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ABSTRACT

STOCHASTIC RISK MEASURES FOR THE LUNDBERG MODEL WITH
REINSURANCE AND INVESTMENT

Benie Justine N’Gozan, Ph.D.

The University of Texas at Arlington, 2020

Supervising Professor: Andrzej Korzeniowski

Risk measures emerge in fields such as economics, insurance, finance and
are concerned with a stochastic representation of uncertainties stemming from the
unpredictability of the real world events. In essence, risk analysis amounts to
quantifying the chances of undesirable events and developing a model that limits the
impact of potential losses. Assets and liabilities in the Insurance industry, as well as
financial goals of Investment companies rely on calculating the probability that their
respective portfolios satisfy the preset constraints. On the flip side, risk measures serve
both industries by providing optimal strategies for minimizing losses. Our research is
concerned with Distorted Risk Measures (DRMs) in stochastic optimization regarding
decisions about the size of the risk exposure. We extend the classical Lundberg Risk

Model to the case of periodic reinsurance with investment.
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CHAPTER 1
INTRODUCTION

In simple terms, risk is the possibility of something bad happening. It involves
uncertainty about the effects/implications of an activity with respect to something
that humans value (such as health, well-being, wealth, property, or the environment),
often focusing on negative, undesirable consequences [30]. Risk is inherent in any
enterprise and is an important factor that affects all sectors of today’s economy.
Key elements of risk minimization are based on quantifying the adverse effects and
subsequent development of modeling through stochastic analysis. We include a sample
of extensive literature on the subject such as monographs, textbooks, research articles
([1], 3], [4], [12], [13], [18]) in the REFERENCES. Our interest in mathematical risk
stems from its wide-spread usage in the Insurance Industry, where stochastic model
for losses dates back to the 1900s, thanks to the pioneering work by Lundberg [25]. As
an integral part of risk management, reinsurance had emerged as a standard practice
for strategic risk spread, i.e., ceding a portion of insurer’s liability to the reinsurer for
reinsurance premium. We focus on developing a strategy that not only allows the
insurers to minimize their risk exposure but also maximize their profit at the same
time. Our research has been motivated by the works of Golubin ([15], [16], [17]), and
Cheung and Lo ([22], [23], [7] ,[8]). In a nutshell, we combined some ideas from the
dynamic model of Golubin with a static Model of Cheun-Lo and developed a novel
Model for periodic risk optimization. In Chapter 1, we give the background related

to risk and explain the motivation for the research.



In Chapter 2, we describe our model based on the general Lundberg model,
which we extended to a periodic model coupled with reinsurance. We then describe
the risk process that is a subject of this study. In Chapter 3, we set up our first
extended Lundberg model without investment and give solutions with regards to
certain processes with independent increment. In Chapter 4, we propose our second
extended Lundberg model with investment and present solutions applicable to real
world problems. In Chapter 5, we extend our work to processes that no longer have
independent increments and obtain results for models with or without investment.
In chapter 6, we explore a new hybrid method that can be used to better assess the

underline risk and pave the way for future investigation.



CHAPTER 2
MODEL FORMULATION

2.0.1 Lundberg Model
We start with the classical Lundberg model which describes a risk process of an
insurance company in order to balance two opposing cash flows. The following defines
the risk process (see, e.g., [17])

Ny

X" =u+tct—Y X; (2.1)

J=1

where u > 0 is the initial capital of the company, N, is a Poisson process of claims
with parameter A that defines the number of claims for insurance payments. In other
words, it is the number of claims on the interval [0,¢] and X are the claim sizes
which represent the sequence of independent, identically distributed random variables,
independent of N;. The constant ¢ > 0 represents the premium rate at which the
insurer is being continuously paid by insured customers.

The optimal control problem for the risk in dynamical insurance models based on the
Lundberg risk process has been studied in [20], [15], and [17]. In this research , we
are interested in a modified version of this model which takes into account the risk

associated with reinsurance.
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Figure 2.1. A typical sample path of the risk process.

2.0.2 The periodic Lundberg model with Reinsurance

Suppose that the interval of operation [0, 00) is partitioned into intervals of a given
length 7. T' > 0 is constant that shows the duration of time intervals on which the
insurer periodically chooses a strategy for reinsurance payoffs. At time ¢ = 0, he

chooses a reinsurance policy Ip(Y;) (amount paid by the reinsurance) and at the same

Nt,
time pays the reinsurer premium Py (Y;) , with Y; = > Xj. Let X}¢ describe the
j=1

risk process involving reinsurance. Then
On [0,T") we obtain

Nt—
X =u+cT —P,(Y1)— Y X;+ Lh(Yr)
j=1

At time T', after choosing the new reinsurance contract with paramters (I7(Y2), Pr.(Y2))
Nar—
with Yo = > X, , we obtain
J=Nri1
Nt—
Xit =u+cT = Py (Y1) = 30 X+ Lo(Y1) — Prp(Ya).
j=1

4
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Figure 2.2. A typical sample path of the periodic risk process X;.

Without loss of generality , let X;¢ = Xp.
Notice that at the end of the first period we may consider the problem of profit

maximization for the ending capital

XT = (U“FCT) +Io()/1) —)/1 —Pjo(ifl)

through some relevant utility functions.

On the other hand, by means of Distortion Risk Measures (DRM) to be defined later,

we can consider the optimization problem of minimizing the risk exposure

RT = Yi + P]O(}/i) — (u—i— CT) — ]0(}/1>



In this section we will focus on the insurance risk exposure.
First period: [0,7T) , at time t =0
N
(IO<}/1)7P10<}/1)) ) Y, = Z Xj
j=1
RTf = Yi + P[O(Y'1) — (U + Ct) — I()(YD
Nop_
Second period: [T.,27T); at T, (Ip(Y2), P, (Y2)) , Ya= > X,
j:NT+1
RT, - RTf + P[T(}/é)
= Y1+ P, (V1) + P, (Y2) — (u+cT) = Ip(Y1)

At the end of the second period

Rop_ = Ry + Y, — Ip(Ys) — T
=Y1+ Pr,(V1) + P (Ya2) + Yo — Io(Y1) — I7(Y2) — (u+ cT)
=Y+ Yo+ P, (Y1) + Pr(Y2) — (Lo(Y1) + I7(Y2) + u + 2cT)

At t = (k—=1)T , where k = 1,2,3, .., we consider the pair ({(_1)r(Yz), PI(kq)T(Yk))
Ner—
with total claim Y;, = . Xj. Then the formula that defines the risk process
J=Nk-1)T+1
with periodic reinsurance has the form

Z Yk + z PI(kfl)T (Yk) — (Z ](k—l)T(Yk) + (u + ncT)) s t = 7’LT, n Z 0
k=1 k=1 k=1
R,r = Ni
Ryp —c(t—n'T)+ > X; t#0
j:Nnt+1

where n* = maz{n : nT < t}



As stated earlier, in what follows, the insurer risk exposure will be evaluated via risk

measures.

