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ABSTRACT

Quantized enveloping superalgebra of type P

Saber Murad Ahmed, Ph.D.

The University of Texas at Arlington, 2022

Supervising Professor: Dimitar Grantcharov

We introduce a new quantized enveloping superalgebra ,p,, attached to the
Lie superalgebra p,, of type P. The superalgebra ,p, is a quantization of a Lie
bisuperalgebra structure on p,, and we study some of its basic properties. We determine
representations of the superalgebra ,p, and derive its Drinfeld-Jimbo relations. We
prove the triangular decomposition of l,p,, and introduce some preliminary results
concerning the highest weight representation of 4[,p,,. We also introduce the periplectic
g-Brauer algebra and prove that it is the centralizer of the 4 p,-module structure on

C(n|n)®t. Finally, we propose a definition for a new periplectic q-Schur superalgebra.
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CHAPTER 1
INTRODUCTION

Many of the symbols and notation of the early chapters will be familiar to the
casual mathematics reader of mathematical writing, and will be used consistently
throughout. Any important notations will be mentioned when they are first introduced.
A familiarity with the standard topics of a first-year algebra course and a first-year
linear algebra course is assumed from the interested reader. Topics include vector
spaces, rings, fields, modules, and algebras. A two-semester sequence of graduate

algebra is recommended.

1.1 History of Lie Superalgebras

Lie algebras and superalgebras are important in many fields of mathematics and
physics, such as quantum physics and particle physics. Studies of symmetries arise
when studying particle states and the possibilities of such states, which are understood
through symmetries. When relating particles of different statistics, such as fermions
and bosons, then the concept of “supersymmetries” becomes important, and hence the
rise of Lie superalgebras in the 1970s. This was of great interest to quantum chemists
and quantum physicists, and thus was the original motivation for the study of Lie
superalgebras. Studying the representation theory of Lie superalgebras is equivalent
to studying the representation theory of their universal enveloping algebras, and this
helped to drive the motivation for studying Lie superalgebras as well, among other

related algebraic objects such as quantum groups.



Motivated by the usefulness in physics and other fields of mathematics, much
research has been done to classify Lie superalgebras, determine various properties
about these structures, and their representations. Kac classified the simple finite
dimensional Lie superalgebras over algebraically closed fields of characteristic zero
in [36] in 1977. Lie superalgebras of classical type are defined in [52]. Irreducible
characters of classical Lie superalgebras for the finite-dimensional modules, and even
for modules in the BGG category O, have been worked out in [47], [7], [32], [11], [12],
[5].

During this time quantum groups have gained much traction, yet Lie superalge-
bras have not been as well investigated and in some sense overlooked. Even more
than thirty years after the work of Kac, the representation theory of Lie superalgebras
is still not well understood. Despite this, there has been significant progress made in
the study of Lie superalgebras.

Lie superalgebras can also be seen as a generalization of Lie algebras. Although
the representation theory of Lie algebras and Lie superalgebras have some similarities,
studying Lie superalgebra sand their representations proves to be much more difficult.
For example, in the study of the category of finite-dimensional modules over a finite-
dimensional simple Lie superalgebra, it is not true that the category is semisimple
in general [37]. These categories are much more difficult to study compared to their
classical counterparts.

One class of Lie superalgebras that have gained much traction in the past 30
years are referred to as the “strange” Lie superalgebras. One reason these are called
“strange” are due to not having a direct analogue to Lie algebras. The representation
theory of these strange Lie superalgebras is one of the more popular subjects of studies
recently and there are many fundamental questions that remain open. There are two

types of strange Lie superalgebras, P and (), both of which are interesting due to the
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algebraic, geometric, and combinatorial properties of their representations. The study
of the representations of type P Lie superalgebras, which are also called periplectic
Lie superalgebras in the literature, has attracted considerable attention in the last
five years. Interesting results on the category O, the associated (affine) periplectic
Brauer algebras, and related theories have been established in [3], [4], [10], [15], [16],
[17], [18], [20], [27], [28], [39], [48], and more recently [1], [21], [22], among others.
Despite these considerable advances in the understanding of the representation theory

of type P Lie superalgebras, many aspects of it still remain mysterious.

1.2 History of Quantum Supergroups

Quantum groups emerged in the 1980’s, with Drinfeld coining the term in
1985. In 1986 at the International Congress of Mathematicians, Drinfeld’s results
brought quantum groups to the attention of mathematicians internationally and set
the foundation for its theory. The first discovered quantum group was the g-analogue
of SU(2), the special unitary group of rank 2. One of the problems of interest
was understanding exactly solvable models in quantum mechanics, which involved
integrable systems. Quantum groups also appeared in the work of physicists and
mathematicians interested in the quantum inverse scattering method in statistical
mechanics. At first, quantum groups were understood to be associative algebras
whose defining relations are expressed in terms of a matrix of constants known as
a quantum R-matrix. However, Drinfeld and Jimbo independently observed that
these guantum groups are really Hopf algebras, and these particular Hopf algebras
are deformations of universal enveloping algebras of Lie algebras. These deformations
were originally intended to aid in the construction of solutions to the now famous
Yang-Baxter equation. Very recently, quantum groups have been found to have far

reaching connections in pure mathematics, such as category theory, representation
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theory, and topology. The theory of quantum groups has grown significantly, and
continues to gather substantial attention ever since their introduction.

It was later realized that it was also possible to quantize the enveloping super-
algebras of certain Lie superalgebras, with Lie superalgebras being pure algebraic
objects that carried essential information for their corresponding Lie supergroup. The
quantized Lie algebras and the quantized Lie superalgebras have been found to be
useful in low dimensional topology, statistical physics, and noncommutative geometry.
There are results of the quantization of the universal enveloping algebras of the
strange Lie superalgebras. Olshanski constructed the quantized enveloping algebra of
type Q, Uy, in [44] through the FRT formalism as described in [29]. Nicolas Guay,
Dimitar Grantcharov, and I constructed the quantized enveloping algebra of type P,
UyPpp, in [1] through the same formalism.

Quantum supergroups are the supersymmetric generalizations of quantum
groups. Supersymmetric integrable lattice models and conformal field theories have
a natural link with these quantum supergroups. Mathematically, they are one of
the few known examples of noncommutative and noncocommutative graded Hopf
algebras that have been studied [55]. Quantum supergroups and quantized enveloping
superalgebras tend to be used interchangeably in the case of Lie superalgebras. Just
like in the case of Lie superalgebras, the studies of their quantizations have not been
as well investigated. The representation theory of quantized superalgebras is still not
well understood. Therefore, any and all results of studying representation theory of

these objects are significant in this field of study.



CHAPTER 2
Bialgebras

In this chapter, we will introduce the reader into some preliminary concepts
about algebras that will be prevalent in future chapters. We will first remind the
reader the definition of an algebra, although it may be presented in a way unfamiliar to
those whose backgrounds in algebra are limited to a one or two semester graduate-level
course. However, this presentation will prove to be useful for introducing coalgebras,
and by extension Hopf algebras. All quantum groups or quantized enveloping algebras
of Lie algebras are Hopf algebras, and also all quantum supergroups or quantized
enveloping superalgebras of Lie superalgebras are Hopf superalgebras. As a result, it

is important that the reader is at least aware of what a Hopf algebra is.

2.1 Coalgebras

The reader may be aware of the definition of an algebra given to be a ring
A together with a ring map n : K — A, whose image is contained in the center
of A. This map 7 equips A with the operation of scalar multiplication given by
(v, a) — n(a@)a. In other words, an algebra A is a ring equipped with a map that
defines scalar multiplication with the field and the ring A, giving the ring a vector
space structure. We will paraphrase this definition below.
Definition 2.1.1. Let A be a vector space. A is an k-algebra when equipped with
the linear maps p: A® A — A and 7 : K — A that satisfies the following axiomatic

commutative diagrams:



ARk AR A ke A AR A
SN S
- A - A
Unit
[ & ud
ARA®A AR A
id @ p Iz
Az A SR
Associativity

The map p is called the product or the multiplication while 7 is called the unit
of the algebra.
We say that A is commutative if, in addition to the above diagrams being

satisfied, the following axiomatic commutative diagram is also satisfied:

TAA

A® A A A
T

Commutatitivty

where 74 4 is the map that switches the tensor factors: Tas(z ® 2') = 2/ ® x
for all x, 2’ € A.

Presenting the definition of an algebra in this way is useful as we can then
systematically write the definition of what is called a coalgebra by changing the

direction of every arrow in the diagrams above.



Definition 2.1.2. Let C be a vector space. C' is an K-coalgebra when equipped with
the linear maps A : C — C ® C and € : C' — K that satisfies the following axiomatic

commutative diagrams:

1dR® e eRid
Cok CeC ko C CeC
N N
= o A = A

Counit
A®id
CRCeC cCC
d® A A
CxC - = C
Coassociativity

The map A is called the coproduct (or comultiplication) while € is called the
counit of the coalgebra.
We say that A is cocommutative if, in addition to the above diagrams being

satisfied, the following axiomatic commutative diagram is also satisfied:

TAA
A® A AR A
A, A

Cocommutatitivty



where 74 4 is the map that switches the tensor factors: Tys(z ® 2') = 2/ ® x
for all z, 2" € A.
Example 2.1.1. Let X be a set and let C' = K[X] by the k-vector space generated

by the basis X. Define the coproduct A and counit € on C' by
Alz)=z®z €(x)=1.

This gives a coalgebra structure onto C.
Definition 2.1.3. Let C' and C’ be coalgebras with coproducts A and A" and counits
e and €, respectively. A linear map f from C to C’ is a coalgebra homomorphism
if
(f@floA=Aof and e=¢of.

In other words, if f preserves the coproduct and counit of C' and C".

2.2 Hopf Algebras
Definition 2.2.1. A bialgebra B over a field k is a vector space over k with the linear
maps ¢ : B ® B — B, the multiplication, A : B —+ B ® B, the comultiplication,
t - k — B, the unit, and € : B — k, the counit satisfying the following conditions:
e [ is an algebra over k,
e [ is a coalgebra over k,
e multiplication and unit are coalgebra homomorphisms (or equivalently, comulti-
plication and the counit are algebra homomorphisms)
Example 2.2.1. For any Lie algebra g, 4l(g) equipped with comultiplication A(x) =

r®1+1®x and counit €(x) = 0, for all z € g, is a bialgebra.



Definition 2.2.2. A Hopf algebra H over a field k is a bialgebra over k with
the linear maps ¢ : H ® H — H, the multiplication, A : H — H ® H, the
comultiplication, ¢ : k — H, the unit, ¢ : H — k, the counit, and S : H — H, the

antipode that satisfies the following commutative diagrams

S®id id® S
HeoH HoH H®H HoH
A o A p
LOE LOE
H H H H



CHAPTER 3
Lie Superalgebras

In this chapter, we briefly discuss concepts and definitions from super linear
algebra and develop a background in Lie superalgebras that will either be relevant to
the main topic of study, or will be helpful in understanding other topics that could be
relevant to the main topic. We first discuss super vector spaces; the most basic object
of discussion. We will mention some parallels that super vector spaces have compared
to vector spaces, like dimension and morphisms between spaces. We then describe
superalgebras and various operations on superalgebras. We end the chapter with a

discussion of Lie superalgebras and universal enveloping algebras of Lie superalgebras.

3.1 Super Vector Spaces

Definition 3.1.1. A super vector space V over a field K , also known as a superspace,
is a vector space over the field K that has a Z,-grading. Namely, there are vector
subspaces Vy and V; such that V =V, @ V.

Definition 3.1.2. Let V = 1 & V; be a vector super space over K , and let W be a
proper subset of V. W is a super vector subspace, or subsuperspace, if W is itself a
super vector space over K with the same operations as V.

Definition 3.1.3. Let V = V[, & V] be a vector super space over k. The elements of
Vo are said to be even, and the elements of V; are said to be odd.

