 = pdtioi ot — p,0°a,0
(1 - p3)o2oiaf (1 - p)o2aia?

— é' — ?:1(1 - )L Uo 01 + ‘1100'20'12 - poulo-ZO—oo—l + ,é[ ?:1(1 - Pg)ti%ﬂ - pOO'Z]O'OO'1
[n(1 - p2)oZ + 0?07

dlogf (L;16',B)m (6", B)

98 =0

lZ? 1(1 + o l Z:l 1(1 )L t O-O 0-1 + I’l'lo- O-O pO#Oa 0-00-1
(1- p(%)a of (1 - p2)o?oiaf

9 IZ?:l(l - po)tiao 01 - poo-zo-oo-ll -0

(1 - pd)o2aZa?

(1= pdtic? + o2
[ (1 - p3 )0201 l

_ Z?:l(l B pg)Litio-go-lz + .ulo-z po:uoa 0001 Zz 1(1 po)t Uo 01 p00'20'00'1
(1 - p3)o2oiaf (1 - p3)o2oiaf

Zn 1(1 pg)L L Uo 01 + :ulo-zo-o2 - po[l00'20'00'1 + é[Z?:l(l — pg)tio-oo-l - pOO'Z]O'OO'1
(.1 - pd)tiof + a2og

=f=

Next, we will find covariance matrix £~ by taking the second derivative at the point 8 and . The second

derivative is negative.

[0°F(6".8) 9*f(8". )]

aZf(e',/;)=| 26" 96'0B
a(0’,p)> lasz',ﬁ) azf(e',ﬁ)J
9pa0’ 9p2

0°f(0,8)  [n(1 - pR)aZ +o”
96" __[ (1— p2)o?o? l

0%f(0',) 9*f(8',8) [Xii(1 = pdtio5of — poo2a,0;
00'dp 9pao’ l 2

(1 —pé)oasaf

0°f(0',5) _ _[Ei.(1 = pd)tta} + o2
op? (1 - p2)o?a?
18



[ n(1 - pg)oi +a? (A= pdtio;af = p0?o,0y]

a%f(6',8) _ (1 - pg)oos (1 — p3)o?oiaf
6(8’, :8)2 a (1 - pg)tio-go-lz - p00'20'00'1 (1 - pg)tizo-lz + 07
(1 - pd)o?oio? (1-p2)o?of
[ n(l-p3)o; +o? (1 - pAtiodal — pyoo,oy ]|
$-1 _ | (1 - ps)o?as (1 — p2)o2aat
O S LI RCRY 1 S
(1 - p3)o2oiaf (1 - p3)otof

The inverse for a non-zero determinant of the above positive definite matrix.

d b
[a b_lz ad — bc ad — bc
I d C a
ad —bc ad— bc
Define
_nl-pdodto? | S(l-pd)todef —pectaey o Bi(1- pd)tof + o
(1 —p2)o2at (1-p3)o?oiaf ' (1-p3)o?af

d
A2
%" = ad — be
s [N = pf)tfof + 0711~ pf)oos

O [n(1 - p2)o + a?[Th,(1 — p2)t?o? + 02] — [X,(1 — p2)tio,01 — poo?]?

a
A2 _
% = ad — bc

- [n(1 - p3)as + o?](1 — p5)o’af
g, =
P In(1 = p3)o + o2k, (1 — ptiaf + 0%] — [T, (1 — p2)ti0,01 — po0?]?

b c
%08 = "ad—bc P T Tad—pc o0 T 00
Gore = — [(1 - ,Og)ti0'00'1 - pOO'Z](l - pg)O'ZO'OO'l
oF [n(1 - p2)a2 + o?][X1L,(1 — p2)tiof + 02] — [Xi,(1 — p2)t;0,01 — po0?]?

A

~ _Oe¢'p
pg,ﬁ - 0'90'/3

19



N 1 (pé — Dtio,00 + poo

— pelﬁ
A= P00 + 02 Sy - pR)t70? + o

Thus (©,B)|S ~N,(,271)
~ A2 A A A
- Opr 120 g! O
where ﬁ=<q>and2‘1=(A 0 peﬁf) B)

p Poplerds G

4.2 Joint Normal prior (0, B)

0\ [ (Ho\ (95 0)
Where (B) N((Ml)’ (0 52 )and giid ~ N(0,0%)
By Bayes definition we have the following: f(6', BIL;) < f(L;|8', B)m(8")m(pB)

(0" — po)? i u)? )l

O—O 0-1

n(6")m(B) < EXP l—§<

109 = s | =D 1~ 200 - 2ﬁLt+9’+29ﬁt+ﬁ”)l

I( 1[ — 26’ uo+uo ﬁz—Zﬁul +ull \I

f(L;10", B)m(8")m(B) < EXP

2 ot
n

1 N
Zz— 2 _2L,6" — 2BLit, + 6" + 20' Bt + B2t?)

\ & )
Next, we will take the derivative of log p(©, B|L;) and set it equal to zero to find argmax log p(0, B|L;), where

0€0,5eB

© and B are estimated mean vectors.

dlogf(L;16',B)m(6")m(B)