2.0.3 DRM-based model

Let’s first recall several definitions concerning risks measures.

Definition 2.0.1. We consider a financial position, as a non-negative random variable
X representing the insurer loss. Then the Coherent Risk Measure is given by
p(X) : X — [0, 00) satisfies the following conditions:

1. Bounded above by the maximum loss: p(X) < maz(X)

2. Bounded below by the mean loss: p(X) > F(X)

3. Scalar additive and multiplicative: p(aX + b) = ap(X) + b for a,b >0

4. Sub-additive : p(X +Y) < p(X) + p(Y)
We describe our model using the Distorted Risk Measure (DRM).

Definition 2.0.2. let g : [0,1] — [0, 1] be a non-decreasing function with g(0) =0

and g(1) = 1. For a non-negative random variable X, the Distorted Risk Measure

(DRM) is defined by

po(X) = [y~ 9(Sx(x))dx

where Sx(z) = P(X > x) is the survival function of X.

DRMs satisfy (1)-(3) while (4) holds if and only if g(x) is concave.



Figure 2.3. Value at Risk at the level a.

For0<a<1

1 fl—a<t<l
g(t) =
0 f0<t<l—a«

po(X) = ;" 9(Sx(x))dx
=inf{r: P(X >x)>a}

= VaR,(X)

is the classical Value at Risk, which measures the amount of asset needed to cover
a possible loss at a confidence level 1 — . In general, VaR,, is not a coherent risk
measure, due to lack of sub-additivity . However, VaR,, is sub-additive (thus coherent
risk measure) for a large class of elliptical distributions that include: Normal, Laplace,

t-Student, Cauchy and Logistic distributions.



Example 2.0.1. Consider two loans and assume that if one lodefaults it is certain
that the other loan does not default ( i.e., defaults on A and B are dependent.)

D:defaulting ; D¢ : non- defaulting

Table 2.1. Consider the loans separately

One year Loan ($10 millions) | A | B
P(D) 0.0125 | 0.0125

P(D°) 0.9875 | 0.9875

Recovery |D U[0,10] | UJ[0,10]

Let Y7 and Y5 be the loss corresponding to loan A and B respectively follow Y U|0, 10].
Then

P(Y >2|D)=0.8

P(Y >ND) = P(Y > 2|D)P(D)

— (0.8)(0.0125) = 0.01 = a
Therefore at the level «, the VaRg01(Y) = VaRo1(Y1) = VaRo1(Y2) =2

Table 2.2. Consider the loans separately

Loan B —loan A | P(D) | P(D")
P(D) 0 [0.0125

P(D*) 0.0125 | 0.975



Table 2.3. Consider the above joint distribution

One year loan ‘ A ‘ B ‘ AUB
P(D) 0.0125 | 0.0125 | 0.025
P(D?) 0.9875 | 0.9875 | 0.975

Recovery |D U[0,10] | U[0,10] | U[0,10]

P(Y; + Y3|D) = P(Y; + Y, > 6|D4 N Dp)

_ P(Y1+Y>>6ND4)+P(Y1+Y>2>6NDg)

P(Da)+P(Dp)
o P(Y1+Y2>6‘DA)P(DA) P(Y1+Y2>6DB)
- P(Da)+P(Dp) P(Da)+P(Dg)
_ (04)(0.0125) | (0.4)(0.0125) _ 4

(
200.0125) T 2(0.0125)

P(Y1+Y,>6ND)=P(Y, +Y,>6|D)P(D)
— (0.4)(0.025)
=001 =«
So at the level a, VaR, (Y7 + Y2) = 6 for the portfolio.

Note that 6 = VaR, (Y1 + Y2) > VaR. (Y1) + VaR,(Y2) = 4, which shows that

VaR,(-) is not sub-additive.

In our study, we assumed all random variables to be sufficiently integrable in the
sense that their distortion risk measures are well-defined and finite.

As previously stated the insurer risk exposure on one period is given by

Rr=Y +P(Y)— (u+cT)—I(Y).

10



We now have to find a representation of the risk exposure and premiums function
using DRM.

For any Distortion function g and ceding function I,

po(RY) = pg,(Y + Pr(Y) — (u+cT) = I(Y))

= pgi(Y) = (u+cT) + [ [r(Sy(y)) — gi(Sy ()] (y)dy

and the formula for the premium is given by

Pr(Y) = [ r(Sy (w)I'(y)dy

where 7 : [0,00] — R is a non decreasing function satisfying r(0) = 0 and [ is

restricted to the set of non-decreasing and Lipschitz functions, i.e.,

I={L:Rt - R [(0) = 0,0 < I(x1) — [(x2) < a2 — 1 for 0 <y < 2o}

In this context, we introduce an optimal reinsurance problem which consists of
minimizing the insurer’s total risk quantified by its distortion risk measure subject to

the constraint

Ry =1(Y) = Pr(Y) = ["9:-(Sy(y)) — r(Sy(y)I'(y)dy < 7

where 7 represents the reinsurer’s risk tolerance and g; < g,.

11



We now have to solve the following problem

(o (BF) | o (RE) = po (Y PY) = (wt-eT) = 10V))}

po, (BF) <7 Jo la:(Sy (y) — r(Sy ()" (y)dy < 7

inf{py, (V) = (u+ cT) + [7[r(Sy () = g:(Sy W) (y)dy

[ 19-(Sy (y) = r(Sy () (y)dy < =

=

This could be simplified to

P (V) = (u+ D) +inf { [7[r(Sy(y)) — g:(Sy W) (v)dy

I 19+ (Sy () — r(Sy ()" (y)dy <

—

and reduces to the following minimization problem

inf [;~ A) ' (v)d(y)

I fo) ' ()d(y) < =

—

where f; and fy are integrable functions defined on the non-negative real line such

that

fi(y) = r(Sy(y)) — 9i(Sy(y)) and fo(y) = g,(Sy(y)) — r(Sy(v)

To solve this problem, we utilize the Neyman-Pearson approach introduced in [23].

