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Abstract

SCATTERING AND INVERSE SCATTERING ON THE LINE FOR A
FIRST-ORDER SYSTEM WITH ENERGY-DEPENDENT POTENTIALS

Ramazan Ercan, Ph.D.

The University of Texas at Arlington, 2018

Supervising Professor: Tuncay Aktosun

A first-order system of two linear ordinary differential equations is analyzed.
The linear system contains a spectral parameter, and it has two coefficients that
are functions of the spatial variable x. Those two functions act as potentials in the
linear system and they also linearly contain the spectral parameter A, and hence
they are referred to as energy-dependent potentials. Such a linear system arises in
the solution to a pair of integrable nonlinear partial differential equations (known as
the derivative nonlinear Schrédinger equations) via the so-called inverse scattering
transform method.

The direct and inverse problems for the corresponding first-order linear sys-
tem with energy-dependent potentials are investigated. In the direct problem, when
the two potentials belong to the Schwartz class, the properties of the correspond-
ing scattering coefficients and so-called bound-state data are derived. In the inverse
problem, the two potentials are recovered from the scattering data set consisting of
the scattering coefficients and bound-state data. The solutions to the direct and

inverse problems are achieved by relating the scattering data and the potentials in

v



the energy-dependent system to those in a pair of first-order system with energy-
independent potentials. An alternate solution to the inverse problem is given by
formulating a linear integral equation (referred to as the alternate Marchenko inte-
gral equation), and the energy-dependent potentials are recovered with the help of

the solution to the alternate Marchenko equation.
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Chapter 1
Introduction

In this thesis we consider the direct and inverse scattering problems for the

first-order system with energy-dependent potentials, i.e.

/

2
ol | T ca@pqe) g (1.0.1)

g ¢r(z) i¢? | |B

where the prime denotes the x-derivative, ( is spectral parameter, the scalar quantities
«a and S are the components of the column vector-valued wavefunction depending on
both z and ¢, and ¢(x) and r(z) are complex-valued potentials. The parameter (>
at times may be interpreted as energy. That is why we refer to (1.0.1) as the system
with energy-dependent potentials to emphasize that ¢(z) and r(z) appearing in the
coefficient matrix in (1.0.1) each contain the spectral parameter ¢ as a coefficient. We
assume that ¢(x) and r(z) belong to the Schwartz class S(R). We recall the definition
of the Schwartz class below.
Definition 1.1. A function f(z) is said to belong to the Schwartz class S(R) if
that function belongs to C*(R) and 2™ f™(z) — 0 as x — oo for every pair of
nonnegative integers m and n.

Recall that C*(RR) denotes the class of functions f(z) where all the derivatives
f™(z) (including the zeroth derivative, i.e. the function itself) are continuous in

x € R. The following are already known [I17] about the Schwartz class. In the

Schwartz class, | f™ (z) } for each nonnegative integer n decays faster than any negative
power of z as x — +oo. A function in the Schwartz class and all its derivatives

belong to LP(R) for 1 < p < +oco. In other words, [* dz |f™ (x)‘p < 400 for every
1



nonnegative integer n and every positive integer p. In the Schwartz class, (™ (x) is
uniformly bounded in x € R for every nonnegative integer n.

One of the interesting features of (1.0.1) is its relation to the integrable system
for partial differential equations, known as the derivative nonlinear Schréodinger (NLS)
equation, given by

it + Qoo — 1(qrq)s =0,
zeR, teRt. (1.0.2)

iry — Tpw — 1(rqr), = 0,

The system in (1.0.2) is related to the scalar equation

which is obtained by setting r(x) = £q(z)*, where the asterisk denotes complex conju-
gation. Kaup and Newell [1] studied (1.0.3) and show that the initial-value problem
for (1.0.3) can be solved by using the method of the inverse scattering transform
(2, 3, 4, 5, 0] related to (1.0.3). We elaborate on the application of (1.0.2) related to
the inverse scattering transform in chapter 6.

The system in (1.0.1) is closely related to the standard system which is given

/
I . z€eR, (1.0.4)
U v() ad ||

where A is the spectral parameter, u(z) and v(z) are complex-valued potentials. We

assume that u(z) and v(z) belong to the Schwartz class S(R). The scalar quantities

¢ and 7 are the components of the column vector-valued wavefunction depending on

both x and A. We refer to (1.0.4) as the standard system to emphasize that the

potentials u(x) and v(x) appearing in the coefficient matrix in (1.0.4) do not contain

the spectral parameter A\. The direct and inverse scattering problems for the standard
2



system are well understood [3, 1, 5, 7]. Our goal is to exploit the relationship between
(1.0.1) and (1.0.4) in order to investigate the direct and inverse scattering problem
for (1.0.1).

Let us explain the meaning of the direct and inverse scattering problems for
(1.0.1). Since the potentials in (1.0.1) vanish as x — %00, for each real value of ¢ the

system (1.0.1) must have solutions of the form

as(¢)e

, r — o0, (1.0.5)
b (¢)

for some appropriate choices of a+(¢) and by (¢). In quantum mechanics, ¢** can
be interpreted as a plane wave moving in the positive z-direction and e~** can be
interpreted as a plane wave moving in the negative x-direction. This tradition results

from the fact that [3] the separation of the variable for the Schrodinger equation

w

results in the time-dependent factor of the form e !, where ¢ is time variable and w

is the energy parameter.

With the choices of a1 (¢) =1 and b, (¢) = 0, we have the unit-amplitude plane
672(2:2

wave that is sent from x = 400 onto the scatterers, i.e. the potentials ¢(x)
0

and r(z). T}lat plane wave is partly transmitted to x = —oo and this appears as

T,(¢) e | .
at © = —oo. It is partly reflected to * = 400 and this appears as

at © = 4+00. Thus, T,(¢) acts as the transmission coefficient from the
R(C) e
right and R(() acts as the reflection coefficient from the right. On the other hand,

with the choices of a_({) = 0 and b_(¢) = 1, we have the unit-amplitude plane

0
wave that is sent from x = —oo onto the scatterers, i.e. the potentials

—ic2
ezgx



q(z) and r(z). That plane wave is partly transmitted to z = 400 and this appears

0
as ' at r = 4o00. It is partly reflected to x = —oo and this appears as
Tl(C) ezAx
L(¢)e™ ¢ . - .
at x = —oo . Hence, T;({) acts as the transmission coefficient from the
0

left and L(¢) acts as the reflection coefficient from the left.

The direct problem for (1.0.1) consists of determining the scattering caused
by the pair of potentials ¢(z) and r(x). The relevant scattering is determined by
evaluating the corresponding scattering coefficients, i.e. the transmission and reflec-
tion coefficients both from the left and from the right. In addition to the scattering
solutions, the system (1.0.1) may also have certain solutions known as bound-state
solutions, where the corresponding waves are trapped by the potentials. In the anal-
ysis of the direct problem for (1.0.1) one determines both the scattering solutions and
the bound-state solutions, and hence one determines the scattering coefficients and
the relevant information related to the bound-states.

The inverse problem for (1.0.1) consists of the determination of the potentials
q(z) and r(x) in terms of their effect, i.e. in terms of the scattering and bound-states
caused by those potentials. In other words, to solve the inverse problem for (1.0.1),
one needs to determine the potentials ¢(z) and r(x) from an appropriate data set
containing the scattering coefficients and the bound-state information.

In this thesis we actually use two standard problems, one of which is given by
(1.0.4) and the other is given in (3.1.32). Even though (1.0.4) and (3.1.32) are both
standard systems, the pair of potentials in (1.0.4) are u(z) and v(z) and the pair
of potentials in (3.1.32) are p(x) and s(x), where p(z) and r(z) are different from
u(x) and v(x). We analyze the direct and inverse scattering problems for (1.0.1)

by utilizing the tools developed for the direct and inverse problems for the standard

4



systems (1.0.4) and (3.1.32). By explicitly determining the relationships between the
scattering coefficients for (1.0.1) and the scattering coefficients for (1.0.4) and (3.1.32),
we establish the connections between the bound-states for (1.0.1) and the bound-
states for (1.0.4) and (3.1.32). We establish the connection between the scattering
solutions for the system (1.0.1) and the scattering solutions for the systems (1.0.4)
and (3.1.32). We establish the connection between the bound-state data for (1.0.1)
and the bound-state data for (1.0.4) and (3.1.32). We also establish the connection
between the potentials ¢(z) and r(z) for (1.0.1) and the potentials u(z) and v(z) for
(1.0.4), as well as the potentials p(x) and v(z) for (3.1.32).

This thesis is organized as follows. In Chapter 2 we review the basic results
related to the direct and inverse problems for the standard system (1.0.4), i.e. for
the first-order system with potentials u(z) and v(z) not depending on energy. We
assume that the potentials u(x) and v(z) belong to the Schwartz class, and we intro-
duce the four Jost solutions (X, z), ¢(\, ), ¥(A,x), (), z) to (1.0.4) and explain
their properties related to their dependence on the spatial coordinate x and the spec-
tral parameter A. Then, we introduce the scattering coefficients T'(\), R(\), L(A),
T()\), R(\), L(\) for (1.0.4) and summarize the basic facts related to their properties.
We introduce the bound states for (1.0.4) and the quantities relevant to the bound
states, namely the bound-state energies, the bound-state dependency constants, the
bound-state norming constants and the multiplicities of the bound states. After that,
we describe the direct problem and explain how the potentials u(x) and v(x) uniquely
determine the corresponding scattering data set for (1.0.4) given in (2.4.1). Next, we
turn our attention to the inverse problem for (1.0.4), and we describe the Marchenko
method of the recovery of the potentials u(z) and v(x) from the corresponding scat-

tering data in (2.4.1). Although the results presented in this chapter are already

known [3, 4, 7], we provide some details for the proofs. This helps establish our
5



notation and helps obtain some further preliminary results needed later on for an
energy-dependent system.

In Chapter 3 we develop a method to solve the direct and inverse problems for
the first-order system (1.0.1) by using the theory for the direct and inverse problems
that is presented for the standard system (1.0.4) in Chapter 2. This is done with the
help of various transformations we establish between the energy-dependent system
(1.0.1) and the two energy-independent systems (1.0.4) and (3.1.32). We describe
the direct problem for (1.0.1), where the goal is to determine the scattering data
set (3.5.1) from the potentials ¢(z) and r(z) appearing in (1.0.1). This is done by
explicitly relating the scattering data set for (1.0.1) and scattering data sets for (1.0.4)
and (3.1.32). We introduce the relationships among the corresponding Jost solutions
for the first-order system (1.0.1) and the standard systems (1.0.4) and (3.1.32). Then,
we introduce the relationships among the scattering coefficients for (1.0.1) and the
scattering coefficients for the standard systems (1.0.4) and (3.1.32). After that, we
relate the potentials ¢(x) and r(z) for (1.0.1) to the potentials u(x), v(x), p(x), and
s(x) appearing in (1.0.4) and (3.1.32). Then, we introduce the bound states and the
quantities relevant to the bound states, namely the bound-state energies, the bound-
state dependency constants, the bound-state norming constants, and the multiplicities
of the bound states. Next, we turn our attention to the inverse problem for (1.0.1),
where the goal is to determine the potentials ¢(z) and r(x) from the scattering data
set (3.5.1). We solve this inverse problem by exploiting the relationships we have
established between the scattering data set for (1.0.1) and the scattering data sets for
(1.0.4) and (3.1.32). The solutions to the inverse problems for the standard systems
(1.0.4) and (3.1.32) are already known [3, 1, 5, 7]. We determine the potentials ¢(z)
and 7(z) in term of the solutions to the Marchenko equations relevant to (1.0.4) and

(3.1.32). Since there are three distinct systems, namely (1.0.1), (1.0.4), and (3.1.32),
6



introduced in our analysis, we carefully identify each relevant quantity by showing
whether that quantity is related to (1.0.1), (1.0.4) or (3.1.32). In fact, in addition
to the three distinct systems (1.0.1), (1.0.4), and (3.1.32) in our analysis, we use two
additional systems given in (3.1.3) and (3.1.31). We carefully relate all the relevant
quantities for these five distinct systems. This enables us to develop our method to
solve our main inverse problem, i.e. the inverse problem for (1.0.1), by clarifying the
relationships among all the five systems.

In Chapter 4 we analyze the inverse problem for (1.0.1) by using a different
method. We determine the potentials ¢(z) and r(x) in (1.0.1) by formulating a
Marchenko system, which we call the alternate Marchenko system. Our motivation
comes from the work [0] by Tsuchida, where he formulated a Marchenko system
to solve (1.0.1). Our alternate Marchenko system is not the same as the system
formulated by Tsuchida [9]. Our Marchenko system has the appropriate symmetry
properties and resembles the standard Marchenko system [3, 4, 5, 7] used to solve var-
ious other inverse problems. Furthermore, the derivation of our Marchenko system
is clearly indicated, whereas the derivation of the Tsuchida’s Marchenko formula-
tion using certain gauge transformations is not as intuitive and not very clear to us.
Nevertheless, we have greatly motivated by the important work of Tsuchida.

In Chapter 5 we analyze the scattering data set used by Kaup and Newell [!]
and indicate how the Kaup-Newell data set is related to the scattering coefficients for
(1.0.1). Since Kaup and Newell [1] considered only the special case r(z) = +q(x)*,
we extend the results in [1] by using the two potentials ¢(x) and r(z) without relating
those two potentials to each other. In order to clearly indicate how the scattering
data set of Kaup and Newell is related to the scattering theory for (1.0.1), we use
the original notation of Kaup and Newell for the quantities used in [1], and we also

use our own notation where we use a superscript on quantities to indicate the two

7



potentials to identify the appropriate linear system. For example, we use (€97
for the Jost solution for (1.0.1), T€4<") for the transmission coefficient, and R(¢%:<7)
for the right-reflection coefficient associated with (1.0.1). Kaup and Newell applied
the inverse scattering transform to solve the initial value problem for (1.0.3). They
associated (1.0.3) with the linear ordinary differential equation appearing in (1.0.1)
in the special case r(z) = £q(z)*. They used the Marchenko method, i.e. they set
up a linear Marchenko integral equation and recovered ¢(x) from the solution to the
Marchenko equation. Since their goal was to develop the inverse scattering transform
method for the derivative NLS equation given in (1.0.3), they were less interested in
developing the scattering theory for (1.0.1). It is not quite clear how the scattering
data set used by Kaup and Newell is related to the scattering coefficients for (1.0.1).

In Chapter 6 we introduce the AKNS method and list the AKNS pairs X and
T corresponding to the integrable system (1.0.2). Then, we introduce the AKNS pair
corresponding to the Chen-Lee-Liu system (6.0.11). This is done with the help of a
transformation for the wave functions between the first-order system (1.0.1) and the
first-order system (6.0.14) associated to Chen-Lee-Liu system (6.0.11). After that,
we introduce the relationships among the corresponding Jost solutions for the first-
order systems (1.0.1) and (6.0.14). Then, we introduce the relationships among the
scattering coefficients for (1.0.1) and the scattering coefficients for (6.0.14). Then, we
introduce the time evolution of scattering data sets for (1.0.1) and (6.0.14). Next,
in the case of the bound states with multiplicities, we use the method of [10, 20, 21]
and express the bound-state data in terms of matrix triplets (A, B,C) and (A, B, C).
Then, we introduce the Marchenko kernels Q(y) and Q(y), defined in (2.5.10) and
(2.5.11) respectively, in terms of matrix triplets (4, B, C) and (A, B, C). Finally, we

introduce the alternate Marchenko kernels G (y) , G (y), G®*)(y), and GP*)(y),



defined in (4.2.11) and (4.2.12) respectively, in terms of a matrix triplet (A4, B, C') and

(4, B,0).



Chapter 2
Scattering and Inverse Scattering for a First-Order System

2.1 Scattering for the Standard System and Jost Solutions
In this chapter we review the direct and inverse problem for the standard system,

i.e. for a first-order system with potentials not depending on the energy, which is given

by

/

§ |7 @) ) ,  z€R, (2.1.1)

7 v(z) i\ | |n

where the prime denotes the x-derivative, A\ is the spectral parameter, and wu(z)
and v(z) are complex-valued potentials. We assume that u(z) and v(z) belong to the
Schwartz class S(R). The scalar quantities £ and 1 depend on both x and A. Although
the results presented in this section are already known [3, 1, 5, 7], we provide some
details for the proofs. This helps to establish our notation and to obtain some further
preliminary results needed later on for an energy-dependent system.

There are two linearly independent column-vector solutions to (2.1.1), ¥(A, x)
and ¢(\, x), known as the Jost solutions [3, 4, 5, 7, 13], which are uniquely determined

by imposing the asymptotic conditions

[ —i\T
s = | Lo, =T e, e, 212
e 0
_e—i)\az B 0
(N, ) = +o(1), o\ zx)= +o(1), T — —00, (2.1.3)
0 ei/\x

10



where the overbar used does not indicate complex conjugation. In this thesis, we use

the asterisk * for complex conjugation. For convenience, let us define
m(\, ) = (A ) e ™, m(\ ) = (N z) e, (2.1.4)

n(\ z) = o\ x) e, A\ x) = o\ x)e . (2.1.5)

Using (2.1.4) and (2.1.5) in (2.1.2) and (2.1.3) we get

m(\, x) = ! +o(1), m\zx)= ! + o(1), r — 400, (2.1.6)
1 0
_1_ 0

n(\x) = +o(l), n\z)= + o(1), T — —00. (2.1.7)
0 1

In the next proposition, we show that m(\, z) and m(\, z) defined in (2.1.4)
satisfy certain integral relations, which are obtained by combining the differential
equation for (2.1.4) and the asymptotic conditions of (2.1.6). Let us write m(\, z)

and m(\, z) in the component form as

my )\737 fnl )\,17
m(A, x) = *.2) , m(\ )= (.2) . (2.1.8)
ma(A, x) ma(A, x)
We can write (2.1.6) as
m el 0 M A L) s s dee. (209)
ma(A, x) 1 ma (A, ) 0

Proposition 2.1. The components of vector-valued functions m(\, x) and m(\, x)

given in (2.1.8) satisfy the integral relations

mi(\, z) = —/ dy u(y) ma(\, y) @), (2.1.10)

11



mo(A,x) =1 +/ dy/ dzv(y) u(z) ma(X, z) €AY, (2.1.11)
z y

mi(A\,z) =1 +/ dy/ dzu(y)v(z) my (N, z) 22 (2.1.12)
@ y

mo (A, x) = —/ dy u(y) ma (N, y) A=), (2.1.13)

T

Proof. Since the Jost solution ¥ (A, x) appearing in (2.1.2) is a solution to (2.1.1), we

have

) —iA u(x)
P (N x) = YA, x). (2.1.14)
v(x) A

Using the first equality of (2.1.4) in (2.1.14) we obtain

: —iA u(x ,
[m(\, z) e = (@) m(\, z) e,
v(z) QA
or equivalently
, . —i\ u(x .
iIAm(A, x) e +m/(\, x) e = (=) m(\, z) e, (2.1.15)
v(x) A

With the help of the first equality of (2.1.8), from (2.1.15) we get

my(\, ) i mi(\, ) _ —iAmy (A, x) + u(z) ma (A, x)
mb(\, ) ma(\, ) v(z) my(A, x) + iAma(\,

which yields
)

mi(\, z) + 20Amy (A, ) = u(x) ma(A, x),

(2.1.16)
Km’2(>\, x) = v(x)my(\ ).
Using an integrating factor in the first line of (2.1.16), we obtain
[mi(\, ) e222]) = u(z) mo (N, z) €277,
(2.1.17)

mby(A, x) = v(z) my(A, x).
12



Integrating (2.1.17) with the asymptotic condition of the first equality in (2.1.9) we
get

my(A, x) = —/ dy u(y) ma(\, y) A=), (2.1.18)

ma(A,x) =1 —/ dyv(y) mi(\,y). (2.1.19)

Note that (2.1.18) agrees with (2.1.10). Using (2.1.18) in (2.1.19) we get

ma(A,x) =1 +/ dy/ dzv(y) u(z) ma(, z) 22EY)
x y

which establishes (2.1.11). Next, we prove (2.1.12) and (2.1.13). Since the Jost

solution v(\, z) appearing in (2.1.2) is a solution to (2.1.1), we have

. —iA ulx)| _
V(N )= (A, x). (2.1.20)
v(x) A

Using the second equality of (2.1.4) in (2.1.20) we get

—iA u(z .
[\, z) e = (@) m(\, z) e,
v(x) A
which is equivalent to
—iA u(z)

—idm(\ z) e 4/ (N, z) e =

With the help of the second equality of (2.1.8), from (2.1.21) we obtain

mi(\, ) A mi(\, ) _ —iAmi(A, z) + u(z) ma(A, x)
my (A, ) ma(A, ) v(x)mi(\, z) + iAmg(A, x

which yields

mh (A, x) = u(x) ma(\, ), (2.1.22)

mby(A, x) — 2iAma(\, z) = v(x) my(\, ).
13



Using an integrating factor in the second line of (2.1.22), we have

mh (A, @) = u(z) ma(\, ), (2.1.23)

[ma(\, ) e722%) = v(z) my (N, z) e 272,

Integrating (2.1.23) with the asymptotic conditions of the second equation in (2.1.9)
we get

mi(A\,z)=1-— /OO dy u(y) ma(A, y), (2.1.24)

ma (A, x) = —/ dy v(y) my(\, y) XM, (2.1.25)

Note that (2.1.25) coincides with (2.1.13). Substituting (2.1.25) in (2.1.24) we obtain

my(A,z) =1+ / dy/ dzu(y) v(z) mi(\, 2) 2iMy—=)
x y
which completes the proof of (2.1.12). 0

The next proposition is the analog of Proposition 2.1, where we show that
n(A, z) and n(\, z) appearing in (2.1.5) satisfy certain integral relations. Let us write

n(A, z) and n(\, z) in terms of their components as

n(\ ) = m(A ) ., A\ ) = mdo)) (2.1.26)
na (A, x) n2 (A, x)

We express the asymptotes in (2.1.7) as

ni(A, z) 1 (A, x) 0
= +o(1), = +o(1), r— —oo.  (2.1.27)

na(A, x) 0 na (A, ) 1
Proposition 2.2. The components of vector-valued functions n(\,z) and n(\, x)

given in (2.1.26) satisfy the integral relations

x y
ni(\,z)=1 +/ dy/ dzu(y) v(z) ni(\, z) 2262 (2.1.28)
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ng()\,a:):/ dyv(y) ni (N, y) A=Y (2.1.29)

n1(A, x) :/ dy u(y) ig(\, y) 2= (2.1.30)
na (A, ) = 1+/ dy/ dzv(y) u(z) g\, z) 2AEY), (2.1.31)

Proof. The Jost solution ¢(A,x) appearing in (2.1.3) satisfies (2.1.1), and hence we

have

) —iA u(x)
&'\, x) = O\, ). (2.1.32)
v(x) A

Using the first equality of (2.1.5) in (2.1.32) we get

4 —i\ u(w ,
[n(\, x) e ™) = (@) n(\ x)e
v(x) A
or equivalently
—iA u(z)

—idn\, x) e /(N x) e = n(\, z)e . (2.1.33)

With the help of the first equality of (2.1.26), from (2.1.33) we obtain

ni(\, x) (A @) —iAni (A, z) + u(x) ne (A, )

—’L/\ == )

ny(\, ) na(\, ) v(x)ni(A\, z) + iAng(A\, x

which yields
nll()‘7 ZE) = U(ZE) nQ()‘v ZE),

(2.1.34)
nh(A, ) — 2iAng (A, x) = v(z) ni (A, x).
Using an integrating factor in the second line of (2.1.34), we have
nll()\a .Z') = U(l‘) n2()" ZE),
(2.1.35)

[na(A, z) e 22] = v(x) ny (A, ) e 272,

15



Integrating (2.1.35) with the help of the first asymptotic condition of (2.1.27), we get

ni(\,x) =1+ /93 dy u(y) na (A, y), (2.1.36)
na(\, ) = /I dyv(y) ny(\, y) e2A@Y), (2.1.37)

Note that (2.1.37) coincide with (2.1.29). Substituting (2.1.37) into (2.1.36), we
obtain
ni(\ x) = 1+/ dy/ dzu(y) v(z) ni(\, z) 2282,

which establishes (2.1.28). Next, we prove (2.1.30) and (2.1.31). The Jost solution

o(\, x) appearing in (2.1.3) satisfies (2.1.1), and thus we have

. —iA u(z)| _
&' (N x) = O\, ). (2.1.38)
v(x) A

Using the second equality of (2.1.5) in (2.1.38) we get

A —iA u(z :
(N, z) e?*] = (=) (X, x) e,
v(x) A
which is equivalent to
. , —iA u(x .
iINA(N, z) e+ 7 (N, ) e = (@) n(\, x) e (2.1.39)
v(x) QA

With the help of the second equality of (2.1.26), from (2.1.39) we obtain

(A, x) i (A, x) _ —iAn (A, ) + u(w) ng(A, x)
5\, x) na(A, ) v(x) Ry (A, x) +idng(A,

or equivalently

(A x) + 2iA (N, z) = u(z) ne (A, x),
(2.1.40)

ny(A, ) = v(z) ny(\, ).
16



Using an integrating factor in the first line of (2.1.40), we have

m1(\, ) e = u(x) ng(\, z) e, (21.41)

ny(\, ) = v(x) i (N, ).

Integrating (2.1.41) with the second asymptotic condition of (2.1.27) we get

nl()\,x):/ dy u(y) (N, y) 222 (2.1.42)

— 00
x

na(\, ) = 1+/ dyv(y) ni (A, y). (2.1.43)

—00

Next, by using (2.1.42) in (2.1.43) we obtain

mva) = [ dyul) maOg) ),
xX i 4
na(A,x) =1 +/ dy/ dzv(y) u(z) na(A, 2) e2iM=—y)
which completes the proof of (2.1.30) and (2.1.31). 0

The next result deals with the analyticity properties in A for m(\, z), n(\, x),
m(A, x), and i(A, x) appearing in (2.1.4) and (2.1.5).
Theorem 2.1. Assume that the potentials u(x) and v(x) appearing in the system
(2.1.1) belong to the Schwartz class S(R). Then:
(a) For each fixred x € R, the vector-valued functions m(\,z) and n(\,x) each have
analytic extensions from A € R to A € Ct. Furthermore, these two vector-valued
functions are continuous in X € C+ for each fized x € R.
(b) For each fized x € R, the vector-valued functions m(\, z) and n(\, ) each have
analytic extensions from A € R to X € C~. Furthermore, these two vector-valued

functions are continuous in X € C— for each fized x € R.

17



Proof. These analyticity properties are established by iterating the integral repre-

sentation given in Proposition 2.1 and 2.2. The proof of (a) is obtained as follows.

Iterating (2.1.11) we can express ma(A, z) as an infinite summation as
ma(\, ) = > k(A x),
=0
where we have

ko(A, z) :==1,

ki(\ x) = / dy/ dzo(y) u(z) ki1 (A, 2) @A) j=1,2,3,....
@ v

Changing the order of integration in (2.1.46) we get

k(A x) :/ dz/ dyv(y) u(z) kj_1 (A, 2) P2N—Y)

Let us define
M\ z,2) = / dy v(y)u(z)e? =9,

Using (2.1.48) in (2.1.47) we have

kj(\ x) = / dz M\, z,2) kj—1 (A, 2).

(2.1.44)

(2.1.45)

(2.1.46)

(2.1.47)

(2.1.48)

(2.1.49)

With the help of [e?**~%)| < 1 when y < z and A € CF, from (2.1.48) we obtain

/:O dz|M(\ z,2)| < /:o dy |v(y)| /:O dz |u(z)].

Using (2.1.45) and (2.1.50) in (2.1.49) for j = 1, we get

k()] < / T dylo() / " dzu().

For 7 = 2, we have

Fa(\, ) = /OO dz MOz, 2) ki (0, 2).

18

(2.1.50)

(2.1.51)

(2.1.52)



Substituting (2.1.50) and (2.1.51) in (2.1.52) we obtain

Ikrz(A,x)ls/ dy o(y |/ dz Ju( |/ dat [o(t |/ ds [u(s)

or equivalently

(A, )] < ( [ avwl [ mdm(m) ( [ st [ Oods|u<s>|). (2.1.53)

Let us define
A(z) := / dt [u(t)], B(z) == / ds [u(s)|, (2.1.54)
which are uniformly decreasing in z and
Al(z) =—v(z)],  B'(z) = —Ju(z)]. (2.1.55)

Using (2.1.54) and (2.1.55) in (2.1.53), we obtain

k2l )] < ( | dy(—A'<y>>A<y>> ( [ aBe B<z>). (2:1.56)

With help of integration by parts, we can write (2.1.56) as

(A=) [B(x)]”
2! 2l

’k2 (/\7 .’IZ’) ’ <
or equivalently

ko)l < o ( / ay o)) 5 ( /xoodzru<z>|)2. (2.1.57)

In a similar way for j = n we obtain

o)l < ([ anlol)” o ( / " dzlu(2)])" (2.158)

T

Since the potentials u(z) and v(x) belong to the Schwartz class S(R), each k;(\, z) is

bounded for each A € C*. Thus, from j = 1,2,3, ..., n we obtain

S0l ([ arl) ([ ae)

e ([ anbl) ([ aslu)’
ot s ([ tnlowl)" ([ i)




or equivalently

which can be written as

2 o 1/242j
iy o) (o)

7=0

= ((/ dy v )\)I/Q(Amdzw(z)y)m),

where Jy is [0] the Bessel function of order zero. Thus, the series given in (2.1.44) is

uniformly convergent. Each k;(A, ) is analytic in A for A € C* and continuous in A
for A € C*. Thus, by the Weierstrass theorem my(\, ) is the limit of a uniformly con-
vergent sequence of analytic functions in every compact subset in C*. Consequently,
ma(\, ) is analytic in A for A € C* and continuous in A for A € C*. The analyticity

and continuity of n(A, x), m(\, x), n(A, x) can be proved in the same way. O]

In the next theorem, we present the large-A asymptotics of the quantities
m(A, x), n(A x), m(\ x), and n(A, x) appearing in (2.1.4) and (2.1.5). Let us write

m(A, x) and m(A, x) in terms of their components as

mvg) = |8 o = M) (2.1.59)
ma(A, ) ma(\, x)

Theorem 2.2. Assume that the potentials u(x) and v(x) appearing in the system
(2.1.1) belong to the Schwarz class S(R). Then for the quantities appearing in (2.1.26)

and (2.1.59) we have

1 1 _
_ - : +
mi(\, z) = %X (x)—l—o(/\) : A— oo in CH, (2.1.60)
1 o 1  —
me(A,x) =1— 2in dzu(z)v(z) + o (X) , A—oo in C+,  (2.1.61)
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mi(A,x) =1+ % dzu(z)v(z) +o (%) , A—oo in C-, (2.1.62)
_ 1 1 —
ma(A, x) = ~0x v(z)+o (X) , A—oo in C-, (2.1.63)
1 v 1 =T
ni(\x)=1- X dzu(z)v(z) + o A A—oo in CH, = (2.1.64)
A\ x) = = (z) + ! A — in CT (2.1.65)
na(h &) = gy vl@) +o 1), oo in : 1.
_ 1 1 L
ni(\ z) = ~3 u(x) + o 1) A—oo in C-, (2.1.66)
_ 1 N 1 . =
ne(A, ) =1+ 0N dzu(z)v(z) + o <X) , A—oo in C-, (2.1.67)

Proof. The proof for (2.1.61) is obtain as follows. Changing the order of integration

in (2.1.11) we get

ma(A,z) =1 —l-/ dz/ dy v(y) u(z) ma(X, 2) 22=2)

which can be written as

o0 z d e2iA(z—y) 1, ‘
mo(A, ) =1 +/ dzu(z) ma(A, z)/ dy [d_y <v(y) —5 > +—(y) BQZA(z—y)]7

2iA
or equivalently

1 oo
ma(A, ) =1 — i /. dzu(z)v(z)ma(A, 2)
1 > :
+ 5 dzv(z) ma(\, 2) u(z) 22 (2.1.68)
1 *° z .
+ N dz/ dy u(z) ma(\, 2) V' (y) 222,
? x x

Replacing mo(\, z) by 1+ [ma(A, ) — 1] in the first integral in (2.1.68) we have

ma(A, ) =1 — % xoo dzu(z)v(z) — L /:0 dzu(z)v(z)|(ma(\, 2) — 1)
1 - 2i\(T—2
+ 2 /. dzv(z) ma(N, 2) u(z) ¥ (2.1.69)

1 *° z ,
+ — dz/ dy u(z) ma(\, 2) V' (y) 222,
2i\ J, -
21



[terating (2.1.69) we get

oo

1 1 —
=1- — — ] +
mo(\,z) =1 2 ) u(z)v(z) + o ()\) , A— oo in CT, (2.1.70)

which completes the proof of (2.1.61). Let us now prove (2.1.60). Replacing ma(\, z)

by 1+ [ma(\, z) — 1] in (2.1.10) we get
i) = = [ dyuly) 20 [+ (marg) - 1),
or equivalently
mi(\,x) = — /OO dy u(y)e* =) — /Oo dy u(y)e* =) [mg()\,y) - 1} (2.1.71)
With the help of (2.1.70), from (2.1.71) we obtain
mi(\,z) = — /OO dy u(y)e* =" 4 o (%) : A— oo in CF,
which can be written as
ik [ ol =) 2 ()

or equivalently

u(z) 1 [~ 2o 1
I - ). 2.1.72
mi(Aw) =53+ m/x yuly) —n— el y (2.1.72)

Since u/(z) € S(R) and [¢**@=2)| < 1 for # < y and A € C¥, the integral [ in
(2.1.72) is converges for all x € R. Hence, we obtain

1 1 _
ml()\,x):ﬁu(:v)jLo(X), A— oo in CH

which establishes (2.1.60). Similarly, the proof of (2.1.64) is obtained as follows.

Changing the order of integration in (2.1.28) we get

mnva) =1+ [ dx [ dyaty) vy minz) o,
22



or equivalently

xT

x d eZi)\(y—z) 1 -
dzv(z) nl(A,Z)/ dy [@ (u(y) 57X ) — o (y) N )],

21\
which can be written as

nl(/\,x):1+/

—00

1 x
ni(A,z) =1— x| dzu(z)v(z)nyi (X 2)
1 v .
+ i dzv(z) ny (N, 2) u(y) ¥ (2.1.73)
? —0o0
1 x

- ! / 2iA(y—=z)
o | dz/z dyv(z)ni(\, 2)u'(y) e :

oo

Replacing nq (A, z) by 1+ [n1(\, z) — 1] in the first integral in (2.1.73) we get

mOue) =1 — = [ dzu()v(z) — — / dzu(=) o(2) [ (m (A, 2) — 1]

2N ) 2N
1 x .

