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ABSTRACT

A STUDY ON THE ROTATIONAL b-FAMILY OF EQUATIONS

Emel Bolat, Ph.D.

The University of Texas at Arlington, 2018

Supervising Professor: Yue Liu

In this thesis, we study a mathematical model of long-crested water waves
propagating in one direction with the effect of Earth’s rotation near the equator by
following the formal asymptotic procedures. Firstly, we derive a new model equation
called the rotational b-family of equations by using the Camassa-Holm approximation
of the two-dimensional incompressible and irrotational Euler equations. Secondly,
we establish that the local well-posedness of the Cauchy problem for the rotational
b-family of equations on the Sobolev space H®, for s > 3/2. In addition, we study
the effects of the Coriolis force and nonlocal higher nonlinearities on blow-up criteria

and wave-breaking phenomena.
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CHAPTER 1
INTRODUCTION

In this thesis, we study the modelling and analysis of the rotational b-family of
equations, such as local well-posedness, blow-up criteria, and wave breaking criteria.
The early studies about shallow water equations, b-family of equations and rotational

b-family of equations are reviewed in this chapter.

1.1 Early Studies on Shallow Water Equations

The studies on shallow water waves have been studied in the areas of geophysical
fluid dynamics, physics and applied mathematics to interpret the wave behavior on
the geophysical flows. Firstly, in the history of shallow water wave theory, John Scott
Russell (1808-1882) explored a phenomena that he called as the wave of translation
and explained in his words [39, 40]:

“I was observing the motion of a boat which was rapidly drawn along a narrow
channel by a pair of horses, when the boat suddenly stopped-not so the mass of
water in the channel which it had put in motion; it accumulated round the prow
of the vessel in a state of violent agitation, then suddenly leaving it behind, rolled
forward with great velocity, assuming the form of a large solitary elevation, a rounded,
smooth and well-defined heap of water, which continued its course along the channel
apparently without change of form or diminution of speed. I followed it on horseback,
and overtook it still rolling on at a rate of some eight or nine miles an hour, preserving
its original figure some thirty feet long and a foot to a foot and a half in height. Its

height gradually diminished, and after a chase of one or two miles I lost it in the



windings of the channel. Such, in the month of August 1834, was my first chance
interview with that singular and beautiful phenomenon which I have called the Wave
of Translation.”

After his observation, he also did an experiment to replicate his observation
by building a tank and trying to repeat the solitary waves in the tank. He received
successful results at the end of the experiment. However, the importance of his
phenomena was not understood until the studies of D. J. Korteweg and G. de Vries

in 1895. They analyzed the following equation

Up + Uy + 5““3: + gux:va: = 07

which is called as the Korteweg-de Vries (KdV) equation [32] . For the KdV equa-
tion, they also derived the traveling wave solution, which confirmed “the Wave of
Translation” of Russell. Later, it is called as one soliton solution.

The KdV equation and many other shallow water models known as approx-
imations to the full Euler dynamics are only valid in the weakly nonlinear regime
[32]. On the other hand, this is not enough to satisfy some physical phenomena
such as wave breaking, which means that the wave remains bounded while its slope
becomes unbounded in finite time [43], waves of maximum height [1, 42]. They need
a transition to full nonlinearity. This leads researchers to investigate new models for
nonlinear shallow water waves [43].

To describe the long-wave regime, the positive parameters € and p are defined

by respectively the amplitude parameter and the shallowness parameter as

a h?
E = —’ pr— —’
e o M
where long wavelength is A, small amplitude is a and mean level of water surface is hy.

Considering the Boussinesq regime € = O(u) as p < 1, asymptotic approximations for
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the unidirectional solutions of the irrotational two-dimensional water waves problem
is obtained by the KdV model [3, 13]. However, for more accurate asymptotic
approximations for these types waves which have more nonlinear behavior than
dispersive, larger values of ¢ are considered, which is called the Camassa-Holm (CH)
scaling [11], e = O(y/jt) as u < 1. Stronger nonlinear effects are obtained with CH
scaling. That means the presence of breaking waves could be investigated with a
higher nonlinearity [11].

Camassa and Holm derived a new completely integrable dispersive shallow

water equation [4]
Up — Upgy + KUy + 3UUy = 2UpUspzy + Ulgge,

where u is the fluid velocity and k is a constant related to the critical shallow water
wave speed. They derived the equation by using Hamiltonian methods in [4]. In
addition, by using the asymptotic expansion at linear order for unidirectional shallow
water waves, the integrable third-order KdV equation was obtained in [18]. On the
other hand, a family of shallow water wave equations was derived at quadratic order in
this asymptotic expansion and these equations are asymptotically equivalent to each
other under a group of nonlinear, non-local, normal-form transformations introduced
by Kodama in combination with the application of the Helmholtz-operator [18].

The b-family of equations is described by the following family of 1+1 evolutionary
equations which is one dimensional nonlinear waves in fluids [29]

m; + um, + buym =0, with u=g*xm, (1.1)
~~ ——

convection  stretching

where u(t, x) is denoted as fluid velocity on the real line and vanishing at spatial

infinity and the % denotes the convolution, yielding

u(z) = /Oo g(x —y)m(y)dy,
3



which relates the velocity v to the momentum density m by integration against the
kernel g(z) over the real line. The kernel function g(z) is chosen as g(z) = Le7l"l
which implies that m = u — u,, . The kernel g and the dimensionless constant b
which is the ratio of stretching to convection represents the family of equations (1.1).
The traveling wave shape and length scale for (1.1) are established by the function
g(x), while a balance or bifurcation parameter for the nonlinear solution behavior is
given by the constant b.

In the equation (1.1), the quadratic terms show the balance, in fluid convection
between nonlinear steeping and amplification owing to b-dimensional stretching. For
b # —1 the equation, (1.1) can be derived as the family of asymptotically analogous
shallow water wave equations that appears at quadratic-order accuracy by a proper
Kodama transformation [16, 18].

In addition, the local well-posedness of b-family of equations is established by
using Kato’s semi group theory in [30]. Also, Escher and Yin obtained the local
well-posedness of b-family of equations to get a precise blow-up scenario, to prove
that the equation has strong and finite-time blow-up solutions|[21]. Degasperis, Holm,

and Hone[17] showed that the b-family of equations have the peakon solutions
u(z,t) = ce”l# ¢ > 0, (1.2)

besides, they have multipeakon solutions

N

u(z,t) = Z pr(t)e o4l

j=1
For any b, the quantities p; and ¢; are not canonical variables but satisfy the dynamical

system




where the overdot denotes the t-derivative and the generating function Gy is given
by

N
1 lgi—
GN:§ E ppr(t)e 157wl

J,k=1

For each b # 0, (1.1) has at least three conserved quantities as follows:

Ei(u) = /Rmd:c,

Es(u) :/ml/bdx,
R

By = [ m (e 1) 4
3(U)— Rm W+ xZ.

On the other hand, the equation (1.1) is completely integrable if b =2 or b = 3. The
integrability is proved by using the method of asymptotic integrability [16].

When b = 2, the equation (1.1) is called the Camassa-Holm equation in the
form

Up — Upgy + Uy = 2Uplppy + UlUgyy, t >0, x €R, (1.3)

which is the model of the unidirectional propagation of shallow water waves over a flat
bottom [4, 19]. Here u(t, ) is the fluid velocity at time t in the spatial = direction.
(1.3) has bi-Hamiltonian structure [23, 41] and is completely integrable [4, 10]. It
has also solitons as the KdV equation, while the CH equation yields permanent and
breaking waves, and has peaked solitons of the form (1.2) [4, 5, 8, 36]. The Cauchy
problem for (1.3) is studied thoroughly. Local well-posedness for the Camassa-Holm
equation with the initial data uy € H*(R), s > 3/2 is shown in [7, 33, 38].

When b = 3, (1.1) is called the Degasperis-Procesi (DP) equation given by
Up — Uppy + AUy = BUglpry + Ulgey, t>0, x €R. (1.4)

The formal integrability of the Degasperis-Procesi equation (1.4) is proved in [17] by

setting up a Lax pair. In addition, bi-Hamiltonian structure and an infinite number
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of conserved quantities for (1.4) are shown in [17]. On the other hand, similar to the
Camassa- Holm equation, local well-posedness of the Degasperis-Procesi equation is
proved in [44], for the initial data ug € H*(R), s > 3/2 .

The Degasperis-Procesi equation has many properties which are similar to
the Camassa-Holm equation such as global strong solutions shown in [9, 7] for the
CH equation and in [20] for the DP equation, finite time blow-up solutions, peakon
solutions u.(t,x) = ce”#= for ¢ > 0 [17]. In addition, the Degasperis-Procesi
equation has shock peakons [34].

In the next section, some details of the new model equation are given.

1.2 Rotational b-Family of Equations
The rotational b-family (R-b-family) of equations is a model equation with the
Coriolis effect from the incompressible and irrotational two-dimensional shallow water

in the equatorial region in the following form

— Blitigyy + cuy + (b4 1) acun, — Bopitlaee + wie*u?u, + wreuPu,
(1.5)

= aﬁgu(buxum + Uu:p:m)a

where the constant rotational frequency due to the Coriolis effect is defined as the
parameter €2 and the wave speed is ¢ ;== v/1 + Q2 — Q. The other constants in (1.5)

are defined by

c(3c*+(5b+8)c?—(b+1)) (b+1)(3c* +8c2—1)
(b+1) 1+c2 , Bo = 9b(c2+1)2 , 0= 9(c2+1)2
—3c(c?—1)(c2-2) (c2—2)(c2-1)2(8¢2-1)

2(14c2)3 2(1+c2)d

a =

Wy = , and wy 1=
The horizontal velocity field at height 2 is represented by the solution u of

(1.5) , and after the re-scaling, it is required that 0 < zy < 1, where

(1.6)

=1 2 1 +(b—2)02+2b+4
TN Ty 3@+ (2 +1)2
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As the constant 8 has to be greater than 0 , it must be the case
1
0<Q< 6(1 +2v19) ~ 1.273.

10 _ V19—4
Let b > {7 and ¢ = =,

116 — 10 :
A /T = 2(b, 1) = C01<1qcf§1 20(c) < 29 < cos<u(31%1 2o(c) < 0.984.

There are two special cases for R-b-family equation, which corresponds to some well-
known equations for some different b values. The first case, b = 2 is corresponding to
Rotational Camassa-Holm (R-CH) equation:

C:17 6:i7 6021
2 ta=o. (1.7)

w1:0,w2:0, a =3

Also, if @ =0, 2y = % which corresponds to the height of the case of the classical
CH equation.
The second case, b = 3 is corresponding to the Rotational Degasperis-Procesi(R~
DP) equation:
c=1, /325—(7)7 502%1

Q0 =0. (1.8)

wp; =0, wy =0, a:g

In addition, if Q@ =0, 2y = @ which corresponds to the height of the case of classical
DP equation

To derive the R-b-family of equations model in (1.5), we refer the reader to the
paper [27] where the classical CH equation was derived. The R-b-family equation in

(1.5) is established by showing that after a double asymptotic expansion with respect



to € and p, the free surface n = n(7, &) under the field variable (7, &) defined in (2.2)

in 2D Euler’s dynamics (2.3) (see Section 2), is governed by the equation

2
C
2(Q+ ), + 3cPnme + 3 Milese + Aven®ne + Ase®nPne + Asen*ne

=epn [A377§77§£ + AMU&&&] + O(eh, 1),

where the constants

3c2(c? —2) (2 —c*)(® —Tc* +5c% - 5)
Al = y A2 = 3
@1y @5
—2(9¢* + 1662 — 2) —2(3c* + 8¢ — 1)
Ag = 5 A4 = )
3(c?+1)2 3(c?2+1)2
A A(c® —2)(3c!Y + 228¢® — 540c® — 180¢* — 13¢? + 42)
o 12(c2 + 1)6 '

The free surface n with respect to the horizontal component of the velocity u at

z = 2o under the CH regime ¢ = O(,/jt) as jt — 0 is also given by
1 2 2.3 3,4 4 2
0=~ eu” et + e’ + quepuge + O(e7, 1),

where the constants in the expression are given by

2= (@ -D(E-2)2c2+1)
e 2¢2(c? + 1)’ 2= 2c3(c2 +1)3
(2 —1)%(® — 2)(21c* + 16¢* + 4) 2 33 +1 —(3c* + 6¢* — 5)
V3= o YA = 5 =

8ct(c2 +1)° T2 6e(@+1) 12¢(2+1)2
(here the height parameter 2, is determined by (1.6)).
The equation (1.5) can be rewritten by defining m := (1 — Sud?)u, in terms of

the evolution of the momentum density m, namely,

O + as(umy + bmug) + cuy — Bofillpee + w1E2U U, + woeuu, = 0. (1.9)

In the case that the Coriolis effect vanishes (2 = 0) for b = 2, the coefficients in

the higher-power nonlinearities w; = 0 and wy = 0. Using the scaling transformation
8



u(t, z) — acu(v/Bu t,+/Bp x) and then the Galilean transformation u(t, x) — u(t, z—

3t) 4 1, the R-CH equation (1.9) is then reduced to the classical CH equation (1.3).

Note that the R-b-family equation (1.9) has the following conserved quantity

I(u) := / udz. (1.10)
R
As a special case b = 2, the equation has three conserved quantities as follows

](u):/Rudx, E(u):%/R(u?—kui) dz,

and

1
F(u) = 5/]1@ <cu2 +u® + %ui - %u‘l +

In this thesis, due to the Coriolis effect, we obtain higher power nonlinear terms

1(5};3 u’ + uui) dz.

from the derivation of the rotational b-family of equations given in next chapter.
Then, some intriguing inferences can be made for the fluid motion, especially breaking
waves and the permanent waves. In addition, we analyze the effects of the Coriolis
force with the Earth rotation on the appearance of the wave-breaking phenomena.
Local well-posedness, blow-up and wave breaking criteria are proved for this equation
in chapter 3. In chapter 4, wave breaking phenomena is investigated for the rotational

Camassa-Holm equation.