12



Lemma 2.0.1. Neyman-Pearson Lemma
Let X be a random variable with possible densities fo(x) = f(z|00), f1(z) = f(x|61)
with respect to some measure pi. Among the test function
0<p(x) <1s.t Eypx)=[o)folx)du < a. (type I error )
Hy: f(z) = folz)  Hi: f(x) = fi(x)
igf Ei(1—p(x)) = [(1— () fi(x)dp (type II error) is realized by
Laf filz) > kfo(z)
pl@) =95 if fiz) = kfo(z) (2.3)

\0 if fi(z) <kfo(z)
for a unique constant k and 0 < v < 1

Lemma 2.0.2. Generalized Neyman-Pearson Lemma

Consider the following general minimization problem

inf 7 i (y)d1(x)

I3 foly)dI(z) < m,meR

g(t) =

where fo and fi are fixed integrable functions on R,.

Define a non-decreasing function G : [—o00,0] — R by G(c) 2 [ folx)de,
{f1<cfo}
and ¢ £ G~ (n) = inf{ce[-00,0] [ fo(x)dz>m}
{fi<cfo}

13



(i) G(0) = [ f(z)dx <, then the optimal solution is
{f1<0}

/

L if file) <0
L@) =17 if file) =0 (24)

0 if fi(z) >0

\

where v, : Ry — [0,1] is any function s.t.

fooo fo(z)dL, = G(0) +{f{ } fo(@)y(x)de <7

(i) if G(—o0) = [ f(z)de <7 < G(0) = [{fi <O0}fo(x)dx, then the optimal
{fo<0}
solution must be in the form of

(

1L if fulz) < folx)
L(z) = Y if fi(z) = folx) (2.5)

0 i) > ¢ folw)
where v, : Ry — [0, 1] is any function s.t.

S fo@)dl, =G+ [ fol@)nle)de =7
{fi=c*fo}

(iii) if T < G(—o0) = [ fo(z)dz, then the problem has no solution
{fo<0}

14



CHAPTER 3
LUNDBERG RISK MODEL WITHOUT INVESTMENT COMPONENT

In this section, we set up the model using VaR as our risk measure and utilize
Lo’s approach to solve the problem of minimizing the insurer’s risk exposure with
respect to the reinsurer’s constraints. We take into account the insurer total liability
Y, the premium received from the insurer’s customers along with the premium paid
to reinsurer. We also consider the indemnities paid to the insurer and assume no

investment is made by the insurer.

3.1 Model set up

For fixed probability levels 0 < o < 1, 0 < 8 < 1 chosen by the insurer and reinsurer

respectively
inf VaR, (Y —(u—cD)+ P (Y) = I(Y))
V(IRB(I(Y) - P[(Y)) S ™
inf (VaR,(¥) — (u— ) + [Ir(Sy (1) — g:(Sy )T (v)dy)
— 0

[lo-(S)) = (S )T )y <

let r(y) = (14 0)y ; 6 is the reinsurance loading factor

1, y>l-a 1, y>1-p8
9i(y) = { and  g,(y) = {

0, y<l—a 0, y<1-8

Then, fi(y) = (14 0)Sy(y) — L{sy y)>1-a}, and fo(y) = sy )>1-8 — (1 +0)Sy(y)

15



Lemma 3.1.1. Given n'™ period [(n — 1)T,nT] , let li—’z}n < Bn < a, where B,is the
reinsurance loading factor for the reinsurance premium Pr(Yy) and oy, B, are the
corresponding risk levels for insurer and reinsurer VaR,)(-) corresponding to claim

NnT
Yo(An) = 22 X7 with distribution F,(y) and X} are i.i.d.
j

The risk minimizing solution of

inf {VaRa, (Y, + Pr(Yy) — 1(Y,))}
I has the form

VaRs, (I(Y,) — Pr(Y,)) < m

Vn*(Yn» Qn, /Bn) = VaR,, (Yn) + :fo(l + en)(l - Fn(y))ll (y)dy - Zol{Fn(y)<an}<y)I/<y)dy

where 1, = 7 (y) - Lo.r-1 (8.0 (@n),o0l (Y) 5 for 0 <y = (B, i, O, Fr) < 1

To better describe the rest of our result the following theorem is needed.

Theorem 3.1.2. Linderberg Central Limit theorem [}]

Let (&) be independent with my, = E&y, 03 = E(& —my)?, 82 = . o3
=1

. n 1 .
Assume (L) nhﬂmo%gl = f{|fk_mk|265n} dp=0,Ve>0

n n

>0 k= 20 ™ D
Then (CLT) *=—*>— = N(0,1), n-—o00

Proposition 3.1.3. (x)Let (&) be independent with 0 < a < 02 < b < oo,n =1,2,...

for some constant a,b. Then (CLT) holds.

Proof. it suffices to show (L) . Notice that by (x)s, — oo = [ > 0% > y/na and
\/ k=1

0, < Vb which implies (L) thanks to Feller ([14], p.264). O
16



N(T) N(T)

Figure 3.1. One sample path of a Poisson process with intensity 2 on the left, and
intensity 0.5 on the right. The straight lines indicate the corresponding mean value
functions. For A = 0.5 jumps occur less often than for the standard homogeneous-
Poisson process, whereas they occur more often when \ = 2..

3.2 Results

3.2.1 Homogeneous Compound Poisson process

The most common and best known claim arrival point process is the Homogeneous
Poisson process (HPP) with stationary and independent increments and the number

of claims in a given time interval governed by the Poisson law.

Definition 3.2.1. Poisson process

Let A > 0 be fixed. The counting process { N(t), te[0,00)} is called a Poisson process
with rates A if the following conditions hold:

(1) N(0) = 0;

(2) N(t) has independent stationary increments;

(3) The number of arrivals in any interval of length 7 > 0 has Poisson (A7) distribution.
If N(t) is a Poisson process with rate A, then the inter-arrival times X7, X5, - - are

independent and X; ~ Exponential(At), for i = 1,2,3,---.

17
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Figure 3.2. A sample path of a compound Poisson process.

Definition 3.2.2. Compound Homogeneous Poisson process

A stochastic process {N(t),t > 0} is said to be a Compound Poisson process if it
N(t)

= > X;,t >0 where {N(t) : t > 0} is a counting of a
i=1

Poisson process with rate A , and {X; : ¢ > 1} are i.i.d. that is also independent of

can be represented as Y (t)

{N(t),t > 0}. The expected value of a Compound Poisson process can be calculated

by using Wald’s identity

E(Y (1) = B(X, + -+ Xng) = E(N() E(X) = B(N(1) E(X) = ME(X)

Making similar use of the law of total variance, the variance can be calculated as

Var(Y(t)) = E(Var(Y(t)|N(t))) + Var(E(Y (t)|N(t))) = ME(X?)

18



Now based on lemma 3.1.1 the following results holds when Y (¢) follows a homogenous
compound Poisson process.