+ S dzv(z) ny(\, 2) u(y) e @2 (2.1.74)
1 x

o ‘ / 2iA(y—=z)
i ] dz/z dyv(z)ni(A, z)u'(y) e .

By iterating (2.1.74) we obtain

1 v 1 _
ni(A\z)=1- 2 dzu(z)v(z) + o (X) : A—oo in Ct, (2.1.75)

which establishes (2.1.64). Now let us prove (2.1.65). Replacing ni(\,y) by 1 +

[n1(A,y) — 1] in (2.1.29) we get

na(\, ) = /x dy v(y)e* =) +/ dy v(y)e* @) [nl()\, y) — 1]. (2.1.76)

—00 —00

Using (2.1.75) in (2.1.76) we have
mnva) = [ dyo)e e o (X) | (2.1.77)

—|—0l
)\7

which can be written as

\ T p d eZi/\(a:—y) , eZi)\(x—y)
mva) = [y | =4 (o) S ) + ) 5
23




or equivalently

U(.l’) 1 T . e?i)\(xfy) 1
A = —— 4+ — d — . 2.1.
(A7) = =50 gy / y' W)l (2.1.78)

Since v(z)" € S(R) and [¢**@¥)| <1 for y < z and A € C¥, the integral [*_
in (2.1.78) is converges for all x € R. Hence, we obtain
1

nQ()\,x):—%JrO(X), A— oo in CT.

The proofs for (2.1.62), (2.1.63), (2.1.66), and (2.1.67) are given in a similar manner.

]

The next result deals with the continuity and the large z-asymptotics of m(\, x),
n(A, z), m(A, x), and n(\, z) appearing in (2.1.4) and (2.1.5) for each fixed A in their
respective domain in the complex A-plane.
Theorem 2.3. Assume that the potentials u(x) and v(x) appearing in the system
(2.1.1) belong to the Schwartz class S(R). Let m(\, z) and m(\, x) be the quantities
defined in (2.1.4) and n(\,z) and n(\, z) be the quantities defined in (2.1.5). Then:
(a) For each fized \ € C" we have

0 1
m(\, z) = +0o(1), x— +o0; n(\z)= +o(l), z— —oo, (2.1.79)
1 0
and m(A, x) and n(A\, x) are continuous and uniformly bounded in x € R.
(b) For each fized A € C we have
1 0

m(\, x) = +0o(1), x— +o0; n(\z)= +o(l), z— —oo, (2.1.80)
0 1
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and m(A, x) and n(\, x) are continuous and uniformly bounded in x € R.

(c) The Jost solutions (), x) and ¢(\,x) are continuous in x € R for fized A € C+

and
, 0
V(A x) = e ( +o(1) |, x — 400, (2.1.81)
1
1
d(\, ) = e ( +o(1) |, x — —00. (2.1.82)
0
(d) The Jost solutions ¥(\, ) and ¢(\, z) are continuous in x € R for fived A € C—
and
_ , 1
Y\, x) = e +o(1) |, T — 400, (2.1.83)
0
_ , 0
d(\, ) = " +o(1) |, r — —00. (2.1.84)
1

Proof. The proof of the first equality in (2.1.79) is obtained as follows. Let us copy

the first equality in (2.1.8) for the convenience of the reader as

m(\, z) = . (2.1.85)

Iterating (2.1.11) we can express ma(A, z) as an infinite summation as

ma(\, z) = Zméj)()\,x), (2.1.86)
=0
where we have
mP (A, z) =1, (2.1.87)

mg) (\, ) == / dy / dzv(y) u(z) PV mi (N, 2), j=1,2,3,.... (2.1.88)
x )
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Changing the order of integration in (2.1.88) we get

m$) (A, x) / dz/ dyv(y 2=y gjfl)()\,z). (2.1.89)

Let us define
F(\ z,2) ::/ dy v(y)u(z)e =), (2.1.90)

Using (2.1.90) in (2.1.89) we have
P (A z) = / dz FO\ 2, 2)m§ V(A 2). (2.1.91)

With the help of [e?*¢—%| < 1 when y < z and A € C ', from (2.1.90) we obtain

/00 dz|F(\ x,z)| < /00 dy |v(y)| /OO dz |u(z)]. (2.1.92)
Using (2.1.87) and (2.1.92) in (2.1.91) for j = 1, we get
w0l < [Canlo)] [ dzlucel (2.1.99
For j = 2, we have
mi? (), x) = /00 dzF(\ x, z) mgl)()\, ). (2.1.94)

Substituting (2.1.92) and (2.1.93) in (2.1.94) we obtain

|m52>(A,x)|g/ dy [ |/ d [u( = |/ dt |o(t) y/ ds u(s)

or equivalently

|m§2)()\,l')| < (/OO dy |v(y)] /OO dt]v(t)|> (/00 dz |u(z)] /OO ds|u(s)]>. (2.1.95)

Let us define
A(2) ::/ dtlo(t),  B(2) ::/ dsu(s)), (2.1.96)

26



which are uniformly decreasing in z and
Al(z) = —|u(2)], B'(z) = —|u(z)]. (2.1.97)
Using (2.1.96) and (2.1.97) in (2.1.95), we obtain
[m3? (A, 2)| < ( / ) dy(—A'<y>>A<y>) ( / i dz(—B'<z>B<z>). (21.98)
With help of integration by parts, we can write (2.1.98) as

Im$? (A, z)| <

2l 2l
or equivalently
w2 0va) < 5 ([ b)) 5 ([ dstuta)” (21.99)
In a similar way for j = n we obtain
o)l < o ([ anlotl)” 5 (f astuca)” (2:1.100)

Since the potentials u(z) and v(z) belong to the Schwartz class S(R), each méj)()\, x)

is bounded for fixed A € C . Thus, from j =1,2,3,...,n we obtain
Slmf oo <1+ ([ dylot) ([ dsfuta))
j=0 T T
1 o0 2 o0 2
oz ([ avke) ([ azlutc)

T T

et g (o) ([ aspuean)”

+

or equivalently

> mP (A @)] <
j=0 j
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which can be written as

- 1/2 o 1/2725
< S ([ ayle@)l) ([ dzlu)]) ]

|
j=0 J:

Jo(2 (/ dy v )\)I/Q(Loodz\u(z)yfﬂ)?

where Jy is [0] the Bessel function of order zero. Thus, for each fixed \ € C" the

series given in (2.1.86) is uniformly convergent and uniformly bounded in € R. Each
m$(\, z) is also continuous in z € R. Thus, by the Weierstrass theorem, ma (), z)
is the limit of a uniformly convergent series of continuous terms. Hence, ma(A, x) is
continuous in € R for each fixed A € C . Now, let us also prove m; (A, z). Let copy

(2.1.10) for the convenience of the reader as

my (A x) = —/ dy u(y) ma(\, y) e2A@Y), (2.1.101)

By taking the absolute value of both side of (2.1.101) we get

ma (A )] = '— [ty man gy ), (2.1102)

which yields
ima(\, )| g/ dy [u(y)| ma(A )] [ (2.1.103)

With the help of |e%’\(”’_y)| <1 when y <z and A € C*, from (2.1.103) we obtain

ma(\,2)| < / " dy lu(y)] ma(hy)] (2.1.104)

Since u(x) belongs to the Schwartz class S(R) and mz (A, y) is uniformly bounded in
y € R for each fixed A € C', from the expression in (2.1.101) we see that m; (A, x)
exists, uniformly bounded for each fixed A € €', and mi(A,x) = o(l) as © — +oo.
Hence, the first asymptotics in (2.1.79) is verified. From (2.1.101) we see that m4(\, z)

can be represented as an infinite summation by using the corresponding summation
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(2.1.86) for ma(A,y). We clearly know that the series given in (2.1.86) is uniformly
convergent in z € R and uniformly bounded in # € R for each fixed A € C+. Each
mgj )()\,a;) is also continuous in x € R. Thus, by the Weierstrass theorem m; (A, x)
is represented as a uniformly convergent series of continuous terms. Hence, m;(\, z)
is continuous in # € R for each fixed A € C'. The continuity in z € R and the
large z-asymptotics of n(A, z) for each fixed A € C ' are proved in a similar way. The
continuity in x € R and the large z-asymptotics of m(A, z) and n(\, x) for each fixed
A € C  are established in the same manner.

We conclude (c) by using (a) and (2.1.4) and (2.1.5). Similarly, we obtain (d)

by using (b) and (2.1.4) and (2.1.5). O

2.2 Scattering Coefficients

The scattering coefficients can be defined by using the z-asymptotics of the
Jost solutions, or equivalently they can be obtained with the help of Wronskians of
Jost solutions. Since the potentials u(z) and v(z) appearing in (2.1.1) belong to the

Schwartz class S(R). we have

o\ z) = | T* +o(1),  x— +oo, (2.2.1)

o\ z) = | W to(l), o — +oo, (2.2.2)
1
YA z) = [TV +o(l), - —o0, (2.2.3)

P\ z) = i +0(1), T — —00, (2.2.4)




where T} and T, are called the transmission coefficients from left and from the right,
respectively, and L and R are called the reflection coefficients from the left and from
the right, respectively.

The analogy from quantum mechanics and wave propagation helps us with the
scattering interpretation for physical solutions. When we multiply the Jost solution
(A, x) in (2.2.1) with T, and we multiply the Jost solution (), z) in (2.2.4) with T}

we get the asymptotics

6—i)\:p
+ o(1), r — 400,
R()\)ei)\x
TGO 7) = (2.2.5)
Tr(/\)efi)\z
+ o(1), T — —00,
0
\
E(/\)G—M:p
+o(1), xr — —00,
ei/\x
TGO ) = (2:2.6)
0
+ o(1), x — 400.
ﬂ()\)GMI
\ L
efi)\z
We can interpret (2.2.5) as follows. The unit-amplitude plane wave is sent
0
from x = +o0o onto the potentials. It is partly transmitted and this appears as
T.(\) em® 0
at x = —oo. It is partly reflected and this appears as at
0 R(\) e
x = +oo. Thus, T}, the coefficient of e=% at x = —o0, is a transmission coefficient

from the right and R, the coefficient of *** at x = 400, is a reflection coefficient from
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the right. Using this analogy, we can interpret (2.2.6) as follows. The unit-amplitude

plane wave is sent from x = —oo onto the potentials. It is partly transmitted
ei)\x
. O . .
and this appears as | ' at r = 4o00. It is partly reflected and this appears
T1 ( )\) ez)\:r
L(\)e~ e _ .
as at t+ = —oo . Hence Tj, the coefficient of e** at x = +o0, is a

0

transmission coefficient from the left and L, the coefficient of e="**

at r = —o0, is a
reflection coefficient from the left.

The scattering coefficients can also be obtained by using some Wronskian rela-

3 3
tions for (2.1.1). We define the Wronskian of two solutions "and [ to (2.1.1)
T T2
as a determinant given by
§ § SIS STES
' ; l=det |0 | = . (2.2.7)
72 T2 72 12

One can directly verify that the Wronskian of any two solutions to (2.1.1) is indepen-
dent of x and may only depend on A. To show that the Wronskian is independent of
x, we can show that its x-derivative is zero, as the following argument shows. Taking

the z-derivative of (2.2.7) we get

/

& & _ &1 & n & & ' (2.2.8)

m o mom|  m b

Using (2.1.1) in (2.2.8) we obtain

/

ISERES) _ —tA +um & N &1 —Z')\§2+U772. (2.2.9)

m 2 i+ 06 M2 Mmoo A2 + 06
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The determinants on the right-hand side of (2.2.9) can be evaluated to yield

!/

SERS

m 72

= (=i Fum)ne — (i + v€1) & + (1A + vE2)& — (—iAE + una)m

=0.

Since the z-derivative of the Wronskian is zero, this shows that the Wronskian is
independent of x. Thus, the Wronskian evaluated at © = +o00 and the Wronskian
evaluated at © = —oo yield the same value. We can use this to establish some
properties of scattering coefficients. Evaluating the Wronskian {qﬁ; 14 at v = +o0,

we get

1 —iAT O
[gzﬁ; w} = [FW + o(1), T — +00,

which yields

[¢; w] _ TjA), (2.2.10)

Similarly, evaluating the Wronskian {qﬁ; q/;] at © = —o0, we have

efi)\x ﬂefz)\x
Lb; ?4 - " +o(l),  x— —oo,
1

iz
T °©
or equivalently
[ } _ ! (2.2.11)
Again, evaluating the Wronskian {@@5 at x = 400, we get

efi)\z E(A) efz)\x

- | Xy

{w; gzﬁ} = +o(1), x — 400,
0 1 iAT

from which we conclude that

[1/‘,; d;} = Tj)\)‘ (2.2.12)
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¥
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&
Il
|
=
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Evaluating the Wronskian |q);

ﬁe—z)\w 0
ol =" +o(1), T — —0Q,
|:¢7 ¢:| &ei)\m —iAT ( )
Ti(N)
which yields
- 1
. = . 2.2.13

By Comparing (2.2.10) and (2.2.11) we obtain T;(A\)=T;(A) for any A € R, and by com-
paring (2.2.12) and (2.2.13) we obtain T;(A\)=T;()\) for any A € R. Since T;(\)=T;(\)
and T,(\)=Ti()\), we use T(\) to denote the common value of T,()\) and Tj(\) and we

use T(\) to denote the common value of T;(\) and Tj(\). Hence, we have

T.(\) = Ti(\) = T(\). (2.2.14)

T.(\) = Ti(\) = T(N). (2.2.15)

Evaluating the Wronskian |4 4 at © = 400 for any A € R, and using (2.2.14) we

have

— ' +O<1>, Tr — +OO,

0 ?(_i\\;ew\x
or equivalently
_ R(\)
Y I — 2.2.1

Similarly, evaluating the Wronskian [w 4 at x = —oo for any A € R, and using

Y

(2.2.15) we obtain

_ - W@ €
B fo(l),  w—oo,
mez x 0
which yields
| _Z_}()\)
{@?ﬁ} — —T()\)' (2.2.17)



(2.2.18)

R(Y) AeR.

Thus, from(2.2.16) and (2.2.17) we have
LN
T

T
In the same way, evaluating the Wronskian [¢; (p} at x = 400 for any A € R and

efi)\:v
+o(1),

Nl

S

—iAT

using (2.2.14) and (2.2.15) we obtain
—iA\x (_)\)

y

1

1
TN ©

{gb; 4 - BQ) pide
T(X)

e

A

)

/’j\

which can be written as
N 1 R(\) R()\)
[Wb] TTTO) | TV (2:2.19)

—iAx 0
wa| = e,
0 61)\{17
(2.2.20)

| -1

Comparing (2.2.19) and (2.2.20) we get
R(\) R(\) 1
T* -

The Wronskian of [¢; 4 at x = —oo for any A\ € R is written as
r — —00,

which yields

or equivalently
T T

Again, evaluating the Wronskian {QE, 14 at © = +oo for any A € R and using (2.2.15)

we obtain
- T(\
{qﬁ;@b} L e on
67, Wi el Wi



() (2.2.21)

(A)
at = —oo for any A € R and using

=

~

which yields
{d); 14 =

Similarly, evaluating the Wronskian [¢;¢

(2.2.14) we have
0 ﬂe—i/\x
LE; 14 - " +o(1), T —r —00,
ei)\x Lei)\x
()
or equivalently
_ LX)
‘h| = ——=—. 2.2.22
4] -7 2222
Thus, from (2.2.21) and (2.2.22) we obtain
R(M L(\)
—_——t = ——, AeR. 2.2.23
T(\) T(N) ( )
Finally, evaluating the Wronskian [QA 1/;1 at x = 400 for any A € R we have
~ 6—7l)\33 0
|:¢;¢} = |+ o(1), r — +00,
0 61)@
which can be written as
{QL;@/,} = 1. (2.2.24)
Evaluating the Wronskian {@714 at © = —oo for any A € R and using (2.2.14) and
(2.2.15) we have
1 i Meﬂ‘)\z
[M =" T de(l), w0,
ﬁez)\x ;ei/\x
T()) ()
1 L(X\) L(X
— () _( ) (2.2.25)
TNTA)

or equivalently
] = rooms



Therefore, from (2.2.24) and (2.2.25) we obtain
TA)T(A\) + L(A) L)) =1, AeR
The Jost solutions ¥ (), z) and (A, ) are linearly independent vector solutions

Thus, ¢()\, z) and ¢(A, ) can be expressed as a linear combination of

to (2.1.1). ,
¥(\, x) and (A, z). We have the following relationships among the Jost solutions for

AeR:
¢(/\7 $) =C @Z_J(/\a JZ) + 02¢(A7 I),
(2.2.26)

gg(/\a CL’) - C(3 ¢(A7 JZ) + C14 &(Aa IL‘),
where C, Cy, Cs3, Cy are functions of A alone. The coefficients in (2.2.26) are related to
the scattering coefficients. With the help of Wronskians from the first line of (2.2.26)

(2.2.27)

we get

| =[] + e [
It is clear that first Wronskian on the right-hand side of (2.2.27) vanishes. Using
(2.2.16) and (2.2.24) we evaluate Cy appearing in (2.2.27) and get Cy = . Simi-

larly, from the first line of (2.2.26) we obtain
(2.2.28)

{@ @D} =G {@MJ} +0s {@D;zﬁ} :

The second Wronskian on the right-hand side of (2.2.28) vanishes. Using (2 2.10)
(2.2.14) and (2.2.24) we evaluate C} appearing in (2.2.28) and obtain C}; = . With
the help of the Wronskians from the second line of (2.2.26) we get

M4=%M4+@M4~ (22.29)

The second Wronskian on the right-hand side of (2.2.29) vanishes. Using (2.2.21) and
==+, Similarly, from the

’ﬂ\ D:J\

(2.2.24) we evaluated C appearing in (2.2.29) and get C5 =

second line of (2.2.26) we obtain
(2.2.30)

o -afed]ofse]



The first Wronskian on the right-hand side of (2.2.30) vanishes. Using (2.2.12),

(2.2.15), and (2.2.24) we evaluate Cy appearing in (2.2.30) and get Cy = ﬁ We

can now put Cy, Cy, Cs, Cy together and write (2.2.26) as

T(A) (A, 2) = (A 2) + R(A) (A, @),

A €eR, (2.2.31)

which yields a Riemann-Hilbert problem. In this Riemann-Hilbert problem, given

the coefficients T'(\), R(\), T()\), R(\) for € R, the goal is to obtain the Jost solu-

tions ¢(\, z), (A, x), (A, z), (A, x) in such a way that these Jost solutions have the
appropriate analyticity and asymptotic properties in A for each fixed x € R.

The analyticity of transmission coefficients are established in the following the-
orem.
Theorem 2.4. Assume the potentials u(x) and v(x) appearing in the system (2.1.1)

belong to the Schwartz class S(R). Then, the quantity ﬁ is analytic in X for A\ € CT,

and the quantity ﬁ is analytic in X for A € C™.

Proof. Using (2.2.14) in (2.2.11) and (2.2.15) in (2.2.12) we have

[dw] = Ty
(2.2.32)

hﬁ}:ﬁ%'
From (2.1.4), (2.1.5), and theorem 2.1(a), we know that ¢, are analytic in A € C*
for each fixed x € R. Similarly, from (2.1.4), (2.1.5), and theorem 2.1(b), we know
that ¢, are analytic in A\ € C~ for each fixed z € R. From the first equality in
(2.2.32) we conclude that the Wronskian [gb; ¢] is also analytic in A\ € C* which
indicated that the quantity ﬁ is analytic in A\ € C*. Similarly, from the second

equality in (2.2.32) we conclude that the Wronskian {&7 q@} is also analytic in A € C~

is analytic in A € C™. m
37
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In the next proposition, we show that ﬁ, %A), %, and % appearing in

(2.2.1)-(2.2.4) satisfy certain integral relations, which are obtained by comparing the
integral representation for Jost solutions and the xz-asymptotics of Jost solutions.

Proposition 2.3. Assume that the potentials u(x) v(x) belong to the Schwartz class

S(R). Then, the quantities T(1>\)’ ggi‘;, T(l/\), and ?E:\\; can be expressed as
7o~ 1+ v mn), (2.2.33)
R(A) > i
o = /OO dyv(y) ni (A, y) e, (2.2.34)
ﬁ =1+ /Z dyv(y) n (N, y), (2.2.35)
% B /_Z dyu(y) ia(A, y) €. (2.2.36)

Proof. With the help of first equality of (2.1.26), from (2.1.36) and (2.1.37) we obtain

ni(\, x L4+ [* dyu(y) na (),
1A a)| S dyuly)na(Ay) | (2.2.37)
na(N2) || [T dyuy) m(Ay) XA
Now, let us write ¢(\, z) and ¢(\, x) in the component form as
AT _ b1 (N, z
sova) = [N e = [P (2.2.38)
¢2()\7 I’) ¢2<)\7 .I’)
Using (2.2.1) and (2.2.14) in the first equality of (2.2.38) we get
AT —d_egmiAz
#x2) = T;‘/)\ ' +o(1), x — +00,
oo\ a)| | Teye™
or equivalently
A, x) e 4
A e | | o(1), @ — +oo, (2.2.39)
da (N, ) e %621‘)\1



(2.2.40)

with the help of first equalities in (2.1.5) and (2.1.26), from (2.2.39) we have
T — +00.

nl(A7I>
B R(N) 2ixa

na(A, )

Y

Comparing (2.2.37) and (2.2.40) we obtain
L+ 7, dyu(y) na(N, y)

_1
[ dyv(y) ni(\, y) e2rey)

Y

1+ % dyu(y)na(A,y)

or equivalently
1
™| _

o 22 dyo(y) ni(N, y) e 2

R
)
which establishes (2.2.33) and (2.2.34). Similarly, with the help of second equality in
(2.2.41)

(2.1.26), from (2.1.42) and (2.1.43) we get
i) || dyuly) in(A, ) A0

1+ 7 dyv(y) ni(A,y)

)

ﬁ2<)‘7x)
Using (2.2.2) and (2.2.15) in the second equality of (2.2.38) we have
d1(\, @ BQ) p-ixa
14 2) = |TW ' + o(1), xr — 400,
¢2()‘>x) TL)\)eMQj
or equivalently
(Z_ﬁ )\,$ e—z)\x @6—27)@
_1( ) =W +o(1),  x— +oo, (2.2.42)
¢2()\7 .13) e—z)\ac ﬁ
with the help of second equalities in (2.1.5) and (2.1.26), from (2.2.42) we obtain
ni(\, @ B o-2ide
o)) 7o) to(l), - +oo. (2.2.43)
1
()

7_7/2()‘7 .CL’)
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Comparing (2.2.41) and (2.2.43) we obtain

T
o) L+ [, dyv(y) ma(A y)

Temxe || [ dyu(y) ma(\, y) 2202

I

which completes the proof of (2.2.35) and (2.2.36). O

_1

T and ==

In the next theorem, we present the large-\ asymptotics of T(l/\).
Theorem 2.5. Assume that the potentials u(x) and v(x) appearing in the system

(2.1.1) belong to Schwarz class S(R). Then, the asymptotics expansions of scattering

coefficients ﬁ and ﬁ for large \ are given by
N T Moo in TF,  (2.2.44)
o) - oix | yuly)v(y) +o {1 | 00 , 2.
! =1+ L[y (y)v(y) + = A — in C- (2.2.45)
o x| yuy)vly) +ol ), oo in ) 2.

Proof. By comparing (2.1.64) and the first component of (2.2.40) we obtain

1 1 o

1 _
R pu— —_—— — 3 +
0 1 5 Oodyu(y)v(y)—i—o(/\), A— oo in CT,

which establishes (2.2.44). Similarly, comparing (2.1.67) and the second component
of (2.2.43) we get

1 1 1 R
W:14—ﬁ/Oodyu(y)v(y)—l—o(x), A—oo in C—,

which completes the proof. O

2.3 Bound-State Solutions to the Standard System
A bound-state solution to (2.1.1) is a square-integrable column-vector solution
in x € R. As we show in this section, such a solution occurs at a A-value at which

the transmission coefficient T'(\) has a pole somewhere in the upper-half complex
40



A-plane as well as at a A-value at which the transmission coefficient T'(\) has a pole
somewhere in the lower-half complex A-plane. We denote the poles of T'(A) in C*
by A; and assume that there are N such poles. Similarly, we denote the poles of
T(X\) in C~ by A; and assume that there are N such poles. It may be possible that
N =0or N = 0. It may also be possible that each bound state is not a simple
one, i.e. the corresponding pole has a multiplicity greater than one. We assume that
the multiplicity of the pole A; of T'(A) in C* is equal to the positive integer m; and
assume that the multiplicity of the pole 5\]- of T(\) in C~ is equal to the positive
integer m;.

Let us first consider the case of simple bound states, i.e. when the poles of T'(\)

in C* and the poles of T((\) in C™ are all simple. From (2.2.10) we know

{@ w} = % (2.3.1)

Hence, if T" has a pole at \; € C*, the Jost solutions ¢(\, z) and ¥ (A, ) are linearly

dependent at that A;-value. Thus, there exist scalar constant ~y;-values such that

QS()\]',Z') =7 w()\j,x), j = 1, ,N (232)

Similarly, from (2.2.12) we know that

{Ws} -7 (2.3.3)

Therefore, if T'(A) has a pole at \;, the Jost solutions ¢(\, ) and (), z) are linearly

dependent at that Xj—value. Thus, there exist scalar constant 7;-values such that

d(N\j, z) = 3;0(N\;, 1), j=1,..,N. (2.3.4)

The constants 7; and 7; are usually called the dependency constants because (2.3.2)

and (2.3.4) indicate the linear dependence of the corresponding Jost solutions. Let
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us now explain why the bound-states occur at the poles of T'(A) in C* or at the poles

of T(\) in C~. With the help of (2.1.81) and (2.1.82) we get

‘ 0

Y\, x) = e +o(1) |, T — 400, 2.3.5
’ 1
, 1

d\;, z) = e N +o0(1) |, T — —00, 2.3.6
’ 0

where \; € C*. From (2.3.5) we observe that ¢(\;,xz) decays exponentially as
x — +oo, and from (2.3.6) we see that ¢(\;,x) decays exponentially as z — —oo.

Similarly, with the help of (2.1.83) and (2.1.84) we have

_ . 1
(N, z) = e T +o(1) |, T — 400, 2.3.7

! 0

_ - 0
o\, x) = eN® +o0(1) |, T — —00, 2.3.8

’ 1

where \; € C™. From (2.3.7) we see that 1)()\;,z) decays exponentially as x — 400,
and from (2.3.8) we observe that ¢(\;, z) decays exponentially as x — —oc.

By theorem 2.3 (c¢) we know that the right-hand of (2.3.2) decays exponentially
as ¢ — +oo and the left-hand side of (2.3.2) decays exponentially as z — —oc.
Thus, from (2.3.2) we conclude that both ¢();, x) and ¢(\;, z) decay exponentially as
x — Foo. Similarly, by theorem 2.3 (d) we know that the right-hand of (2.3.4) decays
exponentially as * — +o0o and the left-hand side of (2.3.4) decays exponentially as
x — —oo. Thus, from (2.3.4) we conclude that both ¢()\;,z) and ¥(\;,x) decay
exponentially as x — 4o0.

By theorem 2.3(c) we also know that ¢();,z) and 1();,z) are continuous in

x € R. Thus, each of ¢();, ) and ¢(\;, x) is square integrable in x € R, and hence
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each can be used as a bound-state solution at A = A;. Similarly, By theorem 2.3(d) we
know that ¢(A;, z) and ¢()\;, ) are continuous in z € R. Thus, each of ¢();, =) and
QZ(Xj, x) is square integrable in € R, and hence each can be used as a bound-state
solution at \ = 5\j.

In the next theorem, we present the relationships between the residues of trans-
mission coefficients T(\) and T(\) at the bound-state poles and the dependency
constants ;, ;.

Theorem 2.6. (a) The residue of T(\) at A\; € CT and the dependency constant ~;

are related as

1 , oo
Res(T, \;) —20 /Oo ds 1 (X, 5) Ya(X;, 5). (2.3.9)
(b) The residue of T()\) at A\; € C~ and the dependency constant 7; are related as
1 Y Sl _
Res(T, ;) 207 /_Oo dshr(Aj; ) Pa(As 8). (2.3.10)

Proof. If T'(X\) has a simple pole at \;, we have the expansion of T'(\) about A; as

5
T(\) = J 1 A=\
or equivalently
Ll ro(=n)?), Ao (2.3.11)
T 2 d 7 g h

By taking the A-derivative of both side of (2.3.11) at A = \; we get

le - %(ﬁ) ‘A:Aj’

or equivalently

1 d 1
— = — | = . 2.3.12
Res(T, \;)  dA (T()\))‘,\/\j (23.12)
Using (2.2.10) in (2.3.12) we have

d
Res(T,\;)  dA {qb’ ¢]
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or equivalently

1 B <b1 Py n 1 %
Res(T’ ;) ba Uy b2 o
A=) A=)
where an overdot indicates the A-derivative. Let us define
d |¢ d '
M<)\,x):d_ ¢,1 wl ) N(/\,I)Zd— ¢1 w,l ;
Tlde iy Ty o
or equivalently
v y /
MO\ 1) = .1 (23 N <Z5.1 1 7
Py o B2 Uy
/ ] W
N ]
Gy a| |2 U

By taking the A-derivative (2.1.1) we obtain

L

Using (2.3.16) in (2.3.14) and (2.3.15) we obtain

MO z) = —wl—z’wl}u@)éa l
i gy +v(x) d1 +iXdy  ha| P2
= —i(p1 Y2 + P2 91).
N\ z) = it uln)é 1/?1 +
0(z) dr +iXdy 1y

= i(¢1 v + 2 71).
Comparing (2.3.17) and (2.3.18) we have

M\ z)=—-N(\1z)
44

—iA u(z)| € | LeR
v(x) z')\_ 7

¢1 —iA Y1+ u(z) ¥y

v(w) Py +iA Py

$1 —itr — AUy + u(z) Uy
¢ ity +v(x) U1 + i\

Y

Y

(2.3.13)

(2.3.14)

(2.3.15)

(2.3.16)

(2.3.17)

(2.3.18)

(2.3.19)



With the help of (2.3.2), from (2.3.19) we obtain

M\ z) = =N\ z) = —i[y; ¥1(Ag, @) Ya(Nj, ) + 752N, @) i (A, @)

= —2iy; 1 (N, ) o (N, ).

Since ¢ (Aj, z), M(A;,x), and N();, z) each vanish as x — 400, we have

¢.1 v = /I ds M(A;j,s) = —2iv, /r ds 1 (N, 8) Pa(A), s), (2.3.20)
¢2 @DQ o0 0o
. Qp.l :/x ds N(Aj, s) = 2iv; /w dsb1(Aj, 8) PN, s). (2.3.21)
P2 Yo > -

From (2.3.13), (2.3.20), and (2.3.21) we obtain

1 , o0
Rty ~ 20 |0 ).

The proof for (b) is given in a similar manner, and we get
e =2 [ AT Baly)
———— = 207, s S i) S
Res(T, \j) 7 IR AR A
which completes the proof. ]

We use ¢; and ¢; to denote the bound-state norming constants at A; and 5\]-, re-
spectively, when the bound states are all simple. The bound-state norming constants

c; and ¢ [11, 12] are related to the residues of T'(A) and T'(\) at the poles \; and A;,

respectively, as

—1
¢; = i; Res(T', ) 2 [2 ds (N, s) Pa(Ng, s) ( )

_ = ov 1
¢; =1i7; Res(T', ;) = 2T ds 10, 8) Ba 0. s) (2.3.23)
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2.4 Direct Problem for the Standard System

The direct problem consists of determining the scattering data set when the
pair of potentials u(z) and v(x) are given. The appropriate scattering data set can
be constructed with help of the scattering coefficients and bound-state data.

We evaluate the scattering coefficients by solving the first-order system (2.1.1)
with u(z) and v(x). In section 2.1, we determine the Jost solutions ¢(\, x), ¢(\, x),
(X, z), and ¥(A, z) uniquely by imposing the appropriate asymptotic conditions.
Then in section 2.2, we obtain the scattering coefficients T(\), R(\), L(X), T()\), R()),
and R(\) from z-asymptotics of the Jost solutions, or equivalently from the Wronskian
relations among the Jost solutions. From (2.2.18) we know that L()) can be expressed
in terms of R(\),T()\), and T()\). Similarly, from (2.2.23) we know that L(\) can
be expressed in terms of R()\),T(\), and T()\). Hence, instead of using the six
scattering coefficients T'(\), R(\), L(\), T()\), R()\), and L()\) in the scattering data
set, it is enough to use the four scattering coefficients T(\), R(\), T'()\), and R(\).

A bound-state solution to (2.1.1) is a column-vector solution where a square
integrable in x € R, and such a solution occurs at a A-value at which T'(\) has a
pole in the upper-half complex A-plane or at A-value at which T'()\) has a pole in the
lower- half complex A-plane. We denote the poles of T'(A) in C* by A; and assume
that there are N such poles. Similarly, we denote the poles of T()\) in C~ by ); and
assume that there are N such poles. It is possible that N = 0 or N = 0. We use
¢; to denote the corresponding bound-state norming constant if \; is a simple pole.
Similarly, we use ¢; to denote the corresponding bound-state norming constant if 5\j
is a simple pole. From (2.3.22) and (2.3.23), we know that the bound-state norming
constant ¢; and ¢; are related to the residues of T(\) and T()\) at poles \; and A;,

respectively.
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It may be possible that each bound state is not a simple one, i.e. the corre-
sponding pole has a multiplicity greater than one. We assume that the multiplicity
of the pole A; of T'(\) in C* is equal to the positive integer m; and assume that the
multiplicity of the pole 5\j of T(A\) in C~ is equal to the positive integer ;. Hence, for
each \;, there are m; norming [10, 13] constants cj, for k =0, 1,...,m; — 1. Similarly,
for each j\j there are m; norming constants ¢ for k = 0,1,...,m; — 1. Let us write

scattering data set as

D mj—l N Y _ 'ﬁ’Lj—l N
S = R, R, {)\ja {Cjk}k:() }j:l’ {)\j, {Cjk}kzo }j:l (241)
The scattering data set S is uniquely determined by the pair of potentials u(z) and

v(x). We can visualize the direct problem as the mapping

{u(z),v(z)} — S.