=0
00’

g (o + 05 XL, L)(0® + of Ly t) — (95 Bit t)(afZ” Lit; + 0%u)
B (02 +no2)(0? + a? L1t12 — (02X t) (2N )

20



dlogf(L;16',B)m(6")m(B)

=0
ap
ﬁ—(02”1+0122 1 Lit) (0% +naf) — (of t)(UoZ L'+02Mo)
(02 + no2)(0? + a? ?11)—(0 n Lt (of t;)
A2 3(0-1 t2+02)
Oy =
S TR o L) — oZ T T T )
. 020 (no? + d?)
05 =
b7 (02 4 nod) (0% + 0f N, ) — (02 Ny £) (07 iy )
P olo2af Yt
OF T (62 +n02) (02 + 02X, t2) — (a2 X, t)(GE Y, t)
~ G B _ 0p01 D=1 b
0'p =

Gq0,
o \/(01 =yt + 02/ (0% + nad)

Notice that py is the posterior correlation coefficient, even thought, ©, B are independent random vectors. The

posterior model parameters correlation is due to updating the signal, therefore —1 < pgrp < 0.

Thus (@, B)|S ~N, (@, 271)

R A2 ~ A A
. o5 120 !0,
Where fi = (Q) and 271 = <A o pe f ﬁ)
B Po'p00¢'0p p

4.3 Joint normal prior and Double exponential error

Proposed Method for D-IN. e(t;) iid Laplace (0, b),( N[ uo (Uo )] LB

st <] Jex (- 1s.-0 - pul
k=1

k
1
= Exp{—EZwi -y —ﬁtkl}
i=1

Need to rearrange the observations such that for some k we have

21



gk:Sk_e_ﬁtk<00r£k:Sk_8_ﬁtk20

Thus, we may write

n n n
lek —0— Pty = Z(Sk — 0 — Bty) * L(g20) — Z(Sk — 0 — Bty) - 1 <0)
k=1 k=1 k=1

The product of

L{f (Skl6,B)] - (0) - (B)

n n
1
o Exp {— = [2 (S =0 = Bt) - Loy = ) (S = 0= Bti) - ﬂ<gk<o>]}
k=1 k=1

Take the log of the above expression then we have the following:

1< - C
~p [z Sk 1(£k20) - z 6 - Il(EkZO) - z B-ti ﬂ(skZO)
k=1 k=1 k=1

N N C 0> 0-u,  pl B?
_ZSk.ﬂ(5k<0)+Zelﬂ(5k<0)+zﬂ.tk.ﬂ(5k<0) _2.0-2+ g2 2-g2 2.g2
k=1 k=1 k=1 ° ° ° 1

1 2
—ZT‘lz(ﬁ_lh) }

Bem ui
o2  2-02
2 2 2 2 n
_ 0 +9'll0_ s B ﬁul ul 12 o 1 ]
202 o2 2-02 2- 012 ot 2. b o (‘9">0) (£<0)

n

0

Ez L(gp20) — ﬂ(ek<o) bztk [ﬂ(sk>o) ﬂ(sk<o)]
k=1

dlog{[f (Skl0,B)] - () - ()} 1
ogt[f (Sk ﬁae] T (B z[ﬂ(s">0) ﬂ(£k<0)] = Uo =0

2 n

o

72 Iez0) = <o)
k=1

22



ol (S |6, ) (9) ( )}
og{[f (Sk gﬁ] n(9) n(p Z[ﬂ(sk>0) Ieey<)] = =0

1 1

=p=u+ —Z tr " [Leep20) — Liep<o)]

_ 0% logf[f (Skl0, B)] - m(8) - m(B)}

a(6,p)?
[52 log{L[f (Sk|0,B)] - m(68) - m(B)} 0*log{L[f(S|6,8)] m(H) - ﬂ(ﬁ)}]
_ 062 ECEN]
- {52 log{L[f (Sk|0,B)] - m(8) - m(B)} 0*log{L[f(S|6,8)] m(6) - ﬂ(ﬁ)}‘
ap06 ap*
1
{; 0]|
=|° 1 |
K U—;J
§-1_ _ 0% log{[f (Sk16,8)] - m(8) - n(B}] 0)
B a(8,p)? of
Where
65 = o2 6F = of,and 6gp = 0 = Pog = 0
Hence (6, B|S;) ~ N, ((g)f*)

4.4 Bivariate Normal prior and Double exponential error distributions

2
Proposed Method for D-BN. £(t;) iid Laplace (0, b), (g) ~N [(Zi) ) (,0 UUOU Poig%)]
oYo%1 1

~ R (1 - p3)cio
0 = Uooy + a,p, (.3 - :ul) + —MZ[ﬂ(sk>0) ﬂ(£k<0)]
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n
5 potioy (1 —pd)of
B=u + an + bo Z tr " [Leepz0) — Liep<o)]

k=1

g1 _ [ 0% 1og(lf (Sl0,£)] - (6, B)) ‘1_( o2 poaoal)
B 6(0,,8)2 Po00001 012

And

6, B1S) < N, ((

)fl)

= O
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Chapter 5

Mean Asymptotic Mean Square Error

In this chapter, we will calculate the asymptotic mean square error. This will help in finding how good are
our estimates of the Laplace approximation with the different priors and error distributions. Asymptotic mean

square error is the convergence in quadratic mean g.m. of the parameter estimation in comparison to the true

parameter. In mathematical terms it is lim E [()?n —X)Z] = 0, this measures the expected square distance
n—-oo

between X,, and X, it s called the mean square error given by MSE(X,,) = E [()?n — X)Z]. In this thesis, we need

to show, lim {Var(én) +[E(6,) — 9]2} = 0. In this thesis, we will show that & = E(8|S) — 6. But when it is
n—-oo

substituted in MSE equation, it is now a random variable, hence we will take the E(MSE).