Theorem 3.2.1. Set V¥ (Yi, ap, Bx) = V&5 for k = 1,- - ;n. Then VaR,,(Rr)

Vi — (u+ cT) and given then n'™ period [(n — 1)T,nT), the optimal solution has the
following cumulative Value at Risk at time (n — 1)T

n—1

VaR}, (R,T) = z_: (Y — I(Yy) + Pr(Yy)) + V. — (u+enT)

=1

= (i~ I(%) + Pi(%0)) + VaRa, (V) = (V) = (u+ enT)

Furthermore

> <Yk 1Y)+ PI(Yk)> +VE— (u+ enT)

and

P

VaR:, (R,T) > AT”fE(X’f) + Jf (PI(Yk) —1 (Yk))
k=1 k=1

n—1
+V—(u+enT) + \/)\T > E(XFk)2. zan] ~
k=1
where 1 — ®(z,, ) = «, and ®(+) is the cdf of N(0,1)

Corollary 3.2.2. Let’s consider n cycles of L periods with (o, 5; wherei =1,--- L

Asn — 00, by the law of large numbers we have

o The expected Value at Risk per cycle

B0 SN0 NS PO
1 L i=1 L i=1 L

nL

E(VaRry, (Rurr)) L

)

19



e The expected value of the portfolio per cycle

B(vaRs, (R, LBy N IM) A P

( o LT)_>; (L)_;(L)__l I(L)_CT
L L L

E(X}17) E(Y; 1(Y; B (s

S { R - - g - e

where Z ) 4 ¢T represents the Expected Income and Z E(Y) + Z P’ ) represents

the Expected Loss

3.2.2  Non-homogeneous Compound Poisson process

Definition 3.2.3. Non-homogeneous Poisson process

Let A(t) : [0,00) — [0,00) be an integrable function. The counting process
{N(t),te[0,00)} is called a non-homogeneous Poisson process with rate A(t) if all the
following conditions hold

1) N(0) =

N(t) has independent increments

(
(2
(

P(N(t+A) — N(1)

)
)

3) ¥ t € [0,00), we have
( 0) =1 - A(t)A +o(A)
(

P(N(t+A) — N(t)

1) = M)A + o(A)

P(N(t+A) — N(t) > 2) = o(A)

v

where o(A) is the little-o-notation for o(A)/A as A — 0.

20
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Figure 3.3. A typical sample path of a non-homogeneous Poisson process.

From those properties N(t + A) — N(t) is a Poisson random variable with mean

E[N(t+A) = N(1)] = [2 Ms)d(s),

t

which implies
EIN(A)] = [i* A(s)ds = Var[N(A)]

Definition 3.2.4. Compound non-homogeneous Poisson process

Let’s consider the compound non homogeneous Poisson process represented by:
N(t)

Y(t) = X;,t > 0. Then the expected value and the variance of the compound
i=1

non homogeneous Poisson process could be expressed respectively as followed :

E(Y(t)) = E(N)E(X) and Var(Y(t)) = Var(N)E[(X)]?

21



Based on lemma 3.1.1 the following results holds when Y (¢) is a non-homogenous

compound Poisson process.

Theorem 3.2.3. Set V' (Yi, au, Bx) = V55 for k = 1,---,n. Then VaR,,(Rr) =
Vi — (u+ cT) and given then n'™ period [(n — 1)T,nT), the optimal solution has the

following cumulative Value at Risk at time (n — 1)T

n—1

VaRy, (R,T) = Z (Ye(Ae) = I(Yi(An)) + Pr(Yi(Ar))) + Vi7 = (u+ enT)

=1

iYk( M) =L (Yie(Ak))+Pr(Yi(A))) +VaRa, (Yo (Ar)) = (Yn) = (ut-enT)

Furthermore

E(VaR:, (R,T)) = :zi E(V(w) — TI(Ye()) 4+ Pr(Ya(A)) + V2 — (u+ enT)
and

P(VaR;;n(RnT) > g(AkT)E(X’“) + ;Vé (Pr(Ye(Me)) — I(Ye(Mr)))

n—1
+V—(u+cenT) + \/Z (AMT)E(XF)? - zan> ~
k=1
where 1 — ®(z,, ) = a,, and O(+) is the cdf of N(0,1).

Corollary 3.2.4. Let’s consider n cycles of L periods with (o, 8; wherei =1,--- L.
Asn — 00, by the law of large numbers we have
o The expected Value at Risk per cycle

B(VaRs, (Ruir)) R ZL: MNTE(X) XL: 100
L

7 (Y; (/\ )
nL — T

||Mm

i=1 i=1
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e The expected value of the portfolio per cycle

" L i L i L iy
EXor) { SOATEON) _ §8 I0GQ0) _ §h P0G CT}

nL y L . .
i=1 i=1 =1
CRTY )\TEX’) L b viow))
7 (Yi(Ai
Z —|— cl — Z - Z 17

=1 =1 i=1

where E )‘) + cT' represents the Expected Income and Z As TE ATBXY Z Elts
i=1

represents the FExpected Loss.
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CHAPTER 4
LUNDBERG RISK MODEL WITH INVESTMENT COMPONENT

We focus on finding VaR for an insurer who considers investing a portion of
the premium received into stocks.
Consider a scenario where an investor has an option to invest in only two different
types of assets. Specifically, split the investment between risky assets such as stocks

and risk-free assets such as bonds.

I-Risky Asset
A frequently used model for the dynamics of risky asset prices is the geometric
Brownian motion. If S; denotes the price of a risky asset at the time ¢, then S; will
follow a geometric Brownian motion if it satisfies the following Stochastic Differential
Equation (SDE)
dSy = pSdt + 0S;dBy (4.1)

where p is the drift and o > 0 is the volatility of the risky asset, with both p and o
assumed constant. B; is the stochastic process known as Brownian motion defined

below.

Definition 4.0.1. Brownian motion B; is a stochastic process starting at zero, i.e.,
By = 0, which satisfies the following three conditions:

1. Independent increments: The random variable B; — By is independent of the
random variable B, — B, whenever t >s>u >v >0

2. Stationary increments: The distribution of By s — By is independent of s

3. Normal increments: The distribution of B, — B; ~ N(0,t —s),t > s> 0
24



Using the Ito formula of stochastic calculus, the explicit solution of the SDE for the

geometric Brownian motion reads

o2
Sy = Spel B> (4.2)

II-Risk free asset
The price of the risk-free asset at time t is denoted by M, and satisfies the following

deterministic differential equation
th = T’Mtdt (43)

The parameter “ r ” represents the risk-free interest rate. Given Sp =1 , we
assume that ES; = e* > M, = e" which is equivalent to y > r, and implies that the

average return on stock exceeds the return on bond.