CHAPTER 2
THE ROTATIONAL b-FAMILY OF EQUATIONS

2.1 Derivation of the Rotational b-Family of Equations Model

The derivation of b-Family of equations model with the Coriolis effect is given
in this section. To establish this model equation, incompressible and inviscid with
a constant density p and no surface tension is considered for water flow. Also the
interface between the air and the water is a free surface. Then such a motion of
water flow occupying a domain D, in R3 under the influence of the gravity ¢ and the
Coriolis force due to the Earth’s rotation can be described by the Euler equations

[24], viz.,[37]

\
where @ = (u,v,w)T is the fluid velocity, P(t,z,y,z) is the pressure in the fluid,
G = (0,0,—¢)T with g ~ 9.8m/s? the constant gravitational acceleration at the
Earth’s surface, and 0 = (0, Qcos ¢, Qpsin )T, with the rotational frequency
0y =~ 73 -107%rad /s and the local latitude ¢, is the angular velocity vector which is
directed along the axis of rotation of the rotating reference frame.

The origin of the rotating reference frame is adopted at a point on the Earth’s
surface with the z-axis, the y-axis and z-axis respectively chosen horizontally eastward,
northward and upward. Also D, = {(z,y,2) : 0 < z < ho+n(t,z,y)} is defined where

ho is the typical depth of the water and 7(t, x,y) measures the deviation from the
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average level. Under the f-plane approximation (sin¢ ~ 0, ¢ < 1), the motion of
inviscid irrotational fluid near the Equator in the region 0 < z < ho + n(t, z,y) with

a constant density p is described by the Euler equations [12, 24] in the form

(

U + Uy + VU + wu, + 2Qow = —%Pl,,

1
vy + uv, + Vv, + wu, = —;Py,

Wy + Uwy + vwy + ww, — 2Qpu = —%PZ - g,
\

the incompressibility of the fluid
Uy + vy +w, =0,
and the irrotational condition
(Wy — Vs, Uy — Wy, Uy — uy)T = (0,0,0)%.
The pressure is written as
P(t,x,2) = Fa+ pg(ho — 2) + p(t, 2,9, 2),

where P, is the constant atmosphere pressure, and p is a pressure variable measuring
the hydrostatic pressure distribution.

When P = P, is the dynamic condition on the surface z = hy + n, pressure p is
P = pgn-
Besides, the kinematic condition on the surface z = hg + n(t, x,y) is given by
W =N+ UMy + Uy, .
Lastly, considering “no-flow” condition at the flat bottom z = 0, that is,

IU|Z:0 :O
11



The two-dimensional flow is considered which is moving in the east-west direction
along the Equator. It means that v = 0 over the flow which is independent of the y-
coordinate. Then the irrotational condition can be restated as u, —w, = 0. Moreover,

the dimensionless quantities are given

x> v, 2z hyz, n—an, t— t,

A
Vgho
which implies

u =/ ghou, w = +/pughow, p+— pghop.

Also considering the effect of the Earth rotation, we describe
h
Q= /.
g

u—0, w—0, p—A0,

additionally, as € — 0,

that is, u, w and p are proportional to the wave amplitude so that a scaling is required
as
U €U, W EW, P> EP.

As a result the governing equations turn into

(

up + e(uu, + wuy) + 2Qw = —p, in 0<z<1+en(tx),

p{we + e(uw, + ww,)} —2Qu=—p, in 0<z<1+entx),

Uy +w, =0 in 0<z<1+en(tx),

Uy — pwy, =0 in 0<z<l1+en(tz), (2.1)
p=n on z=1+en(t x),

w =1 + eun, on z=1+en(t x),

\w:0 on z=0.

12



We begin with setting up a proper scale and a double asymptotic expansion to
obtain equations in groups with respect to € and p independent on each other, where
g, i < 1, to derive the rotational b-family of equations for shallow water waves. The

proper far field variable is defined in terms of
E=cP(x—ct), 7= w=\eW (2.2)

where c is the group speed of water waves [27, 28].

Applying this transformations to the governing equations (2.1), we get
(

—cUg + £ (ur 4+ uug + Wu,) +2QW = —p; in 0<z<1+en,
ep{—cWe +e(W; +ulWe + WW,)} — 2Qu = —p, in 0<z<1l+4en,

ug +W, =0 in 0<z<1+4en,

u, —epWe =0 in 0<z<1l+en, (2.3)
p=n on z=1+en,

W = —cne +e(nr + une) on z=1+en,

KVV:O on z=0.

To find a solution for the system (2.3), a double asymptotic expansion is given as

a~ D D
n=0 m=0
as ¢ — 0, u — 0, where the each function g, provides the far field conditions ¢, — 0
as || = oo for every n, m = 0,1,2,3,... . This expansion is considered for the scale
functions u, W, p, and 7.
Now, every coefficients of the order O(e’, /) (i, 7 = 0,1,2,3,...) are analyzed
by applying the asymptotic expansions of u, W, p, n into (2.3).

Considering the order O(g%, u°) terms of (2.3),

fa) = )+ Y B oy (2.4
13



is derived from the Taylor expension that

(

—cugo,e + 2QWo = —pooe in 0<z <1,

2Quoo = poo,» in 0<z<l1,

Uoo,e + Woo» = 0 n 0<z<1,

ugo,» = 0 in 0<z<l, (2.5)
Poo = Tloo on z=1,

Woo = —cnooe on z=1,

Wy =0 on z=0,

\

where the expression ugg¢ is the derivation of ugy with respect to &.

First of all, from the fourth equation of the (2.5), we see that ug is independent
of z, which yields ugy = ugo(7,§).

Nextly, from the third equation in (2.5) and the boundary condition of W on

z = 0, we obtain

Woo = Wooz=o0 + / Woo,z/dzl = —/ U0 ¢ dz' = —ZUpo,¢, (2.6)
0 0

Additionally, considering the boundary condition of W on z = 1 | it gives us the

following
uoo,g(ﬂ §) = 07700,5(7; £). (2.7)

As a result, the following equations are obtained from (2.5)

Uoo(ﬂ 5) = 07700(7', 5)7 Woo = —CZToo,¢, (2~8)

where use has been made of the far field conditions ugg, 790 — 0 as |{] — oc.

In addition, integrating the second equation of (2.5), we get

Poo = pOO’z:l + / Poo,z’ dZ/ = Too + QQ/ Uoo dZI = Too + 29(2 — 1)u00. (29)
1 1
14



Then from (2.9) and (2.7), we can have

Poog = <% +2Q(z — 1)) Upo,¢- (2.10)
To conclude, the first equation of (2.5),(2.10) and (2.6) provide us the following
(¢® +2Qc — Dugoe = 0, (2.11)
that means
¢ +20c—1=0, (2.12)

if ugg is assumed a non-trivial velocity. Consequently, if we suppose the waves flow to
the right direction (¢ > 0),

c=V1+02-Q (2.13)

is obtained.
Following the similar way to get results for the order O(g°, ul'), O(&?, u°),

O(e!, 1u),0(e3, u°), O(e*, u°), and O(&?, u')terms of (2.3) respectively, we have

Up1 = Co1 = CTo1 (7'7 f)a (2-14)
2¢c1 — 392
Ugg = U20(Ta 5) = Clj20 — 2(0 + C1)77007710 - m(c + 01)77307 (2-15)
c 2c c
uy = up(7,€) = (6 - ?1 - 522) Moo.ce + cni1 — 2(c + ¢1)MooNo1 5
2¢1 — 382
ugo = ugo(7, &) =cnzo — 2(c + ¢1)(Moom20) — (¢ + 01)(77%0) - fll——l—c(c + 61)(77307710)
(64ccy + 24¢2 + 45¢ + 2402 — 3) 4
(2.16)
2(c+ Q)30+ + 3¢ (Moomso + Moto)e — 2(3¢ + 2¢1) (¢ + 1) (MGam20 + MooTio e

(2.17)

(64cey + 242 + 45¢* — 15)

- 3(c+ Q) (¢4 1) (1oemo)e — Ba(1mge)e = 0,

15



2
c
2(Q + )1y + 3¢ (Mooms + Monor)e — 2(c + c1)(3c + 2¢1) (nggnor e + 5 Thogee

10cc; 2¢2 2 20cc; 82
- <€ + 9 + ﬁ) (7730,.5)5 - (g + 9 + ?1) (NooMooge)e = 0,

(2.18)

with
3c? 3c?
N 2.19
T MO 0 T 2211y (2.19)

(c+ ¢1)?(82cey + 36¢2 + 45¢% — 18Q¢; — 270 — 15)
3(24 ¢)?
N c1(c+ e1)(64cey + 24¢3 + 45¢% + 2402 — 3)
3(Q+c)? ’

B1 =

1 (c+c1)*(2c1 — 3Q)  2c(c+ ¢1)(64ecy + 24¢3 + 45¢% + 2402 — 3)
BQ = —Bl —
5 3(Q2+c) 12(Q2 + ¢)?
(2 — *)(3c!0 + 228¢% — 540c® — 180c* — 13¢? + 42)
60(c? +1)6

Details for the each order can be found in next chapter. After analyzing all orders,

we consider 7 as the following

1 = Noo + N0 + €220 + N30 + LNo1 + ey + 0(547 Mz)- (2.20)

Multiplying the equations (2.38), (2.50), (2.61), (2.71), (2.80), and (2.90) by 1, ¢, py,
2, €%, and ep, respectively, and considering (2.20), we obtain the equation of  up to
the order O(g?, ?) that

2
3
= <A377£77£5 + A47777£55) +O0(e, 1),

2(Q + )y + 3P mme + — pneee + €A N + 2 A’ ne + Ao’ e

(2.21)

where ¢, = —Q(E’Q—Cil) is defined in (2.39),
Ay = 5B, = 2(? — 2)(3¢'0 4 228¢® — 540¢5 — 180c* — 13¢2 + 42)

12(c2 + 1)6 ’

16



2(.2
-2
Ay = =203c+20)(c+ ) = 3e(c =2

GESYE
Ay _ (6decy + 24¢2 4 45¢* — 15) cte)= _62(2 — (S —Teh 4 52— 5)7
3c+Q) (2 +1)*
2¢* 40cc;  4c? —c*(9c¢t + 16¢° — 2) A 20ce; 82  —c*(3ct+8c2—1)
Az = —+ +— = ;o Ay = — —1 =
379 3 3(c2 + 1)2 379 9 3(c2 + 1)2

Furthermore, we have the followings from analyzing all orders
Uoo = C€Moo,

U9 = o — (€1 + €)1gos

U1 = CNo1,
c 2 2
uy = cn — 2(e1 + )noonor + | = — —— — — | Moo.ge»
6 9 2
2¢1 — 312
Uz = 20 — 2(c + ¢1)(Noomo) — m(c + 1) (150)
2c; — 3Q)
uso = cnso — 2(c + 1) (noonz0) — (¢ + 1) (nfy) — ;Z—JFC(C + c1) (o)

(64cey + 242 + 45¢% + 2402 — 3) 4
24(C—|—Q)2 (C+Cl)(7700)-

Then we obtain

1 1 1
2 3
Moo = EUOO’ Mo = Eulo + Y1Uggs Mo1 = EUOb 20 = Euzo + 271u00u10 + Y2Ugo,

N30 = Eugo + ylufo + 2v1ugousg + 372u(2)ou10 + 73“30:

7711 — E’U,ll + 2’)/1UO0U01 + 7411’00’567

where
def C1 +C
P)/]. = 03 Y
d_ef 2(C+Cl)2 (261 — 3Q)(C+Cl)
= P 3t (c+Q) 7
det D(c+c1)® 5201 —3Q)(c+c1)?  (64cey + 24¢3 + 45¢% + 2407 — 3)( +o)
= c+c
s c’ 3c8(c+ Q) 24c%(c+ Q)2 Y

17



or it is the same,

2= (@ =D —-2)(22+1)
= 2¢2(c2 + 1)’ 2= 2¢3(c2 4+ 1)3 ’ (2.22)
(@ =12 —2)(21c" + 16 + 4) 2 32 +1 '
7= 8ct(c? +1)° Y 6e(c2+1)
Therefore, we can rewrite n with respect to wu,
_ 2 3 4 2
N = Moo + €Nio + €°Na0 + o1 + €°n30 + eprpn + O, p1”)
1 1 9 51 3
= Euoo +e Eulo + YUy | € EU20 + 291u00u10 + Y2Upg
1 1
+ p o +ep p + 2v1upouor + Yalloo,ee
1
+ & (EU?)O + ’7116%0 + 2v1ugougo + 372’“30%0 + ’73U30) + 0(64, M2)-
and consider
_ 2 3 4 2
U = Ugg + EULg + E U +,UU01 + €% Usp +€[LU11 + 0(6 , ),
So we obtain
1
n=ut Y1eu? + yee®u® + yzetut + yuepuge + O(eh, 1?), (2.23)

where ~; (i = 1,2,3,4) are defined in (2.22) and the parameter z € [0, 1].