2.5 Inverse Problem for the Standard System

The inverse problem for (2.1.1) consists of the determination of the potentials
u(x) and v(x) from the scattering data. The appropriate scattering data set to use
consists of the scattering coefficients and the bound-state information. From (2.2.31)

we have

T(A) ¢(A,z) = (A z) + R(A) (A, z),
X eR, (2.5.1)

T(A) ¢(\,2) = (X z) + R(\) ¥ (X, z),

which yields a Riemann-Hilbert problem. One can solve the relevant inverse problem

by solving the corresponding Riemann-Hilbert problem. In this Riemann-Hilbert

problem, given the coefficients T'(\), R()\), T(\), R(\) for € R, the goal is to obtain

the Jost solutions (A, ), (A, x), ¢(A, x), (A, ). Once the Jost solutions are known,

the potentials u(z) and v(z) can be recovered from (1.0.4).
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An alternative procedure is to solve the inverse problem by the Marchenko
method [4, 6, 13, 10]. In this section, we will use the Marchenko integral equation to
solve the inverse problem. Now let us derive the Marchenko integral equation from
the Riemann-Hilbert problem when T'(\) has simple poles at A;-values in C* and
T(X\) has simple poles at Aj-values in C~. From (2.1.4) and theorem 2.1(a), we know
that (), z) is analytic in A € C* for each fixed € R and continuous in A € CT,

and behaves like
0 1 _
Y\ x) — =0 (—) , A—oo in C+. (2.5.2)

By taking the Fourier transform of (2.5.2) via ffooo % e~ we get

* dA 0 )
K(r,y) = / 2w - (2.5.3)

00 ei/\x

Similarly, from (2.1.4) and theorem 2.1(b), we know that ¢(\, x) is analytic in A € C~

for each fixed € R and continuous in A € C—, and behaves like

B 672')\1 1 L
(A x) — =0 (X) , A— oo in C-. (2.5.4)
0

By taking the Fourier transform of (2.5.4) via ffooo % e we obtain

_ 00 d)\ 3 e—i)\z ‘
K(z,y) = / o | PA2) = e (2.5.5)
0

— 00

Taking the inverse Fourier transform of (2.5.3) and (2.5.5) we get

0 o0 ,
(N x) = —|—/ dz K (z,2)e™, (2.5.6)
6i)\x T
B efi)\z- o B '
(A x) = +/ dz K (z,2)e” ™. (2.5.7)
0 T
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Theorem 2.7. The Marchenko integral equations associated with (2.1.1) are given

by

K(z,y) 4+ Qx +y)

K(z,y) 4+ Qx4+ y)

where

with

+/ dz K(z,2)Qz+y) =0, y >,

—i—/ dz K(2,2)Q(z+y) =0, y >,

N
Qy) .= R(y) + ch ey

j=1
A N —
R(y)+> ge ™,
j=1

(y) =
R(y) = % / h dAR(N) e,
R@);:%R[%dARQ)e”%

(2.5.8)

(2.5.9)

(2.5.10)

(2.5.11)

(2.5.12)

(2.5.13)

Proof. For simplicity, we may suppress the arguments and write ¢ for ¢(X, z), ¢ for

(A, 2), ¢ for d(\, 2), R for R(\), T for T()\), R for R(\), and T for T'()\). Rewriting

)

(2.5.1) as

- e—i)\:c 0 0
— +R (v +
0 ei)\:c ei)\z
0 - - e—i)\:p e—i)\:r
ei)\x 0 0
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Applying [*° 2 ¢ on both sides of the first equation in (2.5.14) we get

0 A 00 e~ AT ,
/ dA<T_1)¢ew+/ A ¢ — e

oo 2T oo 2T 0

% I\ B e—i)\z '
:/ o v — e (2.5.15)
™

— 00

< d\ 0 . < d\ 0 4
+/ —R e“y+/ —R|¢y-— e,
_ iIAT —

o 2T 0 2T v

Now let us consider each term in (2.5.15) separately. For the first term on the left-
hand side of (2.5.15), since T'(\) has a pole at \; for j = 1,..., N in the upper-half

complex A-plane the integral term can be written as

N

A . |

/ T 166N =i 3 Res(T, ) 6(4, 1) . (2.5.16)
T

. 2-

Using (2.3.2) in (2.5.16) we have
SN A Y
/ - (T —1)pe = ZZ Res(T, \;) v ¥ (N, z) eY. (2.5.17)
o =
Substituting (2.5.6) in (2.5.17), we get
[ B oo

Oo% 2

N
0 > A ,
:zz Res(T, A\;) v; —l—/ dz K(z,2)e* | v
N - (2.5.18)
0
=1 Res(T, \;) v
; R PEEVIEE

N o0
—I—Z'Z Res(T', \)) v, / dz K(z, 2) ot (=)

=1 @
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671)\:1:

From (2.1.5) and theorem 2.1(a), we know that | ¢ — is analytic in A for
0

M\ € C* and continuous in X for A\ € C*+. Hence, for the second term on the left-hand

side of (2.5.15) we have

o =

0o 672')\:13 ‘ d\
/ ¢ — e =0,  y>u. (2.5.19)
For the first term on the right-hand side of (2.5.15), from (2.5.5) we have

00 B efi)\x - d) B
/ P — e = = K(z,y). (2.5.20)
oo 0 27

From (2.5.12), the second term on the right-hand side of (2.5.15) is related R(x + y)

as

o0 0| . , 0
/ R | e”y@:R(Hy) : (2.5.21)

By substituting (2.5.6) in the last term on the right-hand side of (2.5.15), we obtain

e 0 A AA dN [ :
/ R\ | ¢ — . e 5 = / %/ dz RO\ K (x, z) )
—00 el T —00 x

(2.5.22)
< dA ,
= / dz K (z, z)/ oy R(\) e+,
T —o0 T
Using (2.5.19) in (2.5.22) we get

o0 0 dX e A

/ R\ | ¢ — e o = / dz K(z,2) R(z + y). (2.5.23)
—o0 ei)xax T
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We can now put all of these together and write (2.5.15) as

N (o9}
+i Z Res(T, \;) vj / dz K (z, 2) e

T

N
iy Res(T, )
Jj=1

ei)‘j (z+y) j=1

_ R 0 o0 R
— Ryt Rty | |+ / d= K (2. 2) R(= + y).
1 x

or equivalently

N
_ . | 0
K(z,y) + <R(x +y) —1i E Res(T, A\j) v elA]’(rer))

= ! (2.5.24)
00 N
+ / dz K(z, z) (R(z +y) — ZZ Res(T, \j) v ei)\j(2+y)> —0.
By substituting (2.3.22) in (2.5.24), we have
_ . Yoo 0
K(z,y) + (R(:c +y)+1 Z ¢ el)\j($+y)>
! ! (2.5.25)

~ N
+ / dz K(z, z) (R(z +y)+i Z ¢ e“j(zﬂ’)> =0.

Using (2.5.10) in (2.5.25) we obtain
_ 0 00
Rlog)+Qaty) | [+ [ &K@ =0 y>o
1 x

which completes the proof of (2.5.8). We can prove (2.5.9) in the same way by
applying ffooo % e~ on both sides of the second equation in (2.5.14) we get
_ 1

K(z,y) + Qe +y) +/ b K(e,2) Q= 4y) =0,  y>a
0 x

which completes the proof. O
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In case the poles of T'(\) in C* have multiplicities, in the definition of Q(y) given
in (2.5.10), the summation term needs to be modified to include the multiplicities.
N
From the scattering data {R, Aj, {cjk}zjo 1} , the Marchenko kernel [10, 11] Q(y)
=0 fi,

appearing in (2.5.8) can be written as

mj—1

N k
Qy) =Ry + > Y en % ey, (2.5.26)

=1 k=0
Similarly, in case the poles of T'(\) in C~ have multiplicities, in the definition of Q(y)
given in (2.5.11), the summation term needs to be modified to include the multiplic-
o N
ities. From the scattering data {R, Ajs {Eﬂc}k—Jo 1} , the Marchenko kernel [10, 11]
=0 f,

Q(y) appearing in (2.5.9) can be written as

N
Qy) =Ry + > Y e Lo, (2.5.27)
Let us write K (x,y) and K(z,y) in term of their components as

_ € z, Ki(x,
By = |00 gy = [0 (2.5.28)

KQ(xay) KQ(x7y)
With the help of (2.5.28) we can write the Marchenko equations given in (2.5.8) and

(2.5.9) in the component form as four scalar integral equations. We have

Ky(x,y) + /OO dz Kq(z,2)Qz 4+ y) =0, y >z, (2.5.29)
Koz, y) + Q(z +y) + /OO dz Ks(x,2)Qz+1y) =0, y > x, (2.5.30)
Ki(z,y) +Q(z +y) + /OO dz Ki(2,2) Q(z +y) =0, y >z, (2.5.31)
Ky(x,y) + /00 dz Ky(x,2) Q(z +y) =0, y > . (2.5.32)

From (2.5.29) and (2.5.31), by eliminating K, (z,y) we get

Kl(x,y)+Q(x+y)—/ dz/ dt Ki(z,t) Qit+2)Qz+y) =0, y>u=z. (2.5.33)
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Using (2.5.30) and (2.5.32), by eliminating Ks(x,y) we obtain
I_(g(:r,y)+9(x+y)+/ dz/ dt Ky(z,t) Qt+2)Qz+y) =0, y>uxz. (2.5.34)

If Q and Q are given, we can solve (2.5.33) and obtain K;(z,y) and then use in
(2.5.29) to get Ki(z,y). Similarly, if Q and Q are given we can solve (2.5.34) and
obtain K(x,y) and then use in (2.5.32) to get Ky(x,y).

In the next proposition, we present the large-A asymptotics of the quantities
m(A,z) and m(A,x) appearing in (2.1.4) in terms of the solutions of Marchenko
integral equation K (z,y) and K(z,y).

Proposition 2.4. Assume that the potentials u(x) and v(z) appearing in the system

(2.1.1) belong to the Schwartz class S(R). Then, for large A\ we have

0 1 1 _

m(A x) = Y K(z,x) (X) A— oo in AeCH (2.5.35)
1

B 1 1 1 . —

m(\, z) = - a 3 A—=oo in AeC, (2.5.36)
0

where K(z,z) = K(z,2%), K(z,7) == K(z,2%), and the functions m(\,x) and
m(\, z) are defined in (2.1.4).

Proof. With the help of the first equality in (2.1.4), from (2.5.6) we have

4 0 o0 ,
m(\, z) et = +/ dy K (z,7) e, (2.5.37)
or equivalently )
0 o0 .
m(\, z) = + / dy K (z,y) e, (2.5.38)
1 T

The integral term in (2.5.38) can be written as

oo ) B o] d ei)\(y—x)
/dyK(x,y)e“(y ””)2/ dy[K(:v,y)d—y B ]

o4




or equivalently

oo s 00 d eiMy—z) e y—z)
/ dyle, K (z,y) e >:/ dy[d—y (K(rc,y) o )—Ky(ﬂc,y) =

(2.5.39)
By evaluating the right-hand side of (2.5.39) we obtain
00 ) ei)\(y—:c) y=ee 00 ei)\(y—x)
/ dyK(l’,y) 67)\(?/—50) = K(:L‘,y) Y — / dyKy(:B,y) 5\ R
i
xT y=x x
or equivalently
0o ) - K 00 iA(y—z)
/ dy K (x,y) e = # _/ dy K,(x,y) ¢ S (2.5.40)

Since K,(z,y) € S(R) and [e**=)| <1 for z <y and A € C, the integral [ in

(2.5.40) is convergent for all x € R. Thus, we obtain

0 1 1 —
m(A, x) = —KK(x,x)—Fo(X), A—oo in AeCH,
1

which establishes (2.5.35). Similarly, with the help of the second equality in (2.1.4),

from (2.5.7) we have

' e—i)\:r; 00 '
m(\, z) e ™ = +/ dy K (2,7) eV, (2.5.41)
0 T

We can write (2.5.41) as

1 oo _ .
m(\, x) = —l—/ dy K (z, ) ey, (2.5.42)
0 T

The integral term in (2.5.42) can be written as

o0 — . _ o0 _ d ei)‘(x_y)
/ dy K (z,y) e y)—/ dy [K(:v,y)d—y — ]
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which can be written as

%) 7 o oo d 3 ei)\(xfy) 3 ei)\(:rfy)
/ dy K (z,y) e y)z/ dy [@ (K(w,y) — >+Ky(w7y) =

(2.5.43)
By evaluating the right-hand side of (2.5.43) we obtain
0 _ ‘ _ iNa—y) |V 1 [ _ )
/ dy K (2, y) €9 = K (z,y) - ) * 7/ dy K, (a,y) e,
—i i
T y=z x
or equivalently
) 3 ) K 1 o0 _ .
/ dy K (x,y) eMov) = (J;\’ 7) + —)\/ dy K, (z,y) e, (2.5.44)

Since K,(z,y) € S(R) and [e**@=*)| <1 for z < y and A € CT, the integral fxoo in

(2.5.44) is convergent for all z € R. Thus, we obtain

o0 _ . K 1 I
/ dy K (z,z) M9 = % +o (X) , A—oo in AeCt. (2.5.45)

Using (2.5.45) in (2.5.42) we get

1 _ e‘)‘(:vfy) 1 -
m(A, x) = +K(x,y),—+o(—), A—oo in AeCH,
0 A A
which completes the proof. O

In the next theorem, we show how to recover the potentials u(x) and v(x) from
the solutions K (x,y) and K (x,y) to the Marchenko integral equation .
Theorem 2.8. Assume that the potentials u(x) and v(x) appearing in the system

(2.1.1) belong to the Schwartz class S(R). Then, we have

u(z) = =2 Ky (z, ), (2.5.46)
v(r) = =2 Ky(z, 1), (2.5.47)
/OO dzu(2)v(z) =2 Ky(z,2) = 2 Ky (2, 7), (2.5.48)

where K1(z,v), Ki(z,y), Ko(x,y) and Ky(z,y) are the quantities appearing in (2.5.28).
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Proof. With the help of (2.1.60) and (2.1.61), from the first equality of (2.1.8) we

obtain

1 @+ 1
0 2ix O

i) = 1 " ! /z alzu(z)v(z)—l—o(l

: A— oo in C+.
20N )\)

(2.5.49)

Similarly, using (2.1.62) and (2.1.63) in the second equality of (2.1.8) we get

m(\, ) = (1) + 2;/::12;:))1(;)&36) : A— oo in C-. (2.5.50)

Hence, by comparing (2.5.35) and (2.5.49) we have
1

—5u()
K(r)= |y = ?

o (2.5.51)
5 /x dzu(z)v(z)

With the help of the second equality in (2.5.28), from (2.5.51) we obtain

Ki(z,z) = —% u(z),

Ky(z,z) = %/oo dzu(z)v(z),

or equivalently

u(z) = =2 Ky (z, ),

/OO dzu(z)v(z) = 2 Ky(z, ).

Similarly, by comparing (2.5.36) and (2.5.50) we have

/:O dzu(z)v(z)
1

—51)(95)

I
N | —

K(z,z) = (2.5.52)
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Using the first equality of (2.5.28) in (2.5.52) we get

K(z,z) = /:O dzu(z)v(z),

Ky(x,z) = —% v(x),

DO | —

or equivalently
v(z) = =2 Ky(z, ),

/Oo dzu(z)v(z) =2 Kq(z,x),

which completes the proof.
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Chapter 3

Scattering and Inverse Scattering for a First-Order System with Energy-Dependent

Potentials

3.1 Scattering with Energy-Dependent Potentials

In this chapter, we develop a method to analyze the direct and inverse problems
for the first-order system with energy-dependent potentials. Such a system appears

in (1.0.1) and we quote it here again for the convenience of the reader as

!/

2
o | ca) “I. ser (3.1.1)

p ¢rz) i¢* | |8

where we recall that the prime denotes the x-derivative, ( is the spectral parameter,
the scalar quantities o and 8 depend on both x and ¢, and ¢(x) and r(z) are complex-
valued potentials. We assume that ¢(z) and r(z) belong to the Schwartz class S(R).
Recall that the spectral parameter ¢ can sometimes be interpreted as energy. Com-
pared to the system (2.1.1), we see that ¢(x) and r(z) appearing in (3.1.1) contain ¢
as the coefficient. For this reason, we refer to the system (3.1.1) as the system with
energy-dependent potentials.

Our main motivation in this chapter is to solve the inverse problem for the first-
order system (3.1.1) by using the theory developed for the standard system (2.1.1).
This is done with the help of various transformations we establish between the linear
system (3.1.1) and linear system (2.1.1). Through these transformations, all the
relevant quantities for (3.1.1), such as the Jost solutions ¢, @, v, ¥; the scattering

coefficients T', R, L, T, R, L; the bound state dependency constants v; and 7;, the
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bound state norming constants ¢; and ¢;, and the potentials ¢(x) and r(z) can all be
expressed in terms of corresponding quantities for the standard system (2.1.1).

The properties of the Jost solutions for (3.1.1) are different from those for the
standard system (2.1.1); For example, the asymptotics of the Jost solutions for the
large-¢ are more complicated compared to those for (2.1.1). Essentially, the only
viable way to analyze the direct and inverse scattering problem for (3.1.1) is to relate
the relevant quantities for (3.1.1) to the corresponding quantities for (2.1.1). In this
chapter we establish all the relevant relationships between (3.1.1) and (2.1.1).

Let us rewrite (3.1.1) in a more convenient form by multiplying the second row

of (3.1.1) with ¢ to get
!/

_il2
o I e 1 e Ty (3.1.2)

¢p ¢Pr(x) i¢* | |CB

Note that the coefficient matrix in (3.1.2) contains ¢ as ¢?. As a result « and (3 can
be viewed as functions of x and )\, where A := (2. Letting 0 := a and w := (3, we

can write (3.1.2) as

/

0 —iA x 0
- ) ,  zeR (3.1.3)
w Ar(x) il | |w

Next, we relate (3.1.3) to (2.1.1) by using another transformation. In the next theo-
rem, we present the transformation for the wave functions between the first-order sys-
tem (3.1.1) and the standard system (2.1.1) through the intermediate system (3.1.3).

The relevant steps are outlined in the following diagram:
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o —i¢* Cq(z)| |
5 ¢r(z) i¢® B

!
ol [ Zin aw] [0
ol D@ i | e
- -i
el [oin ] [e
al @ o | |

As the diagram indicates, we first transform (3.1.1) into (3.1.3) and then transform
(3.1.3) into the standard system (2.1.1).

Theorem 3.1. Assume that the potentials q(x) and r(x) appearing in the system
(3.1.1) belong to the Schwartz class S(R). Then, the first order systems (2.1.1),

(3.1.1), and (3.1.3) are related to each other as

0 1 0 «o

=€ : (3.1.4)
w 0 V| |p
0 E 0 19

=5 , (3.1.5)
w YO gt

where € and § are some scalar quantities depending on X\ but not on z, ¢ = v/, and

B(z) = exp (% /_ ' dtq(t)r(t)), (3.1.6)

u(z) = q(x) B2, (3.1.7)

v(z) = (—”556) + q(x)i(x) ) o3 (3.1.8)
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Proof. Note that even though E depends on z, we suppress its x-dependence and
write mostly E instead of E(x). The proof of (3.1.4) is obtained as follows. Using

(3.1.4) in (3.1.1) we get

— - - =7/ — -

111 0 0 —i¢? Cq(x)| 1|1 0 0
clo 1/¢| |w crz)y i | € o 1| |w|
or equivalently
1 0 0 —i¢* (q(z)| |1 0 0

0 1/¢| |w Cr(z) ic? 0 1/¢| |w

which can be written as
, _ -
0 10 —i(? z 1 0 0
_ ¢ ¢al@) . (3.1.9)
w 0 ¢| |¢r(x) iC? 0 1/¢| |w

The product of the first three matrices on the right-hand side of (3.1.9) yields

L 0 | —i¢®> Cq(z)| (1 0 _ —i¢*  q(z) (3.1.10)

0 ¢| [¢r(x) i¢* | |0 1/¢ ¢Fr(x) ic?

Using A = ¢? in (3.1.10), from (3.1.9) we obtain (3.1.3). This establishes that (3.1.1)

is equivalent (3.1.3) via (3.1.4). Next, we will prove (3.1.5). Let us look for a trans-

formation between (3.1.3) and (2.1.1) in the form

0 A B |
= , (3.1.11)
w C D |n
where A, B, C, D are scalar quantities not depending on \. Since appearing in

w
(3.1.11) is a solution to (3.1.3), it needs to satisfy (3.1.3). Hence, using (3.1.11) in

(3.1.3) we get
/ !

A B| (& A B | —iA q(x)| |A B [¢
+
C D| |n C D| |n Ar(x) QA C D| |n
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which can be written as

/ /

A B (¢ A B —iA q(x)| |A B 13
C Dl |n C D Ar(z) iA C D n

or equivalently

/ —1 /
19 A B A B —iA  q(x A B 19
= - + (@) . (3.1.12)
n Cc D C D Ar(x) QA C D n
Comparing (3.1.12) with (2.1.1) we obtain

—1 /

or equivalently

/

A B i u(x) A B —iA q(z)| |A B
~ | - + . (3.1.13)
C D| |v(z) A C D Ar(x) QA C D

Since A, B,C, D are assumed not to depend on A, each side of (3.1.13) contains A at
most linearly. By equating the terms that do not contain A and also equating the

coefficients of A\ on each side of (3.1.13) we get

A B 0 wu(x) A B 0 g(z)| |A B
= — + s

C D |v(x) 0 ' D 0 0 C D

A Bl |—iA 0 —A 0| |A B

C D 0 A Ar(xz) iA| |C D
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or equivalently

P
Bu(z) Au(x) —A'+Cq(x) —B' +q(x)D
Dv(z) Cu(x) -’ -D'
—i1A B —1 A — B
—iC iD r(x)A+i1C r(z)B+iD

\ L

(3.1.14)

From the first line of the second equality in (3.1.14) we obtain B = 0. Hence, we can

rewrite (3.1.14) as

0 Au(z) —A'+Cq(z) q(x)D
Dv(z) Cu(x) -’ -D'
0 O 0 0
—iC 0 r(x) A+iC 0

From (3.1.15), by comparing the corresponding matrix entries, we obtain

Al =q(z)C,
Au(z) = q(z) D,
Duv(x) = -C",
Cu(z) =-D,

r(z)A+2iC =0.
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(3.1.16)
(3.1.17)
(3.1.18)
(3.1.19)

(3.1.20)



Using (3.1.16) and (3.1.20) we have

Czwéx)A’ 3.1.21
i@ 120
2

Note that the second equality in (3.1.21) is a first-order linear homogeneous ordinary

differential equation. The solution to (3.1.21) is given by

C = ”éx) 01 exp (%/ qr) )
- (3.1.22)

A:(Slexp(%/ qr),

where ¢; is a constant and for simplicity we have suppressed the dummy integration

variables. Using (3.1.6) we can write (3.1.22) as

(3.1.23)

where we have used the definition of £ given in (3.1.6). Similarly, from (3.1.17),

(3.1.18), and (3.1.19), respectively we obtain

_q(z)D
u(x) - A )
C/
v(z) = _(5)’ (3.1.24)
,  qx)CD
S

Using (3.1.22) in the third line of (3.1.24) we get
D = —M D, (3.1.25)
which is a first-order linear homogeneous ordinary differential equation. The solution

D = §, exp (—%/ qr) : (3.1.26)
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to (3.1.25) is given by



where 09 is a constant. Using the definition of £ given in (3.1.6), we write (3.1.26) as
D=6E" (3.1.27)

Using (3.1.23) and (3.1.27) in (3.1.24) we obtain

u@w=%«wE*,

m@_%(WSﬂ_M@?@UE;

Let us choose §; = d2 and use § to denote their common value. Then, using (3.1.23),

(3.1.28)

(3.1.27), and (3.1.28) we get

(

A=0E,
B=0,
C:ir(x)éE’
2 (3.1.29)

D=6E",
u(z) = q(z) B2,

_(ir'(@)  r(@)’q(@) e
\’U(:U)—( SR 1 )E

With the help of (3.1.29), we can write (3.1.11) as

0 E 0 @
=9 ‘ ,
w "D p gt o|g
which completes the proof of (3.1.5). O

In establishing the link between (3.1.1) an (2.1.1) we have multiplied the second
line of (3.1.1) by the spectral parameter (. Next we establish a link between (3.1.1)
and another standard system similar to (2.1.1). For this, we multiply the first line of

(3.1.1) by the spectral parameter ( we get

!/

2 2
ol _ T Calmca ., zeR (3.1.30)

B r(z) i¢? p
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Note that the coefficient matrix in (3.1.30) contains ¢ as (2. As a result, the quantities

a and 3 can be viewed as functions of  and A\, where we recall that A\ = (2. Letting

0 := (o and @ := 3, we can write (3.1.30) as

/

™
ey

—iA Mgz
_ =) . z€ER (3.1.31)

r(z) A

&
&

In the next theorem, we present another set of transformations relating the first-order
system (3.1.1) and another form of the standard system but with different potentials,

and that standard system is given by

/

S| |7 pe e (3.1.32)

7 s(@) x| |1

The relevant steps are outlined in the following diagram:

!/

o —i¢* (q(x)| |
B ¢r(z) ic? B

™
| I |
|
~.
>~
>
=)
—
S~—
™

&
<
—
8
-~
>
&

a2
7a2

il
il

] —iA p(z)

Note that the system given in (3.1.32) is similar to that given in (2.1.1) but the
potentials p(z) and s(x) in (3.1.32) are not the same as the potentials u(z) and v(z)
appearing in (2.1.1). As the diagram indicates, we first transform (3.1.1) into (3.1.31)

and then transform (3.1.31) into the standard system (3.1.32).
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Theorem 3.2. Assume that the potentials q(x) and r(x) appearing in the system
(3.1.1) belong to the Schwartz class S(R). Then, the first order system (3.1.1),

(3.1.31), and (3.1.32) are related to each other as

0 VA 0 «
—¢ : (3.1.33)
" 0 1| |p
é | E _iq(z) E-L é
= 2 , (3.1.34)
@ 0 E! i

where € and & are some scalar quantities depending only on X but not on z, ¢ = VX,

E is the quantity defined in (3.1.6), and

- ! 2
pla) = (Jqu’) | @) T<x)> B2 (3.1.35)
2 4
s(z) = r(z) E% (3.1.36)
Q
Proof. The proof of (3.1.33) is obtained as follows. In (3.1.1), by replacing with
g
1/¢ 0| |0
1/€ /¢ we get
0 1 w
1/¢ 0| |6 —i¢? x 1/¢ 0| |6
e |1 (e )] |
0 1| |w Cr(z) > 0 1| |@
or equivalently
1/¢ of |6 —i¢* Cqlx)| |1/¢ O] |6
0 1| |@ Criz)  aic? o 1| o]

which can be written as
!

i -
o) ¢ 0| | e ca] |1/c o] fo] 1am

W 0 1| [¢r(z) dC? 0 1| |w



The product of the first three matrices on the right-hand side of (3.1.37) yields

C O | i Cal)] |1/C 0 =it Calo)| (3.1.38)

0 1| |Cr(z) iC? 0 1 r(z)  iC?
Using A = ¢? in (3.1.38), from (3.1.37) we obtain (3.1.31). This establishes that
(3.1.1) is equivalent to (3.1.31) via (3.1.33). Next, we will prove (3.1.34). Let us look

for a transformation between (3.1.31) and (3.1.32) in the form

0 A B| |€
=1 _ , (3.1.39)
w C Df |n
o 6
where A, B, C, D are scalar quantities not depending on A. Since appearing in
w

(3.1.39) is a solution to (3.1.31), it needs to satisfy (3.1.31). Hence, using (3.1.39) in
(3.1.31) we get

! /

A B

I
I
03

Iy

|
o~
>
>~
=
=
N
ool
782%

D

(@Y
A
(@}
o
R
=
=
~
>
(@}
]l
2

which can be written as

!/ !/ B

i Bl|é A Bl |=ix x| |4 B |€
— — —|— ,
C D| |7 C D r(z) A C D n
or equivalently
! -1 / -
3 A B A B —iX Aq(z)| |A B 3
: = _ D s o =) o ¢ . (3.1.40)
il C D C D r(z) A C D il

Comparing (3.1.40) with (3.1.32) we obtain

-1 /

ix  p(x) A B A B —iX Aq(z)| |A B
s(z) iA

o
S
o
S

=

=
s
o
S



or equivalently

A B||ix pz A B —ix Ag(z)| |A B
. i |+ () S B4
C Dj |s(x) A C D r(z) A C D

Since A, B, C, D are assumed not to depend on A, each side of (3.1.41) contains X at
most linearly. By equating the terms that do not contain A, and also equating the

coefficients of A on each side of (3.1.41), we get

, - - -

A B|l| 0 p) A B 0 0| |A B

Q

il
2
s

e}

¢ D r(z) 0| |C D

A B| |—-ix 0 —ix Mq(z)| |[A B
C D|| 0 ix 0 i\ |[|C D
or equivalently

( ~ ~
Bs(x) Ap(x) —A -B
Ds(z) Cp(x) —C'+Ar(z) =D +r(z)B

(3.1.42)

—iA iB —iA+q(x)C —iB+q(zx)D
—iC iD iC i D

\
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From the second line of the second equality in (3.1.42) we obtain C' = 0. Hence, we

can rewrite (3.1.42) as

( _B s(z) Ap(z) B —A -B
Ds(z) 0 E Ar(z) —D' +r(z)B |
- (3.1.43)
-O i B 0 —iB+q(z)D
0 0 : 0 0
L
From (3.1.43), by comparing the corresponding matrix entries, we obtain
A = —s(x) B, (3.1.44)
Ap(z) = -B, (3.1.45)
Ds(x) = Ar(z), (3.1.46)
D' =r(z) B, (3.1.47)
2i B = q(z) D. (3.1.48)
Using (3.1.47) and (3.1.48) we have
5= p
. _iq@;r(x) . (3.1.49)

Note that the second equality in (3.1.49) is a first-order linear homogeneous ordinary

differential equation. The solution to (3.1.49) is given by

5= 5 e <_%/ qr) ,
oo (3.1.50)

D =4, exp (—%/ qr>,
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where 4; is a constant and for simplicity we have suppressed the dummy integration

variables. Using (3.1.6) we can write (3.1.50) as

B Zq(x> 51 E_l,
2 (3.1.51)

Similarly, using (3.1.44), (3.1.45), and (3.1.46), respectively we obtain

( B Ar(z)
8(%‘) - NID )
p(x) = _%,~ ~ (3.1.52)
I _r(x)~AB.

\ D

Using (3.1.51) in the third line of (3.1.52) we get

A — iq(x)r(r) A

; , (3.1.53)

which is a first-order linear homogeneous ordinary differential equation. The solution

A =65 exp (%/ qr) , (3.1.54)

where 0, is a constant. Using the definition of F given in (3.1.6), we write (3.1.54) as

to (3.1.53) is given by

A=6E. (3.1.55)

Using (3.1.51) and (3.1.55) in (3.1.52) we obtain

(3.1.56)

72



Let us choose 8, := 5 and use 0 to denote their common value. Hence, using (3.1.51),

(3.1.55), and (3.1.56) we get

A=0E,
B— _ZQ(iﬁ)gE—l’
2
C =0,
(3.1.57)
D=46E",
iq(x)  r@)?q@)Y .
= E
s(z) = r(x) B
With the help of (3.1.57), we can write (3.1.39) as
0 s |E “ae g ¢
& o E' | |7
which completes the proof of (3.1.34). O

3.2 Jost Solutions
There are four particular column-vector solutions to (3.1.1), known as the Jost
solutions and denoted by ¢, ¥, ¢, 1, respectively, which are uniquely determined by

imposing the asymptotic conditions

—i¢%x B 0
o) =" | +o(t), (Cx)= e e B20)
O e’l X
- 0 _ e~ i
by = | [ +ol)) 9l = Fol), o doo (322
e 0

Note that there are five first-order system we deal with, and they are given in (2.1.1),

(3.1.1), (3.1.3),(3.1.31), and (3.1.32). Each of these five systems have their own four
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Jost solutions, six scattering coefficients, and a pair of potentials. In order to avoid

any confusion, we will label the Jost solutions and the scattering coefficients for each

of the five system by using the superscripts ((q,(r), (g, A\r), (Ag,7), (u,v), and (p, s),

which identically the corresponding potentials. For example, for the system (3.1.1)

we use ¢C4<m) )

(CaCr) p(Car) 4(Ca¢) to denote the corresponding Jost solutions and

we use T(€a¢m) -~ R(Cadr) - [(Cadr) T(Cq’m, F(Cq’m, AR to denote the corresponding

scattering coefficients.