5.1

As stated in the introduction of this chapter, we will investigate the asymptotic true parameter that is to
show that E(8|S) — 8 , in other word we are asymptotically calculating the expected value of the posterior and

then taking the limit as n tends to infinity. This work will be proved in the next theorem.
Theorem 5.1.1

Let @ c R, f(5]0) is the likelihood function, and (8) is the prior density.
Let nh(6) =n ElOg f(S5]6) + %log n(@)] continuous on a closed and bounded set ©.

If there exists a unique maximum, 8 then:

[* 6-EXP[nh(0)]d6
lim E(0|S) = lim == =0
n—co now [ EXP[nh(6)]d6

In particular
E[MSE(8,)] = E[var(8,)] + E[E(8,) - 8]
=2 var(@n)
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Proof:

By Bayes’ law:
f(816)m(6)
0|S) = —=
T = 1 Ssiom@s
Expectation of the posterior
E(8]|S) = J_,, 0f (S10)m(8)do

I2, f(810)m(6)do
Let
nh(0) =n (%logf(5|9) + %log n(H))

[ 6+ EXP[nh(6)]d6
[ EXP[nh(0)]d6

= E(6|S) =

Solve

e

f 0 - (EXP[nh(6)]}d6

— 00

Next, we take Taylor expansion of h(6)

2@ = 1(0) + 1 (0)(0 - 8) + g -y + O g gy L O (g gyt ..

41

letx=0—-0=60=x+0 wheref = argrglaé(h(e)
€

- ] (x +8) - EXP[nh(8)] - EXP[nh" (8)x?] - EXP

h”’(9) l nh*(6) ,

nh'(0) Sy nh4(9)

= [ G+ 8)- ExP[nn(8)] - ExP[h (0)x7] - ExP |, Tl

Use

xz
x—1+x+§+

26



— EXP[nh(0)]- f (x + ) - EXP[nh" (6)x?]

h (8 h*(9 1 (nh"(9 ‘@) .\
-[1 +n—()x3+n—()x4+§-<n (9)x3+nh (9)x4> ]dx

3! 4! 3! 4!

= EXP[nh(0)] - foo(x +8)-EXP[nh"(8)x?]

—00

nh”,(é) 3 nh4(é) nr 2 6 124
l“ 6 ~ T 7h(9) +1 h 1152
® mn(n ® 4(n
=0- EXP nh(@)][f nh" (0)x? 1y 4 fe h”(e)xzm—@x3dx+ fe”h”(g)xznhz—i@x‘*dx
+ fenh"@)xzn_zh"'(é)zxedx + f @)% T (§)ht(9)x"dx
72 144
nh'’(8)x? 4 8
+fe 115h(9)xdx]
+EXP[nh(8)] j EXP[nh" (9)x2|xdx
r . nh™(8 r nh*(8
n f EXP[nh”(H)xz]nTpx4dx+ j EXP[nh"(8)x2] e’ ( ) 5dx
+ f EXP[nh" (0)x?] 5 h”’(e) x7dx + f EXP[nh" (0)x?] 4h”’(8)h4(9)x8dx

+ fEXP[nh”(@)x |

—00

4 9
1152h (9) X dx]

Use the definition of the integral of Gamma function to solve the above expression.

@2-n)! 1
n!-22n S

1
f [EXP(tx?)]x?®"dx =t "2 *
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Where the integrals of odd powers vanish given that the Gaussian is an even function.

jo EXP[nh"(8)x?]dx + fooEXP[nh"(é)xz]

— 00 — 00

nh(0)

4
o x*dx

= § - EXP[nh(8)]

(o] 2 (o]
n j EXP[nh" (0)x?] 2o h(8) xdx + j EXP[nh" (9)x?] - 152h4(0) dex]

— 00 — 00

fEXP[nh”(GA)xZ]%’(H)x‘*dx+ fEXP[nh”(@)x |

— 00 — 00

+EXP[nh(0)]

nr 4 8
144h (6)r*(0)x dx]

nh’”(@) nh*(9)

0 4 o a (x)4l dx

= f(x +0) - en() . gnh”(8)x* . l

[\/_ v=2r n 4 1 4

=8 -EXP[nh(0)] —~= 57" (6)
[ (@) Jnh'f(e) 24n ()" 216
]
V=21t n?8 1 6! V=2r n? 16 1 8! 2
s h"(0)" + g 5: ()
W72n h”(9) 32 WllSZn h”(9) 41-2 ‘
[ v=2mr n 4 1 4! V=2t n?16 1 8! ]