The equation (2.23) gives us a result that the free surface  and the horizontal
velocity u do not have the relation with Coriolis effect. Also, it states that we can
derive other water wave models ,like the classical KdV equation, the BBM equation.
and the (improved) Boussinesq equation, from relation (2.23) in the KdV regime
e = O(p). Now, we find the each term of the equation (2.21) with respect to u by

using (2.23), so we have

2(Q 2(Q
202+ c)n, = (Q+c) Uy + (2 + 0)3(01 i C)s(UQ)T +2(Q + ¢)y2e? (1),
c c (2.24)
+2(Q+ )73’ (u')r + 2(2 + )rchurg + O(eh, 1%),

18




1 c1+c¢
—u+
c3

eu? + ypeud 4+ y3etut)? + ’y4€uu55) +O(*, 1?)
3

3¢ (1 2(c; + ¢ c1+c)? 2 2
== (;uQ + %81&3 + (“T + 272)5%4 + apeue

2 2(c1 +c
+ (273 + Hato) 103 )72)5?’“5) + 0", 1?),
£

c? | c+ec
— MNeee = —#(EU + 3 eu?)ege + O(e, %),

3 3
A A
£l (A3n§77§§ + A477n555) = e/ <C—23u5u§§ + C—;UU§§§) + O(€4, /f),

1

3 2 3
gu:s n (c1+c¢)

eut + (T + §72)52u5] + O(e*, 1i?),
'3

3(c1 +¢)
&

A
Asen’ne = ?15[

As(c1 + ¢
Ag®nPe = —€ (uh)e + %53@5)5 + O(e*, p?),

and
_ 34 DBy s O 12
5Boe™n ne = C55(u)5+ (e%, 1),

Therefore, the equation (2.21) turns out

. 2(cy 2+ c)
c
cAs 5 4 cAg 9 c? cA;
BT T (o B e A o s T (o s
cAg cAg

— O 4 2 2
+ (—2(Q+C)u§u§5 + —2(Q+C)UU§§§)6M (e’:‘ LET L, ),

3c
EUU, + 372052u2uT + yacepU g + 473053u3uT + 5

(Q+c) e

dutug  (2.25)

where
6(c1 + ¢)?
A

4A A
+ 12c7, + —1(0; T, =,
c c
ey +¢) Ay
et

2(c1 +c¢ A
Ag ::3074+—( lc )—0—237

2(01 + C) A4
Ag = 3¢y, + R
19
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3 2 2 2(01 + C) A1 3 2 3 AQ(Cl + C) Bg
A7:=5 [50 (E’Ys + T”Yz) + ?(g(cl +c)"+ 6—272) T % T s
Multiplying the equation (2.25) by eu, we have
2 3 A
EUU, = —EU (%auu + 372662112167- + Q(Q—ic)u% + ﬁgu%g

0‘16 2 02 4 _2 2
- - P )
—|—2( C>€U u§+6( C),uu&g)+ (6,6 ,u,u),

which implies

2 3 A
cu (1 + Meu + 372052u2) Ur = —EU (—Cuu5 + Lgu?’u&

c? 2(Q+¢) 2(Q+¢)
cAg 2 ¢ 4 2 2
+ 2<Q+C)€u e+ 6(Q+c)'uu£§£> HRASRERY

From the last equation, we obtain

2 2 3
%su + 3ygce?u?) + (wau)ﬂ {Z(—Cuug

EUL, :—au{l—( 5 970

cAs 5 4 cAg 9 c? 4 9
s _ 6 - o)
+2<Q+C)5uu5+2(9+c)5u u§—|—6<Q+C),uu55§ + O(e*, 1*),
and then
3c N c? N 2Ag —6(cy + c)5 9
;= U U + ———— uu
s 200 +c) TGt o)l 2¢(Q + ¢) ¢ 226)
N 2As — 2Ag(c1 +¢) + 302(4(010%)2 —372€) 4 4 O ) '
2¢(2+¢) U L
3¢ *Ag — 6(c1 + )
2,2 2,2 6 1 2 4 2 2
r = — O ) Y Y
euu 5u[2(9+0)uu5~|— 2@+ 0) 6uu5}+ (e%, &%, 1°)
Sudu, = — L53u4u + O 1?),  eptiree = —Lsu(uu Jee + O(*, 1i?)
T 2(Q +¢) ¢ e T 2(Q+¢) e ’

(2.27)
In (2.27), we use the decompositon of the term gt ¢e, which is ep(1—v)uree +pvuree
for some constant v (to be determined later), as follows

3cv
Eptirge = pu(l — V)tirge — mé‘ﬂ(uug)s& +O0(e* 1?). (2.28)

20



Considering (2.26)-(2.28), we can rewrite (2.25)

u; + cya(l —v)peu +Luu +C—2 u —ﬁezu?’u
TTen P T o+ o) T e+ o T 2" 1
3¢y 2(c1 +¢) 3c 9 c?
BT e (ute)ee + 2 © ST C)u ue + Q0 Pulege
C2A6 — 6(61 + C) 3 CA5 2 3 CAG 2
2+ 0) Eu u;g]+—2(Q+C)8uu§+—2(9+6)au Ug
CAS CAg
- ° _ A 3,4 =0 4 2
+N5<2(Q+C)U5“££ + 2(Q+C)W£§£) + Aweutug = O(e7, 1),
where
oA (c1+¢) (02A5 —2A6(c1 +¢) + 302(4(610%)2 - 3720))
A = L
(0 +¢) AQ+c)
 372(c®Ag — 6(c1 + ) + 12¢%3
2(Q2+¢) ’
which implies
+62 + ¢ + cy4(1 — V) pgtrge + Ayreu?
Ur + ———Ulg + —————pu c — V) UEU, uu
241 3 3(02 + l)p“ 1333 V4 HEUree 11 3
(2.29)
+ A1252u3u5 + A10€3u4u§ + pe | Azuugee + Arauguge | = 0(54, 2, /f).
where
. AAg—6(c1+¢)  —3c(—1)(c* —2)
T 240 22 +1)3 7
Ao cAs 9Py 2 to) A —6(cit+c) (-1 -2)(8c — 1)
P20+ 29Q+0) 2 2e(Q+¢) 22 + 1) ’
A cAg 3cy,v c +c 33y, ( ) (3¢t +8c2 — 1)
= — — = —v
U204 2040 3(Q+c¢) (2+1) 3(c2+1)3
A 9c? 3c3 2(6¢* + 19¢* + 4
Ay cAs Cyav 3¢ 74£(1_3]/)+(:((: c )

T2Q+c0) 2Q+c) (2+1) 3(2+ 1)
Now, we need to use the transformation z = 6_%5 + 08_%7', t=c"37to go back to

the original variables, and have



Applying this transformation to the equation (2.29), we obtain
2

meuug& + A11€2U[2Uz + A1253u3ux + C’}/4(1 — I/)[I,Utzx

U + CUy, +
3

+ (3(CQC+ 1) - 0274(1 - V)):“/u:cuz + MUE (A13uu$m + A14U$u$$) — 0(547 M2>

In order to get the rotational b-family of equations, we need

Ay =bA3 = o f))l)(c; n 1>C’y4(1 —v)
which turns out
bc? —2(3c* + (8 = b)? — (2b+ 1))
CE 6(2 +1)° (2:30)
and then
3bc? —c2(3c* + 8¢ — 1)

074(1 — l/) = bA13 = A14 =

b+ D(E+1) 3(c2 + 1)

Therefore, it enables us to derive the rotational b-family of equations in the form
Uy — Bptigey + cuy + (b + 1)acuu, — Bofitiprs + wieuuy + weetuluy,
= afep(bugtizy + Ullyyy)-

Combining (2.30) and (2.22), it is found that the height parameter z in v, may take

the value

_(bml2 1 (b= + 244 12
=\ 3@t 3b(c2 + 1)? '

(2.31)

2.2 Details for Derivation of The Rotational b-Family of Equations

In this section the details for the asymptotic expansions of u, W, p,n are given
considering the vanishing orders O(e!, u°), O(e%, ut), O(e2, u°), O(et, '), O(e3, u),
O(e*, 1), O(e?, 1) and O(e*, pi?).
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Considering the order O(e', u°) terms of (2.3), we obtain from the second

equation in (2.33) and the Taylor expansion

o0

+Z 2_1 (1)

n=1
that

)

—CU10¢ + Uoo,r + Ugooo,e + 20Wi9 = —poe in 0 <z <1,
2Qu10 = p1o, in 0<z<l1,
U0, + Wi, =0 in 0<z<1,
U0, =0 in 0<z<1,
D10 + Poo,zM00 = Tho on z=1,
Wio + 100Woo,: = —cniog + Moo,r + UgoNoo,e on 2z =1,
Wio=0 on z=0.

\

(2.32)

(2.33)

Similar to the order O(e° u°), we have ujy as a function independent of z,

which is ujp = u10(7, ). Also, from the third equation in (2.33) and the boundary

conditions of W on z = 0 and z = 1, we obtain

z
Wio = Wig|z=0 + / Wi zdz' = —zug g
0

and

Wiolz=1 = —cniog + Moo.r + (o000 )e-

Considering the third equation in (2.5) and (2.8), (2.35) turns out

U106 = CMo,e — Too,r — (Uoo'floo)g;

and then

Wi = 2(7700,7 + 2¢noomoo,e — 07710,£)-

23
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To solve the second equation in (2.33), we consider (2.8) and fourth equation in (2.33).

Then, it follows that

Pro = Prol.=1 + / P10 dz" = mo — 2Quoono + 22(z — 1)uso,
1

and

Proge = Moe — 22(uoonoo)e + 22z — L)ugoe. (2.37)

Now, from the first equation in (2.33), (2.34), and (2.8) we get

—Prog = —Cliog + Moo, + CMootioo,e — 20210,
and then applying (2.37) and (2.36) to the this equation, we have

0=— (c+2Q)uioe + Mog + Moor + Noomoo.e — 22 UooToo )¢

=c(ugomoo)e — (¢ + 2Qc — 1)mroe + 2(c + Q)noo,r + oonoo ¢

Since we have (2.8) and (2.12), the equation (2.2) implies

2(2 + €)oo+ + 3¢*Noonooe = 0. (2.38)

Let define

3c? 3c?
S 2.39
T T 2@+ (2:39)

Then (2.38) can be written as

Noo,r = C1 (7780)6- (2-40)

If we put (2.36) and (2.40) together, we have

Urge = (07710 — (c+ 01)77(2)0)5' (2.41)

As a result, from the far field conditions w19, 10, 710 — 0 as || — oo, the following

equation is obtained

g = cnio — (¢ + cl)ngo. (2.42)
24



Also, thanks to (2.40), we have

U10,r = CMo,r — 4(c+ 01)0177307700@- (2.43)

For the order O(g", u'), the terms of (2.3) are obtained from the second equation in

(2.5) and the Taylor expansion (2.32) that

p

—cuor e + 2QWo1 = —poie in 0<z<l1,

2Quo1 = po1,» in 0<z<1,

uor,e + Wor . =0 in 0<z<1,

gy, = 0 n 0<z<l, (2.44)
Po1 = No1 on z=1,

Wo = —CTo1,¢ on z=1,
\ng =0 on z=0.

The following results may be easily obtained from the (2.44) using similar methods

from the previous orders

ugy = cnor = cnor(7,§), Wor = —cznore, por = [2Qc(z — 1) + 1]no1. (2.45)
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For the order O(g2, u°), the terms of (2.3) are obtained from the Taylor expan-

sion (2.32) that

;

—Clgg,e + Uto,r + (Uoot10)e + 2Q2Wag = —paoe in 0<z<1,

—2Quq0 = —P20,z n 0<z<l1,
ugoe + Wa . =0 in 0<z<1,
Ugp,, = 0 in 0<z<l,
(2.46)
P20 + MooP10,2 + M10P00,2 = 120 on z=1,

Wao + 1n0oWho,» + 1m0Woo -

= —CN20,e + Mo,r + UooT10,6 + U10M00,¢ on z=1,

\ Woo =10 on z=0.

Similar to the previous orders, ugg is independent of z, which is usy = ug(7, ). Also,
from the third equation in (2.46) and the boundary condition of Wy at z = 0, we
obtain

W20 = —RU20.- (247)
Considering the boundary condition of Wy at z = 1 and (2.47) with the equations of
Woo,» and Wi ,, we have
U20,6 = CIj20,¢ — Tho,r — (U007710 + Ulonoo)g,

which follows from (2.42) and (2.8)

Unoe = €20, — Mo,r — 2¢(Moomo)e + (€ + 1) (Mo )e- (2.48)

Moreover, integrating the second equation in (2.46) and applying the boundary

condition of pyg at z = 1, we obtain

P20 = D2olz=1 + / P20, dZ" = Nao — (NooPro.2 + MoPoo.z) + 2Q/ ugo dz’
1 1

= N0 — 2Q(Moou10 + Moloo) + 2Q2(z — 1)ug.
26



As taking derivative of the equation with respect to &, it follows that

P20.e = N20.e — 292(Noot10 + Miotoo)e + 22(2 — L)ugp e,

and combining with the first equation in (2.46), we have

N20,e — 292(Moot10 + Motoo)e — (¢ + 2Q)ugg ¢ + w10, + (Uoou10)e = 0.

From (2.7), (2.42), and (2.43), we get

4
2(c+ Q)mior + 302(77007710)5 — (2¢+ 501)(0 + 61)(773’0)g = 0.

It implies that

2c¢1 4+ 3¢

=2 = 3.
Mo, c1(noom0)e + 3(c+ ) (¢ + 1) (Moo )e

Then, the equation (2.48) turns out

Ugo,e = Cpo,e — 2(c+ ¢1)(Noomo)e —

(2.49)

(2.50)

(2.51)

As a result, from the far field conditions 7o, 710, 720 — 0 as || — oo, the following

equation is obtained

201 —3Q

3
3(0 + Q) (C + 61)7700'

Ugg = €N — 2(¢ + ¢1)NooTo —

Also, from (2.40) and (2.51), we have

8cey + 4c2 + 2Lc?
2(c+ Q)

Uso.r = CNag.r — 4(c + 1)er (im0 )e —

27
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For the order O(g!, u'), the terms of (2.3) are obtained from the Taylor expan-

sion (2.32) that

(

—CU11,¢ + Up1,r + UgoUo1,¢ + UtoUoo,e + Woollor,2

+Wiouoo,z + 2QW1i1 = —prie in 0<z<1,

—cWoo,e — 2Quiy = —p11- in 0<z<1,

une + Wi, =0 in 0<z<1,

wyy. — Woge = 0 in 0<z<1, (254)
P11 = N1 — (MooPo1,= + Mo1Poo,z) on z=1,

Wit + Woo 101 + Wot,2100

= —CM1e + No1,r + UooNo1,e + Uo1700,¢ on z=1,

Wi =0 on z=0.