Definition 3.1.4. Let V = V; @ V] be a super vector space over a field kK . Let

dimVy = n and dimV; = m. The dimension of V, denoted as dim V', is the tuple
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(n|m). We say that V' is finite-dimensional if Vj and V; are finite dimensional vector
spaces. The superdimension of V', denoted as sdim V, is defined to be n — m.
Example 3.1.1. The superspace k"™ = k™ @ k™, where kg‘m — k" and K™ = k™,
is the space of points with n + m coordinates, described with the standard basis
{€e1,.. . €ny€nit,...,Enim}, where the first n vectors of the basis are basis vectors of
k™ and the next m vectors are basis vectors of K™

Example 3.1.2. Let V be any vector space over K. We can endow V with a trivial
Z, grading to obtain the vector superspace V =V @ {0}.

Something to note is that if V' and W are vector spaces, then the vector
superspaces V' =V e W and V' =W @V, where Vj =V =V and V] = V' =W
are not the same. The definition of super space depends on a representation of the
group Zs.

Definition 3.1.5. An element v € V for a vector superspace V =V, @ V; is called
homogeneous if v € Vy or v € ;.

Definition 3.1.6. The parity of a homogeneous element v € V; is denoted by p(v) = i,
where p is the parity function on the set of homogoeneous elements of V' to Z,.

When looking at maps between superspaces, we want the grading to be pre-

served.
Definition 3.1.7. Let V =V, ® Vi and W = W, @ W; be superspaces. A morphism,
f from V to W is a linear map f : V — W that preserve the grading. In other words,
f(Vi) c W, for all i € Z,. A morphism f of superspaces is called an isomorphism if
it is bijective.

Since, for a super vector space V = Vy @ Vi, we can write each element in V' as
a sum of elements in V5 and Vj, we can restrict our attention to the homogeneous

elements of V' and extend the relevant results by linearity. So any formula defining

11



a linear object in which the parity function appear to elements in a superspace is
assumed to be homogeneous, and we will adapt this throughout.

For superspaces V' and W, we denote the set of morphisms from V to W as
Hom(V, W). This vector space contains all parity preserving linear maps from V' to
W. This suggests existence of parity reversing linear maps from V to W.
Definition 3.1.8. Let V =1, ® Vi and W = Wy @ Wi be superspaces. A linear map
f from V to W is parity-reversing if f(V;) C Wi_;, for i € Zs.

An important result is that every linear map between superspaces can be written
as a sum of parity-preserving and parity-reversing maps.

Proposition 3.1.1. Let V =V, & Vy and W = W, & Wy be superspaces. Every linear
map f from V to W can be written as f = fo + f1, where fy is a parity-preserving
map from V to W, and f1 is a parity-reversing map from V to W.

We denote the space of all linear maps from superspaces V' to W as Hom(V, W),
which is referred to as the internal Hom [50]. Due to Proposition 3.1.1, Hom(V, W)
is a superspace, with Hom(V, W), being the space of all parity-preserving linear
maps from V to W, and Hom(V, W), being the space of all parity-reversing linear
maps from V to W.

Remark 3.1.2. Something to note that since Hom(V, W) is a superspace if V' and
W are superspaces, then End(V') = Hom(V, V) is also a superspace. This plays a
significant role in representation theory.

Should V' and W be finite-dimensional superspaces, then we can fix a basis
of V and W and represent linear maps from V' to W using matrices. If V = W,
dim(V') = (n|m), and k = C, then fixing a standard basis of V' will give the vector

superspace of all matrices of the form

12



denoted as M,,,,,(C). Here, A and D are n x n and m x m matrices, respectively.

3.2 Superalgebras
Now we extend the concept of superspaces to that of superalgebras.
Definition 3.2.1. A superalgebra is a superspace A = Ay @ A; equipped with a
bilinear multiplication that preserves the grading on A, i.e. A;A; C A,y for i, 5 € Zs.
An analogue of commutativity in superalgebras is as follows:

Definition 3.2.2. A superalgebra A is supercommutative if, for all a,b € A,
ab = (_1)p(a)p(b)ba

Example 3.2.1. Let V be a finite-dimensional vector superspace. Then we have that
End(V) is a superalgebra, with multiplication defined as composition of functions.
Remark 3.2.1. If A is a supercommutative superalgebra, then every odd element
a € A is nilpotent as a? = —a? = a? = 0.

Supercommutativity in superalgebras differs from commutativity in commuta-
tive algebras in that a sign factor appears. This sign factors appears whenever two
(odd) elements are interchanged in a classical relation, otherwise known as the rule
of signs [50].

We want to mention some algebraic constructions for superalgebras that will

come up every now and again.

13



Definition 3.2.3. Let V =V, &V, and W = W,y & Wy be superalgebras. Their direct
sum V @ W is a superalgebra who space is the direct sum of the vector spaces V' and

W with the induced Z,-grading

VeW)=WaeW

VeWh=VieWw

Definition 3.2.4. Let V and W be superalgebras. Their tensor product V& W is a
superalgebra who space is the tensor product of the vector spaces V and W with the

induced Z,-grading

(V@ W)= (Vo ®Wo) & (Vi @ W)

VoW = VoW e (Vi W)
and operation defined by
(v1 ® w)(v2 @ wy) = (—1)p(a2)p(b1)v11}2 @ wiws

Definition 3.2.5. Let V be a vector space. The m® tensor product of V, V¥ is

the tensor product of V' with itself k times:
VEm=VRV®..0V
We denote V& = k. The tensor algebra of V., T(V'), is constructed as the following:
T(V)Zé‘/@m:k@V@(V@@V)@(V@V@V)@...
m=0

with multiplication on homogeneous and elementary tensors determined by the

isomorphism V&™ @ V& — Yy emtn).

(M ®...QUL) (W R...0W,) =11 Q... 0V, QW Q... R w,

14



Proposition 3.2.2. Let V' be a vector space. The tensor algebra T'(V') of V' satisfies
the following universal property: if A is associative algebra and f .V — A is a linear
map, and 1 : V. — T(V) is the inclusion map 1(v) = v, then there exists a unique
algebra homomorphism f : T(V) — A such that 1o f = f
Remark 3.2.3. If V is a superspace, using definitions 3.2.4 and 3.2.5, we can endow
T (V) with a Zy-grading to obtain a tensor superalgebra of V.

Two important algebras that can be obtained from the tensor algebra are the
symmetric algebra and the exterior algebra.
Definition 3.2.6. Let V be a vector superspace. The symmetric superalgebra of
a vector superspace V, denoted as S(V), is the superalgebra obtained by taking
the quotient of the tensor superalgebra T'(V') by the ideal I(V') generated by all

(homogeneous) elements of the form

for all u,v € V. The kth symmetric power, S¥(V), of V is equal to V® modulo the

submodule generated by all elements of the form
V1 QU2 @ ... @ Vk — Vg(1) @ Vg(2) @ - .. @ Ug(k)

for all v; € V' and for all ¢ in the symmetric group Sk.

Definition 3.2.7. Let V be a vector superspace. The exterior superalgebra of a vector
superspace V', denoted as A\ (V), is the superalgebra obtained by taking the quotient
of the tensor superalgebra T'(V') by the ideal I(V') generated by all (homogeneous)

elements of the form

VRV

15



for all v € V. The kth exterior power, /\k(V), of V is equal to V®* modulo the

submodule generated by all elements of the form
V1 QU@ ... R v

where v; = v; for some 7 # j.

Remark 3.2.4. The definitions for the kth symmetric power and kth exterior power
in the classical case are given as theorems in [26] (see Theorems 34 and 36 in section
11.5 in [26]). If V is a superspace, we can then use these facts and the grading
on V to lift these theorems to the definitions above. Similarly, the symmetric and
exterior superalgebras inherit the universal property from the tensor superalgebra in
proposition 3.2.2.

Remark 3.2.5. We can rewrite the symmetric and exterior superalgebras as direct
sums of their symmetric and exterior powers respectively. In other words, for a vector

superspace V',
S(V) =P s"(v)
m=0

AV =N\ )

Another important superalgebra that should be adressed is a Hopf superalgebra,
which is the "super® version of the Hopf algebra defined in Definition 2.2.2:
Definition 3.2.8. A Hopf superalgebra H over a field k is a bisuperalgebra over
k with the linear maps 4 : H ® H — H, the multiplication, A: H - H ® H, the
comultiplication, ¢ : k — H, the unit, ¢ : H — k, the counit, and S : H — H, the

antipode that satisfies the following commutative diagrams

16



S®id id® S
H@H < H®H H®H < H®H

LOE LOE€

3.3 Lie Superalgebras
Throughout the rest of this chapter, assume that vector super spaces are over a
field k, unless otherwise stated. Now we define the main object of interest:

Definition 3.3.1. A Lie superalgebra is a Zy-graded vector space g = go D g1 together

with a bilinear map [, ] : g x g — g, called the superbracket, such that
9, 95] € giyy for i, j € Zy (3.1)
[a,b] = —(=1)"POp, q] (3:2)
(=1 a, [b, ] + (=P PO[b, [e, a]] + (=1)"" e, [a,b] = 0 (3.3)

In the definition above, note that equation 3.1 implies that the bilinear map [, |
preserves the grading, equation 3.2 defines a grading skew symmetry, and equation
3.3 is referred to as the super Jacobi identity.

Example 3.3.1. Given a vector superspace V', we can define a trivial Lie superbracket
where [X,Y] =0 for all X,Y € V| to obtain a trivial Lie superalgebra. Also, recall
from Example 3.1.2 that any vector space V' can be written trivially as V =V @ {0}
as a superspace. Therefore, we can also define a trivial Lie superalgebra of vector
spaces by using the same superbracket defined on the trivial decomposition of V' as a

superspace.

17



Example 3.3.2. Let V = V[ @& V; be a finite-dimensional vector superspace, and
thus End(V) is a finite-dimensional superalgebra. We can endow End(V') with the
superbracket [, | : End(V') x End(V) — End(V') such that

[a,b] = ab — (—1)P@P®)pq

for a,b € End(V'). This Lie superalgebra is called the general Lie superalgebra, gl(V).
If dim Vy = m and dim V; = n, then by fixing a basis, we can write all elements gl(V)

as matrices of the form
(3.4)

where A is a m x m matrix and D is a n X n matrix. The Lie superalgebra that
contains all matrices of the form of (3.4) is denoted as gl(m|n), which is isomorphic to
gl(V'). The even elements are those where B = C' = 0, and the odd elements are those
where A = D = 0. Note that every element in gl(m|n) can be written as a sum of the
elementary matrices E;; for 1 <4, j < m+n. We have that p(E;;) = p(i)+p(j) mod 2,
where p(i) =0 for 1 <i <m and p(i) =1 for m + 1 < i < m + n. The superbracket

in terms of these elementary matrices is
[Eij, Ere] = 0juEig — (—1)P PP, B

If X € gl(m|n) is in the form of (3.4), we can define some super-analogues of
some properties of matrices in linear algebra. The only important properties for our
purposes are the supertrace and supertranspose.

Definition 3.3.2. Let X € gl(m|n) be of the form in (3.4). The supertrace of X,
denoted Str(X), is defined by

Str(X) = tr(A) — tr(D)
18



Remark 3.3.1. Due to the properties of trace, we have that Str(X +Y) = Str(X) +
Str(Y) and Str(cX) = ¢Str(X), for X, Y € gl(m|n) and ¢ € k.
Remark 3.3.2. The supertrace of all odd homogeneous elements of gl(m|n) is 0.
Definition 3.3.3. Let X € gl(m|n) be of the form in (3.4). The supertranspose of
X, denoted X, is defined by

AT CT

Xst —
—BT DT

In terms of elementary matrices E;;, the supertranspose is defined by
(Ey)* = (—1)p(i)(p(j)+1)Eﬁ

There is an analogue of subspaces for Lie superalgebras.
Definition 3.3.4. Let g be a Lie superalgebra and let h be a subsuperspace of g. b
is a Lie subsuperalgebra of g if [g1, g2]; € b, for all g1, g2 € b.
Example 3.3.3. The commutator subsuperalgebra of gl(m|n) consists of all matrices
of the form (3.4) with supertrace zero. This subsuperalgebra of gl(m|n) is denoted
by sl(mn).