ITI- Combined portfolio (risky and risk-free asset)
Let A(t) be the amount of money available to an investor at time ¢t = nT . After
collection of the premium ¢T" at the beginning of each cycle [(n — 1)T,nT), a portion
w of the premium is invested in stock and the remaining portion 1 —w is accumulated

without earning any interest, with 0 < w < 1.

Our objective is to analyze the effect of investing a portion of the collected premium

in equities (stocks) on the insurer’s risk exposure over the time horizon [0, nT] .
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Recall form chapter 3 the optimal solution without investment has the following

cumulative Value at Risk at time (n — 1)T

-1

VaR,, (Rur) = (Ve = I(Ye) + Pr(Y2)) + Vi — (u+ ent)

k=

3

—

n (4.4)
= Y~ I(Yi) + Pi(Yd)) + VaRa, (V) = Yy — (u + cnt)

We begin investing upon collecting the premium c¢T by time T

& 1st investment
\}x

L.
] 1 I 1 ~

0 T 2T 3T v nT

Lemma 4.0.1. Difference of normal and lognormal.
Let X, Y be independent normal and lognormal random variables respectively , and

let C >0 and 0 <w <1 be any given constant. Then,
(1) VO <a<1, 3 aunique A such that P(X — (1 —w)C — CwY > A) =«

(ii) If X ~ N(my,0%) and Y ~ LN (my, 03) then A satisfies the following equation

(10

o] 01

/_"O A+ C(1 —w) + Cwe™t72% — Vo(2)dz = a (4.5)

where ®(z) and p(z) are cumulative distribution and density of Z ~ N(0,1)

(1ii) A is readily obtained via numerical integration in (4.5) by trial and error based

on the fact that 1 — G(ATCUZWFCW™ T mmy o comtinuous and decreasing in A.

o1
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Remark. When C'=mq, w =0 then (% =Zy, orA=o012,.

Proof. To show (i) , notice that U = X — CwY = X + V has density which is the

convolution of f,(x) and f,(v) = f,(55)(cks) fult) = ful@) + fulv).
Therefore

PX-CwY >A+C(1—w))=PU>A+C(1—-w))
:/00 fu(u)du

A+C(—w)

—1-F,(A+C(1—w))

with unique

(4.6)

A=F;'(1-a)—C(1 —w), because F,(-) is strictly increasing and continuous.

To show (ii) notice that for Z ~ N(0, 1)

P(X-C(l—w)—Cw>A)=P(X —C(1 —w)— Cwe™ 7 > A)

= / P(X —C(1 —w)— Cwe™* " > A| Z = 2)p(2)dz

S8 _ _ mo+022 __
:/ P(X my > A+ C(1—w)+ Cwe ml)gp(z)dz
—c0 g1 01
o0 A+ C(1 —w) + Cwe™ 722 —m
— / 1— & ( ) p 1)]¢(z)dz =«

(4.7)

]

Lemma 4.0.2. Let (X,,) be independent of (Y,) where X,,,Y,, X, Y are continuous

random variables such that

F.(r) = P(X, <z)— P(X <x)= F(x) uniformly in
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and
Gn(y) = P(Y, <y) = P(Y <y) = G(y) uniformly in y
V 0<a<l,aeRa=PX,+Y,>a,) =PX+Y >a),n=1,2---

Then lim a,, = a

Proof. For every n

F,xGula,) = P(X,,+ Y, <a)=FxG(a)

or [ Fy(ay, —y)dG,(y) = [ Fla —y)dG(y)
Now
(A) 0= (F,*Gpla,)) — (F, * G(ay,)) + (F, * G(a,) — F x G(ay,))
+(F xG(a,) — F xG(a))
|(F, % Gp(an)) — (B x Glay))| = |Gn* Fu(an) — G * Fy(ay,)|
= | [(Gn(an — 7) — G(an, — x))dF,(2)]
< sgp |Gn(z) — G(z)] = 0

and similarly

[(Fo % Grlan)) — (Fo* G(an))| = | I(Fn(an — ) — Flan, — y))dG(y)|

<sup|F.(y) — F(y)| =0
Yy

Hence by (A) lim F x G(a,) = F * G(a), since the convolution of continuous F and

G is continuous and strictly increasing, it follows that a,, — a. ]

28



Theorem 4.0.3. Set V.*(Yy, o, Br) = Vi for k = 1,....,n. Assume we invest in
different stocks at each time iT, i = 1,..,n — 1 . Then, the formula (3.4) with

investment becomes

n—1
VaR;, (Rur) = (Ye—I1(Ye)+ Pr(Ye)+ V) —Ju+ (n—1)(1 —w)cT
k=
1 n—1 9 (48)
+wcTZ e(Ui_%)(n_i)T+Uz(B( B(l))]
k=1

where Ui(BT(f% — BZ(})) ~ N(0,0%)(n — 1)T) with the Brownian motion B'(t) corre-

sponding to the it stock and B' are independent.

Proof. Assume we start investing on the second period given that we have collected

¢T on [0,T). Then we have the following recursive formulas

on [T, 2T)

VCLRZZ (RQT) Z (Yk - (Yk) + PI(Yk)) + Vn*

k=1
—[u+ (1 —w)cT + weTel~ )T+”1(B§T)_B(Tl))]
on [2T,3T)
3-1
VCLR;S (R3T> = Z (Yk — [(Yk) + P](Yk)) + V;
=1

—[u+ (1 —w)T + wcTe(“lfﬁ)T“l(B(l)*Bm)

+(1 — w)eT + weTelr2~ T +oa(B - 3(2))]

By continuing, we arrive at the following formula

on [(n—1)T,nT)

n—1

VaR}, (Rur) = > (Y —I(Yx) + Pr(Yz)) +V,;

k=1
n—l o7 . i i
—[u+ (n—1)(1 — w)cT +weT S eli=F =T+ (B -Bi7)]
k=1
[
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n-l1 o? . i i
Theorem 4.0.4. Let W = ) elni=H)n=)T+oi(B2-Bil) be the sum of independent
i=1

lognormal. Then the central limit theorem can be used to find the insurer risk exposure

after the following modifications are made.

Fenton- Wilkinson approrimation (F-W)

n—1
Let W; ~ LN (a;,b;) be independent log-normally distributed, and W = > W;. The
i=1
distribution of W has no closed-form expression, but can be reasonably approrimated
by another log-normal distribution W . By Fenton-Wilkinson approximation, the

parameters of W is obtained by matching the mean and variance of another lognormal

distribution.