From (2.8) and the fourth equation of (2.54), we get

U1,z = —CZ7Noo,e¢-

Then we have
c
Uy = —5227700,55 + @11(7,€) (2.55)
for any smooth function ®1;(7, &) which is independent of z. Applying integration to
the third equation in (2.54) with the boundary condition Wi;|,—o = 0, the following
equation is obtained
z c
Wi = W11|z:0 +/ Wn,z’ dz' = 6237700,555 - 235@11(7', 5) (2-56)
0
Thanks to the equations of Wy, and Wy, ., and the boundary condition of Wj; on
{z =1}, we have
c

67700,555 + (uooMo1 + Mooo1)e — CMh1e + No1,r- (2.57)
28
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Taking account of (2.56) and (2.57), it follows

c
Wi = EZ(Z2 — 1)noo,eee + z( — e + Norr + (Uoonor + ﬁooum)g)- (2.58)

Due to (2.8), (2.45), (2.55), and the boundary condition of py; in (2.54), we deduce

from the second equation of (2.54) that

z

P11 = Pi1|s=1 + / D11,z dz' = p11ls=1 + / (cWoo,e + 2Quq1) dz’
1 1

c? Qc
=11 — ZQ(UUOT](H + 7700U01) — (5(22 — 1) —+ ?(23 — 1)) 7700’& + 29(2 — 1)(1311,
which implies
c? Qc
Pi1e = Mie — 282(uoono1 + Mootor )e — <5(22 - 1)+ ?(23 - 1))%0,{5&

(2.59)
+ QQ(Z - 1)(9{@11.

Combining (2.59) and the first equation in (2.54), it follows from (2.8), (2.45), and

(2.55) that
— curre + norr + S (Moonor)e + 2QWit + mine — 4Q¢(Noonon)e
C2 ) QC 5 (260)
— (E(Z — 1) + ?(Z — 1)> 770075& + QQ(Z — 1)85(1311 = O
Substituting (2.55) and (2.57) into (2.60), we obtain
2 ¢
2(Q2+ ¢)nor,r + 3¢ (Moono1 e + 5 oo g = 0, (2.61)
that is,
201
Norr = 2¢1(Noono1)e + ?7700,5557 (2.62)

which, together with (2.57), (2.58), and (2.55), leads to

2c1 ¢

—65(1911(T, 5) = (? — 6)7]00,&5 + 2<C + Cl)(77007701>§ — Mg,
and then
2c0 ¢, ,
Wi = (5 + 5 = 1) ) 2nm00gec +2(c + 1) 2 (Moonor)e — €2
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and

c 2c c
U] = (6 — ?1 - §Z2> Noo,ee + €11 — 2(0 + 01)7]007701, (2-63)

where use has been made by the far field conditions w11, noo.¢¢, 700, o1, M1 — 0 as
|€] — oc.

Thanks to (2.40) and (2.62), we obtain
ce; 22 co
Ur1,r =Ciz + (? - 71 - 732> (Mo ece

2.64
2, (2.64)

—2(c+ 1) (201(77(2)07701)5 + 777007700,555)-

For the order O(g3, u°), the terms of (2.3) are obtained from the Taylor expan-

sion (2.32) that

(

—CUgp,¢ + Ug0,r T+ (UQougo + %U%O)E + 2QWs3y = —DP30,¢ in 0<z<1,
—2QU30 = —P30,z in 0<z< 1,
uzo,e + Wag. =0 in 0<z<l1,
ugo,. =0 in 0<z<l1,

(2.65)
P30 + NooP20,> T NoP1o,z + M20P00,2 = 730 on z=1,

Wso + 1n0oWao 2 + m10Who,z + 120Woo,-

= —CN30,¢ + M20,7 + 00720, + Ur0710,6 T U207)00,¢ on z=1,

Wgo =0 on z=0.
\
Similarly, it follows that uso is independent of z,which is uzy = use(7,&) from the
fourth equation in (2.65). Also, from the third equation in (2.65) and the boundary

condition of W3y at z = 0, we obtain
W30 = —2U30,- (266)
Considering the boundary condition of Wy at z = 1 and (2.47), we have

Us0,e = CN30.e — M20,» — (UooT20 + 10710 + U20700 )¢ - (2.67)
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In addition, integrating the second equation in (2.65) and applying the boundary

condition of p3y at z = 1, we have
P30 = P30]2=1 + /12 P30, Az’
= 130 — (MooP20,= + MoP10,= + N20P00,z) + 202 /12 uso dz’
= N30 — 2Q(ugon20 + w10M10 + U20M00) + 22(2 — 1)uso.
As taking derivative of the equation with respect to &, it follows that
P30.c = M30,e — 282 (UooM20 + U10M10 + U20M00)e + 202(2 — L)uso e, (2.68)

and from the first equation in (2.65), we get

1
—P30,e = —CUsoe + U0, + (UgoUzo + 5“?0)5 — 2Qzuz¢. (2.69)
Therefore, from (2.68) and (2.69), it follows that

1
0 = m30,¢ — 22(uooN20 + Ur0M10 + U20M00)e — (€ + 22) 30 ¢ + U0+ + (UooU20 + —u%o)é-

2
(2.70)
Applying (2.67) and (2.53) to (2.70), we have
3c?
2(c 4+ Q)maor + 3¢*(1oon20)¢ + 7(77%0)5 — 2(2¢1 + 3¢)(c + e1) (mTno)e
(64cc; + 24c¢2 + 45¢2 — 15)( ek )e = 0 (2.71)
J— C =
12(c + Q) o)e =5
which is equivalent to
2c1 + 3¢
120, = 2¢1(1h00720)¢ + c1(10)e + QI—JFC(C + 1) (1m0 e
(64cc; + 24¢2 + 45c? — 15)( ey (2.72)
c :
24(c + Q)2 1\ oo/¢
Then substituting (2.72) into (2.67), we obtain Thanks to (2.67) again, we have
2¢1 — 302
g0 =CNo.g — 2(c 4 c1)(Moomao)e — (¢ + c1)(mip)e — —;2 s (e +c1)(mmo)e

(64cey + 2462 + 45¢% + 2402 — 3)

- 24(0 + Q)Z (C + cl)(ﬁéO)f’
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which follows

2¢ — 30
ugy =cn30 — 2(¢ + 1) (1oot20) — (¢ + e1) (117p) — é—H(C + 1) (m5gmo)

(64ccy + 24¢2 4 4562 + 2402 — 3)( o)) (2.73)

— c+c :

24(c + Q)2 1/ho
Taking account of (2.40), (2.51), and (2.72), it turns into
2(3c¢? + 5eey + 48 — 3Qc
Uz0,r =CN30,r — ( ;2 : ) (¢4 1) (omo)e

+ec (2.74)

—4ey(e+ 1) (moomio)e — 4er(c+ 1) (MGemz0)e — BingoToo.es

where

B, d:ef(c + ¢1)%(82cc; + 36¢% + 45¢% — 18Qc; — 270 — 15)
3(Q+c)?
c1(c+ c1)(64ce; + 24¢3 + 45¢% + 2402 — 3)
* 3(2+c¢)?

For order O(g*, 1Y), the terms of (2.3) are obtained from the Taylor expansion

(2.32) that

/

—Cugp ¢ + Usor + (UooUso + UtoUso)e + 2QWag = —paoe in 0<z<l1,
—2Qu40 = —pao,- in 0<z<1,
Ugoe + Wi, =0 in 0<z<l1,
ugo,, =0 in 0<z<1,
D40 + MooP30,z + T10P20,2 + 720P10,2 1 1130P00,2 = 740 on z=1,
Wi + 10oWso 2 + m10Wao 2 + 120Wio,2 + 130Woo,-

= —CN4o,e + N30, + Uo0M30,¢ + U10720,¢ T U20710,6 + U30M00,¢ on z=1,
\ Wiy =0 on z=

(2.75)
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Similarly to the previous orders, it follows that uyg is independent of z, which
is ug9 = ugo(7, &), from the fourth equation in (2.75). Also, from the third equation

in (2.75) and the boundary condition of Wy, at z = 0, we have
W40 = —RU40,- (276)

Taking account of the boundary condition of Wy at z = 1, (2.76), (2.66), (2.47),

(2.34) and (2.6), we obtain

Ugog = Claoe — NM30,7 — (UooT30 + U10720 + U070 + U30700)¢ (2.77)

Moreover, integrating the second equation in (2.75) and considering the boundary

condition of p3y at z = 1, we have
Pao = Paolz=1 + /: Pao Az’
= 140 — (MooP30, + MoP20. + M20P10,2 + N30P00,2) + 262 /12 g dz’
= a0 — 2Q(ugoN30 + 10720 + U20M10 + Us0700) + 22(2 — 1) 4.
Taking derivative of the equation with respect to &, we get
Paoge = —Ta0,e — 22(ooNz0 + WioTo + UsoNio + Usomoo)e + 2Q2(z — Dugge.  (2.78)

and then from the first equation in (2.75), we obtain

—Paoe = —Claoe + Usor + (UooUso + UroUao)e + 2Q2W .
Therefore, from (2.76) and (2.78), they turn into

0= — (c+ 2Q)ugo ¢ + uzo,r + (Uoolszo + Ur0U20)e

(2.79)
+ Nao,e — 2Q(ugon30 + U10M20 + U20T10 + Us0M00 )¢ -
Applying (2.77) and (2.74) to (2.79), we have
2(c+ Q)ns0,- + 3¢ (Mootso + Motao)e — 2(3¢ + 2¢1) (¢ + 1) (M0 + Mooty e
(2.80)

(64cey + 24¢2 + 45¢% — 15)

B 3(c+ Q) (c+ 01)(773’07710)5 — Bg(n80)£ =0,
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where

B, &t 1B (c+c1)*(2c1 —3Q)  2¢(c+ c1)(64cey + 24¢2 + 45¢? + 2402 — 3)
25! 3(Q+0) 12(Q + )2
(2 — *)(3c!0 + 228¢% — 540c® — 180c* — 13¢? + 42)

60(c? 4+ 1)6
Similarly, For the order O(e?, u') the terms in (2.3) are obtained as the following,

—cUs1 ¢ + Ui, + (woounn + urouor )e + Wootta,. + 2QWo1 = —po ¢ in 0<z<l1,

—cWhoe + Woo,r + o0Woo,e + WooWoo,. — 2Quar = —pai - in 0<z<1,
Ugre +Wa, =0 in 0<z<1,

) Uy, — Wige =0 in 0<z<1,
P21 + MoPo1,z + Mo1P1o,z + MooP11,z + M1Poo,z = M21 on z=1,

War + 11oWor 2 + 1o1Whoz + 1ooWii,z + 111 Woo,-

= —CN21,e + M1, + UooM1,e + U11M00,e + U10701,6 + Uo1710,¢ on z=1,
W21 =0 on z=0.
\
(2.81)

Applying (2.34) and(2.41) to the fourth equation in (2.81), it follows

U, = Wige = 2 (2(0 + 01)(7730,5 + TooMoo.e¢) — 07710,55)7

which turns into

22 22
un = o (2(0 + 1) (Mo, + MooMooge) — C7710,§£> + ©o1(7,§) = EHl + P (7,6)

for any smooth function ®9;(7,¢) independent of z, where we describe

def
Hy =2(c+ 01)(7780,5 + TooToo.c6) — Co.ge-

Then, we get

2
z
Ugl e = EHLg + 0: Doy (7, ).
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Also, from the third equation in (2.81) and the boundary condition of Ws; on {z = 0},

we obtain

z z 2,3
Wo = W21|z:0 +/ W21,z/ dz' = —/ U1 .¢ dz' = —EHLg - Zagq)Ql(T, f)
0 0

Considering the third equation of the orders O(&°, ut), O(e!, u°), O(e!, ut), O(£°, 1)
with the boundary condition of Wy, on {z = 1}, it follows

1
—ng,g — 0cPor(7,€) = —cnore + Miar + (Uoomn + w11700 + 10M01 + Uo1710)¢|2=1

= —Clare + iy + Hogloo1,
where Hs is defined as

def
Hy = uponi1 + ui1moo + w1001 + wo1710-

Then we have

1

O Po1(7,€) = enore — s — 6H1,5 — Ho¢l.=1. (2.82)
This gives us
22 1
Uz1e = CT21,e — Thir + (3 - E)Hm - H2,§|z:1 (2.83)
and
2(1 — 22
Wy = %ng — o1 e + 2 + 2(Hogl=1)- (2.84)

Substituting the expressions of Wy -, uoo, Woo e, Woo, Woo,z, and Wig ¢ into On the
other hand, using the results from the previous orders, the second equation in (2.81)

turns into

Pa1,. = 2Qug — c2zmo,gg +cle+ élcl),z*ngo,5 + ¢(3¢ + 4cr) 2n0omoo g (2.85)
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From the boundary condition of py; on z = 1, we get

Dala=1 = Mo1 + NooNoo e — 2QHa |1,
Also, integrating (2.85), it follows

z
P21 = Patl.=1 + / po1 o dz’
1

2

=121 — 2QH2’Z:1 + 2Q/ U21 dZ, — %(22 — 1)7]10355 (286)
1

clc+4c) c(3c+4c)
T(Z’Q - 1)7780,5 + (02 + T(ZQ — 1) | m00700,¢¢-
Then we have

z CQ
Pore = Mg — 2QHo¢|,=1 +2Q | uged2’ — —(2° — 1)mioeee
1

2
# 220G e+ (@ + P - 1)) ol
= —202Hs¢|,=1 +2Q(z — 1) (cnng — 7711,T) + @Hm — %2(22 — D)no,ece
R [T
(2.87)
From the first equation in (2.81), (2.84), and (2.8), we obtain
—Po1g = — Clgr g + U1, + (UgoUr1 + UroUor )e + 02227700,57700,55 (2.88)

Q
+ §Z<1 — ZQ)HLg — 2QCZT]21,§ + 292771177- -+ QQZHQ7£’Z:1.