The Jost solutions to the system (3.1.3) are determined by using the asymptotics

(/b(qyz\r) —

¢(q7AT) —

The Jost solutio

¢(>\qar) —

¢(Aq,r) _

efi)\:c s 0
+o(1), @) = +o(1), r — —00, (3.2.3)
0 ei)\x
0 B e—i)\x
+0o(1), P = +o(1), r — 400. (3.2.4)
ei)\ac 0

ns to the system (3.1.31) are determined by using the asymptotics

e—i)\a: 0 0
+0(1), ot = +o(1), r — —00, (3.2.5)
0 ei)\:c
0 B e—i)\m
+0o(1), Pl = + o(1), r — +00. (3.2.6)
ei)\z 0

The Jost solutio

¢(p,8) —

1/,(1%8) —

ns to the system (3.1.32) are determined by using asymptotics

e—i)\x B 0
+0(1), ¢ = +0o(1), & — —o0, (3.2.7)
0 ei)\z
0 B efi)\a:
+o(1), PP = + o(1), T — 400. (3.2.8)
ei)\x 0

In the next proposition, we show the relationship between the corresponding

Jost solutions for the first-order system (3.1.3) and the standard system (2.1.1).
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Proposition 3.1. Assume that the potentials q(x) and r(x) appearing in the system
(3.1.3) belong to the Schwartz class S(R). Then, the Jost solutions ¢) hv)  pwv)

) to (2.1.1), and the Jost solutions ¢\97) | 0T = (aAr) (@A) 1o (3.1.3) are

related to each other as

E 0
BN _ ), (3.2.9)
SEE B
g —gue | E 0] e (3.2.10)
ShE B
_ E 0 | _
P — A (3.2.11)
ir@) g gl
2
g — g | F 0 s, (3.2.12)
ir@) g gl

2
where E is the quantity defined in (3.1.6),

= qr. (3.2.13)

— 00

Proof. Note that from (3.1.6) and (3.2.13) we have
E—1, r— —o00; E — et? T — 4o0. (3.2.14)

First, let us relate the Jost solution ¢@*") to (3.1.3) and the Jost solution ¢(**) to

(2.1.1) to each other. From (3.1.5) we have

E 0
A = § P, (3.2.15)

ir(x) _
B BT
Using the first equalities of (2.1.3), (3.2.3), and (3.2.14) in (3.2.15) we get

efi)\x 10 671'/\:13
+o(l)=9 + o(1), T — —00, (3.2.16)
0 0 1 0



and hence § = 1. Using § = 1 in (3.2.15) we obtain

E 0
$aX) = pu), (3.2.17)

ir(z _
P E BT
which establishes (3.2.9). Similarly, let us relate the Jost solution %" to (3.1.3) and

the Jost solution ¥(“*) to (2.1.1) to each other. From (3.1.5) we have

E 0
WA = § ), (3.2.18)

ir(z) _
B BT
With the help of the first equalities of (2.1.2), (3.2.4), and the second equality in
(3.2.14), from (3.2.18) we obtain
0 ez 0 0

+o(l)=¢ + o(1), r — 400, (3.2.19)
ei)\x 0 e—iu/2 AT

and hence § = ¢"*/2. Using 0 = €"/? in (3.2.18) we have

PlaAT) = /2 E ! ) (3.2.20)

ir(x) _
GoN o

which establishes (3.2.10). In the same manner, let us relate the Jost solution ¢(@")
to (3.1.3) and the Jost solution ¢*) to (2.1.1) to each other. With the help of (3.1.5)

we have

_ E 0| _
A = § P, (3.2.21)
ir(z) E E-!
2
Using the second equalities of (2.1.3), (3.2.3), and the first equality of (3.2.14) in

(3.2.21) we get

+o(l)=9¢ | +o(1), T — —00, (3.2.22)



and hence § = 1. Using § = 1 in (3.2.21) we can rewrite (3.2.21) as

_ E 0|
Flaxr) — G0 (3.2.23)

ir(z) _
B BT
which establishes (3.2.11). Now, let us relate the Jost solution ¥(¢*") to (3.1.3) and

the Jost solution (%) to (2.1.1) to each other. From (3.1.5) we have

_ E 0| -
D) = § ). (3.2.24)
ir(x) E E-!
2
Substituting the second equalities of (2.1.2), (3.2.4), and (3.2.14) in (3.2.24) we obtain

efi)\z 61’#/2 0 efi/\:v
+o(l)=19¢ + o(1), T — +00, (3.2.25)
0 0 e /2 0

and hence § = e~/2. Using this value of ¢ in (3.2.24) we get
PN in? B ) (3.2.26)

which completes the prove of (3.2.12). O

In the next proposition, we show the relationships among the Jost solutions for
the first-order system (3.1.1) and the Jost solutions for (3.1.3).
Proposition 3.2. Assume that the potentials q(x) and r(x) appearing in the system
(3.1.1) belong to the Schwartz class S(R). Then, the Jost solutions ¢CT¢T) | 4hCacr)
PCaCr) 4p(€ar) 1o (3.1.1), and the Jost solutions ¢4 (@A) G@Ar) )(@A1) 45 (3.1.3)

are related to each other as

CEC T L Ty (3.2.27)
0 VA

7



g — L0 e, (3.2.28)
Valo va

gam = LT O S (3.2.29)
Valo va

g~ |10 ] gcacn, (3.2.30)
0 VA

Proof. First, let us relate the Jost solution ¢(%¢™) of (3.1.1) to the Jost solution ¢(@")

of (3.1.3). From (3.1.4) we have

1 0

Pl = ¢ Peaem)., (3.2.31)
0 VA
Using the first equality of (2.1.3) and of (3.2.3) in (3.2.31) we get
e—i/\x 1 0 e—i/\x
+o(l) =€ + o(1), T — —00, (3.2.32)
0 0 VA | 0
and hence e = 1. Using € = 1 in (3.2.31) we obtain
¢(q,>\7“) — Lo ¢(<q747‘), (3.2.33)
0 VA

which establishes (3.2.27). Similarly, let us relate the Jost solution ¥(@") of (3.1.3)

to the Jost solution ¥(©%¢") of (3.1.1). From (3.1.4) we have

1 0
w(q,)\r) — ¢ w((q@")‘ (3.2.34)

0 VA

With the help of the first equalities of (2.1.2) and of (3.2.4), from (3.2.34) we obtain

0 1 0 0
+o(l)=¢ +o(1), r — +00, (3.2.35)

ei)\:p 0 \/X ei/\x
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and hence € = % Using € = % in (3.2.34) we have

¢(q,/\7’) — L 1

VX lo Va

which completes the proof of (3.2.28). In the same manner, let us relate Jost solution

leasn) (3.2.36)

P9 of (3.1.3) to the Jost solution ¢(%¢") of (3.1.1). With the help of (3.1.4) we

have
PlA) = ¢ bo Plerem), (3.2.37)
0 VA
Using the second equalities of (2.1.3) and of (3.2.3) in (3.2.37) we get
0 1 0 0
+o(l) =¢ +o(1), r — —00, (3.2.38)
eiAT 0 \/X eiAT

and hence € = % Using € = % in (3.2.37) we can write (3.2.37) as

Fla) _ R

VAo v

which establishes (3.2.29). Now, let us relate the Jost solution 1(@*") of (3.1.3) to the

Plener), (3.2.39)

Jost solution (<" of (3.1.1). From (3.1.4) we have

D) = ¢ by Pasr), (3.2.40)
0 VA
Substituting the second equalities of (2.1.2) and of (3.2.4) in (3.2.40) we obtain
e—i)\:r; 1 0 e—i)\:r;
+o(l) =€ +o(1), r — 400, (3.2.41)
0 0 VA | 0
and hence € = 1. Using this value of € in (3.2.40) we get
@/_J(Q’M) — o QL(C%CT)? (3.2.42)
0 VA
which completes the proof of (3.2.30). O
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In the next proposition, we show the relationship between the corresponding
Jost solutions for the first-order system (3.1.1) and the standard system (2.1.1).
Proposition 3.3. Assume that the potentials q(x) and r(x) appearing in the system
(3.1.1) belong to the Schwartz class S(R). Then, the Jost solutions ¢*¥), p(wv) = pluv),
D) to (2.1.1), and the Jost solutions ¢\C8<T) | h(Cacr) - ¢(Cacr) 4)(Car) to (3.1.1) are

related to each other as

E 0

PST6) = pwv) (3.2.43)
w(z) E;l
Cq r) — pin/2 ¢(“7”), (3.2.44)
\/' 0 |-
¢(Cq Cr) — gb(“’”), (3.2.45)
ir@) gt
Q/Z(Cq,(r) — o in/2 E 0 QE(“’”), (3.2.46)
ir@) p B
2V/\ VA

where E and u are the quantities defined in (3.1.6) and (3.2.13), respectively.
Proof. By comparing (3.2.9) and (3.2.27) we get

Lo gb(é‘%(?“): E 0 ¢(u,v)

0 VA "D p gt

which can be written as

¢(Cq,C7"): Lo E 0 ¢(uav)7

0 V| |H2E B!

or equivalently

1 0 E 0
PCaer) — ' Hwv). (3.2.47)
0 % zrém) E E-!



Evaluating the right-hand side of (3.2.47) we obtain

E 0
PCar) — Hv). (3.2.48)
ir@) po B
2vA vV

which establishes (3.2.43). Similarly, comparing (3.2.10) and (3.2.28) we have

1 |1 O E 0

_ ¢(C<LCT) — /2 4 Qp(uvv)’
VAlo VA i)
which can be written as
—1
¢(Cq,cr) — 2/ Lo E 0 ¢(u»v)’

0 VAl |Z®E B

or equivalently

gb(Cq,CT) — /2 \/X 0 E 0 ¢(uw)’

0 1| |“@Ep B!

which yields

PCakn) — gin/2 VAE 0 e (3.2.49)
@) g gl
2

which establishes (3.2.44). Again, comparing (3.2.11) and (3.2.29) we obtain

1 0 E 0

1 _ _
L Pleacn — | ) (3.2.50)
Valo VA o g g
we can write (3.2.50) as
-1
FCacr) — /% Lo B0 Fv)

or equivalently




which yields

_ VAE 0 | _
Fléacr Fu0). (3.2.51)

ir(x) —
=B B

which establishes (3.2.45). Finally, comparing (3.2.12) and (3.2.30) we get

Lo BCacr) — in2 B0 )

0 VA ire) p g1

which can be written as

PCasr) = g=in/? )

or equivalently

_ ‘ 0 E 0
Pleacr) — o—in/2 1 o B MICRR
0 LI |"E E
which yields
geae — gwe | E 0] s, (3.2.52)
2VA VA
which completes the proof of (3.2.46). O

Next, we show the relationships among the Jost solutions for the first-order
system (3.1.31) and the standard system (3.1.32).
Proposition 3.4. Assume that the potentials q(x) and r(zx) appearing in the system
(3.1.31) belong to the Schwartz class S(R). Then, the Jost solutions ¢*%™)  1p(Aam)
pPe) ahPar) o (3.1.31) and the Jost solutions %), @3 p@5) h®) 1o (3.1.32)

are related to each other as

_ig@) p-1
pPTT) = b 2 O o) (3.2.53)
0 E!
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_iq(@) p—1
POe) = cin/2 E > b ) (3.2.54)
0 E-1
_ @) p-1
FPram) — b ¥ PP, (3.2.55)
0 E!
_ig(@) p-1
PpRar) = gmin/? E 2 P (3.2.56)
0 E~!

where E and p are the quantities defined in (3.1.6) and (3.2.13), respectively.

Proof. First, let us relate the Jost solution ¢*%7) to (3.1.31) and Jost solution )

to (3.1.32) to each other. From (3.1.34) we have

~ E _“1(55) E—l
$am) — 5 2 ) (3.2.57)
0 E-1

Using the first equalities of (3.2.5), (3.2.7), and (3.2.14) in (3.2.57) we get

—iAT 11 0 e—i>\l‘
+o(l)=9¢ +o(1), T — —00, (3.2.58)
0 01 0

e

and hence § = 1. Using this value of ¢ in (3.2.57) we obtain

£ i@ p-1
pPer) = 2 1 PP, (3.2.59)
0 E-

which establishes (3.2.53). Similarly, let us relate the Jost solution ¢*") to (3.1.31)

and the Jost solution ¢ to (3.1.32) to each other. From (3.1.34) we have

¢(Aq7r) -4

E _igq(x) E-L
2 PP, (3.2.60)
0
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With the help of the first equalities of (3.2.6), (3.2.8), and the second equality in

(3.2.14), from (3.2.60) we obtain

0 L lem2 0 0
+o(1)=9 +o(1), r — 400, (3.2.61)
eiAT 0 e—iu/? eiAT

and hence § = /2, Using 0 = €/ in (3.2.60) we have

' E _iq(x) E-1
AT = cin/2 2 1 @), (3.2.62)
0 E-

which establishes (3.2.54). In the same manner, let us relate the Jost solution ¢(*e")

to (3.1.31) and the Jost solution ¢®* to (3.1.32) to each other. With the help of

(3.1.34) we have

2 PP (3.2.63)

_ig(@) -1
Q@(Aqm) Y B B
0

Using the second equalities of (3.2.5), (3.2.7), and the first equality of (3.2.14) in

(3.2.63) we get
e o(1) =6 NE o(l),  x— —o0, (3.2.64)
e 01 e
goan — | T2 B g0 (3.2.65)

which establishes (3.2.55). Now, let us relate the Jost solution 1»*%™) to (3.1.31) and

the Jost solution ¢)®*) to (3.1.32) to each other. From (3.1.34) we have

_ |E -2 E
pRar) = § ? PP, (3.2.66)
o E



Substituting second equalities of (3.2.6), (3.2.8), and (3.2.14) in (3.2.66) we obtain

e—i)\a: ~ eiu/2 0 e—i/\x
+o(1)=9 +o(1), T — 400, (3.2.67)
0 0 e /2 0

and hence § = e~"/2. Using this value of ¢ in (3.2.66) we get

_igq(x) -1
J0an) — g [F T BT e (3.2.68)
0 E1
which completes the prove of (3.2.56). O

In the next proposition, we show the relationships among the Jost solutions for
(3.1.1) and the Jost solutions for (3.1.31).
Proposition 3.5. Assume that the potentials q(x) and r(z) appearing in the system
(3.1.1) belong to the Schwartz class S(R). Then, the Jost solutions ¢CT¢T) | ah(Catr)
@) 4)(Car) to (3.1.1) and the Jost solutions ¢X%7) | pAar) - pAar) yAargg (3.1.31)

are related to each other as

par) = L VA0 Cacr) (3.2.69)
Vil 1

goan _ [V Jcaen (3.2.70)
0 1

é()\q,r): \/X 0 (E(QLCT)’ (3271)
0 1

,lz()\q,r)zi \/X 0 QZ(C‘LCT)' (3272)
Vil 1
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Proof. First, let us relate the Jost solution ¢(%¢") of (3.1.1) to the Jost solution ¢

of (3.1.31). From (3.1.33) we have

¢()\q,r):€ \/X 0 (ﬁ(C%Q’). (3273)

0 1

Using the first equalities of (3.2.1) and of (3.2.5) in (3.2.73) we get

—Mw \/X 0 e—i)x:v
=€ +o(1), T — —00, (3.2.74)

0 1 0

and hence € = % Using this value of € in (3.2.73) we obtain

) _ 1 Va0

Vailo 1

which establishes (3.2.69). Similarly, let us relate the Jost solution 1A% of (3.1.31)

pAA) (3.2.75)

to the Jost solution 14" of (3.1.1). From (3.1.33) we have

77b()\q,r):g \/X 0 1/}(017(7")‘ (3276)

0 1
With the help of the first equalities of (3.2.2) and of (3.2.6), from (3.2.76) we obtain

0 Vi ol o
+o(l)=¢€ +o(1), r — +00, (3.2.77)
ei)\r O 1 ei/\x

and hence é = 1. Using € = 1 in (3.2.76) we can rewrite (3.2.76) as

7WD()\q,r): \/X 0 ¢(§Q7CT)’ (3278)

0 1

which completes the proof of (3.2.70). In the same manner, let us relate the Jost
solution ¢4 of (3.1.31) to the Jost solution ¢%¢") of (3.1.1). With the help of

(3.1.33) we have

(Z_ﬁ()\q,r)zg \/X 0 (E(CCLCT)_ (3279)

0 1
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Using the second equalities of (3.2.1) and of (3.2.5) in (3.2.79) we get

0 VA ol |o
+o(l)=¢ +o(1), T — —00, (3.2.80)
ei/\x 0 1 ei)\a:

and hence é = 1. Using € = 1 in (3.2.79) we can rewrite (3.2.79) as

gz*5(/\q,r): VA0 QE(AQ«\T), (3.2.81)

0 1

which establishes (3.2.71). Now, let us relate the Jost solution ¢*¢7) of (3.1.31) to

the Jost solution ¢(¢7¢") of (3.1.1). From (3.1.33) we have

@(Aq,r)zg \/X 0 QE(CQ:CT)_ (3282)

0 1

Substituting the second equalities of (3.2.2) and of (3.2.6) in (3.2.82) we obtain

e iAT \/X 0 e~ AT
+o(l)=¢€ +o(1), r — +00, (3.2.83)
0 0 1 0
and hence € = \%\ Using this value of € in (3.2.82) we get

VA 0|
Pleacr), (3.2.84)

0 1

@Z(Aq,r) —

o=

which completes the proof of (3.2.72). O

In the next proposition, we show the relationship between the corresponding
Jost solutions for the first-order system (3.1.1) and the standard system (3.1.32).
Proposition 3.6. Assume that the potentials q(x) and r(x) appearing in the system

(3.1.1) belong to the Schwartz class S(R). Then, the Jost solutions ¢ST¢T) | 1hCatr)
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Pleacr) p(Cacr) 1o (3.1.1), and the Jost solutions ¢ p®s)  GP:s) h=) 1o (3.1.32)

are related to each other as

_iq(@)
PLCTCr) — b 2 - pP) (3.2.85)
0 VAE™!
E __iq(x)
ey — gin/2 | VA 2VATT (), (3.2.86)
0 E!
B _iq(x)
Pasr) — | VA 2T () (3.2.87)
0 B!
_iq(@)
PlCatr) = o=in/2 > b P, (3.2.88)
0 VAE™!

where E and p are the quantities defined in (3.1.6) and (3.2.13), respectively.

Proof. By comparing (3.2.69) and (3.2.53) we get

_igq(x) -1
Lo ¢(Cq7CT): E ; L ¢(p78)’
1 -1
0 7 0 E

which can be written as

_ig(®) -1
¢(Cq£r)_ 1 (1) E 2 1 ¢(p7s)7
0 —= 0 E-

o\

or equivalently

pCacr) — 2 pPs). (3.2.89)
0 VM| |0 E-t

Evaluating the right-hand side of (3.2.89) we obtain

_iax)
pCatr) — o z ¥ PP, (3.2.90)
0 VAE™!
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which establishes (3.2.85). Similarly, comparing (3.2.70) and (3.2.54) we have

_ig(x)
Va0 ¢(Cq,é‘r):eiu/2 E 2 b Q/,(zﬂvs)7

0 1 0 E~!

which can be written as

_ig(=x)
¢(Cq7cr):eiu/2 2 B 2 b @D(pys)’

or equivalently

1 _ig(x)
PCar) = in/2 2N Of |& : b D@
0 1 0 E-1
which yields
B _ig(x)
¢(Cq7Cr) — ein/2 | VA 2\/7\1 w(ﬂs)7 (3.2.91)
0 E-

which establishes (3.2.86). Again, comparing (3.2.71) and (3.2.55) we obtain

_ig@)
VA0 o) — Bk 3P, (3.2.92)

0 1 0 E!
we can write (3.2.92) as
-1

_ig(z)
é((q,cr): VA 0 E > b qg(p,s)’

or equivalently

which yields

B
Peacr) — | VA 2w P, (3.2.93)
0



which establishes (3.2.87). Finally, comparing (3.2.72) and (3.2.56) we get

_ig(x)
L @(qucr) — /2 E > b @(pvs)7
0 % 0 E!
which can be written as
1
_igq(@)
@[,(Cq,cr) — /2 0 B > b &(p,S)’
0 % 0 E!
or equivalently
_ig(=)
ZE(Cq,Cr) — oin/2 0 E : b 1;(17,8)7
0 VAl |0 E!
which yields
_ig(x)
&(qug’r) — eiZM/Q 2 E &(prs)’

0 VAE!

which completes the proof of (3.2.88).

3.3 Scattering Coefficients

(3.2.94)

The scattering coefficients can be defined by using the z-asymptotics of the Jost

solutions, or equivalently they can be obtained with the help of Wronskians of Jost

solutions. Since the potentials ¢(z) and r(z) appearing in (3.1.1) belong to Schwartz

class S(R). we have

B 1 (Ca,¢r)
(N, )60 = +o(1), x — +00,
7

P\, ) = ™ +o(1), r — +00,
1
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WA, z) i) = | T +o(1), r — —00, (3.3.3)

P(¢ ) = | T +o(l), - —o0, (3.3.4)

where we recall that 7 and T are the transmission coefficients, and L , L and R, R are
the reflection coefficients from the left and from the right, respectively, and X\ = (2.
Note that there are five first-order system we deal with, and they are given in (2.1.1),
(3.1.1), (3.1.3),(3.1.31), and (3.1.32). Each of these five systems have six scattering
coefficients. In order avoid any confusion we will label the scattering coefficients for
each of the five system by using the superscripts (Cq,(r), (¢, Ar), (Aq,r), (u,v), and
(p, s), which identically the corresponding potentials. For example, for the system
(3.1.3) we use T@) - R@Ar) - [(@Ar) p(ar) - RaAr) - [(@A7) t6 denote the corresponding
scattering coefficients. Similarly, for the xz-asymptotics of the Jost solutions to the

linear system (3.1.3) we have

(&
p(\, z)@An) = | T +o(l), z— +oo, (3.3.5)

S\, z)@ ) = [T +o(l), x— +oo, (3.3.6)
1

b, z) @) = [TV +o(l), x— —o0, (3.3.7)

DA, z) @A) = [T +o(1), x— —o0. (3.3.8)




The scattering coefficients for (3.1.31) are determined by using the xz-asymptotics of

the Jost solutions to (3.1.31)
(3.3.9)

(A, 2)) =

G(A, ) A7) = (3.3.10)
(A, )R = (3.3.11)
1 il

(3.3.12)

S
b\, )P = +o(1), xr — —00.
Vi) L) Jire 1)

the Jost solutions to (3.1.32)

r 1 (s)
Le—i/\x
(N, x)P®) = T}i?i) + 0(1), T — +00, (3.3.13)
AT
| T
B 7()\) 7] (p,s)
B ___e—i)\x
(N, )P = [TV to(l), - 400, (3.3.14)
1 _idx
| T
-L()\) 7 (p,5)
e—i/\x
W\, z)Ps) = [T +o(l), x— —o0, (3.3.15)
1 _idx
| T
B 7 (p,3)
B __1_6—72/\90
Y\, z)P®) = sz‘j\) + o(1), T — —00. (3.3.16)
AT
| T
w the relationship among the scattering coefficients

In the next proposition, we sho
for the first-order system (3.1.3) and the standard system (2.1.1).
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Proposition 3.7. Assume that the potentials q(x) and r(z) appearing in the sys-
tem (3.1.3) belong to the Schwartz class S(R). Then, the scattering coefficients
Twv) | Rwv) [ wv) pluv) - Rluv) L) of (2.1.1) and the scattering coefficients T4,

R@A7) - [@Ar) @A) - Rlar) L@ ) of (31.3) are related to each other as

TaAr) — plue) g=in/2, (3.3.17)
R@M) — Rlu) g=in (3.3.18)
L@ — [ ) (3.3.19)
TlaAr) — pluw) gin/2 (3.3.20)
R — Rluw) gin. (3.3.21)
L@ — ) (3.3.22)

where p is the quantity defined in (3.2.13).

Proof. By using (2.2.1), (3.3.5), and the second equality of (3.2.14) in (3.2.9) we have

(g,Ar) (u,v)
1 =iz ip/2 0 1 =iz
€ (& €
T};X) +o(l) = T];\))\) +o(1), T — 400,
AT —1 AT
e 0 e e

or equivalently

(g,Ar) o (u,v)
1 —i\x e —iA\x
¢ " e
+o(l)=1| +o(1), x — +00. (3.3.23)
R()) ei/\x 67”‘/2R(>\) ei/\x
T(N) T(N)



which can be written as

@A) — =in/2(uv) (3.3.24)
R@A) — =ik pluv) (3.3.25)

which establish (3.3.17) and (3.3.18). Similarly, with the help of (2.2.3), (3.3.7), and

the first equality of (3.2.14), from (3.2.10) we obtain

LY (g,Ar) ; Ly (u,v)

efi)\:v ei,u 2 0 efi)\x

) +o(1) = ) +o(1), r — —00,
1 AT ) 1 AT

T € 0 en/? TN ¢

(g,Ar) _ (u,v)
L) e*l)\x ein/2 L)  —ixz
ey +o(1) = TQL +o(1), - —oo. (3.3.26)
1 iz et AT
T ¢ ™ ©

which can be written as

T@A) — emin/2pluv),
L(@n) = () (3.3.27)

which establishes (3.3.19). Now, let us relate the scattering coefficients 7@*") and
R@) of (3.1.3) to the scattering coefficients T and R™%) of (2.1.1), respectively.

With the help of (2.2.2), (3.3.6), and the second equality of (3.2.14), from (3.2.11)

we have
50) (g,2r) 50 (u,v)
LUA) o —idz ei,LL/Q 0 LUA) —idz
) +o(1) = ™ +o(1), x — +00,
1 IAT —ip/2 1 IAT
m@ O e w/ m€



or equivalently

_ (g:A7) o (u,v)

RO _—ixa /2 R(\) ,—idz

) +o(l) = TW/Q +o(1), x—+oo. (3.3.28)
1 _idx e M AT

T © Ty €

Hence, from (3.3.28) we obtain

< ﬁ )(q,xr)_ew/z ( ﬁ )(u,v)’

~

which can be written as

T@Ar) — gin/2puv),
RlaAr) — eiu/2R(u,v)7

which establish (3.3.20) and (3.3.21). In the same manner, let us relate the scattering
coefficient L(4A") of (3.1.3) to the scattering coefficient L) of (2.1.1). Using (2.2.4),

(3.3.8), and the first equality of (3.2.14) in (3.2.12) we get

(g,Ar) ) (u,v)
1 —iAx —ip/2 1 —iAx
FAs € e 0 =€
™ | +0o(1) = ’ ») A +o(1), T — —00,
128\\; ez)m: 0 e—z,u/2 é(;; ez)@

or equivalently

(a2r) » ()
1 —iA\x e " —iAx
e eI
A +o(1) = Y + o(1), x — —00. (3.3.29)
L) ire e 2L yid
T T

From (3.3.29) we obtain



which can be written as

T(a: ) — ew/2T(u7v)7
L q,\r) L(u v)
which completes proof of (3.3.22). O

The next proposition is the analog of Proposition 3.7, we show relationship
among the corresponding scattering coefficients for the first-order system (3.1.1) and
(3.1.3).

Proposition 3.8. Assume that the potentials q(x) and q(x) appearing in the sys-
tem (3.1.1) belong to the Schwartz class S(R). Then, the scattering coefficients
TCacr) RCacr)  [(Cacr) TCadr) = RCacr) of (3.1.1) are related to the scattering coef-

ficients T(@AT) - R@AT) - [(@Ar) P(aAr) - RlaAr) - [(aAr) of (31.3) as

T(%)‘T) — T(Cq’cr)7 (3330)
R — /3 R, (3.3.31)
1
LA = —_ [(Cadr) 3.3.32
VA ( )
TaAr) — T(Cq,cr)’ (3.3.33)
Rl — —_ Rlcacr), (3.3.34)
\/_
L@ — /) [(Casr), (3.3.35)
where ¢ = V/\.
Proof. By using (3.3.1) and (3.3.5) in (3.2.27) we have
(q,)\r) (C%Cr)
_1_—idz 1 0 _1_—ida
R IAT R iz
me A 0 \/X m@ A
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or equivalently

. (g,Ar) ‘ (€g,¢r)
T(l)\) e—z)\m T(l)\) e—z)m:
+o(1) = + o(1), T — +00. (3.3.36)
R(\) iz VAR(N) eire
T T(N)

Hence, from (3.3.36) we obtain

which can be written as

TlaAr) — p(atr) (3.3.37)
R — /3 RGacn) (3.3.38)

which establish (3.3.30) and (3.3.31). Similarly, substituting (3.3.3) and (3.3.7) in

(3.2.28) we obtain

(g.Xr) (¢a.¢r)
@efi/\x 1 0 @efi)\x
i +o(1) = VA ) + o(1), r — —00,
1 iz 1 _idx
me 0 1 me
or equivalently
(g.Ar) (Ca¢r)
wefi/\x L)) efi)\z
T +o(1) = [VATW +o(l), - -o0. (3.3.39)
1 _idx 1 iz
T T ¢

Thus, from (3.3.39) we get

T(‘L)‘T) — T(Cq’gr),
97
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L@Ar) — L 1,(Caxr)

; 3.3.40
A (3340
which establishes (3.3.32). With the help of (3.3.2) and (3.3.6), from (3.2.29) we have
_ (g:Ar) _ (Ca,r)
R o —irz 1| [EYg-ire
™ +o(1) = VA ™ + o(1), T — 400,
1 _idx 1 iz
™° 01 [mwe
or equivalently
] (@A) ) (Car)
RQ) —ide RO —ide
e +o(l) = | VATW +o(l), x—4oo. (3.3.41)
;ei)\x Leikm
T

T

Hence, from (3.3.41) we obtain

which can be written as

T(a:Ar) — T(Cq,cr)7

R — = Rlcacr),

which establish (3.3.33) and (3.3.34). In the same manner, using (2.2.4) and (3.3.8)
in (3.2.12) we get

(g,Ar) (€q,¢r)

1 —idz 1 —idx
Fo € 1 0 =€
T_‘X) +o(1) = T_(jj) to(l), x— —o0,
L AT L AT

me 0 \/X m@

or equivalently
e 7 acn)

ﬁefz)\:r ﬁe*”‘z

- +0o(1) = - +o(1), T — —00. (3.3.42)
LQ) girz VALQ) jida

TN T



Thus, from (3.3.42) we obtain

which can be written as

which completes proof of (3.3.35). O

Next, we show the relationship among the scattering coefficients for the first-
order system (3.1.1) and the standard system (2.1.1).
Proposition 3.9. Assume that the potentials q(x) and r(x) appearing in the sys-
tem (3.1.1) belong to the Schwartz class S(R). Then, the scattering coefficients
Twv) | Rluv) [ wv) pluv) - Rluv) - [wv) of (2.1.1) are related to the scattering coef-

ficients T(Caxr) R(Cq ¢r) L(Cqﬁcr)y T(Cq,CT)’ R(Cq@'); T, (Caxr) of (3.1.1) as

TCar) — gmin/2 plus), (3.3.43)
RiCacr) _ % RO, (3.3.44)
LCatr) — /\ (@) (3.3.45)
T(Cacr)  gin/2 u), (3.3.46)
RCacr) — /3 gin Rl (3.3.47)
F(Cacr) LA L), (3.3.48)

where p is the quantity defined in (3.2.13).
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Proof. By comparing (3.3.17) and (3.3.30) we have

TCakr) = emin/2 plur), (3.3.49)
which establishes (3.3.43). Similarly, comparing (3.3.18) and (3.3.31) we get

VA RCagr) — o=in R(uvv)7

or equivalently

e

—_ Rlw) ’
VA

which establishes (3.3.44). In the same manner, comparing (3.3.19) and (3.3.32) we

R(Ca<r) —

obtain

L aen _ e

\/X )

or equivalently
L) = /) L)
which establishes (3.3.45). Comparing (3.3.20) and (3.3.33) we have

TlCadr) — in/2 Fluw).

which establishes (3.3.46). Again, comparing (3.3.21) and (3.3.34) we get

1 = I
i R(CQ»CT) — e R(u,v)
VA ’

or equivalently

ROa6n) =/} ¢it Rlu),

which establishes (3.3.47). Finally, let us prove (3.3.48). By comparing (3.3.22) and
(3.3.35) we obtain
VN LG — [,

or equivalently

I (Cadr) —

which completes the poof of (3.3.48). O



In the next Proposition, we show relationship among the scattering coefficients
for the first-order system (3.1.31) and the standard system (3.1.32).
Proposition 3.10. Assume that the potentials q(x) and r(x) appearing in the system
(3.1.31) belong to the Schwartz class S(R). Then, the scattering coefficients T4,
RQar) [ Gar) pOar) RO [ Aar) of (3.1.31), and the scattering coefficients T®),

R®s) Lps) T@s)  Rws) [P of (3.1.32) are related to each other as

TO) — 0s) 2, (3.3.50)
ROar) — R gin (3.3.51)
Lar) — [0, (3.3.52)
TOGr) — Tbs) gin/2, (3.3.53)
ROar) — R gin (3.3.54)

L) = L9 (3.3.55)
where u is the quantity defined in (3.2.13) and ¢ = v/

Proof. By using (3.3.9), (3.3.13), and the second equality of (3.2.14) in (3.2.53) we

have
(Ag,r) (p,s)
1 —ixz /2 0 1 _—idz
e e e
T(X) +o(1) = T(;\i) + o(1), xr — 400,
R iz —ip/2 R iz
e 0 e | T

or equivalently

(Ag;r) o (ps)
1 —i\x et —iA\T
e e
+o(1) = ‘ + o(1), r — 400. (3.3.56)
RQ) jide e I2R() ixe
T T(N)

From (3.3.56) we obtain



R()
(T (A)
(3.3.57)
(3.3.58)

which can be written as
T()‘Q7T) — 671“/2 ’—Z—"(prs)7

ROar) — =i RPs)
which establish (3.3.50) and (3.3.51). Similarly, with the help of (3.3.11), (3.3.15),
and the first equality in (3.2.14), from (3.2.54) we have
L (Ag,r) L (p:5)
_e—i)\:c 6iu/2 0 _e—i)\x
T +o(l) = A e A + o(1), T — —00,
ﬁei)\x 0 6zu/2 ﬁez)\x
or equivalently
(Agqr) , (p:s)
@e—i)\x er/2 LN e—i)w
T +o(1)=| "™ +o(l), x—-o00. (3.3.59)
1 _idz et IAT
e e
Thus, from (3.3.59) we get
(Agq,r) (p:s)
1 e

T(A) T(A) ’

Aq,r »S

L()\) (A )_ 2 (A) (p,s)

T(X) T(X) ’
(3.3.60)
(3.3.61)

which can be written as
TAer) — o=in/2 T(P:S)’

L Aaer) — L(p78)7
which establishes (3.3.52). With the help of (3.3.10), (3.3.14), and the second equality
in (3.2.14), from (3.2.55) we have
B0 (Ag,r) 2O\ (p:)

LUA) o —idx ei,u/Z 0 LA p—idz

™ +o(1) = o +o(1), xr — +00,
—1 1 _idx
0 € 12 me A
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or equivalently

_ (Ag,r) o (p:s)

7(>\) e*l)\x el“/f RN —idx

™) +0o(1) = T(_A)/Q + o(1), x — +00
1 idz E i

T e T

which can be written as

Tar) — pin/2 T(ns)’

ROar) — gin/2 RP’S)’

(3.3.62)

which establish (3.3.53) and (3.3.54). In the same manner, using (3.3.16), (3.3.12),

and the first equality of (3.2.14) in (3.2.56) we get

()‘qu) B (p,s)
1 iz —ip/2 0 1 =iz
e e e
TE(X) to(l) = T}(AA)) +o(1),
AT —ip/2 AT
T™° 0 e T5e
or equivalently
(Ag,r) _ 1 (@s)
1 efi)\x ej”*/Q —iAx
» +o(1)=| +o(l), = — —oo.
L gid e M2 L) yidx
TN TN

Thus, from (3.3.63) we obtain

which can be written as

(3.3.63)



L) — [(p:s)

)

which completes proof of (3.3.55). O

The next proposition is the analog of Proposition 3.8, we show relationship
among the scattering coefficients for first-order system (3.1.1) and (3.1.31).
Proposition 3.11. Assume that the potentials q(z) and q(x) appearing in the system
(3.1.1) belong to the Schwartz class S(R). Then, the scattering coefficients TC%<T),
Rar) - [(Cacr) - TCacr) - RCaCr) of (3.1.1), and the scattering coefficients T,

RQar)  [Gar) TQar) - RAar) [ar) of (3.1.31) are related to each other as

T(Aq,r) _ T(Cq,Cr)’ (3.3.64)
1
R()\q,r) - = R(C%Cr) (3365)
VA ’
L(/\q,r) — \/XL(QLCT)’ (3366)
T()\q,r) _ T(CQ»CT)’ (3367)
R(/\q,r) — \/XR(Q],CT)’ (3368)
_ 1 -
[Oan) — ﬁ L(Casr), (3.3.69)

where 11 is the quantity defined in (3.2.13) and ¢ = V/\.