2

Casel : Assume b=b;,a =a; = j; — %Ji , i.e. all stocks have the same drift

(average rate of return) and volatility . We obtain the following mean and variance

Var(W)=b= ln[6b2 _11 + 1]
b n_v (W) (49)
E(W) =a = nl(n — 1)e’] + %~ %

Using (4.8) and (4.9) we obtain

E(VaR:. (Rur)) = g E(Y (M) — 1Y (M) + Pu(Y (M) + V7
—[u+ (n—1)(1 — w)eT + weTE(W)]
= :z_:i EY (M) —I(Y (M) + Pr(Y (M) + Vi

—[u+ (n—1)(1 = w)eT +weT(In[(n — 1)ev] + & — Yerihy)
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and

n—1 ~
Var(VaR;, (Rur)) = Y. MTE(X®)?2 + (weT)*Var(W)
k=1

Z MTE(XW)? 4 (weT ) (In[45t + 1))

Case2: Assume b="bj,a; # a;,i,7=1,....,n—1, i.e. all stocks have different
drift (average rate of return) but same volatility. Then from Case 1, we can also find

the corresponding mean and variance .

E(VaR}, (Ryr)) = > E(Y (M) — LY (M) + Pr(Y (M) + Vi

—[u+ (n—1)(1 = w)eT + weTE(W)]

_ B(Y (\) — 1Y (W) + Pr(Y (\) + Vi
—[u+(n—1)(1—w)cT + wcT(ln[rfz_:1 e%] + % - VWT(W))]
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and

n

—1 R
Var(VaR;, (Rur)) = Y. MTE(X®)?2 + (weT)*Var(W)
k=1
n—1 , ni:l eZaj
= Y MTE(X®)2 4 (weT)?(In[(e” —1)-= +1])
k=1 (J;l €%)2

Case3: Assume a; # a; ,b; # b; , 1,7 = 1,...,n—1, i.e. all stocks have
different drift (average rate of return) and volatility. Then by F-W approzimation.

Then from Case 1, we can also find the corresponding mean and variance .

Var(W) = b = In[*= — + 1]
(X ey
Jj=1
n—1 2
E(W)=a=In[Y ewts]— Yorl¥)
j=1
Using(3.8) we also get
n—1
E(VaR;, (Rur)) = 3 E(Y(\) = I(Y (M) + Pr(Y (M) + Vi
k=1

A

—[u+ (n—1)(1 —w)eT +wcTE(W)]

_ B(Y (\) = I(Y (\) + Pr(Y (\)) + Vi
et e )
—[u+ (n—1)(1 — w)eT + weT (In][= 7 1]

-1
(% et )2
i=1
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and

n—1 ~
Var(VaR:, (Rur)) = > MTE(X®)2 + (weT)*Var(W)

k=1

n—1

42, .2
_ ) 29T (b 1)

Z MTE(X®)? + (weT)*(In[*= 7
k=1 (5, ety

From Linderberg central limit theorem, after the proper substitutions are made, we

can find the value at risk for the insurer using the following

P|VaR;, ( Z MTE(X®) + Z Pr(Y (M) = I(Y (M)

+V = [u+ (n—1)(1 —w)eT + weTE(W)]

n—1
+ Za, Z MTE(X®)2 4 (weT)2Var(W) | = oy

k=1

where 1 — ®(z,,,) = o, and O(-)is the cdf of N(0,1).

(4.10)

Theorem 4.0.5. Set V.*(Yy, o, Br) = Vi for k = 1,....,n. Assume we invest in

different stocks at each time iT,i=1,..,n — 1.

n—1 o? i i
Consider equation (4.8) such that Y elt=3)(n= )T+0i(Bp—B(z) g approximated by a
k=1

single lognormal e*t7% using F-W. As mentioned in chapter 3

Nit (k)
v = > x®
J=Ng—nr+1

Denote by mgk) = E(X)) ; (k) = B(XF)?
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Then
Enfyk() ZAkTE(X )) = Z)\Tmlk) Zm

and

Var S Yi(t) = Z)\kTE(X )2 = Z)\kTmQ

k=1

which can be used along with Lemma 4.0.1 to find the insurer’s value at risk.

n—1 n—1 n—1
ZYk—ka A+C(1—w)+0we“+"z—2mk
k=1 k=1 k=1 ) (Z)dZ

/ P( (k) - i
—00 n—1 k n—1
YIS T hTms S ATl
k=1
(4.11)

n—1
- A+ C(1 —w)+ Cwe!*7% — >~ my
:/ 1_<I>< b=l )](p(z)dz:a

n—1
S A Tmd
Example 4.0.1. Find the VaR,,

k=1

Casel: Without investment

Consider 25 independent and identically distributed random variables X; ~ N(0,1)

X1+Xo++X25—25(0) o
P > 2) = 0.05

P(X1 4+ Xo+ -+ Xos — 25(0) > 5z,) = 0.05
P(X1 4 X+ -+ Xos — 25(0) > 8.25) = 0.05

Then VaR, without investment is 8.25.
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We will now consider three cases involving investment while assuming that all stocks
have the same drift (average rate of return) and volatility.
Using formula (4.10), let’s find the value at risk at the level a = 0.05 . Note that A

is the corresponding VaR,, to be found.

Case2: With investment and fixed average rate of return

Table 4.1. with fixed p = 0.1

Average rate of return ;. | Volatility o2 | Value at Risk VaR,
0.1 0.5 7.92
0.1 0.2 7.8
0.1 1 8.27
0.1 0.986 8.25

Comments: As mentioned earlier, at the level a = 0.05, the value at risk is 8.25
without investment . Now with investment, for the fixed average rate of return
1= 0.1, the break-even point which is the corresponding point at which the VaR,, is
the same with or without investment, is obtained when the volatility is o2 = 0.986.
For any value of 02 < 0.986, the risk exposure is decreased. This implies that to lower
the risk exposure, an investor should consider stocks with lower volatily. For instance,
stocks with volatility 0.2 will have a risk exposure of 7.8 < 8.25 (risk exposure without
investment). On the other hand, it is essential to mention the higher the volatily, the
higher the risk exposure, as it is the case for 02 = 1, VaR, = 8.27 which is higher

than the Value at Risk of 8.25 corresponding to the VaR, without investment.