Taking account of (2.88) and (2.86), we have

c? clc+4c
0 = —cug ¢ + i r + (Uoour1 + urouor)e + (522 + %(22 - 1)) (77(2)0,5)5

9 2(22 —1) c?

(1= 2% Hyg + (1= 2Q0)n21.¢ + 21, 5 Hy ¢ — 5(22 — 1)no eee

3
30—|— 4c
n (02 i e V) D) e N VA 2 R 1)) (M00700,¢¢ )¢ -

(2.89)
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Notice that

(U110 + UgoU11)e

2 2cc 222
= 02(77017710 + 77007711)5 + (g - Tl - T) (77007700,55)6 —3c(c+ 61)(?7(2)07701)5
and
9 A 2cq 9
cHo¢|,=1 = 2¢*(no1mo + Moo )e — E + 9 (Moomoo,ge)e — 3c(c + ¢1)(M5emon )e-

We substitute (2.83) and (2.64) into (2.89) to get

C2

2(Q+ ) + 302(7]007711 + 1m10m01)e — 2(c + ¢1)(3c + 201)(”307701)5 + gﬁw,ggg

2 10ce;  2¢ 2 20cc; 8¢
- (E + 9 + ?1) (7780,5)5 - (g + 9 + ?1) (Moomoo,ge)e = 0.

(2.90)
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CHAPTER 3
LOCAL WELL POSEDNESS OF ROTATIONAL »-FAMILY OF EQUATIONS

In this section, the local well-posedness for the R-b-family equations is investi-

gated.

Consider the R-b-family equation (1.5) in terms of the evolution of m, namely,
the equation (1.9). Applying the transformation wu. ,(t,z) = acu(v/But, /Buz) to

(1.9), we know that w. ,(t,x) solves

Bo

Ut — Uzt + CUp + (b + Dutly — — Uy + U Uy + U Uy = DUy + Ullgay,
a a

3
(3.1)

and its corresponding one conserved quantity denoted by I(u) is as follows

umzépw.

As a special case b = 2, the equation has three conserved quantities as follows:

1
I(u) :/udx, E(u) = —/u2+uidx,
R 2 Jr

and

W1 W2
——ut + ——u® + uuide.

1 Bo
Fly) — - 2, .3 2
(u) /Rcu +u’ + +6oz2u 03

—u
2 g "
Also, we have two more forms of equations,

my + umy, + bu,m + cu, — %umx + YuPu, + Zudu, =0,

(3.2)
m = U — Ugyg,
and
Bo Bo (b—3) o by w5 wy oy
ut—l—uum—l—gux—i-p*@w C—E U= (ug) —|—§u —i-@u +mu =0,
(3.3)



where p = %e*m.

3.1 Preliminaries

In the Lebesgue space LP(R) the norm is defined as || f]|, = (f; |f(z)|Pdz) e,

For the space L>°(R) consisting of all essentially bounded functions, the norm is

given by || fle = (iélf sup |f(z)|, where f is Lebesgue measurable functions. For
o

)=0 z€R\E
a function f in the classical Sobolev spaces H*(R) (s > 0) the norm is denoted by

/]

the two convolution operators p,, p_ as

ws. We denote p(z) = Le71*l the fundamental solution of 1 — 9? on R, and define

peed@) =5 [ sy

(&

T O

Then we have the relations p=p, +p_, p.=p_ —p..
Definition 3.1.1 ([15]). Let s € R. A tempered distribution u belongs to H*(RY)
ifue L} (RY) and

lul

= ( / K |§|2>sra<s>|2d§)é <o

It is classical that H® endowed with the norm || - |

s is a Banach space
Lemma 3.1.1 ([31]). /[Commutator Estimate] Let A be a operator defined as A =

(1 —0,)Y2. If f and g are smooth enough, then

IA*, flgllz < C(f]

#s |9l oo + 110z fll oo llgl o), (3.4)

foralls>% and C > 0.
Lemma 3.1.2. [22] Let f(t) and ¢(t) be two positive function on [0,T]. If the

differential inequality

L)) < FOR®) + g()h(D),

dt
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for a nonnegative absolutely continuous function h(-) on [0,T] holds for almost

everywhere on [0, T, then

h(t) < ez do f()dr {h(O) + % /D t g(T)dT:| . (3.5)

3.2 Local Well Posedness

In this section, we introduce the local well-posedness result of the following

Cauchy problem, which is similar to the approach in [14] with some adjustments

2 3
U — Uggt + ClUy, + (b + 1)uu$ - %uxacac + wéu Uy + wgu Uy = buxua:ac + UlUggy,

U|t:0 = Up-

(3.6)
Theorem 3.2.1 (Local well-posedness). Let s > 3, ug € H*(R). Then, there exist the
ezistence time T > 0 and a unique solution u € C([0,T]; H*(R))NC*([0, T); H*~'(R))

to the Cauchy problem.

Proof. Step 1: First of all, the Cauchy problem (3.6) can be written as

(3tu+u8$u+ [%+ (c— %)p*] O U

= —px0, {3—u +bu2+3a2u +4a3u}

U|t:0 = Ug-
\

Then, we establish a sequence of approximation solutions {u™},cy as follow. Let

=0,Vn € N

;

1)
u™ V], _g = S,1o,

\
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where

—

Snt1uo(§) = Ligjcaxan+2(§)up(§).

By the theory of the linear evolution, there is a unique smooth solution u™t") of
(3.7) and ¥n € N, u™) € C'((R); H*(R)). Next we will show that the sequence
{u(”)}neN converges. To prove the convergence, we will prove that {u(”)}neN is
uniformly bounded and a Cauchy sequence, since the Sobolev space is compact.
Step 2: In this step, we show that the sequence {u(”) }neN is uniformly bounded

in some Sobolev space. Consider the operator
A = (1-08,%)"
Applying the operator A® to the (3.7), we get
O Nu M) = A3 (u(”)ﬁxu("ﬂ)) — %Asaxu(”“) — (c — @> A® (p * O u(”+1))

s 3=br o2 b 2 w 13 W )74
—A (p*ax{ 9 [U()]I—FE[U()} +712[U():| +r.;[u()] })

Multiply the equation by A*u(*tY) and integrate on R, then we have
19 (n+1)[2 s (. (n)g . (nt+l) s, (n+1) Bo /s (n+1) A s, (n+1)
—— ‘Au HL2:—<A (u o) ),Au >—E<A8zu ,Nu >

25, |
_ (C— @) <A(S—2) (n+1) As (n+1) >
B

(57) (s (o) e

_ g <A(5_2)3$ [u(")f 7Asu(n+1)> _ % <A(s_2)a$ [u(n)} Asu D) >
_ % <A(S*2)az [ } A (D) > .

(3.8)

Since A® is a symmetric operator and 0, is skew-symmetric, we have

<AS(9 u D) s (D) > <A(sf2)axu(n+1)’Asu(n+1)> =0,
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such that (3.8) becomes

g HAsu(n—i-l)Hi2 — _9 <As (u(n)axu(n—i-l)) 7Asu(n—i-l)> + (b . 3) <A(s—2)a$ <[ } ) As (n+1) >
t

b (A2, [u]* At 1 (A0, [uM]* Avulr )

302

wa <A(s_2)3r[ } Asu n+1>

203

:Il+[2+[3+[4+15-

(3.9)

Part I; : For all constant coefficient skew-symmetric differential polynomial P, and

f, g smooth enough, a commutator process is
N(fPg) = fPN°g+ [A°, f]Pg. (3.10)
Then, taking P as 0,, f = u™, and ¢ = u(™*tY we have
A* (w0 u ") = ™o ASuTY) 4 (A% w0,

So, I; becomes
— <As(u(n)amu(n+l)> As (n+1) > /As(,u(n)axu(nJrl))Asu(nJrl) dr
R

— / u(n)axAsu(n—i-l)Asu(n—i-l) dr + /[As7 u(n)](‘)mu(n—l—l)Asu(n—i—l) dx
R

R

= I + L.

Using integration by parts,
1

n S n 2
3 /Ru( )0, (A u +1)) dx
/ (As n+1) d$
R

1 n n
< Sl ™ .

[11] =

2
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Moreover, commutator estimate and Sobolev embedding theorem (H* '(R) —

L>(R))give that for all s > £, and some C' > 0,

[Tn] < Cllu®™ || pool[ut™ |3,
(3.11)

2

< Ol gz ™V .

On the other hand, by Holder’s inequality

[112| =

/[AS, u(nJrl)]axu(nJrl)Asu(nJrl) dr
R
< AT 2| [A%, ™0,V .

Applying the commutator estimate on ||[A%, u™]0,u™ V| ;> and by Sobolev embed-

ding theorem, there exists C’ > 0 such that

[T12] < CIA"U™ D g2 (™ e ™Dl e+ oo [l 1)

< Ml e (™ e ™D N azs + [ s a0 1) (3.12)

2

< O g ™D

Combining (3.11) and (3.12) , there exists C; > 0

\I| = Iy + Lia| < [In] + 12| < CylJu™ | s [Ju™ |13 (3.13)

Part I, : There exists Cy > 0, such that

|I2| _ ’(b - 3) <As—28r(u(n)m)27 Asu(n+1)>‘
< Colb = B[[|A* 20, (™) 2 | A6tV 2

< Calb = 3[1100 (w0 [ sre2lu™ D 1 (3.14)

< Calb = 3[||(u™.)?| it

Hs—1 ||U(

HS

< Colb = 3[[|u™| |

o [t

H S

< Calb = 3{[|u® [ 1™V =

43



Part I3 : There exists C3 > 0 such that
|Is] = b (A*20, [u™]?, Asul )|
< Cybl| A" 20, [u ™| 2| A%u V| 2
< Csb|0,[u™72] o2 |u V|| s (3.15)

< bl [ a0

n+1) HHS

< Csb|[u™ | ||ut

2
Hs

Part I, : There exists Cy > 0 such that

2(,01

3a?

< CUIA 20, WP 2 [ A%u ) | 1

‘[4‘ _ <A572ar [u(n)]S’ Asu(n+1)>

< CIDLLP el (319

< Cllu™ e V)]

HS

u( Hs-

< Cilla™ s a1

3
Hs

Part I5 : There exists (5 > 0 such that
|]5| — ‘ﬂ <AS—28w[u(n)]47Asu(n+1)>‘
203
< Cé\|As_281[u(")]4||Lz||Asu(”+1)||L2
< Cg||8x[u(”)]4||Hsfz||u(”+1)||Hs (3.17)
< CéHu(”)| n+1

e a0

< Gyl 4. u+)

4
Hs u Hs-

From (3.13) - (3.17), we get

n-&-l)‘ n-&-l)‘

qu +C'2\b—3\Hu(”)\ ul

2
H* He

u(

a n n
SVl < Gl

+ Csblut™ |3 [u" Ve + CJu™)] u ] .

u D s+ Cyllu® |l [

4
Hs

3
Hs

(3.18)
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From (3.18) and by redefining C; and Cs, we have

0
Al (n+1)
=)

e+ ™ s+ [[u™)]

fre < Ouflu™ [l [u™ Va4 Co (™)

1e) ™

Then, taking Co=max{C}, Cy}, we obtain

a n n n n n n n
EHu( N < Co (lu flae a1+ (a1 + a1+ e 1) a2 ae) -
(3.19)
Without lost of generality, suppose Cy > 2. Let’s fix a T' > 0 so that
Comaz{||uo|]*, 1}T < 1. (3.20)
Now, we claim that for all n € N

We prove this claim by using an inductive argument. For n=0, from (3.7) and (¥ = 0,

we have

Ou + [% + (c - %) p*] d,uV) =0,

which implies that
d

dt
by (3.7) and u™|—y = Siug, then

lu® 7. =0

U(l) = 51U0, vVt € R.
Therefore, we get

Ju)|

s < Collug|

Hs = ||51U,Q‘ Hs S ”Uo‘ Hs-

For fixed n € N, we assume

s < Colug|

sup [|u®™] Hs- (3.22)
<t<T

0
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Applying Gronwall’s inequality to (3.19),

n 1 t
||u(n+1)||Hs < 03C0 JE | s dr <||u(n+1)(0)||Hs + 5(]0/ (||u(")||§{s + ||u(n)||§{5 + ||u(n)|
0

(3.23)

) dT) .

Now, if we consider our assumption (3.22), then we have

C

2
1
||u(n+1)||Hs < o lluoll s T <||u(n+1)(0)||Hs + 3 (C’g’||u0| fq + C’§||u0| ?, + C’8||u0|

) T) :
Also, we have

[u DO ar+ = [|Suert s+ < ol

SO
o2

—0 s 1
e <e 2 luollasT (HUOHHS + 5 (CSHUO’

i1+ Colluoll3rs + Colluol

n+1)‘

) T)

22 u s T
= e 20 lwollgsT |:1 + 5 (OgHuOHHS —+ CSLHU’OH?-IS + CSHUOH:;IS)] HUOHHS

'

From our assumption (3.20) and Cy > 2, we have

1
T < C2max{||uo|®, 1}T < = <

Ciluol o

Y

=S| = ool r

1
s T < Comazx{||uo|]®, 1}T < =5 <

and

1
2T < Cgmax{||uo|®, 1}T < o < -

Co lluol

| —

Thus, we obtain

15
[ gs < ge%"Huolle < 2|juollz+ < Colluol

Hs

which implies that the claim (3.21) holds for Vn € N. Therefore, the sequence

{u(")}neN is uniformly bounded in C ([0, T]; H*) and then {u(”)ﬁxu("ﬂ)}neN is uni-

formly bounded in C ([0, T]; H*~') where we use the fact that

||u(n)3zu(n+1) | (n+1) |

Hs—1 S CHU(TL)|

Hsfl||axu Hs—1

< Clla™ = [Jut™Y)]

HS

< CCo*||uo|Fs-
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Thanks to the equation (3.7) equation , we obtain that 9,u(™*)

is uniformly bounded
in C ([0,T]; H*~1). Therefore we deduce that {u(”)}zoeN is uniformly bounded in
C([0,T]; H*) n CH([0, TT; H7).