Just like how there is a notion of isomorphisms with superspaces, we have the
equivalent for Lie superalgebras.
Definition 3.3.5. Let g and a be Lie superalgebras with superbrackets [, |4 and [, |,
respectively. A morphism, f from g to a is a parity-preserving linear map f: g — a

such that

flor, 92lg = [f(91), f(g2)]a

for all g1, g2 € g. A morphism f of Lie superalgebras is called an isomorphism if f is

also bijective.
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We bring up some other definitions that will be important for understanding
what will be discussed in future chapters.
Definition 3.3.6. Let g be a Lie superalgebra. If V and W are subspaces, then
[V, W], which is spanned by all [v,w] for all v € V and w € W, is a subspace of g.
Definition 3.3.7. A vector super subspace a of g is called an ideal if [a, g] C a.

Definition 3.3.8. A Lie superalgebra g is called solvable if the derived series of g

g<lg,0 <lg 9,9, 0] <Ilo gl g 0l g 0] [g0]]] <...

terminates. If we let
0@ =g, " =1[g" ") fori>0

then the derived series of g terminates if g™ = 0 for some large n.
Definition 3.3.9. A Lie superalgebra g is called nilpotent if the lower central series

of g

g<[g,0] <o g0 <lglsgd] <. ..

terminates. If we let
g =g, g™ =[g¢" fori>0

then the lower central series of g terminates if gl = 0 for some large n.
Definition 3.3.10. A Lie superalgebra g is called simple if the only Zy-graded ideals
of g are 0 and g. A Lie superalgebra g is called semisimple if it contains no solvable

ideals.

3.4 Bilinear Forms

We saw that the definition for Lie superalgebras (and Lie algebras) use a bilinear

form. You may recall from linear algebra that (symmetric) bilinear forms play a
20



role in determining orthogonal bases of a vector space. In studying representation
theory of Lie superalgebras, bilinear forms prove to be an essential asset. This section
will provide the more important details and definitions that will be used in future
chapters.

Definition 3.4.1. A bilinear form B on a vector (super)space V', and thus on a Lie
superalgebra, is a bilinear map V x V — K. In other words, for all u,v € V and

a, B €K,

B(au + fv,w) = aB(u,w) + BB(v, w), and

B(u, av + pw) = aB(u,v) + B(u, w)

Definition 3.4.2. Let g be a Lie superalgebra. A bilinear form B on g is
(i) supersymmetric if B(X,Y) = (=1)?XPY)B(Y, X) for all homogeneous X,Y € g,
(ii) skew-supersymmetric if B(X,Y) = —(—1)PX)P0)B(Y, X) for all homogeneous
X,Y eg,
(iii) (ad)-invariant if B([X,Y], Z) = B(X, [Y, Z]) for all homogeneous X,Y, Z € g,
(iv) non-degenerate if for X € g, B(X,Y) = 0 for all homogeneous Y € g, then
X =0.
(v) even if B(X,Y) =0 for all X,Y € g such that p(X) =p(Y) + 1, and
(vi) odd if B(X,Y) =0 for all X,Y € g such that p(X) = p(Y).
Definition 3.4.3. Let B be a bilinear form on a Lie superalgebra g. A Lie subsuper-
algebra a of g is said to be B-isotropic if B restricted to a vanishes. In other words, a
is a B-isotropic subspace of g if B(X,Y) =0 for all X,Y € a.
Definition 3.4.4. Let a; and ay, be Lie subsuperalgebras of g. We say that a; and

ay are transversal if g = a; + as.
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One bilinear form on gl,,,, that we will use extensively is the form given by the

n|n
supertrace

B(X,Y) = Str(XY)

(X,Y € gl,,,). An important fact is that this form is ad-invariant, supersymmetric
and non-degenerate, which will prove necessary when discussing the Lie bisuperalgebra
structure on p,,.

Proposition 3.4.1 ([36]). The bilinear form B on gl(m|n) given by the super-trace,

B(X,Y) = Str(XY), is ad-invariant, supersymmetric and non-degenerate.

3.5 Lie bisuperalgebras
Definition 3.5.1. A Lie superbialgebra is a pair (g, §), where g is a Lie superalgebra,
§ is a morphism of super vector spaces § : g — A?(g) which is a cocycle and satisfies
the co-super Jacobi identity.
Definition 3.5.2. A Manin supertriple (a,a;,as) consists of a Lie superalgebra
a equipped with an ad-invariant supersymmetric non-degenerate bilinear form B,
along with two Lie subsuperalgebras a; and as of a which are B-isotropic transversal
subsuperspaces of a.

A bilinear form B given in the previous definition defines a non-degenerate

pairing between a; and as and a supercobracket 0 : a; — aim by
B**(0(X),Y ® Z) = B(X, [V, Z]), (3.5)

for all X € a; and Y,Z € a,, where B®? is obtained by extending B to a non-
degenerate pairing on gl(m|n) ®c gl(m|n). This is a result from Definition 3.5.1 and
the following proposition:

Proposition 3.5.1. [Andruskiewitsch, 93] Let (g,d) be a Lie bisuperalgebra and set

pr =g, p2 =9 p=p1 Dp2. Then (p,p1,p2) is a Manin supertriple. Conversely,
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any Manin supertriple with p finite dimensional gives rise to a Lie superbialgebra

structure on pi.

3.6 Universal Enveloping Superalgebras
Definition 3.6.1. Let g be a Lie superalgebra. A universal enveloping algebra of g
is a pair (U,0), where U is an associative K-algebra with 1, and where o : g — U is a

linear map satisfying

o(lz,y]) = o(2)a(y) — (~1)""Vo(y)o(z) (3.6)

such that the following universal property is satisfied: if U’ is another associative
k-algebra with 1 and ¢’ : g — U’ is a linear map satisfying (3.6), then there is a
unique algebra homomorphism ¢ : U — U’ such that ¢ oo = ¢”.

Theorem 3.6.1. Let g be a Lie superalgebra. Then there exists a unique universal

enveloping superalgebra U(g) of g, up to isomorphism.

Proof. We first show such a universal enveloping superalgebra exists. Let T'(g) be
the tensor algebra on g, and let I be the two sided ideal of T'(g) generated by all

elements of the form
@y — (1Y @z — [1,y]

where z and y are homogeneous elements of g. Set U(g) = T'(g)/I. Let a: T(g) —
U(g) be the natural map from T'(g) to U(g), with keraw = I and let ¢« : g — T'(g) be

the inclusion map. Let ¢ = a0 . Note that for all homogeneous =,y € g:

o(lz,y]) = aoullz,y]) = allz,y]) = [2,y]

TRy — (_1)p(x)p(y)y ® x

= 1(2)u(y) — (—1)P@PW (1) ()
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= a(u@)uly) — (1P i(y)u())

= o(2)o(y) — ()PP (y)o(z))

So we have that o satisfies equation (3.6).

Now let U’ be another associative k-algebra with 1 and let ¢’ : g — U’ be a linear
map satisfying equation (3.6). Proposition 3.2.2 yields an algebra homomorphism
¢ :T(g) — U’ such that ¢' o1 = ¢’. Since o satisfies the property in equation (3.6),
we have that I lies in ker ¢/. ¢ therefore can be extended to a algebra homomorphism
¢ : U(g) — U’ such that ¢ o 0’ = ¢’. Thus, we have that ¢ o 0 = ¢’. Now suppose
that there exists another map v : U(g) — U’ such that ¢) o 0 = ¢’. Then, for every
x € g, we have that ¢ o o(x) = o'(x) = ¢ o o(x), which implies that ¢ = 9 as
o(g) generates U(g) by construction. Therefore, we have that the pair (U(g),0) is a
universal enveloping algebra of g.

To prove uniqueness, let (U(g), o) and (U’,0’) be universal enveloping algebras
of g. Using the fact that o satisfies the universal property, there is a unique algebra
homomorphism ¢ : U(g) — U’ such that ¢ o 0 = ¢’. Switching roles of the algebras
gives another unique algebra homomorphism v : U’ — U(g) such that ¥ o ¢’ = 0.
Combining these gives that ¢ o1 = 1y and 9 o ¢ = 1y(g). Therefore, we get that
Ulg) = U

Lastly, since g has a Z, grading, T'(g) also has a Z, grading, and by extension
U(g) has a Z, grading. O

We will use the notation xy as opposed to r ® y to denote multiplication in

U(g). Also, note that for any odd element z in a Lie superalgebra g, we have that

0=[r,2] =20 +r2=22"° = 2°=0
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The following is a very important theorem for describing the generators of L((g)
that is a (super) generalization for Lie algebras:
Theorem 3.6.2 (Poincare-Birkhoff-Witt Theorem). Let g = go @ g1 be a Lie super-
algebra. Let {x1,xs,...,Tmn} be a basis for go and let {y1,ya,...,yn} be a basis for

g1. Then the set

S51,,52

m m >
{aal? . oatmytys oy ey T € Z2€ 220,81, 80, .5, € {0, 1))

is a basis for U(g).

3.7 Representations of Lie superalgebras

Definition 3.7.1. Let g be a Lie superalgebra. A representation p of g is a Lie
superalgebra homomorphism

p:g— End(V)

where V' is a vector superspace.

Representations allows us to treat elements of a Lie superalgebra as linear
maps in End(V'). Therefore, we can endow V' with a g-module structure using the
multiplication

g9-V = p(g)(v)
for g € g. We will write gV to indicate the action of an element g € g on V.
Definition 3.7.2. Let g be a Lie superalgebra. A representation p of g is faithful if
it is injective (i.e. one-to-one).

Faithful representations allows us to view elements of a Lie superalgebra as
linear maps, whose properties are much more studied. More specifically, if V' and g
are finite-dimensional as superspaces, then by fixing a basis, we can view elements of a
Lie superalgebra as matrices. This is because the Lie superalgebra {p(g) € End(V) |

g € g}, where p is a faithful representation of g, is isomorphic to g.
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Example 3.7.1. Let g be a Lie superalgebra. The adjoint representation ad : g —

End(g) is a representation that maps g to ad(g) for each g € g, where

ad(g)(z) = [g, 7]

for z € g.

3.8 Weights and Roots of Lie superalgebras

Definition 3.8.1. Let g = go @ g1 be a Lie superalgebra. A Cartan subalgebra b of
g is a maximal nilpotent subalgebra of go such that it is equal to its own normalizer,
ie.

N() ={X ego|[X,b] Ch} =b.

Example 3.8.1. Consider the Lie superalgebra gl(m|n). Consider the subalgebra b
of gl(m|n) that consists of all diagonal matrices E;; for 1 < i < m + n. Note that
[Eii, Ej;) = 0 for all 1 <4,j < m + n, and thus b is nilpotent by definition. Also,
N(h) = b is a Cartan subalgebra of gl(m|n).

Definition 3.8.2. Let g be a Lie superalgebra, h be a Cartan subalgebra of g, and
let V' be a g-module. For u € b*, we define the weight space V,, of V' attached to u to
be

V,={v eV |hv=pu(h)v, forall h € b}.

We call ¢ € h* a weight of V if V,, # 0.
Definition 3.8.3. Let g be a Lie superalgebra and let V' be a g-module. V is called

a weight module if

V=V,
uebh*
and dim V,, < oo for every u € h*.

Note that in definition 3.8.2, weight space involves looking at the eigenvalues of

the action of g onto a superspace V. If we have a representation of g onto V', then we
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can use the definitions of weight spaces above. The weights of adjoint representations
of a Lie superalgebra g (which are the eigenvalues of the action of g with itself), are
instead called roots.