+ EXP[nh(8)]

h"(8) +

[ /nh”(9)6n2h (9)2 21-16 WM‘L n* h11(9)4’ 41.28 h*(0 )J

1 r*0) | 5 h(8)" 35 R*(8)°

+
’nh”(@ [ 8n h”(@) 2471 h”(§)3 384n? hn(é)ll

=0 - EXP[nh(0)] —

1 h"'(e) 35 h*(9)

W[an(e) 8 1 (§)°
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=6 - EXP[nh(9)] i [1 o <31>] ren® 2 (%)

Solve

e 1 r%(@) 5 h(B)° 35 h*(0)
f EXP[nh(6)]d6 = EXP[nh(8)] [ oo ((9)) - h”((é))g t 38402 h”%@%“

o ’nh (9

= EXP[nh(8)] v=or [1 +0 (l)]

() "
V=T 1
9 - EXP[nh(8)] (@) [1+0 () EXP[ h@)]%‘)&)
— = Explnn(8)] =21+ 0 () +EXP[nh(9)] 2o (3)]
nh”(é) " m '
ofeo@)] o) efivo@)] ofh

+

o) o TeoQ) T
ol s o) =of+o()

A~

R 1
lim E(0|S) = lim 6 [1 +0 <—)] =0 5
n-oo n—oo n

lim E[MSE(8,)] = lim {E[var(én)] +E[E(6,) — @]z}
= lim 2 - var(8,)

n—-oo u

5.2
In this section we will investigate the expectation of the mean integrated squared error for the case of

univariate normal distributed prior and error. We call this case E[MSE(8)] For N-N case.
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Theorem 5.2.1

Given S; = 0t; + ¢; is a linear degradation model with degradation signal time t; > 0,and iid N(0, 2)

error terms ;,i = 1,2, ..., k if 9~N(u,, 02) then

. K Sit; ol (az/Zk 2)
9_<Z{€1t12><00 +(02/Zl W tF >+M <(70 +(02/Zl W tF >

the consistent asymptotic posterior mean.

Proof:

For this proof we use convergence in quadratic mean, which is the strongest form of consistency.

Let

§:< E S-t~>< a§ >+ ( (0%/%k1 t7) )
25152 a5 +(‘72/21 Wt Ho a4 +(‘72/21 Lt

2 k

2
var(0) = <00 TS 0(1,:2 > Z var(S;t;)

i=1"%i i=1

2 k

2
= Ot: + €:)t;
(a&Z{th?MZ). var((0t; +)t:)

=1

2 k

2
9o 4 2
t; 0) + ti

(ag Zi“:l tlz e ) E var(0) var(el))

i=1

(ao S ) Zw FH)

4K (44 2 4 422 kK 44,2 2 vk 42 k44,2 2
_ 05 Ni=1(ti o5 +ti<7)< i=1ti 0o o it  Xistijoy O

+ = +
7 S 2 TSk,2. vk 2 2 TSk 2
(a2 Xk t? +02) (Zke? Pttt (Bke?) i ti

N.T.S




Proof by induction

k=2 tf +t3 < tf +t5 + 27t

Assume it is true for n = k thatis (tf + t3 + -+ tg) < (tF + t2 + - + t})?
N.T.S

Itistrueforn =k +1

tr+ts+ - tpttpg S+ + -+ tE)* + i
A B

= B® + (ti41)? < (B + ti41)?
= (tf + -+ tg + tgq)?
Thus

k 4 2 2
i=1Li O o

(Zrep)” Xt

Var(@) <

k 4 2 2 .

- + for o
k k K -

L

= lim E[MSE(0)] = lim 2-var(6) -0

5.3

In this section we will investigate the expectation of the mean integrated squared error for the case of

univariate normal distributed error and Gamma prior. We call this case E[MSE(8)] For N-G case.

Theorem 5.3.1

Given S; = 0t; + ¢; is a linear degradation model with degradation signal time t; > 0,and iid N(0,5?)

errorterms g;,i = 1,2, ..., k if 0~Gamma(a, B) then
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1 1 1 1)\2

1
—45—o Xt}

0 =

the consistent asymptotic posterior mean.

Proof:

For this proof we use convergence in quadratic mean, which is the strongest form of consistency.

Let
1 1 1 1\? 1
_(02 5157: _E)_\/(? {'{=1Siti_E) +8(a—1)?2{‘1t12
0 = T
N
1 1 1 1\?
- <02 (=1 5it E) - j(az 1 Siti ﬁ)
<
_Z_Z{c 1t12
1 1 1 1 1 1
( 2 i{—lsltl _E> ( 2 {( 15 ti ﬁ) 22?—151151 +,3
- 1 - 1
—Z?Zf 1t12 _?Z{Ll tiz
1
~ 22 1 B
var(@) = var 20 it + var B
1 ¢k L2 1 ¢k L2
?Zl 1tl _?Zi=1 ti
k k
1 1
k—z var(S;t;) = ﬁz var[(0t; + €)t;]
(e tr) & Yiatt) =

1 k k
a
k—tzz[ztf—ﬁzt?“oz]

(lel
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k4@ kg4

R A i=1li 52 o2 i k
B kzﬁz * koZ: K4 ﬁk 2.2 TSk ,2 fOszl’Z’...,k
(Zft i b P X i Y ket 2,

= lim E[MSE(@)] = lim 2 - var(@) -0 4

k—oo k— oo

5.4
In this section we will investigate the expectation of the mean integrated squared error for the case of

Gamma distributed prior and Laplace error. We call this case E[MSE (8)] For D-G case.