Step 3: In this step, we will prove that {u(”)}n oy 18 2 Cauchy sequence in

C ([0,T]; H*Y). In fact, from (3.7), we have for all n,m € N

atu(m+n+1) _|_u(m+n)axu(m+n+l) + |:% + <C %)) (1 . 82) 1 axu(m+n+1)

3—0b

—(1-0) lax{(T>5’x[“( ] +§[U( ] +3712[u( ] +4ng[“( ] }

(3.24)

From (3.24) and (3.25), we get

0, (u(m+n+1) _ u(n—i—l)) + {@ + (c 50) (1 _ 82) ] 0, (u(m-i-n-i-l) _ u(n-l—l))

B 5
_ _u(m—I—n)ax (u(m+n+1) . u(n—‘rl)) _ (u(m-‘rn) . u(n)) 8 u(n—‘rl)
- 3-0 m+n)12 n b m+n n)12
(- 16“‘{(7) (396[”( 12 g, [u™] ) 5({ (mm)? _ [y ] >
W m4n)]3 n)13 W m+n,
Y )
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Then, applying A*~! operator to the equation, we obtain the following

G NS (ylmtntl) (1)) o {@ + (c o

_ _Asfl {u(ern)ax (u(m+n+1) . u(n+1 )} AS™ 1 {( (m+n) u(n)) aru(n+1)}

— As—l (1 - ai)*l ax { (37_17) (0xu(m+n) . 8xu(n)) (axu(m+n) + axu(n))

+g (™) — Y () 4y )

w m-n n mn2 m--n n 7’L2
+3712(u( ) _ o, >)([u< ]2 gy mmy ) 4[] )+

% () — ) ([u(ern)}g [l ) gy ) [y ]2 [u(n)]?’)} _

) (1 . 82) 1} 8, A5 (u(m+n+1) . u(n+1))

(3.27)

If we multiply this equation by A*™! (u(™T+1) — (1)) and take an integration on

R, we have
1d (m-n n 2
thH +n+1) ( —H)HHS*l

_ As—l (m—i—n)@x (m4+n+1) n+1 AS— 1 (m+n+1) _  (n+1) d
[ A o, (u D] A () — ) d

o Asfl (m+n) _  (n) ax (n+1) Asfl (m4+n+1) _  (n+1) d
[ A L =) 2, 4 (u WD) d
3—0b

- / A3, { (%) (D™ — 9,u™) (,u™ ™ + 9,u™)
R
 (umm) — ) {§(u< 1) | g, ))+@([u< ]2 g mEmy ) 4 [y, ] )

([P [ ) 4 [)] A () )

=0+ 1+ Is.

(3.28)
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Apply commutator estimate to I, we obtain

/As 1 m+n ( (m+n+1) n+1 )} AS— 1 ( (m4n+1) (n+1)) dr

_ (m-+n) 6 AS— 1 (m4+n+1) _ , (n+1) (m4+n+1) _ , (n+1) d
- [ () — ) (U ) d

+ As—17 (m+n) ax (m4n+1) n+1 AS™ 1 (m+n+1) _  (n+1) d
[t o, (u A (=) d

= I + L.

Then, we have

1 m+n S— m4n n
|I11] < §||u( )| oo || A 1( +nt1) +1)) 12,
< l||u(m+n)x||L°°|| (u(m-‘rn-l-l) (n+1)) |H9 ) (329)
< C|lu(m+")\|Hs|| (u(m+n+1) (n+1)) [

and by Banach algebra

(Lol < ™40 — ) o | [A 4] 3, (74D — D) |

< C||u(m+n+1) - U(n+1)||H5*1||U(m+n)m|

Ho-1]|0n (u(m+n+1) _ u(n—l—l)) | £re—2 (3.30)

2

< O”u(m—i-n)HHSHu(m—i-n—i-l) . u(n—i—l)l 20

From (3.29) and (3.30), we get

1] + [ T1a] < CJlut™ |l [Ju™ 4 — w3

< Clfull s [[ut™ ™+ — a1
Also, applying commutator estimate to I, we have

As—l [(u(m-‘rn) . u(n)) axu(n-l—l)} As—l (u(m—i-n-‘rl) . u(n—i—l)) dr

-],
/ (u(m+n) . u(n)) axAsflu(nJrl)Asfl (u(m+n+1) . u(n+1)) dr
R

+/ [AS_I,U("H_”) } 8 U n+1)As 1( (m4+n+1) (n+1)) dx
R

= Iy + Ip.
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Therefore, we obtain

[ < [+ — 9, AT 0 o a4 — 40

Hs—1

(3.31)
< Hu(m—&—n) . u(n)“L2||u(n+1)HHS||u(m+n+1) i u(n—H)Hqu,
and
|I22| S ” [As_l,u(m+n) . u(n)} axu(n+1)||L2||u(m+n+1) . u(n+1)| He-1
< €0, (™ — ul™) [t [0, s [u ) —
(3.32)
< C/||u(m+n) . u(n)”HSHu(nJFI)HHS*l ||u(m+n+1) . u(n—H)HHS*l
< O/"u(m+n) o U(n)HHS u(”+1)\|HsHu(m+"+1) _ u(n—i—l)l [y
From (3.31) and (3.32), we have
|]21| + |]22| < C«||u(n+1)||Hs||u(m+n+l) . u(n+1)||H571||u(m+n) o u(n)| I

< Nt [+ — Do ) — )

HS.

In addition, we get

[I3] <

O { <3T_b) (axu(ern) — @cu(")) (3zu(m+n) + &Eu(n))

+ (u(m-‘rn) . u(n)) |:g (u(m-‘rn) + u(n)) + % <[u(m+n)]2 + u(m+n)u(n) + [U(n)]2>
Y2

= (e R T R P

bl

+

o Q) — D,
(3.33)
SO

3-0

13 < H{ <2> (azu(m+”) — Oxu(”)) (81u(m+”) + 3xu("))

+ () ) B () ) 4 21 ([u(mm)] 2Ly ) ] 2>

3a2
w9

v ([u<m+n>} - )] 240 4y (metm) ] 2

T

Hu(m-‘rn-ﬁ-l) o u(n—f—l)H
Hsf2

Hs—1.
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To simplify this inequality, we obtain

[{(252) @t ) i+ i)

2 o2

+% ([u<m+n>]3  [ulmm) ) gy [y ] [u(")]?))} H

+ (umEm) = gy m) F (™ 4 ™) 4 3“’_1 ({u(m+n>] 2y man) () 4 [u(™)] 2)

Hs—2

2|0 (u(m+n) + u(”)) |

Hs—2

3—0b
< (T) 10, (ulmtm) — u™)Y |

+ O™ —a™|groa {Ju | o2+ [[ul™ oz + [u™ " Fpce + ™[

froe + [lul™™]

.

™ grea | ez + a0 roa[u™]

Hs—2

™ | grea ™| Fas + (™)

3—0b
< (357 I — )

Hs—1

+ Ol — ™ s {9 groms 4+ ™ flgrem + ™ s + ™ [

o [Ju™)]

+ Hu(m-i-n) ’ m+n) |

fren [l

30

Hs—1 “I‘ H’LL(

Hs—1 H’LL(n) ’

Hs—1

™ | e ™|+ ™)

< ™ — ) gees { ™| et Ju s (™|

e ™)

2

re [l | ze-2

™ | g ™ e+ [ G+ )

Hs—1

Hlu e ™ s + [ [ }
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where we use ||0,u™ |

o < JJu™|

et and [[0,u™ || graape < Jlul

s, for all
s > 3/2. By using ||u'™|

g1 < Cllul

Hs—1,

H{ ( > w9 ) (3xu(m+") + @cu("))

3a?
+% ([u<m+n>}3 [l ) g gy [ ]2 [um)fﬂ H .
< O™ — g (ol o= + luolFge + lluollf—r) -
(3.34)
Combining (3.33) and (3.34), we have
|15 < CJlut™ D — ™D e ™ — [ e (ol o= + ol + [luoll 1)
< ™ — O e [l e ([luollzrs + llwollzs + lluoll3-) -

(3.35)
Considering all results from (3.28) to (3.35), we get

1d 2 S n

2dtHu(m+n+1) o u(nJrl)HHs_l < C {”u( +n+1) u( +1)| 2. 1HUOHHS
_|_Hu(m+n+1) n+1 HH . Hu (m+n) _ u(n)l s

D — D e [ — ™ s ([[uoll e + lluollFre + luollFe) }

< O||U(m+n+1) — u("+1)||H571 [||u(m+”+1) — u(”+1)|

Hsfl‘i'_
™ — g ] (ol ars + ol e + ol -
So, we can have
d 7L m-rn n
EHu(ern+1) . u(nJrl)HHs_1 < ' (|’u(m+n+1) +1) HHS L+ Hu +n) U( )| HS) )

Thanks to the Gronwall’s inequality, we have

||u(m-i-n-i—1)_u(n—i-l)”1le1 < efot C'ds (Huo(m-‘rn-l-l) . uo(n+1

t
| o +/ ™) — (™) Hsds) .
0
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Then, we obtain

t
Hu(errle)_u(nJrl)HHS_1 < CT <||u0(m+n+1) . uo(n+1)||Hs_1 +/ Hu(m+n) . u(n)’ HsdT) )
0

(3.36)

Notice that

1
Uo(m+n+1) - Uo(nJr ) = Smtn1lo — Spi1lp = 12><2”+2§|§|§2><2m+"+2 (f)uo(f)-

Then, we have
m—+n n s—1, ~
o™ *1)—-UO(*J)H%s—1:=u/m(1-+lff) |20 (&) [P 1gnts <pgj<omentadé
R
s—1, ~

-/ (14 1) Il
2n+3§‘§|§2m+n+3
—9(n s—1 ) ~

<z €2 (1+ 1) i ()I2de

2n+3§|§‘§2m+n+3

o 1
<272 ol

which implies that

1

mtntl) uo("+1)| -1 < 52_n||u0|

||U0(

Hs-

Therefore, from (3.36) we get that V¢ € [0, 7]
t
Hu(m+n+1) . u(n+1)HHS_1 < CT <2n _'_/ ”u(m+n) . u(")||HsdT> )
0

Applying induction argument, we can prove that for all ¢ € [0, 7T

1 Tn+1
. C n+1
R g T

m+n+1) u(n+1)| Hu(m) .

k=0

'

U(O) ||L%0Hs—1 .

Due to the fact that [|ul™" — uO]| e s < [[u™ || Lo s < Collug|| g+ implies that for

(207 Ty
T ) 55y

all t € [0, 7], Ym,n € N and some C7" (independent of m,n)

m+n+1) (n—&-l)‘

Hu( U

- 20,T)F
e <27 (2 e 4 Gyl
k=0 ’

< COp27".
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Therefore, {u(") }neN is a Cauchy sequence in C' ([0, T]; H*~1). Since the Banach space
is complete C ([0, T]; H*~'), we get a limit u € C ([0, T]; H*~!) such that u(™ — u in
C ([0, T]; H*7).

Step 4: (Passing to the limit) Since {u(”)}ZZN is uniformly bounded in

C([0,T); H*) n CY([0,T]; H*~!) and using interpolation inequality, we have for any

se(s—1,8),
[ulm D — )|y < CJulm D — s ety
< CHU(mMH) - u(”)\ o (HU (m+n+1) ”H 4 HU )1+s’7s
< Clutmn ) - ||Hs ' luoll: |
< C’||u(m+"+1) n)| Hs 1

which along with (3.37) implies that {u(”) }neN is a Cauchy sequence in C ([0,7]; H ),
for all ' € (s — 1,s). By the uniqueness of the limit, we deduce that «(™ — v in
C ([0,T); H*) which yields that «™d,u™) — wd,u in C ([0,T]; H¥7'), where

s > % Therefore, we have

{%—i— (c %)p*}@u”“ — {%—F (c—%)p*} Oyu

in C ([0, T); H¥~"), where s' > 2;

3a? 4o

oo { BT 2 ]+ 2 )} e [ s )

in C ([0, T); H**') where s’ > —1; and

p * O, (BT_b> 0y [u(")]z — p* Oy <3T_b) Opu?

in C’([O,T];Hsl) where s’ > % Then, from (3.25), it implies that {8tu(")}n€N

3

5 and there exists a v €

is a Cauchy sequence in C ([0,T]; H¥~!), for any s’ >

C ([0,T); H¥~") such that du™ — v in C ([0, T); H¥ 1), for all £ < &' <'s.
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o
neN

is uniformly bounded in C([0,7]; H*) N C*([0,T]; H*~') we conclude that dyu™ —

On the other hand, since u(™ converges to u in C ([O, T|;H S/) and {u(”)}

Owu in the sense of distribution which along with Jv in C' ([O, T, H 31*1) such that
du™ — v in C ([0,T]; H*~1),Vs' € (3, s) implies that v = dyu and du™ — Gu in
C ([0, T); H¥1) for any s’ € (2, s).

Therefore, it follows that

p

O + u0,u + [%—f— (c— %)p*] Oyu

— 0 {5+ e+ ')

U|t=0 = Uop,
\

(3.38)
in C' ([O,T];Hs’,l) ’V% < S/ < s and u c C ([O,T],HS/) mc«l ([O,T];H‘S/fl)_

e}

ey 18 uniformly

Moreover, by the Banach-Alaoglu Theorem, since {u(”)}
bounded in C([0,T]; H*) N C*([0,T]; H*~'), there is a subsequence {u("ﬂ')}jeN of
{u(”)}neN such that

(ny) weatty .
u

in L2 ([0, T]; H®). Also, thanks to L> ([0,T]; H®) — L*([0,T]; H*), for Vt € [0,T);

um) W e g
(3.39)

N weakly . _
o) LY 9 in HS!

which along with the fact that v — u in C ([0, T|;H S') implies
u=u*€L®([0,T]; H%) N Lip ([0, T}; H*") .