Definition 3.8.4. Let g be a Lie superalgebra and h be a Cartan subalgebra of g.

For pu € b*, we define the root space g, of g attached to u to be

g, =19 € 9| [h,g] = pu(h)g, for all h € b}.

We call n € b* a root of V if V, # 0.
Definition 3.8.5. The set of roots A of a Lie superalgebra g = go ® g, with a Cartan

subalgebra b is
A={peb”|ns#0,9,# 0}

We call a root a € A even if g, Ngg # 0 or odd if g, N g; # 0. We will denote the set

of even and odd roots of g as Ay and d; respectively.
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CHAPTER 4
Lie Superalgebra of type P

It is well known that a semisimple Lie algebra is a direct sum of simple Lie
algebras, but this is by no means true in the case of Lie superalgebras. However, Kac
gave a construction in [36] that allows us to describe finite-dimensional semisimple
Lie superalgebras in terms of finite-dimensional simple Lie superalgebras. Kac then
went on to classify all simple Lie superalgebras over an algebraically closed field of
characteristic zero. One class, the Lie superalgebras of type P, otherwise called the
periplectic Lie superalgebras, p,,, will be the main focus.

We want to define a quantized enveloping superalgebra associated with p,,,
which will first require us to determine a Lie bisuperalgebra structure on p,,. In this
chapter, we will first define p,,, then show what the Lie bisuperalgebra structure is
on p,. We then finish the discussion with other essentials for when we discuss the
quantized enveloping superalgebra in the next chapter.

From this chapter and on, we will be studying these Lie superalgebras over the

complex numbers C.

4.1 Definition of p,

Let C(n|n) is the vector superspace C" @ C" spanned by the odd standard basis

vectors e_,,...,e_; and the even standard basis vectors ei,...,e,. Let M,,(C)
be the vector superspace consisting of matrices A = (a;;) with a;; € C, with
rows and columns labeled using the integers —n, ..., —1 and 1,...,n (which means

i,j € {£1,£2,...,£n}. For each elementary matrix F;; in M,,(C), the parity is
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determined by p(E;;) = p(i) + p(j) mod 2, where p(i) =0 € Zy if 1 <4 < n and
pli)=1€Zyif —n<i<—1,

We will use gl,,,, to denote the Lie superalgebra gl(n|n) over C, with underlying

nln

vector superspace M,,(C) described above. Recall that gl(n|n) is equipped with the

Lie superbracket
[Eij, B = 6,1 Eq — (_1)(p(i)+p(j))(p(k)+p(l))5ilEkj

Let ¢ be the involution on gl(n|n) given by «(X) = —7(X*®"), where 7 : gl(n|n) —
gl(n|n) is the linear map given by n(E;;) = E_; _;.

Definition 4.1.1. The Lie superalgebra p, of type P, which is also called the
periplectic Lie superalgebra, is the subspace of fixed points of gl(n|n) under the

involution ¢, that is
pn ={X € gl(n|n) | (X) = X}

Using the definition, we see that if X € p,,, then as a matrix X has the form

A B
(4.1)
Cc A
where B is symmetric and C' is skew-symmetric.
Let
E; = Eij + (Ey;) = Ej — (_1)p(i)(p(j)+1)E_j’_i
We can write the superbracket on p,, in terms of the E;;’s as follows:
[Eji, En] =04Ejx — (_1)(p(i)+p(j))(p(k)+p(l))5jkEh.
— z.’_k(_1)1@(l)(p(/’€)+1) Ei i — 5_j7l(_1)p(j)(p(i)+1)E_i’k (4.2)

29



A basis of p, is provided by all the matrices E;; with 1 < [j] < |i| < n,
1<i=j<mn,and —n <i=—j < —1. Note that E;; = —(—1)p(i)(p(j)+1)E,j,,i for all
i,j € {£1,...,£n}. This implies that E; ; = 0 when 1 <i < n.

There is an alternative definition for this Lie superalgebra: Let V,, =V, &V}
be a vector superspace of dimension (n|n), and let B be an odd, non-degenerate,

supersymmetric bilinear form given on the basis of V,, by
(Uz'7 Uj) = _5i,—j (43)

Then we can define the Lie superalgebra p(V,,) to be the Lie subsuperalgebra

of gl(V,,) whose homogeneous maps preserve the bilinear form in (4.3):
p(V,) = {p € gl(V) | (p(v),w) + (—1)PWPE) (v, o(w)) = 0 for all homogeneous v, w € V, }

Fixing a basis for V,, will identify p(V},) with a Lie superalgebra isomorphic to p,,.

Different choices of the bilinear form will give isomorphic periplectic Lie superalgebras.

4.2 Lie bisuperalgebra structure of p,

In order to construct a Lie bisuperalgebra structure on p,,, Proposition 3.5.1
allows us to use a Manin supertriple. First we need to determine a bilinear form on
gl,), to use. For the rest of this chapter, we will use the bilinear form B given by the

supertrace

B(X,Y) = Str(XY).

Recall that B is ad-invariant, supersymmetric and non-degenrate by Proposition 3.4.1,
which is necessary by definition of a Manin supertriple.

Now we want to find a Lie subsuperalgebra of gl,,, that is what we can
consider an ”orthogonal“ to p, with respect to the supertrace. The following Lie

subsuperalgebra of gl .. is what we use:

nin
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Definition 4.2.1. The “butterfly” Lie superalgebra b, is the subspace of gl,,

spanned by E;; with 1 < |i| < |j| <nand by E; + E_;, _;, E; _; for 1 <i <n.

Proposition 4.2.1. (g[n|n,pn, b,) is a Manin supertriple.

Proof. Through straightforward computations of the basis elements, we have that
B(X,Y)=0for X,Y €p, or for X,Y € b,. So, p, and b,, are B-isotropic. Also,

note that every elementary matrix is obtained by some sum of basis elements in p,,

and b,,.
Ey = (—1)p(i)Eii + (Eu+E_; ) for i € {£1,...,+n}
1
Ei,—i = §Ei,—i + 5i>0Ei,—i for i € {:I:l, ey :I:n}

Ei; + (_1)p(i)(p(j)+1)E_j’_i if1<jl|<|i|<n

So we have that every element in gl,,, can be written as a sum of elements in p,,

nln

and b,,. Therefore gl,, = p, + b,. In fact, gl,, = p, © b, as p, Nb, = {0} due

to the elementary matrices being linear independent in gl Thus, p,, and b,, are

nln:

transversal subspaces of gl O

nln-

Remark 4.2.2. A similar Manin supertriple is given in [40].
To use equation (3.5) to determine the cobracket on p,, explictly, we need to

first extend the bilinear map B. We extend the form B to a non-degenerate pairing

B®? on gl,,,, ®c gl,,, by setting
B®(X, @ X5, Y1 ®Y,) = (—1)PE2PCIB(X Y])B(Xs, Ya) (4.4)

for all homogeneous X, X, Y1,Ys € p,. The sign (—1)PX2)P(M) is necessary for the

form to be ad-invariant.
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Using the identity (3.5) as a result of the Manin supertriple (gl,,,,, pn-pn) , We
can now compute the supercobracket § for p,,. The formula for § (assuming, without

loss of generality, that |j| < |i]) is as follows:

n

§(Ey;) = Z (—1)POH (B @ Eyy — (—1)PO+ENROHINE, . & Ey)

I<TRI<1

_%((_1>p(i)Eii _ (_1)p(j)Ejj) ® Eij + %Eij ® ((—1)PVE; — (_1)p(j)Ejj)
RC 2< : (B i ®E.;— (-1)"VE,;®E ;) (4:5)
+5(j2> 0) (-1)PE_;; ®E;_; + E;; ® E_j;)

Now we have a Lie bisuperalgebra structure on p,. Following the ideas in [44],
to obtain a quantized enveloping superalgebra of type P, we will effectively quantized
the Lie bisuperalgebra structure on p,,. To accomplish this, we will need a particular

element s that satisfies the classical Yang-Baxter equation:

[S12, S13] + [S12, S23] + [S13, S23] = 0.

We can construct such an element due to the following lemma from [2].
Lemma 4.2.3. Let p be a finite dimensional Lie superalgebra and suppose that
(a,a1,0a2) s a Manin triple with respect to a certain supersymmetric, invariant,
bilinear form B(-,-). Let {X;}ier, {X]}icr be dual bases of a; and as, respectively, in
the sense that B(X], X;) = 0,5. Set s = ,., X; ® X]. Then s is a solution of the
classical Yang-Baxter equation.
Let
s = 1§|§|Sn(—1)p(j)Eij ®Ejz’+% I;n Ei®(Ei+E_; ;) +% 1g<:n E_ii®FE;_; (4.6)
This is obtained from the previous lemma, using the Manin supertriple from

Proposition 4.2.1.
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Remark 4.2.4. The fake Casimir used in [3] is also defined using the sum of tensor
product of basis vectors in p,, and their duals in p;-, but the fake Casimir differs from
the element s.

Using Lemma 4.2.3, we obtain the following result:
Proposition 4.2.5. s is a solution of the classical Yang-Bazter equation: [s12,13] +
[s12,523] + [s13, 23] = 0.

Something to note is that now we can explicitly write the cobracket on p,, in a
more compact form, in terms of s.

Lemma 4.2.6. The super cobracket can also be expressed as
I(X)=[X®1+1®X,s]. (4.7)

Proof. First note that, since sis even, [X ® 1 +1® X,s] = —[s, X ® 1 + 1 ® X].
We have to check that B®*(§(X),Y; @ Y2) = B**([X ® 1 +1® X, 3], YV} ® 3) for all
Y1,Y5 € b, and all X € p,,.

Since it is not obvious that [X ® 1+ 1® X,s|] € p,, ® p,,, we first verify that
B2([X ®1+1® X,s], Y1 ®Y,) =0 if (Y1,Y3) € ppy ® P, pr B b, 01 b, ® by,. Since
B(b,,,b,) = 0 = B(pn, pn), this is clear except perhaps if Y} € b,, and Y; € p,,. Let
us assume that Y; and Y5 belong to the natural bases of b,, and p,, given above. Let
Y)Y € p, and Yy € b, be the elements in the same bases (up to a scalar multiple) and
dual to Y7 and Y5 (so the scalar in question is such that B(Y}Y,Y]) =1 = B(Y3,Yy').)

Using that (-, -) is supersymmetric and invariant, we obtain:

B(X®1+1®X,s] , VI®Yy)=—B*(5,X®1+1® X],Y; ®Ys)
=B%(5,[X®1+1® X,Y; ®Ys))
= —B®(s, [X, V1] ® Yo + (—1)PP0VY] @ [X, Ya])

— BV, 01, [X, Y] @ Ya) - (~1PIIBR(YY 0 Y,V @ [X, )
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— _(_1)p(Y2)(p(X)+p(Y1))B(y27 [X,Y1]) _ (_1)p(X)p(Y1)B(y1’ [X, YQ])
= —B([X, V1], Y2) — (~1)PFPCVB(Y], [X, Yy))

=0.

To verify (4.7), we pick Y3,Y; € b, and X € p,,. We have:

BY(X®l+1oX Y ioY)=-B¥(s Xol+loX].Yie))
= —(—1)PEPMIBR2(VY 9V, Y ® [X, Ya))
= —(—1PPOVB(Y, [X, Yi])
= —(=1)PMPO2IB([X, Y,], V1)
= —(~1)PPOVB(X, [V, Vi)
= B(X, [V1,Ya))

= B¥(4(X),V1 ® Ya).

4.3 Root System of p,

Let I :={1,...,n—1}and J := {1,...,n}. Let h be the Cartan subsuperalgebra
of p,, with basis {ky,...,k,}, where k; := E;; for 1 <i < n. Let {€1,...,€,} be the
basis of h* dual to {ki,..., k,}.