Proof. By using (3.3.1) and (3.3.9) in (3.2.69) we have

(Ag,r) (Ca,¢r)
1 —iAx 1 —iAx
=€ 1 0 =T €
™™ +o(1) = ) + o(1), x — 400,
BN pirz 0 -L B girz
T(N) VA T(X)
or equivalently
(Ag,r) (Cq,¢r)
;e—i)\x Le—i)\x
e +o(l)=| "W +o(l), x—+400.  (3.3.70)
Mei)\x R(N) 6i)\x
() VAT(N)



Hence, from (3.3.70) we obtain

T
<%)(Aw) _ L <M) (Ca,r) |

which can be written as

Tl@Ar) — pacr), (3.3.71)

1
RlaA) — _— R(Cq@“)’ 3.3.72
A 357

which establish (3.3.64) and (3.3.65). Similarly, substituting (3.3.3) and (3.3.11) in
(3.2.70) we obtain

L) (Ag,r) 7 L) (Ca.¢r)

) +o(1) = o) +o(1), r — —00,
1 AT 1 AT

T € 0 1 v ©

or equivalently

(Ag,m) (Ca,¢r)
L) ,—idz VAL p—ire
) to(l)=| ™™ +o(l), x—-oo. (3.3.73)
1 IAT 1 IAT
Ty € Ty €

Thus, from (3.3.73) we get

T(Aq,r) _ T(CQ»Q’)’ (3374)

which can be written as

LOG) — /) [Cadr), (3.3.75)
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which establishes (3.3.66). With the help of (3.3.2) and (3.3.10), from (3.2.71) we

have

(

200 (Ag,r) \/_ B (Cq,¢r)
_e—iAm A0 _e—ikm
e +o(l) = ™ + o(1), xr — 400,
1 IAT 1 IAT
me 0 1 m@
or equivalently
_ (Ag,r) _ (€g,¢r)
ﬁe—z)\;t \QR(/\) e—i)\z
™ +o(l)=| W +o(1), x— +o0.
1 ez‘)«x ;eim
T T
Hence, from (3.3.76) we obtain
1 (Ag,r) 1 (Cqy¢r)
m)) - (m) |
R()\) ) (Mg,r) B \/X (R()\) ) (Cq,¢r)
T\ T\ ’

(

Tar) — T(Cq,ér)’

which can be written as
RWar) \/XR(Cq,Cr)7

which establish (3.3.67) and (3.3.68). In the same manner, using (3.3.4) and (3.3.12)

in (3.2.72) we get
(Agr)
1 —iAx
me B 1 \/X 0 5
IO Toll)= NGy 7y
AT IAT
me 0 1 m@
or equivalently
(Ag,r) (Ca.r)
;e—i)w ;e—i)\m
_()\) + O(l) _ T_()x)
T(N) VAT(N)
From (3.3.77) we obtain
1 ()‘q’T)
m)) - ( I
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which can be written as

TOar) _ Flacr),

L0 — —_ [(cacr)

S -

which completes proof of (3.3.69). O

Next, we show the relationship among the scattering coefficients for the first-
order system (3.1.1) and the standard system (3.1.32).
Proposition 3.12. Assume that the potentials q(x) and r(x) appearing in the system
(3.1.3) belong to the Schwartz class S(R). Then, the scattering coefficients T©¢%¢),
RGacr) - [(acr) - T(Catr) - R(Gacr) - [(CaCr) of (3.1.1) and the scattering coefficients

Tws) Rws) [(p:s) Ts)  Rps)  [P5) of (3.1.32) are related to each other as

TCar) _ p=in/2 P, (3.3.78)
Racr) — g=in /) RP:). (3.3.79)
1
peac) — L o) 3.3.80
VA ( )
TCacr) — cin/2 (ps) (3.3.81)
i
RCatn — £ Rvs). 3.3.82
VA ( )
LCatr) — /NP9 (3.3.83)
where u is the quantity defined in (3.2.13) and ¢ = v/
Proof. By comparing (3.3.50) and (3.3.64) we have
T = g=in/2 lps), (3.3.84)
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which establishes (3.3.78). Similarly, comparing (3.3.51) and (3.3.65) we get

L RCacr) — o—in R(p,S)’

VA
or equivalently

RCalr) — =i \/XR(p’S),

which establishes (3.3.79). In the same manner, comparing (3.3.52) and (3.3.66) we

obtain

\/XL(C(LCT) — _[/(p’s)7

or equivalently

7,Car) L LP9)

VA
which establishes (3.3.80). Comparing (3.3.53) and (3.3.67) we have

TCacr) — gin/2 o).
which establishes (3.3.81). Again, comparing (3.3.54) and (3.3.68) we get
VA RCacr) — pin R(pvs),

or equivalently

_ 1.
RCacr) — _—_ gin R(p,s)
VA

Y

which establishes (3.3.82). Finally, let us prove (3.3.83). By comparing (3.3.55) and

(3.3.69) we obtain
[(Cacr) — L),

Sl -

or equivalently

I (Cadr) — \/X[j(p,S),
which completes the proof of (3.3.83). O
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3.4 Bound-State Solutions to the Energy-Dependent System

A bound-state solution to (3.1.1) is a square-integrable column-vector solution
in z € R. From (3.3.43) we know that the transmission coefficient 7€%<") for (3.1.1) is
a function of A, where A = (. Similarly, from (3.3.46) we know that the transmission
coefficient TC%¢") ig also a function of A\. As we show in this section, a bound-
state solution for (3.1.1) occurs at a A-value at which 7¢%¢")()\) has a pole in the
upper-half complex A-plane or at a A-value at which T(%¢")(\) has a pole in the
lower-half complex A-plane. Note that T¢%¢")()\) and T ()\) have common poles
in CT because from (3.3.43) we know T¢I (\) = e /2 T®V)()). Since we have
denoted the poles of T () in C* by ); and assumed that there are N such poles,
the poles of T(¢¢)()) in C* also denoted by \; and assume that there are N such
poles. Similarly, T€%<"()\) and T®*)()\) have coincide poles since from (3.3.46) we
know T©#¢T)(\) = /2 T2)()\). Since we have denoted the poles of T*)(\) in C~
by ); and assumed that there are N such poles, the poles of T€a¢()) in C~ also
denoted by \; and assume that there are N such poles. It is possible that N = 0 or
N = 0. Let us use CEC%CT) to denote bound-state norming constant if A; is a simple

§<q,<7) to denote the corresponding bound-state norming

pole. Similarly, let us use ¢
constant if )\; is a simple pole. From (2.3.22) and (2.3.23) we know that the bound-
state norming constants c§-<q’CT) and Eggq,cr) are related to the residues of 7% ())
and T©4¢ () at poles A; and \;, respectively.

It may be possible that each bound state is not a simple one, i.e. the corre-
sponding pole has a multiplicity greater than one. Let us assume that the multiplicity
of the pole \; of T (A) in C* is equal to the positive integer m; and assume that
the multiplicity of the pole 5\3- of T€4¢(\) in C~ is equal to the positive integer m;.
Hence, for each A;, there are m; norming constants Cji (Caer) for k = 0,1,...,m; — 1.

Similarly, for each \; there are /m; norming constants Cjr. (Car) for | = 0,1,...,m; — 1.
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Let us first consider the case of simple bound states, i.e. when the poles of
T€a¢()) in C* and the poles of T¢%¢")()\) in C~ are all simple. With the help
of the first equality in (3.2.2) and (3.3.1), from the Wronskian of the Jost solutions

Ce<m) and 1p€a<) for (3.1.1) we have

(¢q,¢m)
1 e—iCQm 0
[Qs(cq,crw(cq,cr)] = |T© +o(1), z— +oo,
?(C) PRIGE I IS

©
which yields

1
[¢(C%CT’);¢(C%€T)] = Tt (3.4.1)
Hence, if T%¢"()\) has a pole at \; € CT, the Jost solutions ¢¢%¢") () z) and

P () x) are linearly dependent at that Aj-value. Thus, there exist scalar con-

stant 7;-values such that
¢\ x) = 3 (N x), =1, N, (3.4.2)

Similarly, with the help of the second equality in (3.2.2) and (3.3.2), from the Wron-

skian of the Jost solutions ¢(¢4¢") and %< for (3.1.1) we have

ﬁeﬂ'@r i (¢q,¢r)
[¢(<q,<r); ¢(<q,<r>] = |T© +0o(1), x— +oo,
1 ic%x 0
7(c)
which yields
_ _ 1
[w(@ﬁﬂ;&(m@)] = e (3.4.3)

Therefore, if T(¢9¢")()) has a pole at A;, the Jost solutions ¢4 (X, z) and €% (X 1)
are linearly dependent at that j\j—value. Thus, there exist scalar constant ;-values
such that

T (N z) = 5, P (N, 2), j=1,..,N. (3.4.4)

The constants J; and 7; are usually called the dependency constants because (3.4.2)

and (3.4.4) indicate the linear dependence of the corresponding Jost solutions. Let
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us now explain why the bound state occurs at the poles of T(\)¢%¢") in C* and at
the poles of T¢4¢)()\) in C~. With the help of (3.2.9), (3.2.10), and (3.2.14), from
(2.1.81) and (2.1.82) we get

, 1

LI (N, 1) = e N° +o(1) |, T — —00, (3.4.5)
0
, 0

w()\j’ :C)(C%CT‘) — N + 0(1) , T — +00, (3.4.6)
1

where \; € C*. From (3.4.5) we observe that ¢(¢<")();, z) decays exponentially
as ¥ — —oo, and from (3.4.6) we see that ¥(¢9¢")()\; x) decays exponentially as
x — +o0o. Similarly, with the help of (3.2.11), (3.2.12), and (3.2.14), from (2.1.83)

and (2.1.84) we obtain

_ . 0
P (N, z) = €Ni® +o(1) |, T — —00, (3.4.7)

1

_ , 1
PlaS (N ) = em i +o(1) |, T — 400, (3.4.8)

0

where \; € C~. From (3.4.7) we observe that ¢¢4<")()\;, 2) decays exponentially
as © — —oo, and from (3.4.8) we see that ¥(¢9¢")()\;,z) decays exponentially as
T — +00.

From (3.4.6) we know that the right-hand of (3.4.2) decays exponentially as z —
+o00 and from (3.4.5) we know that the left-hand side of (3.4.2) decays exponentially
as x — —oo. Thus, from (3.4.2) we conclude that both ¢(¢%¢")(\;, 2) and (¢4 (), x)
decay exponentially as z — £o00. Similarly, from (3.4.8) we know that the right-hand
of (3.4.4) decays exponentially as + — 400 and from (3.4.8) we know that the left-
hand side of (3.4.4) decays exponentially as  — —oo. Thus, from (3.4.4) we conclude

that both ¢($9¢)(\;, x) and %< (), z) decay exponentially as x — 4-o0.
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With the help of (3.2.9), (3.2.10), (3.2.14), and theorem 2.3(c), we also know
that ¢4 (), ) and ¢(¢%¢7) (), z) are continuous in € R. Thus, each of (%57 (\;, z)
and w((q,Cr)()\j’x) is square integrable in € R, and hence each can be used as
a bound-state solutions at A\ = \;. Similarly, with the help of (3.2.11), (3.2.12),
(3.2.14), and theorem 2.3(d) we know that ¢©4¢")();, x) and ¥©%¢")(\;, x) are con-
tinuous in € R. Thus, each of ¢C%¢") (), z) and %< ()\;, ) is square integrable

in z € R, and hence each can be used as a bound-state solutions at A = ;.

3.5 Direct Problem for the Energy-Dependent System

Recall that we have defined the scattering data set for (2.1.1) as in (2.4.1) and
that such a scattering data set can be constructed from the corresponding scattering
coefficients and the bound-state data. In this section we define the scattering data set
for (3.1.1) in a similar manner. The direct problem for (3.1.1) consists of determining
the scattering data set when the pair of potentials (¢(x) and (r(z) are given.

We have already evaluated the scattering coefficients for the first-order system
(3.1.1) with the help of the transformations we have established between the linear
system (3.1.1) and linear system (2.1.1). In section 3.2, we have determined the Jost
solutions @&@<r) | $(Ca<r) 4)(Catr) - and 1)(€2<") uniquely in terms of the corresponding
Jost solutions for a pair of associated standard systems. Then in section 3.3, we
have expressed the scattering coefficients 7¢%¢") | RCa:¢r) - [(Ca<r) T(Car) - RCaCr) and
L(€9<7) in terms of the scattering coefficients for the relevant pair of standard systems.
From (2.2.18) we know that the left reflection coefficient L") can be expressed
in terms of R®Y) T®v) and T™Y). Hence, from proposition 3.9, we know that
L(€9<7) can also be expressed in terms of R(C4<) 7<) and T4 Similarly,
from (2.2.23) we know that L") can be expressed in terms of R®¥) T and

T®v) . Since the scattering coefficients for (3.1.1) can be expressed in terms of the
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corresponding scattering coefficients for (2.1.1), this is turn implies that L(€a<7) can
also be expressed in terms of R(¢%<") TCaCr) and T4 Hence, instead of using
the six scattering coefficients T7€9<) | RCa<r) - [(Calr) TCadr) - RCadr) and LCa<7) in
the scattering data set for (3.1.1), it is enough to use the four scattering coefficients
TCacr) | RCacr) T(Catr) and R, Recall that the scattering data set for (2.1.1)
also includes the bound state data, and similarly the scattering data set for (3.1.1)
needs to include the bound-state data as well.

A bound-state solution to (3.1.1) is a square-integrable column-vector solution
in z € R. From (3.3.43) we know that the transmission coefficient 74" for (3.1.1) is
a function of A, where A = ¢%. Similarly, from (3.3.46) we know that the transmission
coefficient T€4¢") is also a function of . A bound-state solution for (3.1.1) occurs
at a A-value at which T(Cq’m()\) has a pole in the upper-half complex A-plane or at
a A-value at which T%¢")()\) has a pole in the lower-half complex A-plane. Note
that 702" (\) and T™"()\) have common poles in C because from (3.3.43) we
know T4 () = e~#/2T@)()), Similarly, TC€¢")()\) and T()()\) have coincide
poles since from (3.3.46) we know 7% (\) = /2 T®v)()). We denote the poles
of T€#¢")()\) in C* by ); and assume that there are N such poles. Similarly, we
denote the poles of T¢%¢")()\) in C~ by ); and assume that there are N such poles.
It is possible that N = 0 or N = 0. Let us use ngq,Cr) to denote bound-state norming
constant if \; is a simple pole. Similarly, let us use E§-<q’cr) to denote the corresponding
bound-state norming constant if ), is a simple pole. From (2.3.22) and (2.3.23) we

(Cg,r

know that the bound-state norming constants c; ) and 5§Cq,<r)

are related to the
residues of T4 (\) and T€%¢)(\) at poles A; and ), respectively.
It may be possible that each bound state is not a simple one, i.e. the corre-

sponding pole has a multiplicity greater than one. Let us assume that the multiplicity
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of the pole \; of T4 (X\) in C* is equal to the positive integer m; and assume that
the multiplicity of the pole \; of T (Ca¢r)(X\) in C~ is equal to the positive integer m;.
Hence, for each A;, there are m; norming constants Cji (Catr) for k= 0,1,...,m; — 1.
Similarly, for each )\ there are m; norming constants c(ch for k=0,1,...,m; — 1.

Let us write the scattering data set for (3.1.1) as

_ oy (Cagr)
S(C%CT) = {R> Ra {)‘j7 {c]k}:'i; }jz { J> {c]k}mjil} 1} ’ <351)

The scattering data set S€%") is uniquely determined by the pair of potentials ¢ q(z)

and (r(z). We can outline the direct problem as the mapping given by
{Cq(x), ¢r(z)} — S0, (3.5.2)

In order to solve the direct problem in (3.5.2), we can exploit the transformations given
between the linear system (3.1.1) and the standard systems (2.1.1) and (3.1.32). The

procedure to solve the direct problem is indicated in the diagram given below:

{u(2),v(2)} = S

4 \
{Ca(x), Cr(x)} G(Cacr)
~ %

{p(z),s(2)} = S
Based on the above diagram, there are two ways to solve the direct problem for
(3.1.1). The first way consists of the following steps:
e From the given the pair of potentials {(q(x),{r(x)}, we determine the pair of
potentials {u(x),v(x)} for the standard system (2.1.1) by using (3.1.6), (3.1.7),
and (3.1.8).
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e Having u(z) and v(x) at hand, we solve the direct problem for (2.1.1) and
determine the scattering data set S for (2.1.1) by using u(z) and v(z) as
input.

e Having ™) at hand, we determine the scattering data set S for (3.1.1)
with the help of Propositions 3.3 and 3.9.

The second way consists of the following steps:

e From the given the pair of potentials {(q(x),(r(z)}, we determine the pair
of potentials {p(z),s(z)} for the standard system (3.1.32) by using (3.1.6),
(3.1.35), and (3.1.36).

e Having the potentials p(x) and s(z) at hand, we solve the direct problem for
(3.1.32) and determine the scattering data set §®*).

e Having S®*) at hand, we determine the scattering data set %< for (3.1.1)

with the help of the Propositions 3.6 and 3.12.

3.6 Inverse Problem for the Energy-Dependent System

The inverse problem for (3.1.1) consists of the determination of the potentials
q(z) and r(z) from the scattering data set given in (3.5.1). We can exploit the trans-
formations given between the linear system (3.1.1) and the standard systems (2.1.1)

and (3.1.32) to solve the inverse problem as in the following diagram:

S = fu(), v(w)}
Vs pN
g¢acr) {Ca(2), Cr(x)}

N /
S {p(x), s(x)}
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As the above diagram indicates, we can solve the inverse problem for (3.1.1) by
the following steps:
e With the help of propositions 3.3 and 3.9, we construct the scattering data set
S for (2.1.1) from the given scattering data set <) for (3.1.1).
e Having the scattering data set S™%) at the hand, we construct the Marchenko
kernels Q%) and Q%) defined in (2.5.26) and (2.5.27), respectively.
e As in theorem 2.7, we use the constructed Q%) and Q%) in the Marchenko

equation given by

K, y) + 00 (@ + )
— / dz/ dt Kfu’v) (2,8) QU (t 4+ 2) QU (2 4 y) =0, y >z,
T (3.6.1)

K" (2, y) +/ dz K{""(z,2) Q(z + )" =0,  y>uz, (3.6.2)

T

K (2, y) + QU (2 + y)

+/ dz/ dt f(éu’v)(x,t) QU (t 4+ 2) QW) (2 49) =0, y>uz,
: : (3.6.3)

K3 (z,y) + / dz K{"(z,2) Yz +y) ") =0,  y>u (3.6.4)

T

and uniquely determine K" (z,y), K" (z,v), K" (z,y), K\ (z,y).
e Having obtained Kf“)) (x,y) and l_(éu’v) (x,y) at the hand, as in theorem 2.8 we
recover the potentials u(x) and v(z) via
u(z) = —2 K" (z, ), (3.6.5)
v(z) = —2 K" (z, z). (3.6.6)

e With the help of propositions 3.6 and 3.12, we construct the scattering data set

S®#) for (3.1.32) from the given scattering data set S for (3.1.1).
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e Having the scattering data set SPs) at hand, we construct the Marchenko
kernels Q®*) and QP defined in (2.5.26) and (2.5.27), respectively.
e As in the theorem 2.7, we use the constructed Q®*) and Q®# in the Marchenko

equation given by

K" () + QP (@ +y)
- / dz/ dt Kfp’s) (z,1) QP (t + 2) QP (2 +9) =0, y >z,
: : (3.6.7)

KPP (2, y) + / dz K7 (2, 2)Qz + )P =0,  y>ua, (3.6.8)

T

Ky (a,y) + Q09 (x +y)

+/ dz/ dt K& (2,6) QP9 (t 4+ 2) QP9 (2 4 9y) =0, y >z,
: : (3.6.9)

Ky(z,y)®® +/ dz K9 (2, 2) Q(z + y) P =0, y > . (3.6.10)

x

and uniquely determine K{p’s) (z,y), K?”S) (z,y), I_(ép’s)(x,y), Kép’s) (x,y).
e Having obtained Kfp’s) (x,y), l_(ép’s)(x,y) at the hand, as in theorem 2.8 we

recover the potentials p(z) and s(z) via

p(z) = 2 KPP (2, 1), (3.6.11)

s(z) = =2 K9 (z, 1), (3.6.12)

e Having obtained K{""(z,y), K" (z,y) at hand, as to be seen in proposition

3.15 in this section, we construct the key quantity E appearing in (3.1.6) as

A—too

0o —1
E=exp (2 / dt [Kz(p’s)(t,t) —Ké“’”)(t,t)D { lim T(A)@M} . (3.6.13)
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e Having u(z), s(z), E and the connection between the potential pair (u(z), s(z))
and the potential pair (¢(x),r(x) at hand, we recover the potentials ¢(x) and

r(z) via

g(z) = -2 K{"" (2, 2) B, (3.6.14)

r(z) = =2 K (z,2) B2, (3.6.15)

e Alternatively, having v(z) from (3.6.6), p(z) from (3.6.12), £ from (3.6.13) at
hand, as to be seen in proposition 3.16 in this section, we can determine ¢(z)

and r(z) via

q(z) = % /9; dt p(t) B(t)?, (3.6.16)
r(z) = EQ(;) / L g(?) (3.6.17)

where we write E(z) for E' to emphasize its dependence on z.

In the next two propositions, we show how to construct the key quantity £ from
the solutions K3 (z,y), K" (z,y) to the Marchenko equations given in (3.6.4) and
(3.6.10), respectively.

Proposition 3.13. Assume that the potentials q(x) and r(x) appearing in the system

(3.1.1) belong to the Schwartz class S(R). Then, we have

ir(z)q(x)

5 = 2K (0) = K, 0) (3.6.18)

where Kéu’v) (x,y) and Kép’s) (x,y) are the quantities appearing in the Marchenko equa-
tions (3.6.4) and (3.6.10).

Proof. Multiplying (3.1.7) and (3.1.8), we have

(3.6.19)



Similarly, multiplying (3.1.35) and (3.1.36) we obtain

p(x)s(x) = ' - : (3.6.20)

or equivalently
/
(@) s(z) — u(z)v(z) = & [r(m) q(x)} . (3.6.21)
From the analog of the first equality in (2.5.48) written for the potential pair p(z)

and s(x), we know that

/00 dzp(2) s(z) = 2 K& (z, 2). (3.6.22)

Taking the derivative of both sides of (3.6.22) we obtain

_2dK2(p’S)(ac, x)

= 3.6.23
() s(z) ! (3.6.23)
Similarly, from the first equality in (2.5.48) we know that
/ dzu(z)v(z) = 2K§u’v)(x,x). (3.6.24)
Taking the derivative of both sides of (3.6.24) we have
d K" (z, 2)
— =2——=. 3.6.25
() vfa) - (3.6.25)
Adding (3.6.23) and (3.6.25) we get
. _ 2i K L) _ g9 3.6.26
() s() — ula)v(e) = 20 Ko, 2) ~ P9 o, 2)]. (3.6.26)
Comparing (3.6.21) and (3.6.26) we obtain
: . d
%(r(m) q(x)) = Qd— [KQ(“’D)(:C,Q:) — K9 (q, x)} . (3.6.27)
x



Integrating (3.6.27) on the interval (z,4+00) and by using the fact that ¢(x), r(z),
K" (z,2), and K (2, %) all vanish as # — 400, we obtain

%(TC@ a(@)) =2 |[K§" (e, 2) = K (2,2)] (3.6.28)

which completes the proof. O

Proposition 3.14. Assume that the potentials q(x) and r(x) appearing in the system
(3.1.1) belong to the Schwartz class S(R). Then, we have

e /2 = lim TCer()), (3.6.29)

A—+o00

where T4 (\) is the transmission coefficient appearing in (3.3.43) and u is the

quantity defined in (3.2.13).

Proof. From (2.2.44), we have

TN =1+0 G) ., A—oo in CH. (3.6.30)

Using (3.3.43) in (3.6.30) we obtain
TCIE(\) = e /2 {1 +0 (%)] , A= oo in CF, (3.6.31)
which implies (3.6.29). O

Proposition 3.15. Assume that the potentials q(x) and r(x) appearing in the system
(3.1.1) belong to the Schwartz class S(R). Then, the quantity E appearing in (3.1.6)

satisfies (3.6.13).

Proof. Let us copy (3.1.6) for the convenience of the reader as
E = exp (% / dt ¢(t) r(t)) . (3.6.32)
With the help of (3.2.13), we can rewrite (3.6.32) as

B — in/2 g=i/2 [ dta(t)r(t) (3.6.33)
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Using (3.6.18) and (3.6.29) in (3.6.33) we get

0o —1
E = exp <2 / dt [Kz(p’s)(t,t) —Ké“’“)(t,t)D { lim T(A)@W)} . (3.6.34)

A—too

which completes the proof. O

Proposition 3.16. Assume that the potentials q(x) and r(x) appearing in the system
(3.1.1) belong to the Schwartz class S(R). Then, we have

o(z) = % /_ OO dt plt) B(t), (3.6.35)
r(z) = % /; dt %, (3.6.36)

where E is the quantity defined in (3.1.6), p(x) and v(x) are the potentials appearing

in (3.1.32) and (2.1.1), respectively.

Proof. Let us copy (3.1.35) for the convenience of the reader as

'2 + = )[E(@]‘? (3.6.37)

2ME@WM@:¢@»+Gﬁ%ﬁ9)«@, (3.6.38)

which is a first-order ordinary differential equation for the unknown ¢(z). From (3.1.6)
we see that F(z) is an integrating factor for the first-order linear ordinary differential

equation in (3.6.38), and multiplying both sides of (3.6.38) with E(z), we get

2 [B(@)] plx) = E(x) ¢ () + E(z) q(), (3.6.39)
or equivalently
21 (B p(r) = - [Bla) g(x)]. (3.6.40)



Integrating (3.6.40) on the interval (—oo,x) and using the fact that ¢(z) vanish as
x — +oo and E(x) is bounded on = € R, we get
E(z)q(x) = Qi/ dtp(t) [E(t)]?, (3.6.41)

—00

from which (3.6.35) follows. Similarly, let us copy (3.1.8) for the convenience of the

reader as
o(z) = <—”/2($> + Q(gj)i(:”) ) B(2)]°. (3.6.42)
Multiplying both sides of (3.6.42) by 2i [E(z)]”, we have
2 [E(z)] 2 v(z) = r'(z) + <w> r(x), (3.6.43)

which is a first-order ordinary differential equation for the unknown r(z). From
(3.1.6) we see that F(x) is an integrating factor for the first-order ordinary differential

equation in (3.6.43), and multiplying both sides of (3.6.43) with E(z), we obtain

2 [E(z)] " v(z) = E(z)r'(z) + E'(z) r(z), (3.6.44)
or equivalently
2 [E(z)] " v(z) = % [E(z)r(x)]. (3.6.45)

Integrating (3.6.45) on the interval (—oo,x) and using the fact that r(z) vanish as

x — +oo and E(x) is bounded on = € R, we get

E(z)r(z)=2i /90 dt %, (3.6.46)

—0o0

from which (3.6.36) follows. O

122



Chapter 4
The Alternate Marchenko Method

4.1 The Zero-Energy Wave Functions

In this chapter we analysis the inverse problem for (3.1.1) by using a differ-
ent method. We determine the potentials ¢(x) and r(z) in (3.1.1) by formulating a
Marchenko system, which we call the alternate Marchenko system. The motivation
behind our method came from the analysis by Tsuchida in [9]. Tsuchida mainly used
his analysis in relation to solutions to certain integrable nonlinear partial differential
equations, in particular the derivative nonlinear Schrédinger equation [I, 9, 14] and
its variances. As indicated in [9, 1], Tsuchida’s formulation is not easy to compre-
hend because it is unclear how the scattering theory is used and it is unclear how
his gauge transformation is implemented. As a result, Tsuchida’s formulation is not
intuitive and his derivation is difficult to follow. Our work given here clarifies the
idea behind Tsuchida’s formulation by providing a clearer presentation of the alter-
nate Marchenko method. Our Marchenko equations, although somehow similar to
those derived by Tsuchida, are slightly different and resemble more like the standard
Marchenko equations [10, 13, 15, 16] .

The standard form of the first-order system with energy-dependent potentials
is given in (3.1.1). As in chapter 3, we can transform (3.1.1) into (3.1.3). Let us start

with the system (3.1.3) and set the value of A = 0 in (3.1.3). Showing the dependence
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of the wave functions on the parameter A as 6(\, x) and w(A, z) in (3.1.3), setting

A = 0 there we obtain

/

0(0,x 0 gz 0(0,x
0.2) = ) 0.2) : z e R. (4.1.1)
w(0,x) 0 0 w(0,x)
We see that (4.1.1) is equivalent to
0(0,) = 4(x) w0, 2),
(4.1.2)

W'(0,2) = 0.

From the second equality in (4.1.2), we see that the quantity w(0, ) is independent

of z and hence it is a constant. Then, from the first equality in (4.1.2) we get

q(x) = . (4.1.3)

or equivalently

q(z) = (z((%”?))/ , (4.1.4)

because the quantity w(0,z) is independent of x. Recall that the superscripts for
the Jost functions are used to denote the potentials in the corresponding first-order

system. Let us copy (3.2.10) for the convenience of the reader as

YA = it/ E 0 ) (4.1.5)

ir(z) _
=B B

where we recall that F is the quantity defined in (3.1.6) and depends on z. Let us

write (@) and () in the component form as

(@) () RRIOW
@A) = () o) = i e . (4.1.6)
PP (N, ) S\ )
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Similarly, we can write (@) and ¢(*) in the component form as

_ POAT (N _ P\
D) = v () o) = [ A 2) . (4.1.7)

P (A, 7) B (A, )
Using (4.1.6) in (4.1.5) we have
P (N 2) = €2 Byl (A, @),
U4 () = el [TRE G ) + B ()
which can be written at A = 0 as

G0, 2) = e/ Ey(0, z),

(4.1.8)
Y(0,2) = e/ [HRE (0, ) + B " (0,2)]
Since 1 @*)(0, z) satisfies (4.1.1), we have
0 q(x
(0, z) = ) $@A (0, 3), zeR. (4.1.9)
0 0
With the help of the first equality in (4.1.6), from (4.1.9) we get
(0, 2) = (@) 5770, 2),
(4.1.10)

W0, 2) = 0.

From the second equality in (4.1.10), it is seen that the quantity ¢/ (9,Ar) (0,z) is
independent of z. Hence, the right-hand side of the second equality in (4.1.8) is
independent of x and its value can be evaluated as x — +o0: We get

ir(x)E

wéq’M)(O,x): lim (e“‘m{ 5

T—+00

00+ B0 ).

where we recall that ¢(x) and r(z) belong to the Schwartz class S(R) and hence

r(z) — 0 as x — +oo. With the help of the first equality in (2.1.2), (3.2.13), the
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second equality in (3.2.14), and the second equality in (4.1.6), we determine that the

right-hand side of (4.1.11) is equal to 1 and hence we get
W0, ) = 1. (4.1.12)

Using the first equality of (4.1.8) and (4.1.12) in the first equality of (4.1.10) we

obtain
!

g(x) = e | By (0,2)| . (4.1.13)

In the next proposition, we show how to express the zero-energy Jost solutions
D00, 2) and 957 (0,z) to the standard system (2.1.1) in terms of the potentials
q(z) and r(x) appearing in the system (3.1.1).

Proposition 4.1. Assume that the potentials q(x) and r(x) appearing in the system

(3.1.3) belong to the Schwartz class S(R). Then, we have

P0(0,2) = e B (4.1.14)

P(0,7) = — rg”) M E, (4.1.15)
where E and p are the quantities defined in (3.1.6) and (3.2.13), respectively.

Proof. Using (3.2.13), the second equality in (3.2.14), and r(z) — 0 as © — o0,

from the left-hand side of (4.1.14) and of (4.1.15) we have

en/2 g1 1
= , T — +00.
—# cit/2 | 0

7 (u,v)
(0, )
As the superscript (u, v) indicates, the column vector ! satisfies the first-

957(0,2)
order system (2.1.1) at A = 0. Furthermore as seen from the second equality in
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@Elu’v) (07 CL’) . 1
(2.1.2), that column vector has the asymptotics as r — 4o00. In

350, 2) 0
other words, we need to show that

’ -

eir/2 gt 0 u(x) eir/2 pt
. = ' ) (4.1.16)
—# cih/2 B v(z) 0 —@ cih/2 B
Using (3.1.7) and (3.1.8) in (4.1.16) we get
/
eir/2 1 0 q(x) E72 er/2 g1
_@eip/QE <_i7”/2(1) + Q(x)f(ff)) E2 0 _#eiuﬂE
which can be written as
_ir(qu(x) oitt/2 -1
(_ir'g(z) X q(x);;?(x)) ¢in/2 |
(4.1.17)
0 q(x) E~2 ez gt
N ir'(z) () r?(z) ir(z) g
G e =) P i) inf2 g

which can be directly verified by multiplying the two matrices on the right-hand side
of (4.1.17). [

In the next proposition, we show how to express the zero-energy Jost solutions
QAU’U)(O,x) and wé“’”)(o,x) to the standard system (2.1.1) in terms of the potentials
q(z) and r(x) appearing in the system (3.1.1).