Next, we claim that u € C,, ([0, T]; H®) that means for all ¢ € H™* [u(t), ¢]ysxn—s
is continuous with respect to t € [0, 7.

In fact, Vo € H=*', for s’ € (3,s), u(™) =~y in C ([O,T];HS'). Then,

[ (1), ¢l ys s — [u(t), @] gs' - uniformly on [0, 7.
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While H* is dense in H~*, for s’ < s, we get from last result that for all ¢» € H~,
[u" (t), Y] gsxmg-s = [u(t), Y] gsxmg-s is uniformly on [0,T]. Since [u" (t), V]gsxp-s €
C(]0,T]) and it is uniformly continuous, we obtain that its limit [u(t), V] gsxm-s is
uniformly continuous on [0, 7] which implies that the claim holds.

Up to a subsequence, we get from (3.39) that for fixed ¢ € [0,7]] ,

lim sup ||u™ (t)|

n—o0

me 2 [lu(t)]

HS
which implies that

[[u(?)]

e < lim sup ||Ju™ (&) i
n—oo

(3.40)

Co?
S HUOHHSQT”'“O”Hst'

Hence, we have

lim sup ||u™ (t)|

t—0t+

On the other hand, from u € C,, ([0,7]; H®) and the fact that

[fllgs = sup ‘<f:1/)>Hs><Hfs )
190l —s <1
we get
liminf ||u(t)||gs > ||uol| ms
t—0t
which along with (3.41) implies that
T u(t) - = ol

e, |lu(t)] e

g is strongly right continuous at t=0. Similarly we may get that |u(¢)]

is strongly left continuous at t=0 and so ||u(t)]

s is strongly continuous at t=0. It

remains to prove continuity of ||u(t)]

s at times other than the initial time.For this,
let’s first prove the uniqueness of the solution u € C([0, T); H*' )N L™ ([0, T]; H*) with

o € C([0,T); HS =) N L> ([0, T]; H?)
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Step 5: (Uniqueness)

It is easy to prove the uniqueness of the solution of the Rotational b-family of
equations which process is similar to the one in Step 3.

In fact, assume that u,v € C([0,T]; H*) N L>([0,T); H*) with Qu,dw €
C([0,T); H'=Y) n L ([0, T); H*~') where 2 < & < s and uli—y = v|i—o solve the

Rotational b-family of equations, then we have

0t(u—v)—|—u8$(u—v)+(u—v8v+{ ( B) ] (u—0)
— e {(30) 2 )+ =) -+ )

Let u—v=r,so

Oy + uO,r + royv + {% (c—%)p*}@xr

B 3—-0b b w1 2 2 W2 2 2
= p*(%{( 5 )Tm(ux+vx)—0—27“(u+v)+3a2r(u +uv—|—v)+4a3r(u+v)(u +0v%) .

Apply A*'~1 operator , multiply by A*~'r and integrate over R, we have
- T, s'=1py 4 slfuxr, $'=1py 4 Sl*rxv, sS=lpy |12 (o 22 P * s’ T, =1,
AL, A1)+ (A by A L)+ (A Lra0, A~ 1p) 4 |20 bo A1, A
B B
/ 3—-b b /
—(A¥ 730, { (2) re(Uug + vg) + ir(u +0) + %r(uQ + uv + %) + i%r(u + v)(u? + vQ)} J AT,
which is equivalent to
d s'—1..112 s'—1 s'—1 s'—1 s'—1 /BO 60 s'—1 s'—1
%HA rl|72 = —2(A" T udyr, A T r) — 2(A% T hrdpu, AT T ) — 2 3 + | c— 3 px | (A* 7 0, A° )
+ (b — 3)(A* 730, (ry(ug + vg)), A% ~1r) — b(As/_?’(?x(r(u +v)), A1)

2W1
"~ 3a2 203

= —2(A¥ " udr, AT — 2(A 0, AT )

(A% 730, (r(u® + v +v2)), A7) — S22 (N30, (r(u + ) (W® +v2)), A% 1)

+(b— 3)<A5ligax(rx(ux + vz)), As,flr> — b<ASL3aI(7“(u + o), A8l71r>
2&)1

= 5.2 2 0u(r (v uv + %)), A7) —

o (A0, (r (u -+ 0) (u? + 0%)), A1)

211+IQ+I3—|—I4+I5+I6.
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Then, we obtain each part such as
1] = | — 2(A" tud,r, A¥ )|
= [2(ud, A¥ " r 4 [A¥ 7 w0, AT
= [2(ud, A 1, AT ) 4+ (AT u] B, AT

= |2/u8xA5/_1rAs,_1rdx+/[Asl_l,u](?erS,_lrdﬂ
R

R

< 2l oo 7170+ IAT 2 [A 7 1) 0or | 12

< Cllul

Pl + lI7]

w1 l|7ell e + 1wl oo 7] 1)

s a1 (vl

< Cllu|

w1+ I7]

|

Hs' Hs' -1 (|l Hs’—lur‘ Hs'—1 T+ [l HS 7| HS'—l)

< Cllullgo 7]

2

Hs’717

|| = 2\/A5l_1(7’8xv)As/_lrdx|
R

< Cllrdzoll gor-alI7 |l o

< Clv|

s r”?—p’—l?

Il = b—3]] / A3, (s (s + 02)) A"~ rda
R

< Clb = 3]10x(re(ug + v,))]

w8 |7l o1

< O (re(ue +v2))|

.

< Cllu+v|

ot L[

| 14| = 0| / A 30, (r(u + v))A* " rdz]
R

< CJl(r(u+ )]

w2 |7 | o2

< Olu+ 0|

ot | L

2&)1

15| = |@ / A 730, (r(u? 4 uv 4+ 0?)) A " Lrda |
R

< Clr|

w2 ||u? 4w + 0% o 7] o1

< Cflr]

2+ Tl s ol s+ ol
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|Ig| = |% /RASI?’&;(T(U + ) (u? 4 v?)) A Lrda]

< OHrH?—[sl—l ||U + U| Hs’—2||U2 + U2|

H5/72
< Ollrlggers (el A lall g s 0l o™ = lall g * [0l s+ [0l ) -
From I tolg, we get
d
rle— < Gl uller + M0 lae + lullfye + llull golloll e
Hollge + lullfe + ol + Nl ge ol + el ol ] -

When Gronwall’s inequality is applied to the last inequality, we conclude that Vit €
0, ],

[u = v gorr =0

which implies u = v, Vo € R, ¢ € [0, T].

Step 6: (Conclusion)

Back to the proof of the fact that u € C([0,7T]; H®), we have known that
|u(t)|| s is continuous at t=0. Then VT € [0,7] and the solution u(-,Tp) at the

fixed time Ty u(-, Tp) = up™ € H*((R) and from (3.40) we obtain

C, 2
To‘ e 5 lluollsTo

lluo || s < [Juo||as

So we take uy’° as initial data and construct a forward and backward -in-time solution
by solving (3.7). We obtain approximation solution ugf; )(t) and its limit ur, (t) which

solves the Rotational b-family of equations with initial data
gy (t)]i=0 = uo™ = u(:, Tp)

with ug, € C([0,T1]; H)NL> ([0, T1]; H®) and d,ug, € C([0,T1]); H*~1)NL>® ([0, T1]; H?)

for some positive time 77 > 0 and then ||ug, (t)||gs is continuous at t=0.

By the uniqueness, we get that

ury, (t) = u(t + T()) on [TO — Tl, T() + Tl]
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which implies that w(t) is continuous at ¢ = 7. Therefore, we obtain that u €

C([0,T]; H®).

Return to the original Rotational b-family of equations and define

def

£ = W+ B Fal e
©w

where p > 0,5 > 0. For some pg > 0 and M > 0, we define the Camassa-Holm
regime P ar := {(e, 1) : 0 < p < pp, 0 < e < M /ii}. Then, we have the following
corollary.

Corollary 3.2.2. Let uy € H*"'(R),u0 > 0 and M > 0, s > % Then, there exist
T > 0 and a unique family of solutions (ue )| € Puon in C([0,L]; XTH(R)) N
C([0,Z; X*(R)]) to the Cauchy problem

) e

O — Budiuzy + cug + (b + 1)acuuy, — Boptgrs+

] wie2u?uy + waedudu, = afep(buztize + Utizzz),

Ult=0 = uo.
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CHAPTER 4
WAVE BREAKING PHENOMENA

In this chapter, we investigated effects of higher nonlinear terms on finite-time
blow-up solutions and wave breaking phenomena is investigated for the rotational
b-family of equations. Since the rotational b-family of equations does not have enough

conserved quantities, it leads us to find different approach.

4.1 Finite-time blow-up solutions

The blow-up criterion and wave-breaking criterion for the rotational b-family of
equations have been proved in this section.
Theorem 4.1.1. (Blow-up criterion) Let ug € H®, s > % and u be the corresponding

solution to (3.6). Assume T}, is the maximal time of existence. Then,
T, <oo=— / |0 (T)|| Lo dT = +00. (4.1)
0

Approach of the proof for this theorem base on the following propositions.
Proposition 4.1.2. [14, 15] Support that s > —%. Let v be a vector field such
that Vv belongs to L'([0,1]; H*™') if s > 1+ £ or to L'([0,1]; H2 N L) otherwise.
Suppose also that fo € H* , F € L'([0,1]; H*) and that f € L>([0,T); S") solves the

d — dimensional linear transport equations
@tf +uv- Vf = F

fli=o = fo
Then f € C([0,T]; H®). More precisely, there exists a constant C depending only on

s,p and d, and such that the following statements hold:
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(1) Ifs#1+4
s s T sdT + C "(1 T sdT .
1 £l < ol +/0 V()| zedr + /Ov< W ledr,  (42)

or hence,

1 lle < €€V (Ilfol

with V(t) = [ |Vo(r)

¢
e +/ e VO F(r)] Hsd7> (4.3)
0

drif s <1+ < and V(t) = [ ||Vou(7)]

HH%me gs—1dT else.
(2) If f = v, then for all s > 0 the estimates (4.2) and (4.3) hold with
V(t) = J10.0() | 1dr.

Proposition 4.1.3. [6] (1 — D Moser-type estimates). The following estimates hold,

(1) For s > 0,
1fgllzs@ < C (1 fllms@llgllze ey + | Fll e gl ms @) (4.4)
(2) For s >0,
1 fOugllmr=ry < C (IIfler=+2 @ 19|l ooy + 1| Loo ) |09l 2 ()

() Forslgé, 82>%and31+82>0,

I.f9]

mar) < Cf]

ma@® |9l e )

Proposition 4.1.4. ([14, 15]) Let m € R and f be an S™-multiplier (that is,f :
R? — R is smooth and satisfies that for all multi-index o, there exists a constant C,,
such that V& € R, [0°f(€)| < Cou(1+ €))7 1e). Then for all s € R and 1 < p,r < oo,
the operator f(D) is continuous from By, to By™.

The proof of the Theorem 4.1.1 will be given as follows.

Proof. First of all, we apply the translation u(t,z) — u(t,z — %t) to the equation
(3.3)

b—3 b
Up + Uy = —Py * {(c— %) U= (ug)* + §u2 + %u?’ + %u‘l}. (4.5)
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Also applying A® operator to the equation
s s __AS 60 b—3 2 b 2 Wi 3 W2 4
N u+A(ubpu) = A (-Px * {(C ~ 5 5 () + Jut + ogut )

Then taking the inner product between the equation (4.6) and Afu in L?, we have

s _ _1 s,,\2 o s s
2dtHA ul|7. = 2/Ru8x(A w) dx /R[A , u]OyulN*udx

s Bo b—3 2, by W Wy s
+/RA (—pz*{<c—g u—T(ux)—l—gu +ﬁu L ANudzx

< |10zt [|A"u] T2 + [1[A®, u] Ozl 2 | A%l 2

s B b—3 b w W s
+[|A (—px * { (c— ﬁo U= (ug)* + §u2 + 37“12103 - Mu‘l | p2 || A%l s

By using commutator estimate for s > 0, we get

IA°, uldpull 2 < C(llull s |0zl oo + (| Ozul| Lo |02

Hsfl) >~

Then, we have

1d
5 llull < € (0wl el

I5; _b=3 b w1 wa
—i—pr* {(C— EO 5 (ux)2+§u2+@u3—|—@u4 HHS HuHHs

Taking integration of the equation from 0 to ¢, we get

ot [Tl oeatolidr +0 [ s { (= )

b—3 b s
2()+2u+3 +4—u}|

—[Jul1?
(4.7)

|l s < [Juol Hs

Hs dT.

Thanks to the Moser-type estimate (4.4) and the Proposition 4.1.4, we obtain

3 b3 b
I { (e = ) = 252000 4 gt 2 i bl < C (s

w1 [t Lo 4 [|u|

e [ulliee + el llullze) -

mo-t [l oo + ul
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Therefore, we have

[[ullzzs < [luol me (1 [lullzoe + llugllzoe + [ullZee + llullz) dr.

w+C [ utr)

Applying the Gronwall’s inequality, it follows

C Jg (1l oo+l | oo+l oo +lull o0 )dr- (4.8)

lullzs < lluollmse

On the other hand, if we multiply (3.2) by u and integrate over R, we obtain

/umtdx—i—/uzmxd:v+b/uuxmdx+c/cuuxdx— @/uumxdzx
R R R R B Jr

w
wuydr + _:22) / wtuydr = 0.
o

w1
T
(0% R

R

Then, we have

/umtdx+ / u?lmydr + b/ uuzmdz = 0.
R R R

Note that, by applying integration by parts, we have

1d
de = —— 2 )d
/Rumt T=go R(u + (ug)?)dex,

and

/ u?mydr + b/ uugymdr = /(uQuac — U Uy )dT + b/(u2ux — Ul Uy )dx
R R R R

=(2-0) / Uy Uy AT

R
= b_TQ/R(ux)?’dx.