The root system A of p,, consists of the roots

¢ —¢€jfori#j
€ +ejfori<y

—€ — €5 for i S]

Let a; = ¢, — €11, B; = 2¢;, and v; = €¢; + €;4.1. Then, for ¢ € [ and j € J, let
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e =E i1 e; = Eip1, Fz=E_ j;

Ji =By fi = Bipqy

The following shows what the relations of p,, are in terms of the generating
elements defined above.
Proposition 4.3.1 ([21]). The Lie superalgebra p,, is generated by the elements e;,
er, fi, f; (i €1), b and F; (j € J) subject to following defining relations (for h € h):

[h,b] =0 [ fil = leins fi)

[, €3] = i(h)e; [f, fil = Iy

(2, fi] = —cu(h) f; lei, /il = Figx

[, €] = 7i(h)e; ler,e51 = [fi f1 =0 fori,jel
[0, fi] = =i(h) f; [fises] =0 ifi#j+1
[h, F5] = = Bi(h) F; s, 6] =0 ifi £ j+1
[ei, e5] = [fi, ] =0 for [i — j| #1 e, fl=01fi#j,j+1
e, fi] = —0ij (ki — kita) o fil=01dfi#j,j+1
ez, fil = —(ki — kia) [, ei] = —Bi(k;) f;
[fires] =0if i —j| > 1 [F5, fil = Biya(k)) fi
[form €1 = [eita, ei] lei, eq, eiaa]] = 0

[fs: er1] = [fis, il [fis [fis fin]] = 0

e, €] = [fis1, €] lerr [eiv, €] = &
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Note that the relations of p,, in Proposition 4.3.1 gives that the elements e;,
fi, €;, [;, and F; are all root vectors of p,, under the adjoint representation. More
specifically, the root spaces of «;, —ay, v, —7;, and —[3; are spanned, respectively, by
ei, fi. €7, f;, and F.

Some additional relations of p,, are shown in the following lemma:

Lemma 4.3.2. (The following relations hold in p,,:
2fi ifj =i
(a) [Fy el = 2¢; ifj=i+1

0 otherwise

(b) 5. =0

(c) les [ei, ezz1l] = 0

(d) [fi,[fi, fizz)]] = 0

(e) [F;, F5] =0 fori,jeJ

Proof. We will prove (a) and (c¢). The remaining parts can be deduced similarly.

First, we prove (a) for j = n. For every i we have

[Fy €5] = [len—1, fa=gls €] = lez, [en—1, famgl] = [en—, [famr &) + [famt [er, enall = [en—1, [faz, €]

If i = n — 2, then we have that [e,_1,[fr=T, €n=3]] = [en—1, [€n—1,€n—2]] = 0. If

1 =n — 1, then we have that
[en—la [fma BHH = [en—la _kn—l + kn] = _[en—ly kn—l] + [en—h kn] = 2en—1-

Otherwise, we have that [F, e;] = 0.
Next we prove (a) for j < n. Using the relations in Proposition 7?7, we have

that:

[F5 6] = [[f5, fil &5l
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= lez, [f5, fil]
= [f5, [f5, &l = [y, [es, F511-

Note that [F7, e;] = 0 from above, unless |i — j| < 2. So, we need to check the three

subcases i —j = 0,1, —1.
If j =1, then
[, 651 = [f5 [fi esl] = s, ez, ]
= —[fi, —ki + kiz1]
=2f;.

If i = j + 1, then

(5, e571) = [f5: Ui e1l] = (s e 5
= —[fi: [fi+1: fil]
= [f5, [fy; fimall + 15, [fi41, 5]
=0.

If =i+ 1, then

[Firrz €3] = [ Ui €3] = [firns e, firl]
= [fam lemm el = [firn, leiva, €]
= lezrm less frmll = less [fom el + [earn, [es, firal] + [ei, [fira, eival]
= —lei, —kiv1 + ko] — €5, —kig1 + kigo]
= 2.

Now, we prove (c). Note that [e;, e;—7] = 0 for all 2 < i < n, so [e;, [e;, e;=1]] = 0.

Also,

[ei, [ei, e1]] = [es, [, firl]
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= [ez, [firr, €] + [fir1, [ei, €]

=0.

[

Using the root space decomposition p, = h @ (@ (pn)u> we define the

BEA
triangular decomposition

P =p, ®Hhdp;,

where p, is spanned by {f;, f;, F5 | i € I,j € J} and p, is spanned by {e;,e; | i € [}

Equivalently, A = A, UA_, where

Ay = A(F:{) = {O‘ia’yi ‘ S [}7 A= A(p;L) = {_aia_%a_ﬂj ’ iel,je J}

n—1 n—1
The cone of positive roots will be denoted by Q. = Z Zsooy + Z Z>y; and

i=1 =1
n—1 n—1 n

Q_ = — Z Zsooy; — Z Zsovi — Z Z-o3; denotes the cone of negative roots. By

i=1 i=1 i=1
Q= 9, + Q_ we denote the cone of roots.

We will also denote P = @Zei to be the weight lattice of p,, and denote

=1

PY = P Zk; to be the coweight lattice.
i=1
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CHAPTER 5
Quantized Enveloping Superalgebra of Type P

In this chapter, we define the quantized enveloping superalgebra of type P
following the approach used in [29] and [44]. We will also prove that it is indeed
a quantization of a Lie bisuperalgebra structure on p, discussed in the previous
chapter. Some of its basic properties and relations will be discussed, and a PBW-type
basis for the superalgebra will be given. For this and subsequent chapters, we will
denote by C, the field C(g) of rational functions in the variable ¢, and we will set
C,(nln) = C, ®c C(nln)

5.1 Quantized enveloping superalgebra

Definition 5.1.1. Let S € Endc,(C,(n|n)®?) be given by the formula:

i,j=—n

where

sij = (g — ¢ DH(=1)PDE;; if [i] < |j|
Si—i = (¢ —q " )0is0E_i;

si=(q—1)(Ey — q_lE—i,—i) +1

Remark 5.1.1. If we define S instead as an element of Endcy(Cr(n|n)®?) by the same
formula as in definition 5.1.1 but with ¢,¢ " replaced by €2 e="/2 and C,(n|n)%?
replaced by Cy(n|n)®? = C(n|n)®?[[A]], then S = 1 + hs + o(h). This allows us to
think of S as a quantized version of s.
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Theorem 5.1.2. S is a solution of the quantum Yang-Bazter equation:
S12513523 = 523513512

Proof. We will give a sketch of the proof here. A more thorough proof is given in
[1]. Set f(q) = S12513523 — S23513512. Then, consider f(gq) as a Laurent polynomial
i fiq" with coefficients f; in Endc (Cffﬁl). Then one shows the eight relations
Zf:(iaa) =0, f'(b) =0, f’(c) =0 for a,b,c = +1 and b = £+/—1. We can then deduce
that f(q) is a scalar multiple of (¢ — ¢~*)® and we show that the coefficient of ¢* in

f(q) is zero. O

Using S, we can now define the main object of interest:
Definition 5.1.2. The quantized enveloping superalgebra of p, is the Zy-graded
C,—algebra $,p, generated by elements t;;,t;;* with 1 < |i| < [j| < n and i,j €

{#£1,...,£n} which satisfy the following relations:

T12T13S23 = SQ3TI3T12 (53)

where T' = 7, _ . t;j®c Eij and the last equality holds in £;p, ®c(q) Ende() (C,(n|n))®2.
The Z,-degree of t;; is p(i) + p(j).
b, is a Hopf algebra with antipode given by T+ T~ and with coproduct

given by

Alty;) = Z (=1)POTPENEER TP @ 1.
k=—n

Remark 5.1.3. Since, by Theorem 5.1.2, S is a solution to the quantum Yang-Baxter

equation, relation (5.3) gives that C,(n|n) is a representation of Ll,p,, via the mapping

T — S. More specifically, t;; — s;;, where S = > s;; ® E;; as in Definition 5.1.1.

1,]J=—"n
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By comparing coefficients of E;; ® Ey, on both sides on relation (5.3), the

defining relation (5.3) in Definition 5.1.2 can be written explicitly as

(=) POHPDIEO PO ity — bty + 003, 4, k) (J151< — Slwi<ia) bty
+ (=) POFINEWEO) (65,0 (g — 1) + dj<0(g" = 1)) (651 + 6 —1)tijti
— (0is0(g — 1) + bico(q™" = 1)) (Gik + 6i—k) tratij + (i, §, k)6j500;,—1€ti _jtr, —

_ (_1)p(j)6i<05z’,—k5t—k,lt—i,j + (_1)p(j)(p(i)+1)€ Z ((_1)p(i)p(a)g(i’j, k)5 _16(a<iifti—atka

—n<a<n

+ (_1)p(_j)p(a)5i,—k5|k|<|a\talt—a,j) =0

where

0(i,j, k) = sgn(sgn(i) + sgn(j) + sgn(k)) and € = ¢ — gt

Remark 5.1.4. If t;; is odd, then tfj = 0. This follows for example after taking i = k
and j =l in (5.4).
We have that a PBW-type theorem holds for 4l,p,,. Let < be a total order on

the set of generators ¢;;, 1 < [i| < [j| < n, of U p,, such that t;; <ty if

(i) |7| > |k|, or
(i) [i| = |k| and [j]| > |I], or
(i)
(iv)

Note that this order leads to a total lexicographic order on the set of words formed

t=kand j=—-1>0,or

v) i =—k>0and |j] = |l

by the generators ¢;;. Namely, if A= A;--- A, and B = B, --- B, are two such words
in the sense that each A, for 1 < k <r and each B; for 1 <[ < s is equal to some
generator t;;, then A < B if r < s or if r = s and there is a p such that A, = By, for
1<k<p-1and A, < B,. Note that, in this order, the generators ¢;; with i = j or
1 = —j are not grouped together. We call a generator of the from t;; diagonal.
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Definition 5.1.3. A word A¥'... A% in the generators t;; is called a reduced monomial
if Ay <--- < A, and k; € Z.¢ if A; is not diagonal, k; € Z\ {0} if A; is diagonal,
and k; = 1 if A; is odd.

Theorem 5.1.5. The reduced monomials form a basis of ,p,, over C,.

Proof. This proof is also found in [1]. We first show that the set of reduced monomials
spans H,p,,. Note that it is enough to show that all quadratic monomials are in the
span of this set. Let t;;t;; be a quadratic monomial which is not reduced. We have
that either ¢y, # t;;, or i = k, j = [ and ¢;; is odd. In the latter case, as explained in
Remark 5.1.4, tfj—O. In the former case, we proceed with a case-by-case reasoning

considering seven mutually exclusive subcases:

() [il < [k] and |j] #|i]

(b) |il < [k] and j = L
(c) |1] < |k| and j = —I.
(d) [i] =[] and [j] < JI].
() i=kand j=—-1<0.
(f)

)

1

—k <0Oand j=1I.

(g) i=—k<0andj=—-L
Let’s consider in some details subcase (c¢). The remaining subcases are handled

in a similar manner. In subcase (c), (5.4) simplifies to:

(—1)POHPOIEEPED) (5, 0q + Sc0q ) tigte—; — tr—itiy + 003, J, k)Sjs0ets —jti;

+ (_1)p(j)(p(l)+1)€ Z (_1)17(1)17(@)9(2’]’ k)5|a‘<|j|ti,—atk‘a = 0

—n<a<n

(5.5)

Let us assume that |I| = |j| = 1. Then the previous equation reduces to

(—1)POPOIEEPED) (5, 0q + 00 ) tigte,—; + 0(i, 4, k)Sj0€ts it = tr—jti;
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Replacing 7 by —j leads to the equation
(_1)(p(i)+p(fj))(p(k)+p(j)) (5j<0q + 6j>0q71)ti,7jtkj + 0(i, —j, k)dj<oetijty —j = trjti—j

The monomials t, _;t;; and ¢5;t; _; are properly ordered and the previous two equations
can be solved to express ¢;;t;, —; and t; _;tx; in terms of the former.