54.1

For the Laplace-Gamma case the posterior mean estimator,

~ a—1
=

1 b
E( zzl U ﬂ(ek>0) - 27;:=1 Ly ﬂ(skSO) + ’E)

we will investigate mean squared convergence. First, we need to find V(é) then take the limit as n tends to
infinity.

Let

X =

S| =

n n b
: (z te  Lig>0) — Z te " Lige<0) + E)

k=1 k=1
Define g(X) =§
Then Var[g(x)] = E[g(X)?] — E[g(X)]?

Use Taylor series expansion of g(X) = % about the mean value p,, then take expected value of both sides of the

equation

1
= Elg00] = Elg00lxep,] + B[O = 160900 oy ] + B |57 (X = 10?900 Loy | + -
Where

EX—p) =E[X]—px=px —px =0
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1
= E[g00] = E[g00lxp ] + B |57 0 = 10290 oy +

~ g(uy) + 09" (ux)

1 1 o?
~e()e
X/ Ux Uy
N A AN
(e - (22
X Kx Ky
1,2 of oy
=<—) +25+—=
Iix Hy u

1
Elg* 0] = E[g*Olx=pp,| + E[(X = 1:)g* ) |x=pp,| + E [z (X — )22 (X)" | Xzﬂx] T

~ g%(1y) + 0+ 0¢[g’ (ux)1* + g(ux)g" (ux)

1\? 1\ 1 102
—e|(3) ] () + ot 2

X tx 1y Ix 1
1 1 of 1
:>Var<—>z02———zaz— for g K af
X) " g owg T Y ud e
~ 1
:>Var(6)=(a—1)2-Var<§> Letc=a—-1>0

; b
Var [F (Z;{lzl tk ’ ﬂ(£k>0) _ Z;(lzl tk . ﬂ(skso) + E):l 2

(o [L(sm n b\N*
Elp\Zk=1te Le>0) ~ Zi=1ti " Leepso) + 5

4
5z Var(Zk=1 ti 1 >0))

! b1*
hE’ [2 ' E(ZL‘=1 Ly Il(Ek>0)) —Yk=1ti + 'E]

4-b% - Yiogti - Var(]l(gk>0))

b 4
[2 E(ZRor te Ugs0)) — hor te + 3]
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4-b2-YR 1 tE - Var(legso)

b 4
[2 Yot E(lge0) = Zioi tic + 3]

4 b% - Yoyt {E(ﬂ(sk>0)) - [E(ﬂ(ek>0))]2}

oSt -+ ]
= 2 = ﬁ

_avspa-f-[f]]
St St i

b? 'Z£=1 tl% ﬁ4' 2:1 tl%
7

= Var(@) — oask — o Var(@) does not converge in quadratic mean. Next, we investigate the

—sooask » o

asymptotic consistency of the estimator.
Definition 5.4.1

Let {X,}n=; be a sequence of random variables. The sequence converges in probability to a random
variable X if X if Ve > 0, Tlll_r>ro10 P(|X,, — X| = ) = 0. This relationship is represented by X,, B Xasn— o, (1
In this research we used the following:
Theorem 5.4.1
Let u, = ES,, 62 = var(S,). If ¢2/b% - 0 then

Sn — Un
by

-0 in probability. [13]

Theorem 5.4.2

L N\ — /34'2;::1 tl% ki — 3 h h .
et V() = —=5""*take a, = 0(n*), by theorem 5.4.1 we have:

6 p2p3

__)_
n3 b2

Furthermore, let
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0 233

Xn=ﬁandc=b—2
d _ 0 if x<c
then X, > c :A%Fn(x)—{l if x>c

Proof:

] 1 . 1 B*-YR_, t2
Var<ﬁ>=F-Var(9)=F-ﬁzli#—>0asn—>oo

Recall

n n
ux =E %(Z ti " Lg>0) — Z ti " Lig<o) + %) = %
k=1 k=1
n
oF =7 ) 6
k=1

1
=E(Z)~p+ Elat g P3G
X e b

6 B B3-Yn_, tl 0 g p3(nt?+2n3—-3n*+n) n’t; —nty
B BT T )T T b2 R

o 2ﬁ3p

nd b2

6 p2p°
= op2

n3 b2 .

Furthermore, since c is a constant, then by convergence of X, to ¢ in distribution is equivalent to convergence in
probability. [20]
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0 233
Let Xn:F andk=?

d . {0 if x<k
then X, - k =>Tlll_r>£10Fn(x)—{1 if x>k

5.5.1

For the Laplace-Joint Normal distribution case with ® L B, the posterior mean estimator,

2 n
70 Z Ies0) ~ a0
k=1

o
b

2
,ézlh"‘ :

M:

[tk “Ligy0) — tie IL(Sk>0)]

P
]

1

we will check consistency using mean squared convergence. First, we need to find V(8) and V() then take the

limit as n tends to infinity. We call these E[MSE(8)]and E[MSE(p)] for D-JN © L B case.
For E[MSE(8)] for D-JN © L B case.