Therefore, we have

1d 9 9 20 9
- I . 4.
5% /R(u + (uy)”)dx 5 Rux(ux) dx (4.9)

Then, it follows
d / (@ + (ua)?)d < [b— 2/ gl 1 / (un)?da

< |b — 2| ||| 1o / (u? + (u,)?)dx,
R
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T llullz < 1o = 2l |z [[ull7

Thanks to the Gronwall inequality, we get
T
wlm < elo=21fo IIUIHLoodtHuOHHL

By using the following Sobolev inequality

[[wllm,
Ul g < ,
H HL = \/5
we have
HUHLw <:\}—HUHH1‘< x;_ewmﬂwaELwdqhuﬁhp. QLlO)
T2 T2

Then if the maximal existence time T); < oo satisfies fOTJO |0xu(T)|| Lo dT < 00, We
have from (4.8) and (4.10)
lull e < C(T),

and

C [te(r)dr
Hs€ fo () <C>O7

[ull s < Jluo|

where C(T) is any positive constant depending on 7. Therefore, we conclude

lim sup |lu(t)||gs < oo,

uo

which contradicts the assumption on the maximal existence time T < oo. This

completes the proof of Theorem 4.1.1 O

Theorem 4.1.5. (Wave-breaking criterion) Assume ug € H*(R) with s > 3. Let
Ty >0 be mazimal existence time of the corresponding solution u(t,x) to the system

(3.6). Then the corresponding solution breaks down in the following two cases,
(i) for b > 2, if and only if

lim inf inf u, (¢, z) = —o0, (4.11)
H7T;, z€R
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(i1) for b <1, if and only if
lim sup sup u,.(t, ) = +o0. (4.12)
1Ty, @€R

Proof. We have the following equation by differentiating the equation (4.5) with
respect to z and considering ?p* f =px f — f

b—3 b
Uty + uz2 + Uz = <C - %) u— 9 (Uw)2 + 5”2 + %ug + %1#
_p*{(c_g U_T(ux’) +§U +@u +4&3u .
(4.13)
Also, we consider the following differential equation
@:u(t,q), 0<t<T,
; (4.14)

q(O’ I) - 'T’ X 6 R?

where v € C'([0,T), H*™') is the solution to equation (4.5) with initial data ug € H*,
for s > 3/2. Differentiating (4.14) with respect to z, we obtain

%ux(t, q(t,x)) = uzn(t, q(t, x)) + uz(t, q(t, x))qe(t, )

(4.15)
From (4.13) and (4.15), we achieve
d b — 1 2 60 b 2 w1 3 wWa 4
%um(t,q(t,x)) =g Ua + (c— E) u+ ¥ + 32t + Tk
(4.16)

60 b — 3 2 b 2 w1 3 W9 4
_p*{(c—g u=— (ug) —|—§u —i—ﬁu +mu .
Considering (4.9) and if b > 2, we have

d. . 2
P 1 < _ _ - -
dtHUHH < (b —2)( ;Ielﬂgu )/u dx

R

< (b—2)(— inf u,) / u® + u, dx
R

z€R

— (b — o 2
= (0= 2)(= nf u,)[|ullz-
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Applying Gronwall inequality, we get

[l < e®2 o (infeerua)dt|yon
Assume that T); < oo and there exists M > 0 such that

uz(t,x) > —M,Y(t,xz) € [0, T, ) x R.

) uo

Then, we have

(b—2)MT;,

1
ul[ 2 < EHUHHl <e || g1 < C.

where C' > 0 is a constant, depending on T}y , M and ||ug|| ;1. Considering the following

b—2)M T},

inequalities such as u,? > 0, pxu? > 0, ||[p* |z < ||pllor||ull~ < € o 1,

Mo [luo 31,

lp* wa®[lze < Pl lualfe < €072

2(b—2)M Ty, o H%{la

Ip # u?[| e < 1Pl flullf <e

3(b—2) MT

0 UOH%U

I w e < llplpllullie <e

yMT,

lp* u'llz= < llpllerflullze < €' |21,

then from (4.16), we have

st a(t,@)) < O (Mo gl s + €M o g
| B-2)MTy o2 1 Ab-2MT U0H}1{1>

where C" is a positive constant. Integrating the inequality with respect to ¢t < T}; on
[0,¢], we obtain

uz(t,q(t,x)) < u,(0)+ C(T; , M)t.

up?

Then, for V¢ € [0, T} ), we have

sup ug(t, x) < ||0puol| < + Ct < ||ugl| g + CH,

z€R
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which together with

inf u, > —-M, V(t,z)€[0,T,) xR

zeR 7T o

and Ty < oo implies that

T
/ |Ous (T)|| Lo dT < 0.
0

This contradicts Theorem 4.1.1. On the contrary, by using the Sobolev embedding
theorem, H*(R) < L*(R), (with s > 1) if

lim inf inf w,(¢,2) = —o0
tTTJO zeR

holds, then the solution w blows up in finite time,

On the other hand, suppose that sup,cp u, > 0if b <1, we have

d
EHuH%p <(2- b)(supuz)/ufdx
R

zeR

< (2—=10b)(supuy) / u? + g dx
R

zeR

< (2= b)(supug) [[ull -
z€R

Applying Gronwall inequality, it follows

||u||H1 < 6(271;)f0T<supmeRuz)oltHuOHH1

Assume that T); < oo and there exists M > 0 such that

ug(t,x) < M,Y(t,xz) € [0, T, ) x R.

) uo

Then, we have

2-b)M T,

1
[l < EHUIIH1 < el Ul < C,
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where C' > 0 is a constant, depending on T}; , M and ||ug|| 1. Considering the following

(2-b)M T

inequalities such as u,? > 0, pxu? > 0, |[p*ul e < ||plloi]ul~ < e w0 [|ug || g1,

< 22-HMT;,

lp # ua® [z < llpllpalluslze < uollZ1,

< 22-b)MT;

lp * u?llz < llpllerullze < ol

3(2-b)MTy,

lp* ||z < [Iplliiflullfe < € uolzn

< LARHMT

lp* w*llzoe < [Ipllzellullz < |1

then from (4.16), we have

2(2-b)MTy, U ||?5(1

o (b q(t,)) = =C" (=Moo g1 +

dt
DMy g 3+ XM T g4, )
—C(T, M),

up?

where C” is a positive constant. Applying absolute value to this inequality, we get

up? ug?

d
~O(T3, M) < Susft qlt,2)) < C(T;, M),
So, by integrating the inequality with respect to t < Tp; on [0, 1], we obtain

—C(T , M)t + u,(0) < inﬂguw(t,q(t,x)).
Te

ug?

Then, Vvt € [0,T; ), we have

—C(T; , M)t — ||uo||m < in]gux(t,q(t,x)),
re

ug’

which together with

supu, < M, V(t,x)€[0,T) xR,

) (%)
z€R

and T, < oo implies that

o
/ 190 (7) | e dr < 00,
0
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This contradicts Theorem 4.1.1. On the contrary, by using the Sobolev embedding
theorem, H*(R) < L*(R), (with s > 1) if

lim sup sup u,(t, z) = +00
1Ty, weR

holds, then the solution w blows up in finite time, which completes proof.

4.2  Wave-Breaking Phenomena

In this section, we consider the special case of the rotational b-family of equations

which is called Rotational Camassa-Holm equation (b = 2)

Bo Bo 1 _
ut+uux+gux+p$*{(c—g)u+§( 2)? 4 u? +3a +4—u }—0, (4.17)

where p = %e"T". We state the following theorem to find the wave breaking data for
the R-CH.

Theorem 4.2.1. Assume that v € C([0,T); H*(R)) N CY([0,T); H*"'(R)), s > 3/2
is a solution of the Cauchy problem (3.6) for b = 2 with the initial value ug € H*(R)).

Suppose that

mo < min {A, B},

1
A . <|F)/| \/_ _HUOH +§OO2>7
B=-— (|;|+\/4 +2<|7|M0+—HU0H +002)>,

vzc—@
57

where

and Cy > 0 is defined by
2|W1|E3/2 |wo|

3a2 0 203
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and

1

Eq= = /(ug + (Opu0)?)dz.
2 Jr

The corresponding solution of (3.6) for b = 2 breaks down in finite time Ty with an
estimate as

4m§ + 4|v|mo — 2||uol3 — 2C7F
(mg + 2|ylmo — glluollF: — 203)\/7”% — 7 I(Mo —mo) — 3lluollFn —2C3

T0<t*:

We will give the proof for this theorem by using the following proposition and
lemma.
Proposition 4.2.2. (/35]) Let m(t) = inf,er {u,(t, )} and M(t) = sup,cp {u(t, 2)}
be two continuous and almost everywhere differentiable defined int € [0,T) T < oo

with satisfying

dn < —a/'m?(t) + V[M(t) — m(t)] + ¢,
ca.e. in t€]0,7),

A< ! M2(E) + B [M(t) — m(t)] + ¢,

where ' is a positive constant, b'and ¢’ are non-negative constants, and M(t) is a

nonnegative function of t. Suppose that the initial data mo = m(0) and My = M (0)

satisfy

1 1
moy < min {_E(b/ + (V)2 +ad), _ﬁ(b, +/(0)2 + da' (W My + c’))} :

Then m(t) is monotonically decreasing and breaks down in the finite time Ty with

a'mi +b'mg —c
a'(a'md + 20mg — )/ (a'mE — V' (Mo — mg) — )

T[)St*:

in the sense that

lim inf m(t) = —o0.
t—Ty
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In the case of Ty = t*, the wave-breaking rate can be estimated by

ami+bmg—c 1
a'mi+20mg — 't —t*

m(t) <

Furthermore, if m(t) is bounded below by some negative constant my, i.e. m(t) > my,

then M (t) is bounded by

/ 2 1 Aa(c — b
M(t) gmax{MO,b Vb +2‘f(c bml)}.
a

Lemma 4.2.3. (/8] Let T >0 and v € C*([0,T); H*(R)). Then for every t € [0,T)

there exists at least one point & € R with
mit) = inf[ua(t, 7)) = va(t, £(2), (4.18)

and the function m is almost everywhere differentiable on (0,T) with

dm

%(t):vm(t,ﬁ(t)) a.e. on (0,7). (4.19)

Now, we can prove the Theorem 4.2.1.

Proof. First, we apply the translation u(t,x) — u(t,z — %t) to the equation (4.17).

Then we get the equation in the form, as follows

1
Ut + Uy + Dy * {(c — %) u+ 5(%)2 +u?® + %u?’ + %u‘l} =0. (4.20)

Differentiating the equation with respect to x, it yields

1 1
Ugy + Uy + U2 + YOpp * (ug) + p * (u2 + E(um)z) — <u2 + 5(%)2)

Wi 3 Wo g4 w1 3 W2 4\
‘W*G@“+@W)—@@“+@W>—Q

where v = <c — %) Using the Lemma 3.1 in [2], we get the following



On the other hand, we have

w1 4 w1 ’ 1’ ’ 2’
(50 + ) = (s + )| < Sl + 22 )
1|W1| 1 |wo|
Sl ||L2+24 Ml el
2|wi | |W2| 2
< 2z Lo T 5, 3k =C5 > 0.
Then, we obtain

1
Ugt + Uy < —§ui — y0:p * (ug) + §u2 + Cg

, , (4.21)
< —§U§ — 70up * (us) + 1||U0||§{1 +Cy.-
Now, let estimate 0,p * (u,), first of all define for ¢ € [0,T)
m() == influa (1, 2)] = w6, ()
(4.22)
M(t) = suplus(t, )] = ua(t, &(t),

where &, 7 = 1,2, are some points in R ; see Theorem 2.1 in [8] for the existence of

& (t),&(t). By Lebesgue’s dominated convergence theorem, we have that

n
lim

n=roo | p(n)”:mc(tvé(t) - U)dﬁ = /Rp<n>umc(t7£(t) - U)dTI (423)

If [a,b] C R is an interval where p is monotone and f : [a,b] — R is continuous, by

the second mean-value theorem there is some ¢ € [a, b] such that

[ st =i [ s ) [ s

(4.24)
Therefore, we get for n > 1 and i=1,2, points ¢ € [—n,0],d € [0, n] such that
/ %enum(t, &i(t) —n)dn = %en[um(ta &i(t) — ¢) = ua(t, &i(t) + )]
—n 1 (4.25)
= 5lua(t, &i(1)) — ua(t, (1) — o)),
nq B 1 .
/ 2¢ Tuga(t, &i(t) —n)dn 2° [ua(t, &i(t) —n) — ua(t, &(t) — d)]
0 ! (4.26)
= Hlue(t,&(t) — d) = ua(t, &(1))]
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respectively. Recalling definition of m(t) and M (t), we deduce by adding (4.25) and

(4.26) that for n > 1

[ Getant 60 = midn = —5e M ualt. 60 — ) — (6@ + 1) + (e 60) )

—uy(t,&(t) — d)] — l[ux(tagi(t) —d) —ug(t,&(t) — c)]

2
< MOy e ias(e) - mo),

Thus,on account of (4.23), we obtain the estimate

R
= [ 3ottty = mn < LT e 0.7 fori = 12
R

Then it follows from (4.21) and by Lemma (4.2.3), u.(¢,&(t)) = 0 since m(t) is

minimum for u,(t,-) € C? that m(t) and M (t) defined by (4.22) satisfy

dm 1 1
< g+ ot — )+ Lol + G2,

dt =2 2
dM 1 Y] 1
= < =M+ M —m) + <ol + G

Applying Proposition 4.2.2, we complete the proof. O
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