We then proceed by descending induction on |j| and show that t;;t; _; can be
expressed as a linear combination of properly ordered monomials. The base case |j| = 1
was completed above. We use again (5.5) and the corresponding equation obtained
after switching 7 and —j. In these two equations, by induction, the monomials
ti —atke With |a| < |j| can be expressed as linear combinations of properly ordered
monomials. Moreover, ¢ _;t;; and tx;t; _; are already correctly ordered. As in the
case |l| = |j| = 1, we can then solve those two equations to express t;;t _; and ¢; _;tx;
in terms of properly ordered monomials.

It remains to show that the reduced monomials form a linearly independent set.
We follow the approach in [44]. Let My, ..., M, be pairwise distinct reduced monomials
in the generators 7;; such that a;M; + ... + a,M, = 0 for some ay,...,a, € C,.
Without loss of generality, we can assume that a; € A. It is sufficient to prove that
aip,...,a, € Aimplies ay,...,a, € (¢ —1)A.

Recall that there is a surjective homomorphism 6 : £ 4p,, — Up,, More precisely,
0 is the composite of 1! from Theorem 5.2.1 and the projection Usp, — Uap,/(q —
1) 4p,, from Theorem 5.2.1. Let M; = 6(M;) and denote by a; the image of a; in
A/(q—1)A. Since M, ..., M, are pairwise distinct reduced monomials, M1, ..., M,

are pairwise distinct monomials in Up,,. Then using that
C_L1M1+...+C_LTMT :0((11M1—|—...+CLTMT) =0

and the (classical) PBW Theorem for iUp,,, we obtain a; = ... = a, = 0. Hence

ai,...,a, € (g —1)A as needed. O
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5.2  Limit when ¢ — 1 and quantization

We want to explain how we can view ip,, as the limit when ¢ — 1 of {p,,.
We also want to explain how the co-Poisson Hopf algebra structure on p,, that is
inherited from the cobracket ¢ on p,, can be recovered from the coproduct on ,p,,.
This will be important to know when relating the representation theory of {.p,, to
that of Up,,.

Set 7;; = qu% if i # j and set 7;; = tq%ll Let A be the localization of Clg, ¢7]
at the ideal generated by ¢ — 1. Let Y{4p,, be the A-subalgebra of i p, generated by
7;; when 1 < |i| < |j| < n.

Theorem 5.2.1. The map ¢ : Up, — Uap, /(¢ — 1)HUap,, given by Y(E;) =
(=1)PWF; for |i| < |i], 1 <i=3j <n, and Y(E_;;) = —27; ; for 1 <i < mn, is an

associative C-superalgebra isomorphism.

Proof. In order to check that ¢/([E;;, Ex]) = [¢(E;i), ¢¥(Ew)], we proceed as follows.
We apply 1 on both sides of (4.2). To show that the resulting right hand side coincides
with [¢(E;;), ¥ (Ex)], we use (5.4) and pass to the quotient 4p,, /(¢ — 1)Uap,. This is

done via a long case-by-case verification for i, 7, k, [ in each of the following 26 cases:

L il = [5] < [k < I 10. [k < o] < [U] = 13 19. |k = [I] < i = 15|
2. k| < il = [5] < 11l T k[ < 1] = Ji] < 5] 20 [i = |j] < |k = [1]
3. [kl < I < il =[] 12. Ji < gl = k[ < I 21 Jif = |k[ < ]3] = [1]
4 [K| = I < fil < 7] 13, Jil < 13l < k[ <l 22. Jil = |j] = |k < [1]
5. il < |k[ = [I] <5 14 | < [k[ < ]3] <l 23. k| < il = 13] = [1]
6. [if < |71 < [k = [I] 15 [if < [k| < [U] <5 24. [ = |k = [I] < 7]
T il = k[ < [5] < |1l 16. |k[ < [if < 5] < I| 25. [il < |j] = |k = [1]
8. [if = [k| < [I] <] 17|k < [af < 1] < 5] 26. [i] = |j] = |k = [1]
9. [if < [k| < [If = Il 18. |k < 1] < i <5
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We will show case (10), and all other cases follow similarly. This case splits
into two subcases: when j = [ and when j = —[.

When j =1, (5.4) gives us that

0= (_1)(p(i)+p(j))(p(k)+p(j))(q _ q_l)QTikaj —(q— q_l)szjTij
— (_1)(p(i)+p(j))(p(i)+p(k))+p(i)(q _ q_1)37—z‘j7—kj

+ (_1)(p(i)+p(j))(p(k)+p(j))<qsgn(j) —1)(q — q_l)QTikaj _ 5j>0<_1)p(i)(p(k)+1)(q — q_1)37_i,—j7—k,—j

This simplifies to

0= (_1)(p(i)+p(j))(p(k)+p(j))7ij7-kj (—1)P@OFP@)PE+p(R)+p() (

-1
= TkjTij — q—q )TijThj

4 (= 1)POTPOEE 20D (380G) _ 1) g (<1 POCB (g g Ny
Hence, in $449/(¢ — 1)U g we have that:

0= (_1)(P(i)ﬂﬂ(j))(P(k)er(j))Fiijj — ThiTij

The above together with [Ej;, E;x] = 0 implies that:

[W(Eji), v(Ej)] = [(—1)PD7, (—1)PU)7,]
(_1)(P(i)+P(j))(p(k)+P(j)) ((_1)(p(i)ﬂ’(j))(P(k)-i-P(j))?ij T

— T Tij)
=0 =1 ([Es, El) -
Now, in the case that j = —I, (5.4) gives us that

Bk (q) = (_1)(p(i)+p(j))(p(k)+p(j)+1)(q — ¢ 27— (0 — ¢ )Ty

— (—1) PO EO®) O (V)

+ <_1)(p(i)+p(j))(p(k)+p(j)+l)(qsgn(j) —1)(g— q—1)27_ij7.k’_j

— 5j>0(_1)(p(i)+p(j))(p(i)+p(k))(q — ¢ 37T

+ (=PI (g — 72 ((q = D)7 k7 + 7k + (1" (g — ¢ ) Tiai )
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- (—Lp DR (g7l §T (s

|kl <lal<ljl
This simplifies to
0= (_1)(p(i)+p(j))(p(k)+p(j)+1)Tiﬂkﬁj — Tk jTij
— (=1) @@+ RE+pR)+p() (0 G )T Thi + (—1)P@O+POIEE)FP()+1) (g0 _ )7

B (— 1) PO (¢ V)

+ (_1)p(j)(p(k)+1)((q _ 1)71,’7”% + Tk + (_1)p(i)(q _ qil)Ti,ka,fk)

+ (=1)POEEHD+pRR@ (0 o= 1) Z (_1)p(i)p(a)5‘a|<|jm aTha-

|k|<|al<]|j]

Hence, in $449/(q¢ — 1)4U4g, we have:

0= (_1)(P(i)+p(j))(p(k)+p(j)+1);ij;k7_j — T T + (_1)p(j)(p(k)+1);i’_k

By combining the above with [E;;, E_;] = (=1)P@PWOFVHLE_,, “we obtain:

[W(Eji), W(E_j)] = [(—1)PD7;, (=1)PO*H7, ]
— (1) PR G () B O0O R 7 )
= (_1)(p(i)+p(j))(p(k)+p(j)+1)+1 ((_1)p(j)(p(k)+1)+1;i7_k)

— (_1)p(j)p(i)w(i)p(k)w(i)w (E_1.s)

- (_1)p(j)(p(i)+1)+1¢ (E_ix)

= ¢ ([Eji, Eji]) -

Note that 1 is surjective due to how U4p,, is defined. So, it remains to prove

that it is injective. (The rest of this proof can be found in [1].) Recall by Remark 5.1.3
that the space Cy(n|n) is a representation of {,p, via the assignment ¢;; — s;; (where
S =31 ,—_n5ij ® Eij). Therefore, by restriction, Cy(n|n) is also a representation of
U p,, by restriction. More explicitly,

Tij = <_1)p(i)Eji if i < [4],
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Ti—i — B4,

Tii = (Em - qilE,L,i) ifl1<i<n.

Set C4(n|n) = A ®c C(n|n). The space Cy4(n|n) is a Uygp,-submodule and so are
all the tensor powers C4(n|n)®*. We thus have a superalgebra homomorphism
bp : Unp, — End4(Ca(n|n)®*) for each £ > 1.

Let 7, be the quotient homomorphism
End4(C4(n|n)®) — End4(C4(n|n)®")/(¢g—1)End 4(C4(n|n)®*) = Endc(C(n|n)®").

The composite 7, o ¢y descends to a homomorphism 7, o ¢y from 4, /(g — 1)thap,
to Endc(C(n|n)®?). The composite 7, o ¢y o ¢ is the superalgebra homomorphism
Up, — Endc(C(n|n)®’) induced by the natural p,-module structure on C(n|n)®*
twisted by the automorphism of p,, given by E;; + (—1)P@+PUIE,;.

We can combine the homomorphisms 7, o ¢, o ¢ for all £ > 1 to obtain a

homomorphism

Up, — | [ Ende(C(n|n)®").
=1
This map is injective since C(n|n) is a faithful representation of p,,. It follows that 1

is injective as well. O

Remark 5.2.2. If we replace C(q) by C((R)), ¢ by €2, and A by C[[A]], similar to
remark 5.1.3, then we obtain an analogue to Theorem 5.2.1 which would also hold
true.

Recall that the Lie bisuperalgebra structure of p,, is induced by the cobracket
d, with an explicit formula from equation (4.5). This cobracket 0 then extends to
a Poisson co-bracket on ip,, which we will also denote as §. A very important
result that we want to show is that Uc(y b, is a quantization of the co-Poisson Hopf

superalgebra structure on Up,,, which is Theorem 5.2.3.
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For convenience, for A € ey pn, we denote by A both the image of A in
Uerpmpn/ Py prn and the corresponding element in ip,, via the isomorphism of the
h-analogue of Theorem 5.2.1. We similarly identify the corresponding elements in
(Legapn/ hilempa) @ (Lempa/Pcpn) and Up, @ Up,.

Theorem 5.2.3. If A € Hepn, we have h-'(A(A) — A(A)°) = §(A). Hence,

Ucpn s a quantization of the co-Poisson Hopf superalgebra structure on Up,.

Proof. Tt is enough to show that the identity above holds for the generators 7;; of
Uemg. Let A = 7. First note that the identity is trivially satisfied for i = j, as

both sides are zero. Assume now that ¢ # j. Then:

n

- . o2 _ o= h/2 ' A
A (A(ry) — A(135)°) = (T) Z ((=1) PO+ 1) @ 7 — 7y @ T

Jé]<|k|<|s]
eﬁ/2
_l’_

) 7'“®’7'” Tij®Tii+Tij®Tjj—Tjj®Tij)

+

h/2 - A
( > Siso (F1PIT @75+ @ Tiy)

—h/2 )
( ) Sjco (P75 @ 7_j5 — 74 ® Tij)

Thus, in ilc“h”g/hilc[[hﬂg, we have:

n

T A — Al ) = Y ((C)eOROe0etn, o 5 - 7y @ 7y)
k=—n
i< k| <]
1
T3 (Tis @Tij = Tig ®Tii + T3 ©Tj5 = Tj5 O Tij)

— 0i>0 <?—i,j & Ti—i + (_1)p(j)?i7—i ® ?—i,j)

+dj<o (=1POTioj @ Ty — T—jy @ Tiy)
We next compute 6(7;;) using the isomorphism of Theorem 5.2.1 and equation (4.5).