Let

4

n
~ o
Var(@) =4- b—‘; -Var <z ﬂ(skso))
k=1

but & are iid Laplace (0, b)

4 n
= Var(9) = —Z Z Va?”(]l(gkso))
k=1
n
) 2
=435 ) {Elleo] ~ Elteo ]}

k=1

— 4.%.{Z[P(gk < 0) —P(Sk < 0)2]}
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= Var(@) — 0asn — o Var(é) does not converge in quadratic mean.

Theorem 5.5.1.1

(op

. 4
Let V() = 425 Var(Zk-1 I¢,<0)) take a, = O(n), by theorem 5.4.1 we have:

0 p
—_— 0
n
Furthermore, let
]
Xn = E

d _ (0 if x<0
then X, — 0 :>7111_1>1010Fn(x)—{1 if x>0

Proof:

Taking a,, = 0(n)

-
'n—>0asn - o

0 1 ~ 1 d
Var<£>=F-Var(8)=ﬁ-ﬁ
ol .
HUn = Uo +7'ZE[]1(sks0)_]1(sk>0)]
k=1
2 2
O-O O-O
=“0+7'ZZ'E[H(£1<SO)]_7'”
k=1
o2 - o2
:#o+7'22'1’(5k§0)—7-n
k=1
2 I 2
g, 1 o5
= — 2 ———.
Ho 7 Z 2 "
k=1
= HUo
Then, by
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-0
an
0
=>——&=3>0
n
6
o o= 0and--2+%2040
n n n n n
6 v
= —-0
n" "
i _9 d : o if x<o0
Furthermore, if we let Xn—;then X,—0 :T{%Fn(x)—{l if x>0

5.5.2
E[MSE(B)] for D-JN © L B case.

In this part we will check the consistency of .

Recall
5 U% n
B =+ Yhealte - Liep<o) = tie* L)
4_ n
Var(,[i’) 4-—-Var (Z tk-]l(gkso))
k=1

but & are iid Laplace (0, b)

4 n

:>Var(,8) 4 - bz Zt,ﬁ-Var(ﬂ(gkso))
k=1

n
a 2
— 4. b_lz . Z t2 - {E[]l(gkso)] — E[1(e<0)] }

t P(Ek < 0) — P(Ek < 0)2]}
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= Var(,[?) —> 00 asn — o Var(ﬁ) does not converge in quadratic mean

Theorem 5.5.1.2

ot
b2

Let V(B) = 4% Var(Tpoy tr - L, <0)) take a, = 0(n?), by theorem 5.4.1 we have:

,@ P
n2 0
Furthermore, let

. B
n =z

0 if x<0

d
then X, — 0 :>7111_1>1010Fn(x)={1 if x>0

Proof:
Take a,, = 0(n?)
2\ 1 1 ot <
Var(%)zF-Var(ﬁ) :F.b_lz.zt’% - 0asn - o
k=1

o’ -
Hn =t + 5= E tr * E[Le <0y — Liep>0)]
k=1

2 2
01 01
=+ 2 Ellgen] -2 b
b b
k=1 k=1
02 - 02
=g ) 20t Pla S0 =g ) b
k=1 k=1
o2 w1 o2
=it 2 ) =k
k=1 k=1
Then, by

40



-0

an

P _m_r,

n? n?
B0 ﬂioandﬁz—”; B2 o040
n n

B v
:ﬁﬁo ]
_B d . 0 if x<0

Furthermore, if we let X;, = - then X, >0 :>711_r>r010Fn(x)—{1 if x>0 .

5.6

For the Laplace-Bivariate Normal distribution case with ©, B dependent, the posterior mean estimator

olo . 0,01p . ‘
P 1 1
o= "b [2 Z Liez0) — 1| + o + — p ° [2 Z tile,20) — Z tk]

2| < - G,02p -
A 1 1
B :T[Z E tkl(egz0) — E tie| + py + = 5 0[2 E ﬂ(gkzo)—n]

we will check consistency using mean squared convergence. First, we need to find V(8) and V() then take the

limit as n tends to infinity. We denote these E[MSE(8)] and E[MSE ()] for D-BN ©, B dependent case.
5.6.1

E[MSE(8)] for D-BN @, B dependent case.

In this part we will show for divergence in quadratic mean

4

0001 0'00'1,00
. tk > ocoasn —>

Var(@) = b2
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Theorem 5.6.1.1

R 4 2 2.2 .2
Let Var(8) = [J‘;:l ‘n+ 0";’)" YR t,%] and take a,, = 0(n), by theorem 5.4.1 we have:
6 p
Z50
n
Furthermore, let
6
Xn == ;
d 0 i <0
then X, >0 = lim E,(x) = {1 ll]]: ;C> 0
n—-oo ftly

Proof:

Take a,, = 0(n?)

n

9 1 1 oja? 1 ofofpt 5
k=1

Un = Ho

0 if x<0

7] da
Furthermore, if we let X,, = % then X, -0 = lim E,(x) = {1 if x>0
n—-oo =
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5.6.2

E[MSE(B)] for D-BN ©, B dependent case.