Case 3: With investment with fixed volatility
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Table 4.2. with fixed 02 = 0.5

Average rate of return ;. | Volatility o2 | Value at Risk VaR,
0.02 0.5 8.71
0.2 0.5 6.8
0.5 0.5 2.8
0.067 0.5 8.25

Comments : While considering 8.25, which is the VaR, without investment, our
base for comparison at the level o = 0.05, we fix our volatility o2 at 0.5. Then, the
break-even point is obtained when the average rate of return p = 0.067. Note that
the risk exposure is decreased only if the average rate of return is greater than 0.067,
as it is the case for p = 0.5 and p = 0.2 whose corresponding value at risk 2.8 and 6.8
are smaller than 8.25. Nevertheless, for = 0.02, VaR, = 8.71 > 8.25, which in this

case implies that the smaller the average rate of return, the higher the risk exposure.

Case 4: With investment with fixed Value at Risk

Table 4.3. with fixed VaR, = 8.25

Average rate of return y | Volatility o2 | Value at Risk VaR,
0.054 0.1 8.25
0.1 0.986 8.25
0.067 0.5 8.25
0.085 0.8 8.25
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Comments: At the given level a = 0.05, consider the fix VaR, = 8.25. Based on
the investor’s risk tolerance o2, the best stock to maintain the investor risk exposure
can be found by identifying the best pair ( u, %) which guarantees the break-even
point as shown on the table . Based on case 3, the investor will be able to lower the

risk exposure by choosing stocks with a higher rate of return.
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CHAPTER 5
EXTENSION AND GENERALIZATION

In this section, we consider processes that no longer have independent incre-

ments.

5.1 Compound Mixed Poisson process

Definition 5.1.1. Mixed Poisson process

Let N be a standard homogeneous Poisson process and {p(t),t > 0} be the mean
value function of a Poisson process on [0,00) . Let § > 0 be a random variable
independent of N. Then the process {N(t) = N(Au(t)),t > 0} is said to be a mixed

Poisson process with mixing variable 8. We have
B(N(t)) = EN(0u(t)) = E(E[N(0u(0)16)] = E(0p(t) = Bou(t)

Var(N(t)) = E[Var(N(t)|0)] + Var(E[N(t)|6])
= EOu(t)] + Var(0p(t))
= EOu(t) + Var(0)(u(t))*
= BV (1+ Yg2n()

It is noteworthy to mention that unlike Poisson process, the Mixed Poisson process
does not only have dependent increments but, in addition, it is also over-dispersed
(i.e., Var(N(t)) > EN(t) for any ¢t > 0 with p(t) > 0) and in general, the distribution

of N(t) is not Poisson.
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Figure 5.1. Several sample paths of a Homogeneous Poisson process.

MN(T)

d 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 T

100 200 300 400

Figure 5.2. Several sample paths of a mixed Poisson process.
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Notice that Figure 5.1 and Figure 5.2 represent five sample paths of a homogeneous
Poisson process and mixed Poisson process respectively. In this example, the mixing

variable 6 is exponential with parameter 1.

N(t)
Fact. Let Y(t) = > X;,t > 0, with X iid and independent of N(¢), be the
i=1
compound mixed Poisson process. Then the expected value and the variance are as

follows

E(Y (1) = E(N(1)E(X,) = Ebu(t) (5.1)

Var(Y(t)) = Var(X;)E(N(t)) + BE(X;)*Var(N(t)) 52)

= Var(X;)EOu(t) + E(X,)* (E0u(t) + Var(0)(u(t))?)

Let’s define a sequence of independent mixed Poisson processes N*(¢) on [(k—1)T, kT)

and the corresponding compound Poisson processes

NE(2)
Yi(t)= > X} (5.3)
j=1
The cumulative loss reads
E—1
Y(t) =Y Y;(iT-) + Yi(t) (5.4)
j=1

where (k — 1)T <t < kT.
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Based on Lemma 3.1.1 and (5.1) — (5.4) we arrive at the following

Theorem 5.1.1. Set V;*(Yi, o, Bx) = Vi for k = 1,- - -n. Then VaR., (Rr) =
Vi — (u+ cT) and given then n'™ period [(n — 1)T,nT)], the the optimal solution has

the following cumulative Value at Risk at time (n — 1)T

n—1

VaR}, (Rur) = > (Yi) = 1Y)+ Pi(Yz)) +V; — (u+cenT)

= S (V) = I(Y) + Pr(Y2)) + VaRa, (Y,) — (Ya) — (u + enT)

Furthermore

E(VaR;n(RnT)) - "Z_:l EOu(t) - E(X*) — I(Y},) + Pr(Yy) + V5 — (u+ cnT)
and

P|\VaR;, (R,r)> Z EOu(t) - E(X*) + k]fl (Pr(Yy) = I(Y3)) + Vi — (u+ cenT)

+\/Va7“ DEOu(t) + E(X:)2(EOu(t) + Var(0)(u(t)2) - za, | ~ an
where 1 — ®(z,, ) = o, and D(+) is the cdf of N(0,1).

Corollary 5.1.2. Let’s consider n cycles of L periods with (o, B; where i =1, -, L.
Asn — 00, by the law of large numbers we have

e The expected Value at Risk per cycle

E(VaR;;n(RnLT) _ i EOu(t) i (Y3) i Pr(
i=1 =1

Y;)
nl T - — Tl
i=1
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e The expected value of the portfolio per cycle

. L L L
EXr) _{ S BB f(LY> S B CT}

nL
i—=1 i:l i=1

L
where Z ) 4 ¢T represents the Expected Income and Z M + > %

1=1 i=1
represents the Fxpected Loss.

5.2  Renewal Process

Definition 5.2.1. Renewal Process

A renewal process N = N(t) : t > 0 is a process for which
N(t) = max{n: T, <t}

where
To=0T,=M +My+---+ M, forn>1

for i.i.d non-negative random variables M; for all ¢ > 0.

Definition 5.2.2. Compound Renewal Processes
Let {(T1, X1), (T2, X3), - -} be a random marked point process with property that
{T1, T3, ---} is the sequence of renewal times of a renewal process, and let {N(t),t > 0}

be the corresponding renewal counting process. Then the stochastic process Y (¢),¢ > 0

defined by
N(t)
Z X, ifN(t)>1
Y(t) = (5.5)
0 if N(t) =0
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Y(t),t > 0 is called a compound renewal process with the corresponding mean and

variance

Var(Y(t)) = Var(X;) E(N(t)) + E(X;)*Var(N(t)) (5.7)

Let’s define a sequence of independent renewal processes N*(t) on [(k — 1)T, k¥T') and

the corresponding compound renewal processes

Nk (1)
Yi(t) = > X} (5.8)
j=1
The cumulative loss reads
k-1
Y(t) =) Y(T—)+ (1) (5.9)
=1

where (k — 1)T <t < kT.
Based on Lemma 3.1.1 and (5.6)- (5.9) we obtain the following

Theorem 5.2.1. Set Vi*(Yy, o, Bx) = Vi for k = 1,-n. Then VaR,,(Rr) = Vi —
(u+ cT) and given then n'* period [(n — 1)T,nT)], the the optimal solution has the

following cumulative Value at Risk at time (n — 1)T

n

VaR;, (R,T)= > (Y —I(Ys)+ Pr(Yy)) + V' — (u+cnT)

1
1

=
Il

M=

(Ve — I(Y3) + P(Y)) + VaRa, (V) — (Y,) — (u + enT)

k

Il
—
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Furthermore
E(VaRy, (R.T)) = i(( NOE(X®) = 1Y) + P (V) + Vi = (u+enT)
and

P

VaRy;, (R.T) > nf E(N)E(X®) + % (Pr(Yy) — I(Y3)) + Vi — (u + enT)

\/Z Var(X®)E(Ny) + E2(X®)Var(Ng) - za, | = an
where 1 — ®(z,, ) = a,, and O(+) is the cdf of N(0,1).