Proposition 4.2. Assume that the potentials q(x) and r(x) appearing in the system

(2.1.1) belong to the Schwartz class S(R). Then, we have

() () 4 = w2 1 / dyq(y), (4.1.18)
v (0, 2) = [1 - Ném) / dyQ(y)} e M E, (4.1.19)

where E and p are the quantities defined in (3.1.6) and (3.2.13), respectively.
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Proof. The Wronskian of the Jost solutions ¥(“)(0, ) and () (0, z) for the linear

system (2.1.1) at A = 0 is given by

7 (u,v) (u,v)
|:w(u,v)(07 $); ¢(u7v) (0’ z)] = djl (0’ :B) ¢1 (0’ :B) . (4.1.20)
35"(0,2) 450, 2)

With the help of (2.1.2), the second equality in (4.1.6) and in (4.1.7), from (4.1.20)

we get

10

{w<w><o7x>; p(0, x>} e
01

which yields

Hence, using (4.1.14) and (4.1.15) in (4.1.20) we have

er2 B (0, 2)

- - = 1. (4.1.22)
—IB e B yi(0, )
Evaluating the left-hand side of (4.1.22) we get
B 0,0 + I gl 0,0) = 1. (41.23)

040, 2)
Since is a solution to (2.1.1) at A = 0 we have

$5”(0, z)

/

(u,w) (u,v)
0,z 0 wu(zx 0,z
1 )< )| _ (=) wz )< ) . (4.1.24)
5 (0,1) v(z) 0 5 (0,)
From (4.1.24) we obtain
Y0, 2) = u(@) v (0, ),
(4.1.25)

W50, 2) = v(x) (0, z).
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Using (3.1.7) in the first equality of (4.1.25) we get
Y10,2) = a(w) B 950 (0,). (4.1.26)

With the help of (4.1.26), from (4.1.23) we have

B e (V7 BT ) BN
er/2 gl ql(x)E*Q 5 E et/? % )(O,x)zl,

or equivalently
ww 1q(x)r(x w 1 i
/5 ) )<O,flf) + wwg ) )(O,x) — q<x) E 1e u/2. (4127)

Note that (4.1.27) is a first-order linear ordinary differential equation and an inte-

grating factor for it is £. We can write (4.1.27) as

E¢/§u7v)<0’x) + E/ ¢§u,v)(0’x) — q(x) ei,u/2, (4.1.28)
which yields
d wo »
— B 0.0)| = qla) e (4.1.29)
x

With the help of the first equality of (2.1.2) and the second equality of (4.1.6),

integrating both-sides of (4.1.29) we obtain
Bl 0.0) = [ dyqty),

or equivalently

wlu,v)m’x) — e /2 g1 / dy q(y), (4.1.30)

T

which establishes (4.1.18). Now, let us prove (4.1.19). Using (4.1.30) in (4.1.23) we
get

, 1 (uw ir(x o
i g 0.0) - [ aya) =1,

or equivalently

Py(0,2) = [1+ Méx) /OO dyQ(y)] Ee 2, (4.1.31)

which completes the proof of (4.1.19). O
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The standard form of the first-order system with energy-dependent potentials
is given in (3.1.1). As in section 3, we can transform (3.1.1) into (3.1.31). Let us
start with the system (3.1.31) and set the value of A = 0 in (3.1.31). Showing the
dependence of the wave functions on the parameter A as O(\, x) and @(\, ) in (3.1.31),

setting A = 0 there we obtain

/

0(0, z) 0 0] [6(0,z)
= . z€eR (4.1.32)
w(0, x) r(z) 0| |@(0,z)
We see that (4.1.32) is equivalent to
0'(0,2) =0, 133

&'(0,2) = r(x) 6(0, ).
From the first equality in (4.1.33), we see that the quantity 6(0, x) is independent of

x and hence it is a constant. Thus, from the second equality in (4.1.33) we obtain

_ @'(0,x)
r(z) = —5(0,@ : (4.1.34)
or equivalently
~(&(0,2)\
r(z) = (§(0,$)> : (4.1.35)

because the quantity 5(0, x) is independent of z. Recall that a superscript for the
Jost function is used to denote the potentials in the corresponding first-order system.

Let us copy (3.2.56) for the convenience of the reader as

ig(®) -1
-5 F

POeT) = g2 b, (4.1.36)

0 E-t
where we recall that F is the quantity defined in (3.1.6) and depends on z. Let us

write ¢A%7) and 1)*) in the component form as

_ 7(AQ7T) )\ T B 7(p75) )\ T
w()\q,r) _ _I/\ T)( ) : (p,s) _2 S)( ) . (4.1.37)
2 & (/\7'1:) 2p7 ()‘7:E)



Similarly, let us write ¥*%") and ¢®*) in the component form as

Aq,r »S

pOen) = 7 02) P® = 02) (4.1.38)
(/\QJ“)()\ 33) ’ (pys)()\ I) . o
2 ) 2 )

Using (4.1.37) in (4.1.36) we have

-1 -

BRI ) = el | EGPI (A, ) — WEEZ G (3 z)]
R w) = e BT (),
which can be written at A = 0 as

- (Aq,r — - (p,s iq(x) E-1 7(p,s
G170, 2) = el | EGPD(0,2) — HEEL G0 (0,2)]

(4.1.39)
9570, 2) = e7#/2 B~ (0, 2).
Since 1*%7)(0, z) satisfies (4.1.32), we have
. 0 0f _
w(kq,r) = w()\qﬂ‘), T € R (4140)
r(z) 0
With the help of the first equality in (4.1.37), from (4.1.40) we get
TZ/?\Q:T) (0, x) =0,
(4.1.41)

00, 2) = r(2) P70, 2).

From the first equality in (4.1.41), it is seen that the quantity 1’ 9%’")(0, ) is indepen-
dent of z. Hence, the right-hand side of the first equality in (4.1.39) is independent

of  and its value can be evaluated as x — +00. We have

H0(0,2) = lim (/ [EWS)(o,x)—M@p%m]), (11.42)

T—>+00 2

where we recall that ¢(x) and r(z) belong to the Schwartz class S(R) and hence

q(z) — 0 as x — +oo0. With the help of the second equality in (2.1.2), (2.5.7), the
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second equality in (3.2.14), and the second equality in (4.1.37), we determine that

the right-hand side of (4.1.42) is equal to 1 and hence we have
P70, 2) = 1. (4.1.43)

Using the second equality of (4.1.39) and (4.1.43) in the second equality of (4.1.41)
we obtain

r(z) = e /2 [E_l &ép’s)(o,x)]/. (4.1.44)

In the next proposition, we show how to express the zero-energy Jost solutions
W90, 2) and (0, ) to the standard system (3.1.32) in terms of the potentials
q(z) and r(x) appearing in the system (3.1.1).

Proposition 4.3. Assume that the potentials q(x) and r(x) appearing in the system
(3.1.31) belong to the Schwartz class S(R). Then, we have

5P(0, 2) Zq;x) el g1, (4.1.45)
¢§p,8)(07 z) = e M2 E, (4.1.46)

where E and p are the quantities defined in (3.1.6) and (3.2.13), respectively.

Proof. Using (3.2.13), the second equality in (3.2.14), and ¢(x) — 0 as © — 400,

from (4.1.45) and (4.1.46) we have
@ e~ i/2 1 1

e /2 0

(0, )
(0, 2)

order system (3.1.32) at A\ = 0. Furthermore, as seen from the first equality in

As the superscript (p, s) indicates, the column vector satisfies the first-
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3.2.8), that col wo0,2) has th ’ I
(3.2.8), that column vector as the asymptotic as v — +oo. In

v (0,2) !
other words, we need to show that

/

19(@) —ip/2 p-1 0 19(@) —ip/2 p-1
e p(x e
2 = @)™ . (4.1.47)
e" M2 s(xr) 0 T2 R
Using (3.1.35) and (3.1.36) in (4.1.47) we get
/
i9@) —in)2 e i@ | r@e@Y 2| |ig@) —ipe e
gt |0 (g @) g | el iz
e" M2 | r(x) E? 0 e~ 2 |
which can be written as
i@ | r(@P@Y —ip2 -
( ¢() 4 re)g )e n/2 g1
ir(x)Qq(x)e_z‘p,/Q B
(4.1.48)

ig(x) | r(2)d*(2) ) p- iq(z) i -
|0 (1fe) 4 Hgf ) o2 | Lo iz
r(z) E? 0 e~ /2 |
which can be verified directly by multiplying the two matrices on the right-hand side
of (4.1.48). O

In the next proposition, we show how to express the zero-energy Jost solutions
1/_1577’8)(0, x) and z/_ép’s)((), x) to the standard system (3.1.32) in terms of the potentials
q(z) and r(x) appearing in the system (3.1.1).

Proposition 4.4. Assume that the potentials q(x) and r(x) appearing in the system
(3.1.1) belong to the Schwartz class S(R). Then, we have

D0, 1) = {1— iqéx) /oodyr( )] in/2 g1 (4.1.49)

PP(0, 7)) = WE/ dyr(y (4.1.50)

where E and p are the quantities defined in (3.1.6) and (3.2.13), respectively.
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Proof. The Wronskian of the Jost solutions ¢""(0,z) and (0, z) for the linear

system (3.1.32) at A = 0 is given by

] (0, 2) (0, )
w(pvs)(oj x), w(pvs) (07 I‘) = _( s) ( s) . (4151)
217, <07 l’) 2p, (O? l‘)

With the help of (3.2.8), the second equality in (4.1.37) and in (4.1.38), from (4.1.51)

we get

10

[d,(ns)(o’ x); ¢(p,8)(0’ 93)} = ,
0 1

which yields
{@[,(p,s)(o,x);¢(p,8)(()’x)] =1 (4.1.52)

Using (4.1.45) and (4.1.46) in (4.1.51) we have

_](_p78)(0,x) # e—in/2 -1

! _ 1 (4.1.53)
ép’s)(O, ) e M2 E
Evaluating the left-hand side of (4.1.53) we get
a0 S o gt i

(0, )

Since is a solution to (3.1.32) at A = 0 we have

(0, z)

!/

7(p,s) 7(;5)
0,z 0 plx 0,z
71 )( )| _ (=) 71 )( ) . (4.1.55)
21975 (07 $) S(ZL‘) 0 21975 (07 ZE)
From (4.1.55) we obtain
P0,2) = pla) v (0,),
(4.1.56)

W0, x) = s(x) PP(0, z).
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Using (3.1.36) in the second equality of (4.1.56) we get
W0, 2) = r(x) B2 4P(0, ). (4.1.57)

With the help of (4.1.57), from (4.1.54) we have

7/(p75) y
. 0 o
e p 2 - M e g 0, <1

or equivalently
7 0,0) - M 500 0,2) = r (o) e (4.1.58)

Note that (4.1.58) is a first-order linear ordinary differential equation and an inte-

grating factor for it is £. We can rewrite (4.1.58) as
E! &/ép’s)(oa T) — M E1 @p’s)(O, z) = r(z)e™?, (4.1.59)

which yields
d
dx
With the help of the second equality of (2.1.2) and the second equality of (4.1.37),

E~1 40, a:)] = r(x) ™/, (4.1.60)

integrating both-sides of (4.1.60) we obtain
E(0.0) = e [ dyr(y)

or equivalently

wm@m:—&“E/'@mw (4.1.61)

T

which establishes (4.1.50). Now, let us prove (4.1.49). Using (4.1.61) in (4.1.54) we
get

e H/2 Eﬁp’s)(o, x)+ La\r) qéx) / dyr(y) =1,

or equivalently

30,0 = 1= [Tayr| pren, (4.1.62)

which completes the proof of (4.1.49). O
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We would like to express ¢(z) and r(z) appearing in the energy-dependent sys-
tem (3.1.1) in terms of the zero-energy Jost solutions for the energy-independent sys-
tems (2.1.1) and (3.1.32). That is, we would like to express ¢(x) in terms of 1)(“¥)(0, 1)
and ¥ (0, z). Similarly, we would like to express r(x) in terms of ¥®* (0, x) and

¢®)(0,x). Using (4.1.14) and (4.1.15) we obtain

S iz = 0 0,2) 35 0,),

which yields
’f‘(l‘) — 9 6—iu/2 ,(Z)§u,v) (0’ l‘) %Eéu,v) (O7 ZE) (4163)

Similarly, using (4.1.45) and (4.1.46) we get

iq(r) o in/ (20 (p,5)
T 2 = =1 7 (0,2) ¢y (0, 2),

or equivalently

q(z) = —2i ™2 P9 (0, 2) i (0, z). (4.1.64)

And also using (4.1.14) in (4.1.18) we obtain

wgu,v)(o,x) _ _e—m/2 (e—zp/2 @iu’v)(O, x)) / dy q(y),

or equivalently
0 u,v)
. 0
—/ dyq(y) = e™* (W) : (4.1.65)
x 1 ’ (O, IL‘)
From (4.1.65) we get

d (u,v)(o z)
=t — | —"|. 4.1.66
o) = o | S | (4.1.66)
In the same manner, we can recover r(z). Using (4.1.4 (4.1.50) we obtain

(p,5)
—(p.s ; 0,z
¢§p7 )(07 $) = —e/? ( : —iu/2 ) dyT

S _(p,s)
—/ dy T(:y) =e <_%pys)(0’x)> )
136

or equivalently



which can be written as

L0 x)] . (4.1.67)

—ein |2 )
r(r) =e o [wép,s)(ojx)

4.2  The Alternate Marchenko Equation
In (4.1.66) we have related the potential ¢(x) of (3.1.1) to the first components
of the zero-energy Jost solutions 1)(“*)(0,2) and ¢ (0,x). Similarly, in (4.1.67)
we have related the potential r(x) of (3.1.1) to the second components of the Jost
solutions %) (0, z) and (0, z). In this section by relating those zero-energy Jost
solutions to their Fourier transform, we express ¢(z) and r(z) in terms of the scalar
quantities K (z,y) and K(z,y) defined in (4.2.2) and (4.2.6), respectively. We then
obtain Marchenko equations (4.2.9) and (4.2.10) satisfied by K (z,y) and K(x,y),
respectively. Those Marchenko equations use input GV (y), G®9)(y), GP)(y),
G®¥) (y) defined in (4.2.11) and (4.2.12). This procedure allows us to develop a
Marchenko method to solve inverse problem for (3.1.1) as in the following steps. For
clarity we present the procedure by assuming that there are no bound-states, and
later on we show the modification when the bound states are present. Recall that the
inverse problem for (3.1.1) consist of recovery of the potentials ¢(x) and r(x) from
the scattering data given S in (3.5.1).
e From the scattering data set S©<") we obtain the scattering data sets S
and S®*) defined in (2.4.1). This is done by relations in the Propotions 3.3,
3.6, 3.9 and 3.9.
e Using the scattering data sets S and S®*), we form the Marchenko kernels
G0 (y), G (y), GP*)(y), G (y) defined in (4.2.11) and (4.2.12).
e Using GV (y), GV (y), GP*)(y), GV (y) as input to the Marchenko equa-

tions (4.2.9) and (4.2.10), we obtain K (z,y) and K (x,y).
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e We finally recover ¢(z) and 7(x) from K (z,y) and K(z,y) as in (4.2.4) and
(4.2.19).
Using (2.5.6), (2.5.7), (2.5.28), and the second equality of (4.1.6) and (4.1.7) in
(4.1.66) we obtain

d | [Zdz K" (2, 2)

q(z) = e — o —
dr |1+ [° dz K" (2, )

(4.2.1)

Now, let us define

B [ d= K{" (3, 2)

K(z,y) = — )
) 1+ [Fdz K{u’v)(x, 2)

y > x, (4.2.2)

where we note that the y-dependence appears only in the numerator of (4.2.2). Taking

the y- derivative of both sides of (4.2.2) we have

0 K" (z,
K () = ——— E(uyg C y>a (4.2.3)
y 1+ [T dz K" (x, 2)
Using (4.2.2) in (4.2.1) we get
- dK (z,x)
=t —1—, 4.2.4
ola) = e KL (4:2.4)

Similarly, Using (2.5.6), (2.5.7), (2.5.28), and the second equality of (4.1.37) and of

(4.1.38) in (4.1.67) we obtain

) d 0 d K(P,S) ,
r(z)=e " — J. OOZ 2 ( (3)6 ) . (4.2.5)
dr | 1+ [*dz K" (2, 2)

Let us define -
_ fyco dzy K9 (2, )

K(z,y) = — )
14 [T dz KP9 (2, 2)

where we note that the y-dependence appears only in the numerator of (4.2.6). By

y > 1, (4.2.6)

taking the derivative of (4.2.6) with respect to y we have

a _ K(p7$)
LR (z,y) = ——2 (“2’ y)> . y>w (4.2.7)
14 [ dsK,"" (z, )
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With the help of (4.2.6), from (4.2.5) we have

dK (z,x)

= —ip
r(z)=e o

(4.2.8)

From (4.2.4) and (4.2.8), we see that the potentials ¢(z) and r(x) appearing in the
system (3.1.1) can be expressed explicitly in terms of K(z,y) and K (x,y). In the
next theorem, we prove that K (z,y) and K (z,y) are the solution to the Marchenko
integral equation associated with (3.1.1).

Theorem 4.1. The Marchenko integral equations associated with (3.1.1) are given

by
K(z,y) + G"(x + )
/ / gtx 1) GOt 4 2) ag(u,ziz +y) 0. yoa (4.2.9)
z,y) + GP*)(z +y)
/ / Ka(f’t) o )ag(pz(zz+y) 0 .- (4.2.10)
where
G (y) = /00 dz R")(z), GUI(y) := /OO dz é(“’”)(z), (4.2.11)
Y Y
GPo)(y) == / T RP)(z),  GPo(y) = / " R®9)(2), (4.2.12)
v v
with
R®) = ¢ity/\ RlCa<r)  Rs) — ﬂ Rt (4.2.13)
Rluv) — % RCaCr)  Rs) — gminy/y RlCacr). (4.2.14)

Proof. In the absence of bound states, from (2.5.11) and (2.5.31) we have

KD )+ RO ey)+ [ de K02 R 4y) =0,y > (4215)

x
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Similarly, in the absence of bound states, from (2.5.10) and (2.5.29) we get

K" (2, y) + / dz K{" (2, 2) R") (2 +y) =0,  y>u. (4.2.16)

T

We modify the integral term in (4.2.15) as

/ dz K{"" (2, 2) R (2 + )

= —/ dz {%/ dz [_(fu’v)(x,zl)] é(“’”)(z—i—y),

which can be written as
| R Ry

= —/ dz% ([/ dz K{u’v)(x,zl)} I:A{(“’”)(z—i-y)) (4.2.17)

o0 o0 B R (u0)
+/ dz (/ dz Kfu’v)(x,zl)) OR™" (2 +y) 8i'z+y)'

We simplify the first integral on the right-hand side of (4.2.17) and get

/ dz K{""(z, 2) R“(2 + )

—— [ da K ) RO )

[e'¢) [e'¢) B aé(u,u)
+/ dz/ dle}u’U)(x, zl)#,
x z <

which can also be written as

/ dz K (2, 2) R™) (2 + y)

T

:/ dzy K9 (2, 2) R™) (2 + y) (4.2.18)

fe’e) o] _ aé(u,v)
+/ dz/ dlefu’v)(l', zl)—aiz+y).
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Let us consider K"

(x, z1) appearing in the second integral term on the right-hand
side of (4.2.18). We replace that term by its equivalent obtained from (4.2.16). Then
from (4.2.18) we get

/ dz K" (2, 2) R™ Iz 4 y)

/ dzy K{("V(w,21) R (2 + )

(4.2.19)
o o oo R 8&(%@)
—/ dz/ dzl/ dthu’v)(a:,t)R"” (t+ z1) #
€T z x <
Replacing the left-hand side of (4.2.19) by its equivalent obtained from (4.2.15) we
get

K" (2, y) + {1 —i—/ dz Rl(u’”)(x,zl)] RO (3 + y)

—/ dz/ dzl/ dt K" (z,t) RV (t + 2)

AR (2 4 y)
—==0.
0z
(4.2.20)
Replacing y by z in (4.2.20) and integrating the resulting equation over zy € (y, +00)
we get
/ dz K(u’v) (x,29) + [1 + / ds l_((u’v) (x, s)} / dz R o) (g 4 25)
u v A aﬁ(u,v)
/ dZQ/ dz/ dzl/ dt K" (z, ) R (t + ) (”Z?):o,
822
which can be written as
/ dzy K(“’”)(x 29) + [1 —|—/ dz K'(“’U) (z, 21)1 / dzy R (x + 29)
v (4.2.21)
/ dz/ dzl/ dt K" (z,t) RV (t 4 ) R (z +y) = 0.

141



We divide each term of (4.2.21) with [1 + [Fdx K"z, 2)|. Then, using (4.2.2)

and (4.2.3) in the resulting equation we obtain

K(:z:,y)+/ dzy ]fB“’”(x+22)
/dz/ dzl/ dtaK“ RO 4 2) RO (s 4 y) = 0,

or equivalently
K(z,y) —|—/ dzy ROY) (x4 22)

K ° ,
/ dz/ g KD U dle("’”)(H—zl)} R®)(z 4y) = 0.

With the help of (4.2.11), from (4.2.22) we get

(4.2.22)

K(z,y) + G (z +y) — / dz/ dt%@“”(t%—z)é““(z—ky)_o

(4.2.23)
Taking y-derivative of the second equality in (4.2.11) we have
’ 9G ) (y)
R (y) = ————22, 4.2.24
() o ( )
Using (4.2.24) in (4.2.23) we obtain
K(z,y) + G"(x +y)
(4.2.25)

= = 8K(x, t) (u,v) 4 G(“ﬂ’)(z + y) _

which establishes (4.2.9). In the same manner, we can prove (4.2.10). In the absence

of bound states , from (2.5.10), (2.5.11), (2.5.30) and (2.5.32) we have

EI(2,y) + BP9 (z +y) + / dz K3 (@, 2) RP) (2 +9) =0, y >z, (42.26)

T

K (eg)+ [ dRE @) R0 by =0, y> o (4.2:27)

x
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We modify the integral term in (4.2.26) as
[ R 19z )

- —/ dz [%/ dz Kép’s)(x,zl)] RP (2 + 1),

z

which can be written as

/ dz K79 (2, 2) RP9) (2 4 )

00 o S . R
= —/ dz E <|:/ le KQ(p’ )(l', 21):| R(p’s)(z + y)) (4228)

[e.9] oo A(pvs)
+/ dz (/ dz Kép’s)(x,zl)) aRa—w

We simplify the first integral on the right-hand side of (4.2.28) and get

o0

/ dz K (2, 2) RP9) (2 + ) = — / dzy K& (2, 2) RP9 (2 + )

T z

z=

00 00 P(p,s)
+/ dz/ d= Kg(p’s)(x,zl)—aR a(zz—l—y)’

which can also be written as

/ dz K§) (w, 2) RO (= + )

xT

- / dzy K99 (2, 21) RP9) (2 + ) (4.2.29)

T

0 0 D(p,s)
+ / dz/ dz; Kép’s)(a:, zl)—aR 8(2 +y) )
X z Z

Let us consider Kép ’S)(:U, z1) appearing in the second integral on the right-hand side of

(4.2.29). We replace that term by its equivalent obtained from (4.2.27). Then, from
(4.2.29) we have

/ dz K99 (2, 2) R (2 + y) = / dzy K5 (2, 2) RP9 (2 + )
¢ ! ) (4.2.30)

> o o . (p,s)
—/ dz/ le/ dt K™ (x,1) R(pys)(tJer)GRa—(ery)‘
x z x y4
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Replacing the left-hand side of (4.2.30) by its equivalent obtained from (4.2.26) we

get

Ko+ 14 [ kg )| 1990 4)

> o0 o0 _ 2~ & (p,s)
[ [T [ a Ry R ) TEEE

Replacing y by z3 in (4.2.31) and integrating the resulting equation over z5 € (y, +00)

(4.2.31)

we get
/ dng(p )(a: 29) + {1—1—/ dz K(p’s)(:v 21)1/ dzy R (2 + 2,)
S A(pvs)
/ sz/ dz/ dzl/ dt K9 (,1) BP (¢ 4 ) 22 8(5”2):0,
2

which can be written as

/ dz Kz, z2)+[1+ / dz K(PvS)(:c,zl)] / dzy R?") (2 + 2)
Y
/ dz/ dzl/ dt Ky (,1) RO (¢ 4+ 21) BP9 (2 + y) = 0.

(4.2.32)

We divide each term of (4.2.32) with [1 + [Fdzn K (x, 21)} Then, using (4.2.6)

and (4.2.7) in the resulting equation we obtain
K(z,y) —|—/ dzy RP) (2 + )

K Ny
/dz/ dzl/ dta R Dt + 2) R (2 +y) = 0,

or equivalently

=

K(z, y)—l—/ dzy R (2 + 2,)

aK . (4.2.33)
/ dz/ it IK ) [/ Az RUD(t + 2)| R (2 + y) = 0.
With the help of (4.2.12), from (4.2.33) we get
K(z,y) + GP9(x +y)
(4.2.34)

K .
/ dz/ dta G(ps(t—l—z)R”s(z—l—y)—O y > .
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Taking y-derivative of the first equality in (4.2.12) we have

- d G (y)
20 - _ ) 4.2.
RoIy) =-S5 (4.2.35)
Using (4.2.35) in (4.2.34), we obtain
K(z,y) + GP)(a +y)
4.2.36)
K t) (p:) (
/ dz/ dta T G(p’s)(t—irz)aG—(Zer):O, y >,
0z
which completes the proof of (4.2.10). O

In the presence of bound states, the Marchenko kernels G () and G (y)
given in (4.2.11) need to be modified to include the bound-states. From the scat-
tering data set S given in (2.4.1). The Marchenko kernel G®¥)(y) and G?)(y)

appearing in (4.2.9) can be written as

N mjfl k
u,v u,v z Az
G () ::/ dz +Z cg-,c )He’\ﬂ ] : (4.2.37)
Y 7j=1 k=0
N 771]'71
~ _(u,v Z —iXs
G (y) = / dz J+D D g e (4.2.38)
Y j=1 k=0

Similarly, in the presence of bound states, the Marchenko kernels G (y) and G®*)(y)
given in (4.2.12) need to be modified to include the bound-states. Let S®*) be the

scattering data set for (3.1.32). As in (2.4.1) we have

_ oy (ps)
o _ {R, 3 {)\j7 {Cjk}:jol}j-vl’ {,_\j, {Cjk};njol}j‘v1}

The Marchenko kernel G®*)(y) and G®#(y) appearing in (4.2.10) can be written as.

0o N m]'—l

G®*)(y) ::/ dz (+>. ) cj,';s)z A ] (4.2.39)
Y 0
1

L J=1

o0 N —
GP9) (y) = / dz I v —“J'y] . (4.2.40)
Yy

mjf

k=
L 7=1 k=0
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Chapter 5
The Kaup-Newell Method

Kaup and Newell [1] used the inverse scattering transform method [I, 4, 12]
to solve the initial-value problem for (1.0.3). Recall that the initial-value problem
(IVP) for certain nonlinear partial differential equation (NPDE), known as integrable
evolution equation, can be solved by the inverse scattering transform method. This
method associated the corresponding integrable nonlinear partial differential equa-
tion with a linear ordinary differential equations (LODESs) with a spectral problem.
The inverse problem for the integrable partial differential equations can be solved as

indicated in the following diagram.

direct problem for the LODE at t:O\

u(z,0) S(X; 0)
solution to IVPl ltime evolution (501)
u(zx,t) S(\; t)

inverse problem for the LODE at time t

The inverse scattering transform method use the following steps:

(1) The initial value of the solution u(z,t) to the integrable nonlinear partial differ-
ential equation is given by u(zx,0), as we used ¢ = 0 as the initial time.

(2) In the corresponding linear ordinary differential equation, the quantity u(z,0)
appears as the potential, i.e. appears as a coefficient in the corresponding linear or-
dinary differential equation, which also contains the spectral parameter . Since the
potential u(x,0) is assumed to vanish as © — +oo, it is possible to develop the scat-
tering theory for the ordinary differential equation with the spectral parameters. The
corresponding scattering data set usually consists of the scattering coefficients (i.e.

the transmission coefficients and the reflection coefficients from the left and from the
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right) as well as the bound-state data. Since the potential u(x,0) does not contain ¢,
the corresponding scattering data set S(\,0) does not contain the parameter ¢ either.
(3) One can view the solution to the inverse problem for the integrable evolution
equation the evolvement of the evolution of u(z,0) into u(z,t), and this time evolu-
tion is governed by the integrable nonlinear partial differential equation, respectively
to the integrable evolution equations.

(4) One can view u(z,t) as the potential in the corresponding linear ordinary differen-
tial equation with the spectral parameter. That linear ordinary differential equation
is identical to the linear ordinary differential equation involving u(x,0); the only dif-
ference is that u(x,0) is now replaced by u(x,t), where t is only a parameter and
not an independent variable in the linear ordinary differential equation. We still have
u(x,t) vanishing as x — +oo for each fixed value of the parameter ¢. Hence, it is
possible to develop the scattering theory corresponding to the potential u(z,t). The
corresponding scattering data now depends on the parameter ¢ as well as the spectral
parameter A\. We denote that scattering data set by S(\,t).

(5) The connection between S(A,0) and S(A, t) can be described as the time evolution
of the scattering data. That time evolution S(A,0) — S(A,t) is determined by the
corresponding evolution of the potentials u(z,0) — wu(z,t). The attractiveness of the
inverse scattering method is that, although the time evolution u(z,0) — u(z,t) is
usually very complicated, the time evolution S(A,0) — S(A,t) is rather simple. For
each integrable evolution equation governed by an integrable nonlinear partial differ-
ential equation, the time evolution of the scattering data is uniquely determined.

(6) Once the time evolution of the scattering data is specified, then one needs to
solve the inverse problem for the corresponding linear ordinary differential equation
and recover the time evolved potential u(z,t) from the time evolved scattering data

S()\,t). Normally, one uses a Marchenko method[!, 3, 1] or one uses its variants to
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solve inverse problem S(\,t) — u(x,t).

(7) It is amazing that u(x,t) constructed from s(A,t) is the solution to the inverse
problem for the corresponding integrable nonlinear partial differential equation, i.e.
u(z,t) satisfies the integrable nonlinear partial differential equation, u(z,0) at t =0
coincides with the initial value u(z,0) appearing in the corresponding left corner in
diagram 5.1.

Kaup and Newell applied the inverse scattering transform to solve initial value
problem for (1.0.3). They associated (1.0.3) with the linear ordinary differential equa-
tion appearing in (3.1.1) in the special case r(z) = £q(z)*. They used a Marchenko
method, i.e. they set up the linear Marchenko equation and recovered ¢(z) from
the solution to the Marchenko equation. Since their goal was to develop the inverse
scattering transform method for the derivative nonlinear Schrodinger equation given
in (1.0.3), they were less interested in developing the scattering theory for (3.1.1). It
is not quite clear how the scattering data used by Kaup and Newell are related to the
scattering coefficients for (3.1.1).

Our goal in this chapter is to clarify this issue and indicate how the Kaup-
Newell data set is related to the scattering coefficients for (3.1.1). Since the Kaup
and Newell [1] considered only the special case r(x) = £q(z)*, we extend the results
in [1] by using two potentials ¢(x) and r(z) without relating those two potentials to
each other. In order clearly indicate how the scattering data set of Kaup and Newell
is related to the scattering theory for (3.1.1), we use the original notation of the Kaup
and Newell for the quantities used in [1] and we also use our own notation introduced
earlier, namely we use the superscript on quantities to indicate the two potentials to
identify appropriate linear system. For example, we use 1(¢%<") for the Jost solution
for (3.1.1), T4 and R4 for the transmission and right-reflection coefficients

associated with (3.1.1).
148



We would like to express the quantities appearing in Kaup-Newell formulation
in terms of the corresponding quantities for the systems (3.1.1). The Jost solutions

defined in (5) and (6) of [1] can be express in term of Jost solution defined for (3.1.1)

as
—iC2x 0
e -
¢ = ¢Cadr) = +o(1), ¢= @' = +o(1), x— —oo, (5.0.2)
0 eiCQJz
0 ~ B e—i(2m
W = e — +o(1), =% = +o0(1), x— +oo. (5.0.3)
6iC2m 0

Similarly, the scattering coefficients defined as in (7a) and (7b) in [!] can be express

in term of the scattering coefficients for (3.1.1) as

B 1 b_ R (Ca,¢r) _ 1 B_ R (Cq,¢r) =04
“T e PTA\T T Ty PTN\T ' (504)

And the integral representation for the Jost solutions ¢ and 1 are defined in (19) of

[1] as

0 00 VK (x, e7 Jora
Y = ets [ ”’—l—/ dy ™ (@) : (5.0.5)

1 Ko(z,y) ez o
- 1 o , Ki(z,y)ez J
b = “WJ‘W+/ dy e 1) | . (5.0.6)
0 ¢ \%Kz(xay) e2Ja e
As seen in (5.0.3), the Jost solutions defined in [1] are equal to the Jost solutions for

the system (3.1.1). Hence, by using this fact we can express the quantities appearing
n (5.0.5) and (5.0.6) such as Ky(x,vy), Ko(z,y), Ki(z,y), and Ky(z,y) in terms of
quantities appearing in the integral representation for Jost solutions to (3.1.1). Using

(2.5.6) and the second equality of (2.5.28) in (3.2.44) we obtain

4 K @,y
w(CCLCT) — eW/Q _|_ dy e ! ( ) . (507)
@) g g K" (x,y)



Evaluating the right-hand side of (5.0.7) we get

Vet2 B fxoo dy Kfu’v) (z,y) e

¢(Cq,<r) _
cin/2 1 gide 4 # o2 fxoo dy Kfu’v)(x,y) iy

+eit/2 1 fmoo dy Kéu’v) (z,y) e

Comparing the first entry of (5.0.5) and (5.0.8) we have

T

(5.0.8)

/ dy ™ VANK, (z,y) e 2 s 7 = /X2 E/ dy K" (z,y) ™, (5.0.9)

where we recall that Kj(x,y) without the superscript refer to the quantity used in

(20c) of [1] and K{u’v) (x,y) is the quantity used in (2.5.46). From (5.0.9) we obtain

Ki(z,y)e 2o = w2 B K" (g y).
Using (3.1.6) and (3.2.13) in (5.0.10) we get
Ki(a,y) e $I70 — I o P 00 (g )
or equivalently
Ki(z,y) = " K" (x,y).
Using (2.5.46) and (3.1.7) in (5.0.11) we have

Ki(z,2) = €™ {—@ E‘Q] ,

or equivalently

g(z) = =2 K (z,x) e d= a7,
Similarly, comparing the second entry of (5.0.5) and (5.0.8) we have
ei)\x e%f;o +/ dy KQ(.CC, y) e% [ ar ei)\y _ ei,u/Z 1 ei)\x

ir(x)

+ 2 / dy Kf“’v) (z,y) ™

2
+ 2 pt / dy Kéu’v) (z,y) ™.
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Using (3.1.6) and (3.2.13) in (5.0.14) we get

ir(r)

2

+6§sz0‘”/ dyKéu’v)(x,y)ei’\y.