In this part we will show for divergence in quadratic mean of the estimator /3

24,2
0501 Po

. ot <
Var(ﬁ)z[ 2 -n+b—12-2t,§ — 0asn - o
k=1

Theorem 5.6.2.1

2 4.2
0001Po

~ 4
Let Var(B) = |22 n 4 ZL. 3 2| take a, = 0(n?), by theorem 5.4.1 we have:
b2 b2 k 1 k

g p
n2 0
Furthermore, let
B
n=a
d _ 0 if x<0
then X,, -0 :A%Fn(x)—{l if x>0

Proof:

Take a,, = 0(n?)

4 1 . 1 |o20ip? o]
Var(; :F'Var(ﬁ)zﬁ Obz o.n+ﬁ.zt£ —»0asn—> o

Un = Uq
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M—g—>0 :>&—>O dﬁz—ﬂ—;+”_;f>o+o
n n
B v
ﬁﬁ—)o -
B 0 if x<O0

Furthermore, if we let X,, =

S

d
> then X, » 0 :%%Fn(x):{l if x>0
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Chapter 6

Results
; PDF with Gamma prior skewness 1.5 s D-G with alpha = 1.778 skewnwss = 1.5
310 . . . "
4 - | —
3 -
21071 . 5 3 J
3 E 2+ i
1107 7
1 - -
0 0 ! | .
5.6967 5.697 5.6972 5.6975 5.6977 115 117 119 121 123 125
True Posterior Residual Life
—— Approximate Posterior
) 2
N=15 =112 b=05 «:= [—] = 1.778
|'
Posterior Distribution o = 1 and skewness = 2 . Gamma Prior Method for skewness = 2
3 3.6 b
1.5410 25l |
] N
& ak : .
110° z 24
= ar 7
£ 16} .
500 1.2 .
0.8F b
0.4} N
0 1 1 1 1 —L
5.259 5.2595 526 111 113 115 117 119 121 123
Distribution with estimated Constant Residual Life
—— Posterior Approximate Distribution
L2
72
y=2 6= 1.12 (1=[— -1
~
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Posterior Distribution o = 3 and skewness = 1.15

Gamma Prior Method for skewness = 1.15

15:10°F T i

ab J

3.5¢ .

110° g 3t i

500 ) 1;: :

1k J

0.5¢ :

12.0685 12.069 12.0695 1o 1I21 1I23 1I25 1I2? 129 131
Distribution with estimated Constant Residual Life
— Posterior Approximate Distribution
- 2
~ = 1.15 p=112 o= A:] = 3.025
|
Comparison of variance of error and variance of the posterior N-G
Skewness o2 I a:/op I o:/op
(Gebraeel) (Gebraeel) (Laplace) (Laplace)

5.16 0.16 1% 1073 145.45 5.955x 1078 2.687 x 10°
3.65 0.18 8 x107* 202.23 6.7 X 1078 2.687 x 10°
2.39 0.20 9x10* 210.52 7.44 x 1078 2.687 x 10°
2 0.15 8x107* 180.72 5.583 x 1078 2.687 x 10°
1.63 0.17 8x107* 200.00 6.327 x 1078 2.687 x 10°
1.26 0.19 1x1073 190.00 7.072 x 1078 2.687 x 10°
1.15 0.15 8x10* 168.54 5211 x 1078 2.687 x 10°

Note that the ratio a2 /a2 is always very high. Thus, we conclude that in these cases the effect of the posterior on

the RL is very small in comparison to the error Gebraeel had on average 200 observations and we did the same.
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Chapter 7

Conclusions and Future Work

7.1 Conclusion

This focus of this dissertation is to show that we can approximate the posterior distribution with normal
distribution. This approach is applied to the distribution generated by Bayes formula, by multiplying the
likelihood which contain degradation model with prior distribution. The intended degradation model houses the
stochastic parameters which in turn describes the characteristics of a degrading component or a device. The

main contribution of this method is to reduce dependence on heavy numerical computation.

Throughout this work we applied Laplace approximation to obtain the posterior distribution. Several
types of prior distributions and two types of error distributions. This method is used on N-N, N-G, DE-G with a
univariate degradation model, and N-JN, N-BN, DE-JN, DE-BN. After obtaining the asymptotic normal
distribution of posterior, we tested consistency of the point estimate of each case. We used asymptotic mean
square error (AMSE). In some cases, the AMSE converges to zero when n tends to infinity, hence our estimator
is consistent, in other cases AMSE has the trivial upper bound, in this case we used the weaker type of
consistency. Convergence in probability is used, we were able to show convergence to a constant in some cases

to zero as n tends to infinity. Hence a degenerate distribution is deduced.
7.2 Future Work
Laplace approximation works well with unimodal distribution. For future research, it would be

interesting to consider bimodal and multimodal posterior distribution, severely skewed prior distribution, and

multivariate degradation model.
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Chapter 8

Mathcad Codes

8.1 Simulation Codes for Double exponential error and Gamma prior

2
2
y =11 p = 1.12 b:=05 a = (—) = 3.306
y
rgam(m,a ,p) = rgammil(l,a)
B
tstart := O tend := 300

K, = ceil(tend — tstart)

6 :=rgam(l,a,B)g

K = 300
i=1.K
tj = tstart + i
ri == runif (1,0,1)q
. 1
5= |log(2:ri) if ri< >

. 1
~log(2 - 2-rj) if rj > >
j=0.30
intervalsj := -1.5 + 0.1+

H = hist (intervals , ¢ )
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-2 -1 0 1
intervals j

Double Exponential distribution plot

/§j:=9t|+8|
Si
aj = —
tj
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-1 X
2l n
p(a.p)=x""te !