Corollary 5.2.2. Let’s consider n cycles of L periods with («, f; wherei =1, L.
Asn — 00, by the law of large numbers we have

o The expected Value at Risk per cycle

aR* L L . L :
5(v RZE(RnLT) . ; (E(Nk)5<x<k>) _ ; 1(¥;) ; P(Y)

E\VaR;, (Bnrr L (BN B(X® L I(Y; Lop Y;
( il ) ;;((k)l/( )_;(L)_i; ’2)—CT
L L
E(X* E(N)E(X®) I(Y; Y;
(Kipr) _{;( (M) ))_; (L)_; I<L)_CT}
L L L
I(Y;) (E(NR)E(X®) Pr(Y;
=3 1 2 ( k) (X)) -3 I(L)

i=1

where Z 0% 4 T represents the Expected Income and Z E(N’“—(k) Z

=1 1:]_ =1
represents the Expected Loss.
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Proposition 5.2.3. These extensions could also be applied to the investment portion.
Assume the premium collected is invested in different stocks at each time il |, i =

2 .
1,---,n—1. and consider (4.8) such that Z Fn=)T+oi(B-Bip) g approximated

by a single lognormal W = eprtoz using F. W.
1. Then in the case of compound mized Poisson process , using (5.1)-(5.4) and

Theorem 5.1.1, we can find the insurer’s value at risk with the following

P

VaR;n(RnT))>;§EQ,u(t) E(X*) + NE(PI(Y;C) 1(Yz))

+VF —[u+ (n—1)(1 —w)eT 4+ weTE(W)]

+Za, \/Var DEOu(t) + E(X:)?(EOu(t) + Var(9)(u(t)?) + (weT)2Var(W) | ~ ay.

2. And in the case of compound renewal process, we can use (5.6)- (5.9) along

with Theorem 5.2.1 to describe the reinsurer value at. risk as follow

P|\VaR;, (R,T)) > nfE(Nk) E(X®W) 4+ ij (Pr(Ys) = 1(Y)) + V!

—(u+ (n—1)(1 = w)eT + weT BE(W)

n—1 A
+2ant | 2o Var(X®)E(Ny) + E>(X®)Var(Ng) + (weT)2Var(W) | ~ ay,
k=1

where 1 — ®(z,,,) = o, and O(+) is the cdf of N(0,1)
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CHAPTER 6
FUTURE WORK

6.1 Conditional Tail Expectation (CTE)

In this dissertation, we studied periodic reinsurance with investment, where
for each period a specific DRM, namely VaR, was considered. The main reason
for this approach to risk assessment stems from the fact that for a general DRM,
expressions involving the effective risk calculation have no closed form and become
hardly tractable.

Our future research will be devoted to a hybrid method, whereby in the final stage,

another concrete DRM with reasonable tractability, such as the Conditional Tail

Expectation (CTE), can be used. The reasons for pursuing such direction are two-fold:
(a) CTE risk calculation can be readily achieved via Monte Carlo simulation

(b) CTE offers a remedy for under-estimating risks associated with VaR

Remark. Observe that for every level 0 < a < 1, CTE, > VaR,. Whence it follows
that CTE offers a more informative risk estimate. Clearly, knowing the size of average
loss given the loss exceeded L, provides much better prediction than just knowing

that the loss is greater than L.

In what follows, we recall the definition of CTE and illustrate how this approach

leads to a Monte Carlo simulation of CTE for our model with investment.
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The CTE can be expressed in terms of distortion risk measure. Let’s recall
from chapter 2 the definition of DRM.
Definition 6.1.1. Let g : [0,1] — [0, 1] be a non-decreasing function with g(0) =0
and ¢g(1) = 1. For a non-negative random variable X, the Distorted Risk Measure

(DRM) is defined by

po(X) = [y~ 9(Sx(w))dx

where Sx(z) = P(X > x) is the survival function of X.

Given the parameter a, such that 0 < o < 1 if

1 ifl—a<t<l1

then
pg(X) == [ 9(Sx(x))dz = CTE,

As noted in [18], an equivalent way of defining CTE, is given by the following

Definition 6.1.2. Let X be a random loss variable with density f. Then the CTE

of the risk X is defined

CTE(X) = E[X|X > VaR,(X)] = 2 f\:Ra(X) zf(x)de, 0<a<1

T«
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Assume that the pdf of the sum of two independent random variables has known
closed form.
Example 6.1.1. Let X, Y ~ Exponential(\), then the sum Z = X+Y ~ Gamma(2, \)
with pdf f(z) = ze™*. At the level a = 0.05 one calculates VaR, = 4.743, and the

Conditional Tail Expectation of 7 is

CTE(Z) = gz [ ous 7 - 7€ 7dz = 5.9213

It turns out that if we simulate X and Y by Monte-Carlo using the following

> (Xi+Y;) 1()]{\§+Yi>VaRa)’ P(X —+ Y > VaRa) =

Q=

(2

we can then recover C'TE, with very good degree of accuracy. Namely, by running

three simulations with N = 107 trials and taking their average we obtained 5.9214.

Based on this, we can apply Monte Carlo simulation to approximate CT'F, in the

case the pdf of the sum is unknown.

Example 6.1.2. Let X ~ Normal(13,13) and Y ~ Lognormal(0.163,3.23), thus
we do not have a closed pdf form for Z = X — cwY. This case corresponds to Lemma
4.0.1 regarding the risk model with investment.

At the level o = 0.05 with VaR, = 8.25, ¢ =1 and w = 0.4, the Conditional Tail
Expectation of Z calculated by analogous Monte Carlo simulation was found to be

9.59, thus greater than the value at risk VaR,, as expected.
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