IS e / dy K" (2, ) e (5.0.15)

From (5.0.15) we have

KQ(I’, y) @% f;o qar — —Z T(ZI’I) e% f(jooo ar €% ffoo qr K{u,’u) (l’, y)
2 (5.0.16)
terle v g (2 ),
or equivalently
ZT(I’) Zfac qr (u,v) (uw)
Ky(z,y) = ——= eV K" (z,y) + K37 (2, y), (5.0.17)
Using (3.1.6) in (5.0.17), we obtain
vr(x u,v u,v
Ko(z,y) = % E? K" (z,y) + K" (z,y). (5.0.18)

Next, we would like to express L(z,y) appearing in Kaup-Newell formulation in term
of the corresponding quantities for standard system (3.1.1). The L(z,y) given in (22)

of [1] as
ir(x)

5 Ky(z,y)e e ar, (5.0.19)

L(Z‘,y) - K2(I7y) -

With the help of (3.2.13), (5.0.11), and (5.0.17), from (5.0.19) we have

vr(z i [* r U,V u,v
L(x,y) _irz) e et K (2, y) + K (2, y)
2@'7« @ (5.0.20)
. 5 Kfuﬂ]) ($7 y) ei S ar e—i e q?“7
which can be written as
L(z,y) = K8 (2, ). (5.0.21)



Similarly, using (2.5.7) and the first equality of (2.5.7) in (3.2.88) we obtain

_ . E -4op e~ o0 KR (g
PCakr) = g=in/2 2 _|_/ dy e ™ _1 (z:9) . (5.0.22)
0 VAE! 0 @ R (x,y)

Evaluating the right-hand side of (5.0.22) we get

e~il/2 [ o=iAt | o—in/2 [ fxoo dy K{p,s)(%y) e—iNy

_ @) —ip/2 p-1 [ g K(p,s) —iy
_ e . dy T,Y)e
placn) — 2 J > (@) (5.0.23)

A ET [Ty K () e

Comparing the first entry of (5.0.6) and (5.0.23) we have
e ema s 4 / dy K1 (z,y) o2l 1 emiN

_ 6—iu/2 Ee—i)\a:
fa@) S | (5.0.24)
. T efz,u/Q Efl / dy KQILS (I,y) eszy

T

+e M2 / dy [_(l(p’s) (z,y) e,

T

Using (3.1.6) and (3.2.13) in (5.0.24) we get

= _zq;x) e 2/ g [l / dy f(ép’s)(x,y) e (5.0.25)

+ 6_% [ ar / dy K’fp,s)(x’ y) v
From (5.0.25) we have
Kl(w, y) 6_% = ar — —M 6_% 2 ar e_% Jis qTf_(vép@ (-Ta y)
’ (5.0.26)
+e 2o ar K{paS) (z,y),
or equivalently

[ 1q(x —i [* qr 7-(ps - (p,s
m(:v,y):—#e Pt K@, y) + K" (2, y). (5.0.27)
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Comparing the second entry of (5.0.6) and (5.0.23) we obtain

oo —idy i roo —ip/2 00 B
C Ko(ayeror =B [ dy K (a,y)

d
ARV Vo s

Using (3.1.6)and (3.2.13) in (5.0.28) we have

Ry, y) €20 = e 3 Pt o3 Pt BP9 (),

or equivalently

Ky(z,y) = e K (2, y).

With the help of (2.5.47) and (3.1.36), from (5.0.29) we get
KQ(IE,Z’) = eiiﬂ |:__T(;) E2:| s

or equivalently

r(x) = =2 Ky(x,z) el e .

e”™. (5.0.28)

(5.0.29)

(5.0.30)

(5.0.31)

From (5.0.13) and (5.0.31), we see that the potentials ¢(x) and r(x) appearing in the

system (3.1.1) can be expressed explicitly in terms of K(z,y) and Ks(z,y). In the

next theorem, we prove that K(z,y) and K»(z,y) are the solution to the Marchenko

integral equation associated with (3.1.1).

Theorem 5.1. The Marchenko integral equations associated with (3.1.1) are given

by

Ki(x,y) + F(x +y) +z/ dz/ dt Ky(x,t) F(t + >8F(;Z—|—y)

_ > < OF

KQ(x,y)+F(x+y)—i/ d,z/ dtKg(:c,y)F(t—i-z)%
where

* dA -
F(y) := R(CaCr) () eMy’
(y) = A ()
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=0, y>ux,
(5.0.32)

=0, y>ux,
(5.0.33)
(5.0.34)



_ d\ .
Fly) =5 [ SZ ROy,
™ —0oQ

VA
with
dF(y) _ i
dy 2T
dF(y) _ _L
dy 2«
and
1
REaCr) (\)y = —— RWw)(\) =
(A) Y (A)
R(Cq,CT)O\) — \/XR(“’”)()\) —

where we recall that X\ = (2.

Proof. In the absence of bound states, from (2.5

/ ANV RCTET () e,

d)\ VA R (\) e=,

A1) and (2.5

VARPA(N),

1 _
i R(uw) N,
= R0

K" (2, )+ RO (a4 y) + / dz Ky (0, 2) Rz +y) =0,

T

Similarly, in the absence of bound states, from (2.5.

f({”’”)(a:,y) —|—/ dz Kf“’v)(x,z) R(wv (z +y) =0,

T

From (2.5.12) and (2.5.13) we have

(uv)

R
RO

Using (3.3.44) in (5.0.42) we get

R (y) =

(y)
y) :

2

e

2T

1 oo
%/_Ood)\
X

1/°°
T J—c0

RO\
(A)

ew\y7

D (u,v) e—i)\y )

y >

/ dA VA RCTEI(\) e,

With the help of (3.3.47), from (5.0.43), we obtain

RO(y) =

(&

2
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R¢a CT)()\) e~

.31) we have
y>xT.

10) and (2.5.29) we get

(5.0.35)

(5.0.36)

(5.0.37)

(5.0.38)

(5.0.39)

(5.0.40)

(5.0.41)

(5.0.42)

(5.0.43)

(5.0.44)

(5.0.45)



Using (5.0.11) and (5.0.45) in (5.0.40) we have

« e~ [ d)\ :
e " Ki(z,y) —=REHI()) g7 AEHY)
\/_
L[~ = : d\ .
T ox / dz K§“’“) (w,2) e / FRODW e =0,
which yields
> dA .
Ki(w,y)+ o5 [ S REI(A) e
\/_
1 . dX
+ o/ dz K (x, z)/ ﬁR (a6 () =G+ — ),

Using (5.0.35) in (5.0.47) we get

Ki(z,y) + F(x +y) —i—/ dzf(f"’”)(x, 2)F(z+y) =0.

x

With the help of (5.0.11) and (5.0.44), from (5.0.41) we have

e

(5.0.46)

(5.0.47)

(5.0.48)

K" (z,y) + / dze " K\ (z, 2) {2— / dA VX RCaSD () ePAEF | =0 (5.0.49)

™

which yields

_ 1 [ > ;
K", y) + 5 / dz K\(z,2) / AWV RO (2) X = 0.

Using (5.0.36) in (5.0.50) we obtain

_ o F
K (2, y) = z/ dz Ky(x,2) OF(z+y) _ 0.

0z
With help of (5.0.51), from (5.0.48) we get

3F(z + )

Ki(z,y) + F(z +y) —z/ dz/ dt Ky(z,t) F(t + 2) ——>* 5
2

=0,

(5.0.50)

(5.0.51)

y >,

which establishes (5.0.32). In the same manner, we can prove (5.0.33). In the absence

of bound states , from (2.5.10), (2.5.11), (2.5.30) and (2.5.32) we have

EPI(2,y) + BP9 (z +y) + / dz K3 (@, 2) RP) (2 +9) =0, y >z, (50.52)

T

155



K wg)+ [ R @) Ry =0, ysa (5059)

T

From (2.5.12) and (2.5.13) we have

A 1 o0 .

R®)(y) == %/ dXRPH(N) e, (5.0.54)
- 1 [~ = ,
R(p,s)(y) = %/ d\ R(pvs)()\) e~ (5.0.55)

Using (3.3.79) in (5.0.54) we get

> dA
27r, oY

With the help of (3.3.82), from (5.0.55), we obtain

R(p,s)(y) _ R(Caxr) (A) e, (5.0.56)

e

RP9(y) = =

/ AAVARCTSI(N) e™, (5.0.57)

Using (5.0.29) and (5.0.56) in (5.0.52) we have

et Ko(z,y) + e_ QR (¢g,Cr) ()\) e~ A @ty)
0 VA 5.0.58
+ 1 d Kpﬁ)( ) ip ©dA R(quCT’)()\) —iA(z+y) — (>05%)
o 2Ky (x,2) e D e =0,
which yields
_ > d\ .
Ky(x,y) + — —— R (\) =M a+y)
\/_ 5.0.59)
1 (p,s) dA Cq,lr) —iX(z+y) ( o
+% deZ’ (m,z)/_oo\/qu (Ae Y =0.
Using (5.0.34) in (5.0.59) we get
Ko(z,y)+ Flz+y) + / dz K7 (2, 2) F(z +y) = 0. (5.0.60)

With the help of (5.0.29) and (5.0.57), from (5.0.53) we have

e "

Kép’s)(x,y)—i-/ dz e Ky(z, 2) {2

/ AAVARCTI (N\) emEH) | =0, (5.0.61)
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which yields
s 1 > 7 = 1 J
Ky (w,y) + o / dz Ko(w, 2) / AAVARCI(N) A = 0. (5.0.62)

Using (5.0.37) in (5.0.62) we obtain

IF (z+vy)

KWP9(z,y) = —i /:O dz Ky(z, 2) P = 0. (5.0.63)
Substituting (5.0.63) in (5.0.60) we get
Ko(x,y) + F(x +y) —i/oodz/oodtKg(x,y)F(t—l—z)w =0, y >,
which completes the proof of (5.0.33). O
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Chapter 6
Applications to Integrable Systems

In the analysis of the scattering and inverse scattering for (1.0.1) the potentials
¢ and r have been functions of x alone. In this chapter such potentials also depend
on the parameter ¢ and hence ¢ and r denote ¢(z,t) and r(z,t), respectively. The
same dependence is valid for other potentials as well.

The Inverse Scattering Transform (IST) method is a method to solve initial-
value problems for integrable nonlinear partial differential equations (PDEs). It was
introduced in 1967 by Gardner, Greene, Kruskal, and Miura [2] to solve the initial-
value problem for the Korteweg-deVries (KdV) equation u; — 6uu, 4tz = 0, where
the subscripts signify the respective x- and ¢- derivatives. Since then this method
has been applied to various integrable nonlinear PDEs. In this chapter we illustrate
the use of the IST method on (1.0.2). Kaup and Newell[!] considered (1.0.2) in the
special case with r(x,t) = +q(x,t)*, where we recall that an asterisk denotes complex
conjugation.

In the formulation of the IST method by Gardner, Greene, Kruskal, and Miura
a pair of linear differential operators £ and A are associated with the corresponding
integrable nonlinear partial differential equation, i.e. with the KdV equation. The
operator £ and A are known as the Lax pair, and they describe the spatial and
temporal evolution, respectively, of the wave function in the associated linear problem.
Another formulation [0] of the inverse scattering transform can be given by the so-

called AKNS pair, i.e. by using a pair of matrices X and 7, which describe the spatial
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and temporal evolution, respectively. The AKNS pair for (1.0.2) is already known [1]

and given by

(2
o | (6.0.1)
¢roig?
Y ) 3 : 2
T 2i¢* —iqr¢ 2qC° + (g + ¢°r)¢ | (6.02)

2r¢3 + (—iry + qr*)¢ 2iC* + iqr(?
For the benefit of the reader, we show below how the system (1.0.2) is derived from
X and T given in (6.0.1) and (6.0.2), respectively. We write the linear system (1.0.1)
as

U, =XV, (6.0.3)

and require [12] that ¥, — 7 ¥ be a solution to (6.0.3). The nonlinear system (1.0.2)

is obtained from (6.0.1) and (6.0.2) via the condition
X =T, +XT—-TX=0, (6.0.4)

where the zero on the right-hand side denotes the 2x2 zero matrix. Note that the
spectral parameter ¢ does not depend on x or t. Taking the t-derivative of (6.0.1)

and z-derivative of (6.0.2) we have

0 (q
X, = I, (6.0.5)
¢ry O
_iQxTCQ - iqrmCQ Qchg + inm + QQQmT + q2rx C
T, = ( <\ (6.0.6)
21,3 + (—irgs + qu 1% + 2qr7,)C iqrC? 4 iqryC?
From (6.0.1) and (6.0.2) we obtain
_2C6 + (]TC4 —1 qry + Z.q27“2 CQ %Cg
XT = ( ) . (6.0.7)
raG? —20% + qrt +i(rgs — ig*r?)¢?
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—2¢° + qr¢* +i(ger — ig*r?)¢? —¢:¢*

TX = ( ) . (6.0.8)
S —20° +rqC* —i(gra + ig°r?)¢?

Using (6.0.5)-(6.0.8) in (6.0.4) and expanding the left-hand side of (6.0.4) in powers

of ( we obtain

0 i + Qoo — 1(q%7) s 00
i t (@] _ . (6.0.9)

iry — Toe — 1(qr?), 0 0 0

Since (6.0.9) must hold for all { € R, we get the derivation NLS system (1.0.2), which

we quote below for the convenience of the reader as

it + Qo — 1(qrq)s =0,
reR, teRt (6.0.10)

iry — Tpp — 1(rqr), =0,
Choosing 7(z) = +¢(z)* in (6.0.10) we get (1.0.3).
There is another version of the derivative NLS system, known as the Chen-Lee-
Liu system [9, 19], and it is given by
reR, teR". (6.0.11)

iFy — Ty — 1747y = 0,

The system (6.0.11) is integrable, and its corresponding AKNS pair X and T are

known [18] and we have
_ =i q
P ¢ |, (6.0.12)
¢q i+
_ —2i¢t — iGr? 24C3 + (ig, + LX)C
T = ( ) . (6.0.13)

273 + (=i + L) 20C +i7GC + 1(Fed — 7G0) + 172G
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From (6.0.12) we see that the matrix operator X appears in the linear system U, =
X ¥, which we write as
a —i¢? (q !
= , (6.0.14)

g G+ |

where we recall that the prime denotes the z-derivative. Note that the matrix X
given in (6.0.12) does not have its trace equal to zero. Hence, the Wronskian of
two solutions to (6.0.14) in general depends on x. As a result, one cannot express
a scattering coefficient as a Wronskian of two solutions to (6.0.14). In chapter 2 we
have expressed the scattering coefficients for (1.0.4) in terms of Wronskians of certain
solutions to (1.0.4). This was possible because the trace of the coefficient matrix in
(1.0.4) is zero. One way to determine the scattering coefficients for (6.0.14) and to
analyze the scattering and inverse scattering for (6.0.14) is to establish the connection
between (1.0.1) and (6.0.14), as we have established a connection between (1.0.1) and
(1.0.4).

In the next theorem, we present the transformation for the wave functions
between the first-order systems (1.0.1) and (6.0.14). If the potentials ¢, r, ¢, and 7
depend on bath z and ¢, then the wave functions in (1.0.1) and (6.0.14) also depend
on z and £. On the other hand, ¢ is a parameter, i.e. in the linear systems (1.0.1) and
(6.0.14). We have the derivative with respect to = but not with respect to ¢. Thus,
when we say a potential belongs to the Schwartz class S(R), we mean that for each

fixed ¢, the potential as a function of x belongs to the Schwartz class.
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Theorem 6.1. Assume that the potentials ¢ and T appearing in the system (6.0.11)
belong to the Schwartz class S(R). Then, the wave functions for first order systems

(1.0.1) and (6.0.14) are related to each other as

a 1 0 a
=¢ 3 B (6.0.15)
g 0 E~' |8
where ¢ is scalar quantity depending on ¢ but not on x, and
E(x,t) := exp (5 / dy q(y.t) 7y, t)) , (6.0.16)
q(z,t) = §(z,t) E(x,t), (6.0.17)
. -1
r(z,t) = 7z, ) [E(x, t)} . (6.0.18)
Furthermore, we have
E(z,t) = E(z,1), (6.0.19)

where E(x,t) is the quantity defined in (3.1.6).

Proof. For convenience, we suppress the x- and t-dependence on the left-hand side

of (6.0.16) and write E instead of F(z,t). It is enough to verify (6.0.15) by showing

o} a
that in (6.0.15) satisfies (1.0.1) and in (6.0.15) satisfies (6.0.14). Assuming

s B

a
that the wave function satisfies (1.0.1), we show below that the wave function

B
o Q
| obtained as in (6.0.15) satisfies (6.0.14). Isolating | | from (6.0.15), we see
B g
that (6.0.14) yields
!/

111 ol |a iz ¢ |1l ool |a

- ) = N . (6.0.20)

c\lo E| |8 ¢Fo i+ o B |8
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From (6.0.20) we get

0 0 | |« 1 0| |« —iz (G 1 0| |a
0 TE||p 0 FE||p ¢ i+ o E| |8

2

/ -

o 1 0 —i(? CGE 0 0 o

i 0 E! (i i+ E 0 TFE B

2

or equivalently
/

o 1 0 | |—i¢® (E| |o
- ) . (6.0.21)
g 0 £t ¢r iCCE| |8
Simplifying (6.0.21) through a matrix multiplication, we get
/
o —iC? (GF| |a
- . (6.0.22)

3 CGFETY it | |8

a
Comparing (6.0.22) and (1.0.1) we see that satisfies (1.0.1) if and only if (6.0.17)
B
and (6.0.18) are satisfied. To complete the proof, we observe from (6.0.17) and (6.0.18)

that

q(z,t)r(z,t) = q(z, t) (2, 1), (6.0.23)
and hence from (3.1.6), (6.0.16), and (6.0.23) we obtain (6.0.19). O

The use of the scalar € in (6.0.15) may seen unnecessary. We will see later for
specific solutions to (6.0.14) the value of € will be different. Let us also remark that
from (6.0.17) and (6.0.18) it follows that the potential pair ¢ and 7 of (1.0.1) belongs
to the Schwartz class S(R) if and only if the potential pair ¢ and 7 belongs to the

Schwartz class.
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For the convenience of the reader, we illustrate the derivation of the AKNS pair
X and T given in (6.0.12) and (6.0.13). This will be done by obtaining X and T
interms of the AKNS pair X’ and T associated with (1.0.1), and this done in the next
proposition.
Proposition 6.1. Assume that the potentials ¢ and 7 appearing in the system (6.0.11)
belong to the Schwartz class S(R). Then, the AKNS pair X and T associated with
(6.0.11) s given by (6.0.12) and (6.0.13), respectively.

Proof. We assume that X and T given in (6.0.12) and (6.0.13) form the AKNS pair

for the system (1.0.2). This means that we have

[0 (6] o (e
—x| |, =7\ |, (6.0.24)

B B g B

L Jd«x L L Jd¢ L

Now, let us write a system of linear equations for (1.0.1) as

a _la a _la
—x| |, 7| |, (6.0.25)

B

L Jdx L L Jd¢ L

where X and 7 form the AKNS pair for (6.0.11). Using (6.0.15) in the first equality

s )
o)
=

of (6.0.24) we have

1 0
£ . =X|¢ . (6.0.26)

0 E-1

[oN
—_
(@]
jo

=
e}
7
=

T

Evaluating the left hand-side of (6.0.26) we get

0 o 1 0 o 1 0 «

= |x - : (6.0.28)




Multiplying both sides of (6.0.28) with the inverse of first matrix on the left-hand of

(6.0.28) we obtain

Q 1 0 1 0 0 0 Q
| = X |- o AE (6.0.29)
B 0 E 0o B o gt (B
Comparing (6.0.29) with the first equality in (6.0.25) we get
- 1 0 1 0 0 0
x=| |lx| |- e (6.0.30)
0 E 0 E-'| |0 g
Using (6.0.1) in (6.0.30) we have
- 1 0 —i¢? (q| |1 0 0 0
X=| ©c e o (6.0.31)
0 E i o B 0 —4rp-
With the help of (6.0.17) and (6.0.18), from (6.0.31) we obtain
|10 —i¢> C(GE| (1 0 0 0
X = 3 ~C ¢ R — o (6.0.32)
o E| \|cFEY 2| |o B 0 —fp-

Simplifying the right-hand side of (6.0.32) we have
—i¢> (g
G i+

which establishes (6.0.12). Now, let us prove (6.0.13). Using (6.0.15) in the second

X =

equality of (6.0.24) we get

1 0
el | =7]¢ . (6.0.33)
0 E'| |3 0 E!

t

Evaluating the left hand-side of (6.0.33) we have

[N
[a—
(@]
o

=™

[of

0O 0 |[|al |1 0| |« 1 0

o
=
|
=
(@)
o
|
)
o
ety
|
=

t



which can be written as

—_
o
joN
—_
(@]
o
o
joN

(@)
=
o
(@]
=
(@)
=
=

6 0 E 0 E-1

t L

0 (E1), g

Comparing the second equality in (6.0.25) and (6.0.34) we obtain

- 10 1 0 0 0
7= _||T -
0 F 0 E!

Now, let us find the ¢-derivative of £, From (6.0.16)

[E(w,t)]_l — oxp (—% /_

Taking t-derivative of (6.0.36) we get

o0

dy (y, ) 7y, t>) |

or equivalently

—00

With the help of (6.0.11), from (6.0.37) we have

- E-Y o o
(E 1>t = T / [(_ny + quqy)r + (ryy + quy)‘ﬂ )

or equivalently
-1 Et e T [
(E >t: T (_QyT+QTy)y+§(q )y -

Thus, we obtain

(6.0.34)

(6.0.35)

(6.0.36)

(6.0.37)

(6.0.38)



Using (6.0.2) and (6.0.38) in (6.0.35) we get

7 1 0 —2i¢* — iqr(? 2qC3 + (ige +¢*r)¢| |10
0 E| | 2re+ (—iry + qr2)¢ 21 +igrc? 0 E!
(6.0.39)
1 0]10 0
0 E| [0 —E- (@7 +d) + 53]
which simplifies to
7 —2i¢* — igr(? 2qE1C? + (igy + ¢*r)E7C
2rEC 4 (—iry + qr2)EC 2i¢* + iqr(?
(6.0.40)
0 0
0 —3 [(=@F + 7)) + 5(3%7)]
Using (6.0.17) and (6.0.18) in (6.0.40) we obtain
e —2i¢* —iqr¢? 2GC% + (iGx — 5G7 + ¢°F)C
27C* + (—irfy — 37 + Gr2)¢ 2i¢t + igr¢?
(6.0.41)
0 0
0 —1 [(=GF + qFy) + 2(¢%7)]
which yields
e —2i¢* — igr¢® 2G¢° + (iGe — 547 + G°7)C
27C3 + (—if, — 1qF + GF)C 20C" 4+ iFqC? + L(Foq — 7q.) + L¢P
(6.0.42)
which completes the proof of (6.0.13). O

6.1 Jost Solutions

There are four particular column-vector solutions to (6.0.14), known as the Jost

solutions and denoted by ¢, ¥, ¢, 1, respectively, which are uniquely determined by
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imposing the asymptotic conditions

—iC%x
. e o 0
PLaET) = +0(1), PLaCT) — . + o(1), T — —00, (6.1.1)
0 ez( T
o 0 o e—iCQm
6iC2m 0

Note that there are two first-order systems we deal with, and they are given in
(1.0.1) and (6.0.14), respectively. Each of these two systems have their own four Jost
solutions, scattering coefficients, and a pair of potentials. For (1.0.1) we know from
(2.2.14) and (2.2.15) that left and right transmission coefficients are equal and we have
used T and T to denote their common value. In this chapter we find that the left and
right transmission coefficients for (6.0.14) are not equal to each other and hence we use
T and T | and similarly 7.°7™ and 77" . In order to avoid any confusion,
we will label the Jost solutions and the scattering coefficients for each of the two
system by using the superscripts (Cq, (r),(¢q, (7) , which identically the corresponding
potentials. For example, for the system (6.0.14) we use @47 4h(Ca<T) HCacT) 4)(Cacr)
to denote the corresponding Jost solutions and we use 77" Tl(@’m, R(€a<T) | [(Ca<r)
S , Tl(@’m, RaCT) | [(€a47) o denote the corresponding scattering coefficients.

In the next proposition, we show the relationship between the corresponding
Jost solutions for the first-order system (1.0.1) and the first-order system (6.0.14).
Proposition 6.2. Assume that the potentials ¢ and 7 appearing in the system (6.0.14)
belong to the Schwartz class S(R). Then, the Jost solutions @7 1p(Cacr) = pCacr)
D) to (1.0.1), and the Jost solutions ¢STCT) | p(CaeT) = HCaCT) (€At to (6.0.14)
are related to each other as

1

PCa<r) — ~0 CESOR (6.1.3)
0 E!
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Caer) — i/ Lo (€ (6.1.4)
0 B

HlCar) — Lo HCaCT), (6.1.5)
0 £

PCacr) — ! ~0 (6ach, (6.1.6)
0 B!

P /oo ir (6.1.7)

Furthermore, the scalar quantity fi defined in (6.1.7) is equal to the quantity p defined
in (3.2.13).

Proof. Note that from (6.0.16) and (6.1.7) we have

E—1, r— —o0; E — 2 T — 4o00. (6.1.8)

First, let us relate the Jost solution ¢©€%<") to (1.0.1) and the Jost solution ¢©4<") to

(6.0.14) to each other. From (6.0.15) we have

PCadr) — ¢ bl e, (6.1.9)
0 E1

Using the first equalities of (3.2.1), (6.1.1), and (6.1.8) in (6.1.9) we get

e~ 1 0 |e i

o — |10 g, (6.1.11)



which establishes (6.1.3). Similarly, let us relate the Jost solution (%< to (1.0.1)

and the Jost solution (¢%¢") to (6.0.14) to each other. From (6.0.15) we have
w((q@r) —¢ ¢(C¢LCF)' (6.1.12)

With the help of the first equalities of (3.2.2), (6.1.2), and the second equality in

(6.1.8), from (6.1.12) we obtain

0 1 0 0
+o(l)=¢ + o(1), r — 400, (6.1.13)
eiC2x 0 e~ /2 eig%

and hence ¢ = €2, Using ¢ = e~#/2 in (6.1.12) we have
o1 .
¢(Cq7Cr) — ih/2 ¢(Cq7CT). (6.1.14)

which establishes (6.1.4). In the same manner, let us relate the Jost solution ¢(¢%<")
to (1.0.1) and the Jost solution ¢4 to (6.0.14) to each other. With the help of

(6.0.15) we have

o — o | 0 HCacH) . (6.1.15)

0 B!
Using the second equalities of (3.2.1), (6.1.1), and the first equality of (6.1.8) in

(6.1.15) we get

0 10 0
+o(l)=¢ +o(1), r — —00, (6.1.16)
P 0 1| |ei¢*

and hence ¢ = 1. Using € = 1 in (6.1.15) we can rewrite (6.1.15) as

geocn _ [ 0| geacn, (6.1.17)
0 B
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which establishes (6.1.5). Now, let us relate the Jost solution (7<) to (1.0.1) and

the Jost solution ¥(¢%¢") to (6.0.14) to each other. From (6.0.15) we have

Peacr), (6.1.18)

&(Cq@r) —¢ i
0 E!

Substituting the second equalities of (3.2.2), (6.1.2), and (3.2.14) in (6.1.18) we obtain

e~i¢%e 1 0 e~i¢%
+o(l)=¢ + o(1), x — 400, (6.1.19)
0 0 e /2 0
and hence ¢ = 1. Using this value of € in (6.1.18) we get
(6.1.20)

Pléacr) — DR,
0 E-1

which completes the proof of (6.1.6). The equivalence of p and fi given in (3.2.13)
[

and (6.1.7), respectively, follows directly from (6.0.23).

6.2 Scattering Coefficients
The scattering coefficients can be defined by using the z-asymptotics of the Jost

solutions. Since the potentials ¢ and 7 appearing in (6.0.14) belong to Schwartz class

S(R). we have
B 1 (€3,¢7)
(6.2.1)

e
+o(1), x — +00,

- (@)
T — +00, (6.2.2)

1 (Cac)
(6.2.3)
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(€4,¢7)
1 —iA\x

Plaen) — | ) +o(l), x— —o0, (6.2.4)
% piAT

where we recall that 7] and T} are transmission coefficients from left and from right,
respectively, and the pair L and L and the pair R and R are the reflection coefficients
from the left and from the right, respectively. Note that there are two first-order
systems we deal with, and they are given in (1.0.1) and (6.0.14), respectively. Each
of these two systems have scattering coefficients. In order to avoid any confusion, we
label the scattering coefficients for each of the two system by using the superscripts
(Cq, Cr) and ((q, ¢7), which identically the corresponding potentials. For example, for
the system (1.0.1) we use 7€) R(Ca¢r) - [(Catr) (Cactr) - RCatr) - [(Ca¢r) o denote
the corresponding scattering coefficients.

In the next proposition, we show the relationship among the scattering coeffi-
cients for the first-order system (1.0.1) and the standard system (6.0.14).
Proposition 6.3. Assume that the potentials q(x) and r(x) appearing in the sys-
tem (1.0.1) belong to the Schwartz class S(R). Then, the scattering coefficients
T(Cq7§7”)7R(CQ:CT)7L(C%Cﬂ)T(C%Cﬂ} R(Cq,O‘)) [ (Cacr) of (1.0.1) and the scattering coeffi-
cients Tr(Cq’m, Tl(cfi,cf); RWar) - [Cacr) Tr(@‘ci,cf)} Tl(cii,cf)) R(ar) | [(6acr) of (6.0.14)

are related to each other as

T(Car) — T, (6.2.5)
TCar) = o= i/2(Ca<n), (6.2.6)
R€aCr) = o=i/2 RCacr), (6.2.7)

LCar) — (Cacr) (6.2.8)
TGacr) — gin/2 (687, (6.2.9)

TCacr) — 7;(6<) (6.2.10)
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RCa<r) _ (ii/2 Qi) (6.2.11)
[(Car) — FlCacr) (6.2.12)
where [i is the quantity defined in (6.1.7).

Proof. By using (3.3.1), (6.2.1), and the second equality of (6.1.8) in (6.1.3) we have

, (Cas¢r) , (€q,¢7)
e L0 | |gge™”
+o(1) = ! +o(1), xr — +00,
R(Q) pi¢e 0 e—ifi/2 R pi¢?e
(<) T(Q) €

or equivalently

(Cartr) (¢acr)
L —ic? L_e—iCe
(@ o) = | TO +o(l), x—+oo. (6.2.13)
R(Q) ic% TR pict
T ° 0

From (6.2.13) we obtain

() - (: @)M

which can be written as

T(Cair) — Tf(((ivcf)7 (6-2_14)
RUar) = ¢=i/2 RUCGCT) (6.2.15)

which establish (6.2.5) and (6.2.7). Similarly, with the help of (3.3.3), (6.2.3), and

the first equality of (6.1.8), from (6.1.4) we obtain

R v ] O
L) —i¢*x ifi)2 0 L) —i¢*x

e e e

Q) 1) = T Yo(l), x— —oo,
1 ic% 2| | 1 icta

Q¢ 0 e Q¢

or equivalently

(Car) (€q,C7)
L(Q) i 2 L(Q) —ic
TO° to(1)=| 1O +o(l), - —o00. (6.2.16)
1 eiczz et/2 2y
6] T
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From (6.2.16) we get

which can be written as
Tadr) = g=if/2(Ca<T), (6.2.17)
LCar) — [(Cacr), (6.2.18)
which establish (6.2.6) and (6.2.8). Now, let us relate the scattering coefficients
T and RCa<") of (1.0.1) to the scattering coefficients T, %" and R(€#¢7) of

(6.0.14), respectively. With the help of (3.3.2), (6.2.2), and the second equality of
(6.1.8), from (6.1.5) we have

) (Caicr) ] (¢acP)

@e—iﬁf% 1 O ﬂ —i<2:l‘

e +o(1) = &O +o(l),  x— +oo,
1 ic% —ip/2 | | 1 i

TO° 0 e™ (¢

or equivalently

_ (Ca¢r) _ (Cac7)

RO p—ic?e Q) o—iCa

o +o(1)= | O +o(1), - +co. (6.2.19)
_1_ic%x e TiR/2 eiCe

(<) T:(0)

Hence, from (6.2.19) we obtain

1 (€gCr) N 1 (€4,¢7)
() = (@)
7(c) NG9

( % ) S < % ) (¢G67) |

T(Car) — eiﬂ/2fr(<qvcf)’ (6.2.20)

which can be written as

RlCatr) _ oinf2 Rcacn). (6.2.21)
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which establish (6.2.9) and (6.2.11). In the same manner, let us relate the scattering
coefficient L€4<") of (1.0.1) to the scattering coefficient L¢9¢") of (6.0.14). Using

(3.3.4), (6.2.4), and the first equality of (6.1.8) in (6.1.6) we get

) (Ca,¢r) ) (€a,¢7)

1 —iC7z 1 0 1 i3

€ e
T,(f;) +o(1) = Tl,((% + o(1), T — —00,
L(Q) ,iC*x L iC2x
Q¢ 0 1 | 7oe

or equivalently
(Ca,¢r) (€G,¢7)

1 e—z‘g% 1 e—ig%
o +o(1) = |1 to(l), x— —oco. (6.2.22)
L) pic?a L(Q) ,i¢?x
T(¢) Ti(C)

From (6.2.22) we obtain

(%O)(CMT) _ ( _lzo)(cq,@) |

() (e

which can be written as

T(CQ,CT) — Tl(Cfi,C?’)’ (6223)
I(Cacr) — E(Céﬁ)’ (6.2.24)
which completes proof of (6.2.12). O

6.3 Time Evolution of the Scattering Data for the Standard System

In this section we determine the time evolution of the scattering data associated
with (1.0.4) when the potentials u and v in (1.0.4) contain ¢ as a parameter. In that
case the potentials u and v satisfy the integrable nonlinear system given in (6.3.4).
Although the results presented in this section are already known [3, 1, 6, 7], we provide
the proofs with some details for the benefit of the reader. For the convenience of the
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reader, we illustrate the derivation of the time evolution of scattering data for (1.0.4).

With the help of the AKNS pair associated with the NLS system, we obtain the time

evolution of the scattering data by using the description given in [12) 13]. The AKNS
pair for the NLS system already known [3, 1, 7] and is given by
—iA u —2%N2 —iuv 2 U+ fuy
X(u,v) — , T(Uﬂ)) — . (631)
v 20 — vy 2iN% + duv

We write the linear system (1.0.4) as

Ple) = gplue) plew), (6.3.2)
and require [12, 13] that W{“") — 7o) g(wv) i5 a solution to (6.3.2). In the literature
it is usually but incorrectly stated [1, 3, 4, 6, 18] that the time evolution of the wave

function is described by the linear system W!"" = 7@ \ywe)  The correct time
evolution is given in [12, 13] by saying that \Ilﬁ“’”) — T @)W ) must satisfy the linear
system P = x@o) o) In other words, the correct time evolution for W(®v) is

obtained by requiring that \If§“’”) — T Pv) can be written as a linear combination

of two linearly independent solutions to ‘I/,(Uu’v) = X §v)  For further details we

refer the reader to [12, 13]. The NLS system is obtained from (6.3.1) via the condition
Xt(u,v) . 7;(u,v) + X(u,v) T(u,v) . T(u,v) X(u,v) _ O, (633)
which yields the NLS system

Uy + Ugy — 2uvu = 0,
reR, teR"'. (6.3.4)

Wy — Vg + 20uv = 0,

Choosing v(z) = +u(z)* in (6.3.4) we get the NLS equation

iy + Ugy + 2|ul?u =0, reR, teR". (6.3.5)
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In order to determine the time evolution of the scattering data for (1.0.4) we use the
AKNS pair X®%) and T given in (6.3.1) respectively, and require that Pl

T () p(wv) s a solution to (6.3.2), i.e.