8(Fij) = (—=1)PVIS(E,)
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= Z (—1)PE)+e(k) ((_1)(p(i)+p(k))(p(j)+p(k))Eki ® Ej — Eji ® Ey)

k=—n
lil <|kl<l3]
1 A , A 1 . . .
= S (1POE — (—1)POEy) © Eji+ 5 (~1PVE; @ ((—1)PDE — (—1)0,)
dj<0 ~ 0i>0
= ]T(—l)mej,—j ®Eji+ —-E-ii @By
5. - 5; |
+ JT@(_l)p(l)+p(j)Efj,i ®E;_;+ 2>0 (_1)p(J)Ejﬂ. ® E_i
= I (A7) — Al7)°)
as needed. [
5.3 Drinfeld-Jimbo Relations of (,p,,
Let
_ —1 —1
¢ =t €= =T = = q_lt—i,—i—la fi= T = mti,—i—la
1 1 —2
Ji =T = mti,i-‘rl €7 = Toiitl = mt—i,i-ﬁ-l Fr= 27 ;= = qflti,—z
(5.6)

From relation (5.6), we can write the generators of ,p,, in terms of the generators

above: -
toiming = —(q— ¢7")g~ Zr=Fn [T ad ergn(er)
h=1
7j—1
i—1
toiiri=(q—q g Zhi ki H ad firn(e;)
h=1
o (5.7)
ti—imj = —(q— q ")g~ Zn=r ki H ad e;15(f7)
h=1
j—1
N
tiwj = (q— g ")g~ Zh=r v H ad firn(fi)
h=1
J
where ad a;(a;) = [a;, aj], H ad a;yn(a;) = ad a;y;ad a1 ... ad a;41(a;), and
h=1
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0
Had aiin(a;) = a;, for a; = e, e;, fi, f;. From these we obtain the following

h=1
relations
ki
tigrs =4 (firgtiivg—1 = tigrj—1firi—1)
ki
tiiti =4 " (figjoat—iirjo1 — toiirj—1fivi—1)
t..._*kiﬂ‘fl(..t‘.._t..‘ 1)
i,—i—j — €itj—1li,—i—j+1 i,—i—j+1€i+j—1
t,,.—_ki+j—1..t..._t,...,)
—i,—i—j — ( (ez—i-]—l —i,—i—j+1 —i,—i—j+1€i+j—1
Alternatively, for < > 0, we can write the generators of {,p, inductively as
follows

tii = —q " (fitigry — tiv1i fi)
t_ij =q " (etipry — tivagei)
Our first main result is the following presentation of 4 p,,.
Proposition 5.3.1. The quantum superalgebra U,p, is isomorphic to the unital
associative algebra over C(q) generated by the elements e;, f;, ez, f; fori € I, F; for
i € .J, and ¢" for h € PV, satisfying the following relations
=1, " =g"q¢" for hy, hy € PY
¢"e; = " Weid", " f; =V fig" forh e P
¢"e; =" Wed", " fi=a"fid", " F=q " F" forhePY
eiej —eje; =0, fifj—fifi=0, fif;+ =0 ifli—jl>1
ee;+ee; =0, I+ FF;=0 ifli—j[>0
eifj —fiei=0 ifj#i+1
eif;—frei=0, fifi—f5fi=0, eif5+ fre=0 if [i—j[>1
eieg—e5e; =0, fieg—ef; =0 ifj#i+1

Fej—eF; =0, Ffj— [;F;=0 ifi#75,j+1
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Fie; —esb; =0, Fif;— f;I15=0 ifi#j,5+1

=0, =0, F?=0

eir1€i — i1 = efmr + faer,  firfi — fifirn = fiegm + e i

€716 — €61 = fi+1€; - 6{fi+17 fmfi - fifm = €i+1fz - fz€i+1

2k; 2k; 2
q i q i+1 q _ 1
€iJi — Ji€i = — + €7
fi—f L
¢
fie; + deif; = A1 (¢*" — g*M 1)
(1+¢%

geif; — g frei = 5 qk”lFm =q ' fg i1 — ¢fini fom
qFggei — el =0, qFifi— fil;=0
Fei — qeiF; = =2f:q", ¢ ' Fifi — fiF = 24" f;
Fees + qe: B = 2fid", Ffs+q 'f:F5=0
Fre; + qe;Fg = 2e,¢", Feqfs + ¢ ' fiFg = 0
g 'eiein — (¢ + g eeie +geiae; =0
qe?+2€i —(g+q Nereiei +q ee z+l =0
aff fir— (a+a ) fifirfi+ @ fia S =0
! i2+1fi —(g+ g Vi fifir + sz'fiﬂ =0
q el — (4 g Veerre: + qerel = 0
af far— @+ a Vifaafi+a faxf? =0
Cit16CTT — €iCit16T — Q CrrTCit1€i + @ emgeiCiv = ¢t e;
9¢" (frrr fr = fifir)) = (0 = ¢ ) P (fa fi = fifinn)
—2qq" " (frpe: — eifmr) = (1 — ¢ ) Frg(eiie; — eiein)
24" (feifi + fifmr) = U= ) P (fen fi — fif)
2qq"+ (fiaes — €ifim) = (1 — ¢ ) Frp(egpre: — eiezpy)
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Proof. Let U be the unital associative algebra over C(q) generated by the elements
e, fisez, fr fori € I, Fxfor i € J, and ¢" for h € PV with defining relations given in
the proposition. We can obtain these relations using (5.6) and (5.4). This gives a
well-defined algebra isomorphism ¢ : U — ,p,,. The relations in (5.7) immediately
shows that v is surjective.

It remains to show that v is injective, which is enough to show that the relation
in (5.4) is obtained by the relations in the statement of the proposition above. This
is done on a case-by-case basis. We simplify the expression in (5.4) in each of the

same 26 cases as in Proposition 5.2.1:

Lofil = 151 < [kl < i 10. |k < [af < 1] = 15 19. |k = [I] < i = 15|
2. [k < fil = [5] < [1] 1L k[ < 1] = Ji] < 5] 20. [i = [7] < [k = [1]
3. [k < I < i = |7] 12. i < |5] = [k < 1| 21 [if = [k] < |5] = [1]
A [k = I < fil < 7] 13, Ji < il < [k[ <l 22. [il = |j] = |k < [1]
5. il < |k = [I] < 5 4. | < [k[ <151 < Il 23. k| < il = 14] = [1]
6. [i < 1j] < [k[ = [I] 15 [if < k| < [I] <jl 24. i = |k = [I] < 7]
T il = k[ < [5] < |1l 16. |k[ < [i] < [5] < I| 25. Jil < |j] = |k = [1]
8. [i] = [k| < [I] <] 17|k < [if < 1] <5 26. [i] = |j] = |k[ = [1]
9. [if < [kl < [if =[] 18. |k < 1] < i < 5|

We will prove cases 2 and 25 here, as the rest will follow using similar ideas
with varying levels of complexity.

Suppose that |k| < |i| = |j] < || in (5.4). We want to prove that the relation

0= (_1)P(i)+p(j))(P(k)'i‘P(f))tith — bty

are obtained from the relations in the proposition. We do this through induction on

li| — |k| first, then on |[¢| — |i]. We will first consider the case of when i = —j (i > 0)
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and k,¢ > 0. The other cases will follow similarly. Suppose that ¢ =1 + 1. For the

base case ¢ = k + 1, we have the following:

Teg1,—k—1tk k2 — Th kol —k—1
—1
q—q
= _T[Fk+1tk,k+2 - tk,k+2Fk+1]

_ _(q_q_1)2 v ke _ _ ket _ .
= 5 [Ferta (frr1fr = fufrr1) — q (fes1fr — frfrr1) gl

o _(q_q_l)Q[ —2 —kk_HF o o —kk _ ) pl—
=5 4 T Sesnfe — fefrr1) — q (frerfr = fufrr) Fia]

R 25 _ _ _ j -
= 9 q lq k+1(fk+1fk Jefesr) = (frerrfe — fufrer) k:+1]

I Ul S _ N _ j
= 5 q e frrr S — fuferr) — (frsr fro — frfosr) B

+ (¢ = V) Fq(fer1 fr — fufrsr)]
12
= —%qkk“ P ferifro — Fgnfefoer — fort foFg + fofori For

+ (¢ = 1) B (fes1 e — fifirr)]

—1\2
q—q _ _
_ - ) g " g ferr B fr — Fggfoforr — ferr foFa + afioFigifem

2
+ (¢ = V) Fq(fer1 fr — fufrsr)]
1y
= —%qkk“ i1 Fgqfe — fioFm) — a(a Fgg fe — feFrer) fen

+ (¢ = 1) B (fesr e — fifirr)]

o _(q —q ') T ki1 £ oo ki1 £ —2 . _
= ——q 2 fr1a™ 4 f; = 204" fi fra + (¢ D) Fm(frer1 fe = fifugn)]

2
— (q - q71)2 _kk+l 2 kk+1 : " -2 _ Fi _
= —2 q [ qq (fk—I—lfi fifk-I-l) + (q 1) k+1(fk+1fk fkfk+1)]
o —1)2
= —%q_kk“[(l — ¢ ) B (frsfr = frfor) + (072 = D (frsnfr — frforn)]

=0

The induction step for ¢ — k > 2 is as follows:

—1
q—4q
i —itkiv1 — thiv1li—i = — 5 [Fith i1 — triv1 F5l
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= 2 [Fq " (fitririor — trerrivn fr) — teiv1 F)

2
~1
_q4—4q — kg1
= _T[q Fi( futisrivn — terrivn fr) — triv1 F3]
q—q!
= _T[q_kk+1(fktk+l,i+l — teyrir1fe) By — this1 By
1
q—q
= i1 By — thip1 5]

Now we let ¢ vary, and we will prove this relation through induction on ¢ — 7.

The base case ¢ = i + 1 was treated above. The induction step for ¢/ —i > 2 is as

follows:
“1
q—dq _ _
i —ithe — trets—; = —T[qu Mo (foatiot — thoe1foo1) — @ (foorthg— — thp—1 fo-1) )
“1
q—dq _ _
R [ Fr(froatho— — tho—1foo1) — @ ¥ (foorthrs — tho1fo1) F]
44— q_l —ke_1 jot —ko_1 F
- lq (fo—atke—1 — th—1fo—1)E5 — ¢ (fo—1tro—1 — tho—1fo—1)F3]

Now, suppose that |i| < |j| = |k| = |I| in (5.4). We want to show that the

relation
0= (_1)(p(i)+p(j))(p(j)+p(k))qsgn(j)tijtkj — it
when j = ¢, and
0= <_1)(p(i)+p(j))(p(j)+p(k))qsgn(j)tijtkﬁj — te_itij + (_1)p(i)(5j>0(q —q Vit jty

when j = —/, are obtained from the relations in the proposition. We prove this
through induction on |j| — |¢|. We will consider the case of when ¢ > 0 and j = k > 0.