HX = Zif(x = ai’%[i’oj JX) = Zif[X> ai,%i,oj

W(X) =

“_1—H(x)+T(x)+ﬁ3

1
W(X) = — - Erf < ,—0 Ef ,—, —
W(x) : ( [x aj j I|(x>a. j+B]

Given

W(x) =0

Hp = Minerr(x) = 4.474188361737699

r=mup = 4.474188361737699

aj-1 —2aj
oK

Vj =

h == max(v) h =223x10 4

W(r + h) —W(r —h)

fed (r,h) = -

fod (r,h) = —4x 10

o = |—=1  _ 0.00015811169235373 50
P fed (r,h)



0 = 4.47405113653772

m = up—30p if up—30p >0
0 otherwise
" 1
_TZ |Si—x-ti| —g
NC:=| x*te ! H... =0
0
,.up+3'csp 1
TZ |Si—X'ti| —E
+ x* L i o ...
“m
o 1
TZ |Si—x-ti|—§
+ x*Le i 3}
"pp+3-cp
Plrp,a,p
L _ 2.406x 10° dnorm(pp,pp,cp) = 2523x 10°
P(rp:-8)
R.= =0
anl’m(pp,up,Gp)
NC =0

X = 0’0'0001““p+ 3-cp

o1



5 PDF with Gamma prior skewness 0.5
3x10 T T T

2%10°F -

1x10°F -

0
4.4737 4.474 4.4742 4.4744 4.4747

True Posterior
—— Approximate Posterior

t:=0..tend

g(0) = —582.05388881

t:=0..tend

cnorm(g(t)) — cnorm(g(0))
1 — cnorm(g(0))

t:=0,0.1..tend
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7p (1= {P —wp{t 1)

dnorm[g(t),up-(t - tk) ,/(t - tk)2~0p2 + 2-b2] 'p + .
/2°b2+0p2-(t—tk)2 -

|:2-b2 + sz-(t - tk)2:| ’

f(t) = 1 - cnorm(g(0))

t:=0,0.2..tend

D-G with alpha = 2.5 skewnwss = 1.26
4 T T T T T T

Frequency
N
I
|

[

80 82 84 86 88 90 92 94

Residual Life

8.2 Simulation Codes for Gaussian error and Gamma prior

2
2
y = 1.26 p = 1.12 p =0 c =4/0.19 o = (—j = 2.52
Y
tstart .= O tend := 200
— cej - - rgamma (1,
K == ceil(tend — tstart) K = 200 rgam(m . .p) == g 1( a)
1=1..K E
tj .= tstart + i

&i = morm(1,u,5)o
6 := rgam(1l,a ,p)g Hg = a-f = 2.822
6 = 0.962
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i = 0-tit+egj

17 —4.a

{% > (sit)- H{ZZ (si) - +8{% > <>]<a-1>
e ° i=1 ° i=1 . | 20" 1 _ 0.961
_4[ﬁz (ti)z
uy= 2t “_22.; 88C _ 1118x1077
[%i (s.-t.>§]+j[2~i CORE [%i }al)
_ L% =t ° =1 - - =1 ~ 1.118x10 '
4{#2 (ti)z
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Gll
_2a__
H1

fl (%) = dnorm(x,ui,cl)

EC = —g(ul’a’ﬁ) -0
fi(u1)
a,= “1_361 if u1—361>0

0 otherwise

= 2.659 x 10

4
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_2a__

H2

hy—3cq = 0.96

a =096

= 9.071 x 10
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200 T T T

150 .

Si  100f =

50

0 50 100 150 200

— Signal

x:=0,0.0001..0 +1

Posterior Distribution « = 0.15 and skewness = 5.16

1.5¢10°

1x10°

500

0.9605 0.961 0.9615

Distribution with estimated Constant
— Posterior Approximate Distribution

a-1 -—
gam(s) = e P
r(a)p”
s:=0,0.5.50
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(@ —1)-p = 1.702

PDF of Gamma (3, 1.12)

0.3

0.2

0.1

ty = 129
ny = 0961
012 =7.072x10" 8
62 =019
D = 0.03

Ml'(t - tk) -D
9(t) =

J(t — tk)2~012 + 02

t:=0,0.2..tend

dnorm[g(t) " 1-(t - tk) ,/(t - tk)z"’ 12 + 62}.

H1

20

o1 (t =) {D - na{t-t)]

/02 + 612-(1: —tk)z

3
2

[02 + 012'(t - tk)z}

f(t) =

1 —cnorm(g(0))
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Gamma Prior Method for skewness = 1.15
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