<¢§u,v) _ T(u,v) ¢(u,v)> — X(uvv)(l)(uv”)' (636)

T

This is equivalent to the requirement that gbﬁ“”‘” — Twv) p(uv) is written as a linear
combination of the Jost solutions ¢(™*) and ") to (1.0.4). Hence, we can write

Eu,v) — T (u,v) ™?) as a linear combination of ¢(**) and ¥ as
o = Tu,0) 90 = ar(A, 1) 90 + as(A, 1) ™), (6.3.7)

where a;(\, t) and as(\, t) are some scalar coefficients to be determined. Since u and
v belong to the Schwartz class, we know that wu, v, u,, v, vanish rapidly as x — +o0.
Hence, from the second equality in (6.3.1) we have

—2iX% 0

T wv) — +o(1), r — +o0. (6.3.8)
0 2i\?

With the help of first equality in (2.1.3), (2.2.3), and (6.3.8), from (6.3.7) as z — —o0,

we have
e—z)m _27/)\2 0 6—2)@ 6—1)\33 %e—z)m
- - al()‘vt) + a2<)\7t) )
0 0 20N\ 0 0 LeiAr

t

(6.3.9)
The spectral parameter A does not change in time, i.e. we have \; = 0. Hence, we

can simplify (6.3.9) to

22.)\267“\‘% efi)\x %efi)\x
= CL1(>\,t) + CLQ()\,t) . (6310)

1 _idx
0 0 Te
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Thus, we have a; (), t) = 2iA? and az(\,t) = 0. Hence, we have the time evolution

for the Jost solution ¢9<) ag
(bgu,v) - T(u,v) ¢(u,v) _ 21)\2 (ﬁ(u,v)'
Using (2.2.1) and (6.3.8) in (6.3.11) as x — +o0, we get

(u,v) (u,v)

1 _—idz .y 9 1 1
—=e —21\ 0 = =
g —~ ! =2i) |7

R idx 2y 2 R idx R _idx
Te 0 2T\ Te 7€

From (6.3.13) we get
which implies

Hence, we obtain

T (A, ¢) = T (), 0).

(u,v) (u,v)
o) ()
T), T

With the help of (6.3.16), from (6.3.18) we get

From (6.3.14) we have

R = 4iNRM),

which yields
RMM(\ 1) = e RU(X,0).
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(6.3.11)

(6.3.12)

(6.3.13)

(6.3.14)

(6.3.15)

(6.3.16)

(6.3.17)

(6.3.18)

(6.3.19)



Similarly, we know that 1" — 7)) must be a solution to (6.3.2). Hence, we

can write it as linear combination of ¢®**) and (") as

G = T, 0) 90 = ag(0 ) 9 + ay(, 1) 90, (6.3.20)

for some scalar coefficients as(\,t) and as(A,t), which are to be determined. With

the help of the first equality in (2.1.2), (2.2.1), and (6.3.8), from (6.3.20) as x — 400,

we have

(u,v)
0 —2i\* 0 0 0 LemiAr
— = az(\t) +ag(A\, 1) , (6.3.21)
ei)\:p 0 2’6)\2 ei/\x ei)\z %ei)\x
t
which simplifies to
7 @)
0 0 %e‘zm
= CL3(/\, t) + CL4(/\, t) (6322)
_2Z')\2€—i)\;t ei)\(E %ez’)\x
Thus, we have az(\,t) = —2i\? and ay(\,t) = 0. Hence, we have the time evolution
for the Jost solution 1(*“*) given by
) ) ) — 9 A2 (), (6.3.23)
Using (2.2.3) and (6.3.8) in (6.4.18), as x — —oo we get
(u,v) (u,v) (u,)
L —i\x <) 2 L —il\x L —i\z
Ze —2i\ 0 Ze Ze
o - o =20\ |7 . (6.3.24)
%ezkz 0 22)\2 %ezz\x %61)\:8
t

1 (uvv) 9 1 (u,v) 9 1 (u,v)
— — 21\ | = = -2\ | = 3.2
(7), 0lr) -e(z) - oo
L (uvv) L (uvv) L (uvv)
= 2i\* ( = -2\ | = : 3.2
(7). voels) e (z) 032



(6.3.27)

From (6.3.25) we get

1 (u,v)

_ =0

(7), -

which implies
Hence, we obtain
T (N, 1) = TD(),0). (6.3.29)
L (u,v)
_) | (6.3.30)

() ,
= —4i)
), =z

t

From (6.3.26) we have
L
T

With the help of (6.3.28), from (6.3.30) we get
LY = —4in2 ),
(6.3.31)

LU\ ) = e Lm0 () 0).

which yields
In the same manner, we know that z@ﬁu’v) — T @) () must be a solution to (6.3.2).
(6.3.32)

Hence, we can write it as a linear combination of %) and () as
1/_}15%1]) . T(u,v) 77Z_)(u,'u) _ CL5(/\, t) ,lZ(u,v) + 06()‘7 t) Q_ﬁ(u v)’

where the scalar coefficients as(\, t) and as(A,t) are to be determined. With the help

of the second equality in (2.1.2), (2.2.2), and (6.3.8), from (6.3.32), as © — 400 we
(u,v)

—iA\x —Zi)\Q 0 e—i)\a: e—i)\:c
= a5(A, 1) + ag(A, )
2i*| | 0 0 Le
(6.3.33)

have
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which simplifies to
—i\x
. (6.3.34)

—iAT

2i\2e AT e
= as(A, 1) + ag(\, 1)

0
Thus, we have as(\,t) = 2iA? and ag(),¢) = 0. Hence, we have the time evolution

for the Jost solution (%) given by
&E“’v) — T (0] — 9422 ¢y (u0), (6.3.35)
Using (2.2.4) and (6.3.8) in (6.3.35) as x — —o0, we get
(u,v) (u,v) (u,v)
LefiAw _22/\2 0 LefiAx Lefi)\x
T - Tﬁ =2ix | T . (6.3.36)
%GD‘I 0 22)\2 %GM‘T %ei/\x
t
Thus, we obtain
(u,v) (u,) (u,v)
1 1 1
= 2iN* | = =2\ | = 6.3.37
(7), =e(z) —(z) o
7\ (u,w) 7N\ (u,v) 7\ (u,w)
L L L
= —uN | = =2\ = 6.3.38
(7)., —(7) - (5) 033
From (6.3.37) we get
(uv)
1
(—) =0, (6.3.39)
T/,
which implies
T\ = 0. (6.3.40)
Hence, we obtain
TW (¢, 1) = T (X, 0). (6.3.41)
From (6.3.38) we have
7\ (wv) 7\ (wv)
L L
= =4iN | = 6.3.42
(7).~ (7) 632



With the help of (6.3.40), from (6.3.42) we get
L = 4iN L),
(6.3.43)

which yields
Le9(\, ) = e LM (), 0).

Again, the quantity &ﬁ“’”) — T $v) must be a solution to (6.3.2). Hence, we can
write it as a linear combination of ¢ and (") as

T G0 (50 + @A, (6.344)

for some scalar coefficients az(A,t) and ag(\, t), which are to be determined. With

the help of the second equality in (2.1.3), (2.2.4), and (6.3.8), from (6.3.44), 2 — —o0

we have
O q )
0 2120 0 0 %e‘““”
- — ar(\ 1) as ) |1 , (6.3.45)
ei)\:p 0 22)\2 ez’)\:v 62)\2 %ei)\w
t
which simplifies to
e
0 0 FeA
= CL7<)\, t) + ag()\, t) - . (6346)
ei)\:r éei)\m
T

_2i/\26i)\z
—2iA\? and ag(\,t) = 0. Hence, we have the time evolution

Thus, we have az(\,t)

for the Jost solution ¢(*¥) as

G — ) glun) — _9i\2 gluw), (6.3.47)
Using (2.2.2) and (6.3.8) in (6.3.47), as © — 400 we get

~ (u,v) ~ (u,v) ~ (u,v)
R _—i\x -y 2 R _—i\x R _—ilx
=e —21A 0 =e Ze
T - 4 — -2\ | T . (6.3.48)

IAx . 1 iz 1 iz

0 2i )\ e 7€ t

1
—e .



Thus, we obtain

(uvv) 9 1 (u,v) 4 1 (uv’U)
—2i\2 [ = =92 — 6.3.49
O O

=~ (u,v) =\ (u,) =\ (u,)
R R R
i 202 = = 2N = ) 6.3.50
(T)t v () *(7) (6.3.50)
From (6.3.49) we get
N (6.3.51)
7)), =0, 3.
which implies
T\ = 0. (6.3.52)
Hence, we obtain
T(u,v)()\’ t) = f_fv(uw)(/\7 0). (6.3.53)
From (6.3.50) we have
=\ (u,v) =\ (u,v)
R R
= = 4N = ) 6.3.54
(7). = (%) 633

With the help of (6.3.52), from (6.3.54) we get
RO — 2R,

which yields
R(u,v) ()\’ t) _ €—4i)\2tR(u,v) ()\, 0) (6355)

Now, let us evaluate the time evolution of the dependency constants v;(¢) which are
defined in (2.3.2), by assuming the bound-state poles are all simple. Let us copy

(2.3.2) for the convenience of the reader as
o (N x) =y (N, e),  j=1,..,N. (6.3.56)
Using (6.3.56) in (6.3.11) we get

(6 9], = T 75 (0) 9 = 203 ,(8) w2,
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which can be written as
Oy (t) 1) 5t g™ = T (1) ) = 20 () ),
or equivalently
Oy (1) W) 4 75 (8) [ = T g | = 2002 (2) ),
Using (6.3.23) in (6.3.57) we obtain
Oy (8) ) 4 5(8) [=2005 0] = 2003 (8) ).

which yields
Oy () = 4iX3 5 (1).
Thus, we obtain

a2
(1) = et ;(0).

(6.3.57)

(6.3.58)

Similarly, let us evaluate the time evolution of the dependency constants 7;(t) which

are defined in (2.3.4), by assuming the bound-state poles are all simple. Let us copy

(2.3.4) for the convenience of the reader as
¢ 1) =39 (V) j=1,, N
Using (6.3.59) in (6.3.47) we get
[ (8) ], = T 3;(8) ) = =2iX3 3, () 1,
which can be written as
OA;(t) 1) + 351 i) — T 35(8) ) = —2005 7 (1) ).
or equivalently

Oy (1) ) () [ = T G0 | = —2iX3 5 (1) .
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Using (6.3.35) in (6.3.60) we obtain
075 (1) 1 4 () [2iA7 9] = —20A7 7, () ).

which yields

Oy (t) = =43 7;(t).
Thus, we obtain

3i(t) = e 55(0). (6.3.61)
Now, let us evaluate the time evolution of the norming constants cg-u’y) by assuming
that the bound-state poles are all simple. With the help of (2.3.22), (6.3.17), and

(6.3.58), we determine the time evolution of the norming constant L)

2 as

(1) = 0) N, =1, N. (6.3.62)

Similarly, let us evaluate the time evolution of the norming constants EEU’U) by assum-

ing that the bound-state poles are all simple. With the help of (2.3.23), (6.3.41), and

(6.3.61), we determine the time evolution of the norming constant Egu’v) as
() = & (0) e =1, N. (6.3.63)
In case the bound states have multiplicities, we can use the method of [10, 20, 21] and

mj;—1

express the bound-state data {)\j, {cﬁ’w o

}Jil in terms of three matrices A, B,
and C in the form Ce 4t/ (D! B with appropri];te matrix sizes and with an appro-
priate choice of f(A) and similarly express the bound-state data {S\j, {EEZ’U) ::j ;1 }2\71
in terms of three matrices A, B, and C' in the form C et A B , with appropriate
matrix sizes and with an appropriate choice of f(A). Assume that the bound states
for (1.0.4) occur at A = \; for j = 1,...,N and at A = \; for j = 1,..., N. Assume

that the multiplicity of ), is m; and the multiplicity of \; is m;. Proceeding as in

[10, 20, 21] we can form the row vectors C; and C; as

R T R e (wo) fu)
Sl L T I (6.3.64)

185



Cj = |gw) glwv) L gwe) Fluw) (6.3.65)

jtm;—1)  Citm;—2) j1 jo |
where we see that C; is a row vector with m; components and C} is a row vector with
m; components. We also form the square matrices A; and A;, with respective sizes

of m; x m; and m; X m;, as

-\, -1 0 0 0
0 —iN -1 0 0
0 0 —i\j ... O 0
Aj = : (6.3.66)
0 0 0 i\, -1
0 0 0 0 —i)
—i\; -1 0 0 0
0 —i\ -1 0 0
_ 0 0 —iX 0 0
A; = (6.3.67)
0 0 0 —i);  —1
0 0 0 ... 0 =i\

We note that A; and f_lj are in Jordan canonical forms. Let us also define the column
vectors B; and Bj, where B; has m; components that are equal to zero except for
the last component being equal to one and Bj has m; components that are equal to

zero except the last component being equal to one.

0

Bi=|1, Jj=1,...,N, (6.3.68)
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Bi=|1, Jj=1,...,N. (6.3.69)
0

1

We then form the block matrices A and A, the block row vectors C' and C, and the

block column vectors B and B as

A 0 ... 0 A 0 ... 0
0 Ay ... O _ 0 Ay ... 0
A= , A= : (6.3.70)
: Do a : Lo g
0 O An 0 O Agx
B By
B=|:]|, B=|":], (6.3.71)
By By
C:= c, Oy ... ON:| ) é = |:01 02 ce ON . (6372)

Now, let us write the Marchenko kernel Q(y) defined in (2.5.10) in terms of matrices
A, B, and C' when t = 0. In the absence of multiplicities in the bound states, from

(2.5.10) we have

N
Qy) = R (y) + D e, (6.3.73)
j=1
where
) 1 [ -
RO ) = o / dA R (\) . (6.3.74)
™ —0oQ
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In the Marchenko kernel €)(y) given in (6.3.73) in order to account for bound states
with the multiplicities with the help of the first equalities in (6.3.70)-(6.3.72), we

replace the summation term in (6.3.73) with C'e= B, i.e. we get

Qy) = RV (y) + Ce Y B, (6.3.75)
or equivalently
1 [~ ;
Qy) = - / dARM™Y(N) ™ + Ce ™ B. (6.3.76)

Now, let us consider the time-evolved scattering data and determine the corresponding

time-evolved Marchenko kernel. Using (6.3.19) and (6.3.62) in (6.3.76) we obtain

1 o° N2 P A2
Ay:t) = o / dX R (X 0) et N O e 4iA =4y B (6.3.77)

[e.9]

which can be written as
Qy; t) = R (y;0) e 4 C e~ 474 B, (6.3.78)
Since A% and A commute with each other, from (6.3.78) we obtain
Qz +y:t) = RO (2 + y: 0) ¥V 4 O e~ 4% Ae—Ay g (6.3.79)

Similarly, let us write the Marchenko kernel Q(y) defined in (2.5.11) in terms of the
matrices A, B, and C. In the absence of multiplicities for the bound states, from

(2.5.11) we have

N
Oy) = RO () + 3w e, (6.3.80)
j=1
where
. 1 [~ :
RO ) = / AR ()) =, (6.3.81)

With the help of the second equalities in (6.3.70)-(6.3.72), we replace the summation

term in (6.3.80) with C' e B and get

_ 1 &0 _ ) R
Qy) = — / d\ R (\)e™™ 4 C' e B, (6.3.82)

T o oo
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With the help of (6.3.55), (6.3.63), and the second equalities in (6.3.70)-(6.3.72), from
(6.3.82) we obtain

_ 1 [ _ e, _ e, 1
Qy;t) = o / ARV (X; 0) e N te=My o O et oAy B (6.3.83)

-0
which can be written as

A

Oy;t) = RO (y;0) e~ 4 Ot g (6.3.84)

Since A? and A commute, from (6.3.84) we get

A

Qz +y:t) = RO (2 + y; 0) e ¥ 4 O tiA* s+ Ay B (6.3.85)

6.4 Time Evolution of the Scattering Data for the Energy-Dependent System

In this section we determine the time evolution of the scattering data associated
with (1.0.1) when the potentials ¢ and r in (1.0.1) contain ¢ as a parameter. In that
case the potentials satisfy the integrable nonlinear system given in (1.0.2).

We recall that an integrable nonlinear system can be derived from the corre-
sponding AKNS pair X and 7 via (6.0.4). In the literature it is usually but incorrectly
stated [1, 3, 4, 0, 18] that the time evolution of the wave function is described by the
, 13] by
saying that W%") — T¥Cacr) must satisty the linear system W %" = xp(acn)

linear system W\‘?*"” = 7w The correct time evolution is given |

In other words, the correct time evolution for W(¢4<") is obtained by requiring that

fo,E“’O") — TW(adr) can be written as a linear combination of two linearly independent

solutions to W™ = xWacr)  For further details we refer the reader to [12, 13].
In order to determine the time evolution of the scattering data for (1.0.1) we

use the AKNS pair (X and T) given in (6.0.1) and (6.0.2) respectively, and require

that Ui — 7 ¥ is a solution to (6.0.3), i.e.

(lngq,Cr) _ T\I,(Cq,CT)) = X Wyl (6.4.1)
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Cadr) _ 7 yadr) s written as a linear

This is equivalent to the requirement that \Ifg
combination of the Jost solutions ¢(¢%¢") and 1(¢4<") for (1.0.1). Hence, we can write

(bng,Cr) — T ¢€9<7) linear combination of ¢€%¢") and €9<7) as
S0 — T 0 = (¢, 4) g (¢, t) + (¢ ) TG t),  (6.4.2)

where ¢1((,t) and ¢»((,t) are some scalar coefficients to be determine. For nota-
tional simplicity, we suppress the arguments of the Jost solutions and write ¢(€%<7)
for ¢(Cq,§7") (é" x, t)’ ¢(C!1,C7’) for w((mCﬂ (C’ T, t)7 CZ(C‘LCT) for &(C(LCT) (C’ x, t), and ZZJ(C‘LCT) for
€< (¢, 2, t). Since ¢ and r belong to the Schwartz class, we know that g, 7, ¢,, and
r, vanish rapidly as © — +oo. Hence, from (6.0.2) we have
—2i¢t 0
T = +o(1), T — to0. (6.4.3)
0 2t

With the help of first equality in (3.2.1), (3.1.20), and (6.4.3), from (6.4.2) as z —

—00, we have

L, L, L, L, (Ca¢r)
6714 T _22<4 0 e*'LC T esz T %ef’LC T
- = Cl(<7t> +CQ(C>t> o
0 0 2ct] | o 0 Leic*a
t
(6.4.4)

The spectral parameter ¢ does not change in time, i.e. we have (; = 0. Hence, we

can simplify (6.4.4) to

(€g,¢r)
22'4-46—7;(2:1: e—iCQx %e—i@x
= 01<C7t) + cQ(Cvt) ) : (645)
0 0 1%

Thus, we have ¢;((,t) = 2i¢* and ¢y(¢, t) = 0. Hence, we have the time evolution for

the Jost solution ¢2¢") ag

PO T lCakr) = 9j¢t p(Cakr), (6.4.6)
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Using (3.3.1) and (6.4.3) in (6.4.6) as x — +00, we get

, (€g,¢r) , (€g,¢r) ,
1 _—ix _2<‘4 0 1 _ —i°x 1 _—iC°x
(& 7 (& e
-2 . ) )
%ezC T 0 ch4 %ezc T %ezg T

t

which yields

1 (6a<r) e (Ca(r) e (Cq,¢r)
— 2 — = 9% —
(T) t " ZC <T> ZC <T> 7

T), T T |

From (6.4.8) we get
which implies

Hence, we obtain

T(Cq,CT)(C7 t) = T(CaCr) (¢,0).

R (C‘LCT) 4 R (CQ)CT)
— =4iC" | = .
T), T

With the help of (6.4.11), from (6.4.13) we get

From (6.4.9) we have

Rngﬂ) _ 42'<’411{(CC17€“T)7

which yields
REaC (¢ 1) = ¥t R (¢ ).

. (6.4.7)

(6.4.8)

(6.4.9)

(6.4.10)

(6.4.11)

(6.4.12)

(6.4.13)

(6.4.14)

Similarly, we know that Q/Jt(cq’cr) — T 42" must be a solution to (6.0.3). Hence, we

can write it as linear combination of ¢(¢%¢") and €%<") ag

wt(éqﬂ) _ T¢(Cq,cr) = ¢3((, 1) w((q,cr) +¢4(¢, 1) ¢(Cq,<7”)7
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for some scalar coefficients c3((,t) and c4(¢, t), which are to be determined. With the

help of the first equality in (3.2.2), (3.3.1), and (6.4.3), from (6.4.15) as x — +o0, we

have
L, (Ca.¢r)
0 —2’l<4 0 0 0 %e—zc T
2 - - 2 = C3(§a t) 2 + C4(C7 t) R.ic? )
eZ X t 0 QZC e'l X el X Tel X
(6.4.16)
which simplifies to
. (Ca.Cr)
0 0 e i
= C3(<7 t) + C4(Ca t) (6417)
_22{46—@% eiCPe %eig%
Thus, we have c3(¢,t) = —2i¢* and ¢4(¢,t) = 0. Hence, we have the time evolution
for the Jost solution ¥€4<") given by
LT T plCasr) — ¢t p(Cacr), (6.4.18)
Using (3.3.3) and (6.4.3) in (6.4.18), as  — —o0 we get
, (€q,6r) , (Ca,¢r) , (Ca,¢r)
L —il?x oz r4 L —iC°x L —il*x
e 2i¢ 0 Ze Ze
r - g = —2ic* | " . (6.4.19)
%ei@x t 0 2’LC4 %ez{?x %62{2:0
Thus, we obtain
1 (Cq’CT) 4 1 (C‘LCT) 4 1 (QLCT)
— — 21 — = -2 — 6.4.20
(7). l(z) () o
(Ca.¢r) (€q,6r) (€q,6r)
L L L
= 2i¢* | = =-2i¢C* | = : 6.4.21
(7), w2 (5) 042)
From (6.4.20) we get
1 (C‘LCT)
— =0 6.4.22
Ol oo
which implies
T = 0. (6.4.23)



(6.4.24)

Hence, we obtain
T(Cq,Cr)(C’ t) — (Caxr) (C, 0).
From (6.4.21) we have
L (CQ7<7.) L (C%CT)
= = —4i¢* = . 6.4.25
(7). =(z) 6429
With the help of (6.4.23), from (6.4.25) we get
Lg@ﬁ) _ _4ig4L(Cq7Cr)’
(6.4.26)

which yields
1,(6a¢r) (¢, 1) = e_4i<4tL(Cq’<r)(C, 0).
In the same manner, we know that 1" — T ¢(e<") must be a solution to (6.0.3).
Hence, we can write it as a linear combination of ¢€%¢") and 1)(€4<7) ag
(6.4.27)

G TG — (1) ) (1) 0,

where the scalar coefficients ¢5((,t) and c5((,t) are to be determined. With the help

of the second equality in (3.2.2), (3.3.2), and (6.4.3), from (6.4.27), as © — 400 we

have
B (Cq¢r)
eI —2i¢* 0 | e et Bo-ic’
- - = C5(C7 t) + Cﬁ(Ca t) L2 )
0 t 0 2iC 0 0 €
(6.4.28)
which simplifies to
- (CasCr)
QiC4e—iC2$ e—iCQ:v %e—iﬁzm
= c5(C,t) +¢6(¢, 1) : (6.4.29)
1 pic?a
T

0 0
Thus, we have ¢5((,t) = 2i¢* and ¢6(¢,t) = 0. Hence, we have the time evolution for

the Jost solution €97 given by
pLear) _plbacr) — ¢4 e, (6.4.30)
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Using (3.3.4) and (6.4.3) in (6.4.30) as x — —o0, we get

) (CaCr) ) (Ca¢r) ,
1 _—iC“x _9s4 1 _—iC“x 1 _—iC°zx
=e 2i¢ 0 =e =e
T B T — it | T
) . ;2 ;2
_é’:_ezC T 0 2ZC4 -5-162( T %ezg T

t

7\ (Cacr)
L
Ty,

From (6.4.32) we get
which implies

Hence, we obtain

TCa (¢, t) = T (¢, 0).

From (6.4.33) we have

With the help of (6.4.35), from (6.4.37) we get

EECq,CT) _ 4iC4E(Cq’CT),

which yields
L&) (¢ 1) = ML) (¢ 0).

(6.4.35)

(6.4.36)

(6.4.37)

(6.4.38)

Again, the quantity ¢{°**"” — T ¢(¢2<") must be a solution to (6.0.3). Hence, we can

write it as a linear combination of ¢(¢%<¢") and )(€4<") ag

G = T ) = er((,1) $) + ex(C, 1) 010,
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for some scalar coefficients ¢7((,t) and cs(¢, t), which are to be determined. With the

help of the second equality in (3.2.1), (3.3.4), and (6.4.3), from (6.4.39), z — —oo we

have
-, (€a.¢r)
0 —2i¢* 0 0 0 %e‘zc *
o - - = :C7(<,t) o +C8<C7t) I 2 ’
61( T t 0 QZC ezg“ T ez{ T ?ez(j T
(6.4.40)
which simplifies to
o (Caxr)
0 0 Lemic%e
= C7(<,t> + Cg(C,t) B . (6441)
_2@g4eic2x ei@z %eiczx
Thus, we have ¢7((,t) = —2i¢* and cg(¢,t) = 0. Hence, we have the time evolution
for the Jost solution ¢(€4<7) ag
G T glatn) — _gjct gléadn), (6.4.42)
Using (3.3.2) and (6.4.3) in (6.4.42) as x — +o00, we get
B , (Ca.Cr) B , (Cq.Cr) B , (€a,¢r)
R _—i(*x —9 4 0 R _—i(*x R _—i*z
e i e e
4 - ¢ T = —2ict |7 . (6.4.43)
%ei@.t t 0 22C4 %ei@.t %eiﬁzw
Thus, we obtain
1 (€a,¢r) 1 (€g,¢r) 1 (€g,¢r)
(7)) -2e(z) -2 (z) (6.4.44)
T/, T T
B\ (Ca.¢r) 5\ (Ca.lr) 5\ (Ca.lr)
R R R
ke 2t = =2t = 6.4.45
(7), <) <) 0449
From (6.4.44) we get
1 (€q,¢r)
= =0 6.4.46
(7)o (6.4.16)
which implies
T = 0. (6.4.47)



Hence, we obtain

T(Cq,é“r)(g’ t) = T(Ca¢r) (¢,0).

5\ (Cq¢r) 5\ (Cq¢r)
(7), (7))
T,

With the help of (6.4.47), from (6.4.49) we get

From (6.4.45) we have

=

RECq’CT) _ —4i§4R(<q’CT),

which yields
RCakr) (¢, 1) = e—4iC*t R(Ca,Cr) (¢,0).

(6.4.48)

(6.4.49)

(6.4.50)

Now, let us evaluate the time evaluation of the dependency constants 7;(¢) which are

defined (3.4.2), by assuming that the bound-state poles are all simple. Let us copy

(3.4.2) for the convenience of the reader as

PNy, x) = (N 2), =1 N,
where A = ¢* and \; = (7. Using (6.4.51) in (6.4.6) we get

[0 0], = T3;(8) 4 = 2035 (8) w4,

which can be written as

03 (0) BT + 35 (8) ) — T 3,() o) = 2ich 3 (6) 1<),

or equivalently

O ) W) 4+ 35(8) [T — T (00| = it 3, (1) p o).

Using (6.4.18) in (6.4.52) we obtain

O () P17 4 3(t) [=20¢" 0] = 20 () 0.
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which yields
Oy (t) = 4iC; ;(t).
Thus, we obtain

Fi(t) = "4 5;(0). (6.4.53)

Similarly, let us evaluate the time evaluation of the dependency constants 7;(t) which
are defined in (3.4.4), by assuming that the bound-state poles are all simple. Let us

copy (3.4.4) for the convenience of the reader as
P (N, x) = ;N 2),  j=1,...,N. (6.4.54)
where A = ¢* and \; = ¢?. Using (6.4.54) in (6.4.42) we get
(1) 160, = T 3,(0) 0680 = iG55 (1) 916047,
which can be written as
063 (1) B4 4 3,(0) BT — T3,(1) 990 = ~2i5,(1) 16047,

or equivalently

063, (8) B 13, (1) [0 — T €00 = 2G5, (0§, (6.4.55)
Using (6.4.30) in (6.4.55) we obtain

B (1) BEOD +3(1) [2i€* P60€0] = ~2iT 5, (1) B0,

which yields
O;(t) = =44} 7;(t).
Thus, we obtain
F(t) = e M5t 5,(0). (6.4.56)

197



(

Now, let us evaluate the time evolution of the norming constants Cj(q,cr) by assuming

that the bound-state poles are all simple. With the help of (2.3.22), (6.4.12), and

(6.4.53), we determine the time evolution of the norming constant C(Cq ) as

C§Cq7C7”) (t) = Cng,CT)(O) 642'4;1157 j=1,..,N. (6.4.57)

In the same manner, let us evaluate the time evolution of the norming constants C(Cq )

by assuming that the bound-state poles are all simple. With the help of (2.3.23),
(6.4.36), and (6.4.56), we determine the time evolution of the norming constant ngq,Cr)

as

A (1) =0y e G j=1,.., . (6.4.58)

In case the bound states have multiplicities, we can use the method of [10, 20, 21] and
3N

express the bound-state data {)\j, {cﬁ’v) :L_]O 1} in terms of three matrices A, B,
=0 f,

and C in the form C e~ 4t/ B with appropriate matrix sizes and with an appro-

3N

priate choice of f(A) and similarly express the bound-state data {)\], { :”0 1}
j=1
in terms of three matrices A, B, and C in the form C e~/ (A B, with appropriate
matrix sizes and with an appropriate choice of f(A). In case the bound states do not

have multiplicities, the alternate Merchenko kernels defined in (4.2.11) can be written

G (y) ::/ dz
y

G (y) ::/ dz
y

as

Rwv) +Z (wv) gidy ] (6.4.59)

wo)(2) 4 Z FWv) o=iks ] . (6.4.60)

In order to account for bound states with multlphcltles, with the help of the first equal-

ities in (6.3.70)-(6.3.72), we replace the summation term in (6.4.59) with C'e~4* B
and obtain
G (y) = / dz [R(“’”)(z) +Ce ™ B|, (6.4.61)
Yy
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which simplifies to
GO () = / dzR)(z) + C A7l B, (6.4.62)
Yy

Now, let us consider the time-evolved scattering data and determine the corresponding

time-evolved alternate Marchenko kernel. Using (6.3.19) and (6.3.62) in (6.4.62) we

obtain
G (y;t) = / dzR™Y) (z;t) + C A7 e 44 e~ B, (6.4.63)
y
where
. 1 [ g
wazw:§i/ dA RUD(X; 0) €42 (6.4.64)
7T —0oQ

or equivalently

RO (2:4) = RO (2;0) e2¥* (6.4.65)

Using (6.4.65) in (6.4.63) we have
G (y;t) = / dzR™Y) (2:0) e*Nt 4 C A~ e 4 B, (6.4.66)
Yy

Similarly, in case the bound states with multiplicities, with the help of the second
equalities in (6.3.70)-(6.3.72), we replace the summation term in (6.4.60) with C' e* B

and obtain

A

Glu) () = / dz [Rm,v)(zngﬁzB , (6.4.67)
Yy

which can be written as

@w@n:/ =R (z) — 0 A M B. (6.4.68)

Yy
Now, let us consider the time-evolved scattering data and determine the corresponding

alternate Marchenko kernel. Using (6.3.55) and (6.3.63) in (6.4.68) we obtain

wamw:/ dz R (2;8) — € A1 A% v (6.4.69)
)
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where
N 1 o0 _ o .
ROV (2:4) = 2_/ d\ RV (\;0) e 4t g=iA= (6.4.70)
™ —00

or equivalently

A A

RE) (z:t) = R (2;0) e, (6.4.71)
Using (6.4.71) in (6.4.69) we have
GV (y:t) = /OO dz ﬁ(“’”)(z; 0) e 4Nt _ O A1 it Ay B (6.4.72)
y
Note that \; € C* and \; € C~ and hence e~#* appearing in (6.4.61) is integrable
Az

in z € (y,00) and e?* appearing in (6.4.67) is integrable in z € (y,00). In case the

bound states do not have multiplicities, the alternate Merchenko kernels defined in

(4.2.12) can be written as

GPI(y) = / dz |RP(2) + ) P 6“]“], (6.4.73)
Yy j=1
0 N N -

G (y) = / dz | RUD(2) + 3 e ] (6.4.74)
Yy j=1

In order to account for bound states with multiplicities, with the help of the first equal-
ities in (6.3.70)-(6.3.72), we replace the summation term in (6.4.73) with C'e~4* B
and obtain

G (y) = / o [Rms)(z)Jrge—AzB , (6.4.75)
)

which simplifies to
G (y) = / d2RP)(2) + C Al B, (6.4.76)
y

Now, let us consider the time-evolved scattering data and determine the corresponding
time-evolved alternate Marchenko kernel. Using (6.3.19) and (6.3.62) in (6.4.76) we
obtain
GP9) (y;t) = /00 dzRP) (z;t) + C A~ e 4% B, (6.4.77)
' 200



where

. 1 [ o
or equivalently
R(p,s)(z;t) — [g(pvs)(z; 0) Nt (6.4.79)

Using (6.4.79) in (6.4.77) we have
L B T (6.4.80)
y

Similarly, in case the bound states with multiplicities, with the help of the second

equalities in (6.3.70)-(6.3.72), we replace the summation term in (6.4.74) with C' e* B
GP¥(y) = /OO dz [é(p’s)(z) +C ™ B] , (6.4.81)
y
which can be written as
GP)(y) = /00 dzé(p’s)(z) —CA'eMB. (6.4.82)
y

Now, let us consider the time-evolved scattering data and determine the corresponding

time-evolved alternate Marchenko kernel. Using (6.3.55) and (6.3.63) in (6.4.82) we

obtain
GO (y; 1) = / dz BP9 (zit) — C A7 4% A . (6.4.83)
Y
where
N 1 o0 _ 9 .

or equivalently

RO (21 8) = RO (2 0) e (6.4.85)

Using (6.4.85) in (6.4.83) we have

G (y;t) = / dz RO (,0) 4Vt — 0 471 iredu g (6.4.86)
Y
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