The other cases all follow similarly. For the base case j =7 + 1, the relations

qliip1tiviivr = tig1it1tiitt
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when j = ¢, and
Gtiititivt,—i1 — tiv1—i-1tiiv1 = —(0 — ¢ Vli—imativim

when j = —/, are obtained from the proposition as ¢*+! f; = ¢f;¢"+ and JiFiT —

¢ ' Fafi = —2¢*+1 f=. The induction step for j —i > 2 is as follows:
B
qtl]tj] - qtzgq
= qq " (fitizr g — tigr; fi)g"

= " (fitigy — i fi)

= "t
= jjtij
for j = /¢, and
-1
q—dq —k;
qijtj—j = 4 Rt (fitisny — tivri fi) F5
-1 -1
q—dq k. q—q k.
= —q 2 q kl+1fiti+1,j}?j + QTQ kl+1ti+1’jfiF;*-
-1 -1
q—dq k. q—q k.
= —q— 5 q klﬂfitwl,ij +q 5 q klﬂtwl,jfiFj
-1 -1
q—dq —k; , q—dq —k; )
=5 ¢ B fi(Frtigng + 2tie1,—5q%) + 4 el (Fstiprg + 2ti,—34") fi
_ 4~ ¢! —kit1 g kit ks
=5 ¢ Flitivg —(@—q g fitiv1,-59
a—q"' k k
+ q st fi+ (@ — a7 g i 0
_q—= q_l —kiyq =1\ —kit1 ks
=5 ¢ Fs(fitiviy —tiyigfi) — (@ —a g (fitiv1,—j — tiv1,—jfi)q
_q— q_l —kit1 =1\ —kit1 k;
T 9 F5q (fitivr; —tivrifi) = (@ —a " )q (fitig1,—5 — tiv1,—j fi)a
1
q—4q _ .
i Fiti; — (q— ¢ ti—q"

= tj,—jti — (¢ — a ti—itj

for j = —¢. ]
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The following are some relations of 4,p, that resulted from the relations in
Proposition 5.3.1:
Lemma 5.3.2. The following relations holds in Up,,:
a) eif; — fiei = eif; + fies
b) —— fmifin fifafifin—fon fifgatd fifon fr = €27 fim T4 2fz+1fl+1fz
) fes=eifi+ 2L (2 = Dyers

Set dege; = «;, deg fi = —ay, degg" = 0, dege; = v;, deg f; = —v;, and

1+ ¢2

deg F; = —f,;. Noting that all the defining relations of the quantum superalgebra
U,p,, are homogeneous, we see immediately that Up,, has a root-space decomposition,
Ugpn = @(ﬂq)a
acQ
where (Uy)a = {v € Ugp, | ¢"vg™" = ¢*Muv for all h € PV},
Through direct computations, we can express the coproduct A in terms of the
new generators in Proposition 5.3.1:

Lemma 5.3.3. In terms of the generators e;, fi, ez, f5 fori € I, Fx fori € J, and ¢"
for h € PY in Uyp,,

A =¢"®q¢
q—q

Ale;) = ¢" @ e+ e; @ ¢+ — 5 ¢ © It
qg—q!
Alf)=d"® fi+ fi @ ¢ + TFZ'@) €1
0\ R _ _ kit1
Aler) = ¢ @ e+ e: @ q
A(fz)zqki®fz+fz®qki+l_q 2 F® i+ fz

A(F) =d" @ Fi+ Fed"
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Remark 5.3.4. This Lemma is crucial as the tensor representations of {p, onto

C,(n|n) uses the coproduct in terms of the new generators.

5.4 Triangular decomposition of {p,,

Let Ll;“ (respectively 4) be the sub-superalgebra of U,p, generated by the
elements e; and e; (respectively f;, f;, and F5) fori=1,...,n—1 (and j =1,...,n).
Also, let 112 be generated by ¢" for h € PYV. We want to show that {,p, has a
triangular decomposition, which will require the following lemma:

Lemma 5.4.1. Let U7° (respectively U5°) be generated by generated by L) and UF

(ng and L[;r respectively). Then the following isomorphisms holds:
>0 ~ ((0 <0 ~ — 0
ﬂg :qu@il;_ qu— :ﬂq ®ﬂq

Proof. We will prove the second part. Let {f: | ( € 2} be a basis of 4 consisting
of monomials in f;’s, f;’s, and F;’s (1<i<n-—1,1<j <n), with Q being an
index set. Consider the map ¢ : 4 @ U) — US0 by ¢(fc ® ¢") = feq". The defining
relations of {,p,, implies that fgqh span ﬂgo, so ¢ is surjective. Thus it is enough to

show that the set {f:¢" | ¢ € Q,h € PV} is linearly independent over C(q).

Suppose

E Cc,hfcqh =0
cen
hePV

where C;, is some constant in C(g). We may write

Yol D Cented | =0

acQ_ |\ deg fe=a
hePV
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n—1 n n—1

Write o = — Z(miai +nyi) — Zr,ﬁi, for m;, n;,r; € Z>g, and let h, = Z(mZ +

=1 i=1 =1

n n—1
ni)kit1 + Zriki and h,, = Z:(mZ + n;)k; + rik;. Since Up,, = GB(qu)a, we have,
i=1 i=1 acQ
for each a € Q_:
> Cenfed" =0 (5.8)
deg fr=a
hePV

Since f¢ is a monomial in f;’s, f;’s, and F}’s, we have
A(fo) = fe ® ¢" + (intermediate terms ) + ¢ @ f,

which shows the terms of degree (o, 0) in A(f¢). Applying the comultiplication

to (5.8) gives

Y Cenlfed" @ ¢+ .+ "M@ feg) =0
deg fe=a
hePV

Collecting the terms of degree («,0) gives that

S Cenlfed" ® ) =0
deg fe=a
hePY
Since the set {¢" | h € PV} is a linearly independent set, we have that, for all
h e PY:
> Cenfed" =0

deg fe=a

— Z CC’th =0

deg fe=a
Due to the linear independence of f¢, we conclude that all C¢j, = 0, as desired.

]
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Theorem 5.4.2. There is a C(q)-linear isomorphism
Uy(pn) = U, @ L) @ UF

Proof. Let {fc | ¢ € Q}, {¢" | h € PV}, and {e, | 7 € @'}, be monomial bases of i,
112, and il;r respectively, where €2 is the index set as in the proof of Lemma 5.4.1,
and (' is a different indexing set. From the defining relations of (,p,, in proposition
5.3.1, we can always move ¢; and e; (1 <7 < n—1) to the far right in each monomial.
Thus, we have that fgqheT spans ,p,,, and so it suffices to show that the elements

feq"e, are linearly independent over C(g).

Suppose

Z CC,h,TquheT =0
e, e
hePVY

where C; - is some constant in C(g). Due to the root space decomposition of

Uypp, we have that, for all @ € Q:

Z Oghﬂ—fgqh&— =0 (59)
degf¢+deger=a
hePV
Using the partial ordering on h*, where A < p if and only if A — p € Q. for

A, v € b*, we can choose v = deg f: and 8 = deg e,, which are minimal and maximal

n—1
respectively, among those for which v+ 8 =« and C¢ . # 0. If v = — Z(miai +
i=1
n n—1 n n—1
niYi) — Zhﬂi, set h, = z:(mZ +ni)ki1 + Zriki, and if 8 = Z(m;ai +n.vi), set
i=1 i=1 i=1 =1
n—1
hg = Z(m;kl + nik;), for my, m}, ng,nl,r; € Z=°.
i=1
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The term of degree (0, 3) in A(e,) is ¢"# @ e, and the term of degree (v, 0) in
A(fe) is fe ® ¢™. Applying the comultiplication to the sum in (5.9), since the terms

of degree (v, ) in (5.9) must sum to zero, we have that

Z Conr(fed"™* @ " er) =0

deg fc=~
deger=04
hePV

By lemma 5.4.1, the elements f.¢" are linearly independent for ¢ € Q,h € PV.

Thus, for all h € PV, we have that

Z CC,h,thJrh’yeT =0

deger=p

— Z C<7h77—€7— =0

deger=p
Due to the linear independence of e;, we conclude that all C¢j, , = 0, as desired.

]
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CHAPTER 6
Periplectic ¢-Brauer algebra

In [45] and [46], Schur proved that the action of the symmetric group Sy on
V@ generates the centralizer algebra of gl,. We know of this result today as the
Schur-Weyl duality.

In [42], D. Moon identified the centralizer of the action of p, on the tensor
space Cf"’; . This centralizer is called the periplectic Brauer algebra in the literature:
see [15, 10, 17, 18].

Recall that we have a representation of 4p, on C,(n|n) via the assignment
tij — s;; as per Remark 5.1.3. We can then extend this to a representation of U p,,
on C,(n|n)®*, for each k > 1, through the coproduct on p,. More explicitly, the

action on C,(n|n)®* by i,p,, is given by
tijleq ®ep) = Z (—1)P@OFPENEER+PGD+EERFPUDP@L, (o) @ tri(en) (6.1)
k=—n

where

tii(ea) — Z q5bi(1—2p(i))+5b,—i(2p(i)—1)Ebb(ea);

b=—n

ti—i(ea) = (¢ — ¢ )00 F ii(ea);
tij(ea) = (¢ — a~)(=1)"VEjilea), if [i # j].
In this chapter, we determine the centralizer of the action of 4 p, on C,(n|n)®*.
This centralizer is referred to as the periplectic ¢-Brauer algebra. Quantum analogs of
the Brauer algebra were studied in [41] where they appear as centralizers of the action
of twisted quantized enveloping algebras ilflwon and ilf]wspn on tensor representations

(here, sp,, is the symplectic Lie algebra).
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6.1 Definition

We start with the definition of the algebra of interest:
Definition 6.1.1. The periplectic g-Brauer algebra B, is the associative C(q)-
algebra generated by elements t; and ¢; for 1 < ¢ < k — 1 satisfying the following

relations:

(ti—q)(ti+q¢')=0, <=0, citi=—¢ 'c;, tic;=gqc; for1 <i<k-—1; (6.2)

titj = tjti, ticj = Cjti, GC; = ;G if |l - j| 2 2, (63)
titjti = tjtitj, Ci+1CiCir1 = —Cip1, GCiCip1C = —C; for 1 S 1 S k — 2, (64)
tiCit1C = —tir1Ci + (¢ — ¢ 1)CitaCi, CipaCitiyr = —Cipti + (¢ — ¢ Veipic (6.5)

Remark 6.1.1. Setting ¢ = 1 in this definition yields the algebra Aj from Definition
2.2 in [42].

Remark 6.1.2. Let S; denote the symmetric group on k elements. The Hecke algebra
Hy, generated by {h(s;) = t;}, is a subalgebra of B, ;. The generators of Hj, satisfies

the relations:

h(o)h(c") = h(od') if L(cc’) = (o) + £(c") (6.6)
(A(si) = q)(h(si) +¢7) =0 (6.7)
h(si)h(siva)h(si) = h(siza)h(si)h(sit1) (6.8)

where 0,0’ € Sj, and {(0) is the length of the permutation o, which are the same
relations as that in Definition 6.1.1.

Lemma 6.1.3. Consider C(q) as purely odd i,p,-module. We have LU,p,-module
homomorphisms ¥ : C,(n|n) ® Cy(n|n) — C(q) and € : C(q) — C,(n|n) ® Cy(n|n)

n

given by (e, @ ep) = 64 _p(—1)P@ and e(1) = Z €q R e_g.

a=—n
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Proof. Tt is enough to check that, for all the generators ¢;; of ,p,, and any tensor

v € C,(n|n) ® Cy(n|n),
I(tij(v)) = ti;(0(v)) and €(t;;(1)) = ti;(e(1)). (6.9)

Using the formula for the coproduct, we have:

tijlea ®e_q) = Z (—1)P@OFPENEER+PGD+EEFPEIP@L, (o) @ trile_a)  (6.10)

k=—n

This can be made more explicit using

i(ea) = 3 P m2Or0 @D (e ),

b=—n
ti—i(ea) = (¢ — ¢ )00 Eii(ea); (6.11)
tijea) = (¢ — ¢~ ) (=1)"VEjilea), if [i] # |3]-
We directly prove that (6.9) is satisfied through computations of t;;(e,, ® eq,).

We split this proof into three cases depending on the value of ¢ and j. We will only

show the case for j = —i.

Using (6.11) with (6.10) gives the following:
ti—i(Cay ® €ay) = (1P otii(eq,) @ ti—i(€ay) + disoti—i(€ay) ®t_; _i(€q,)
_ (_1)p(al)5i>0q6a1¢(1f2p(i))+6a1,71'(217(1‘)*1)(q _ q’l)(eal ® Efi'i<€a2))
+ 5i>0q6a2i(1—2p(i))+6a2,—i(2p(i)—1)<q _ q_1)<E—i,i(ea1) ® €a2)
= (= 1)P ) §; 206000 21 07 (g — g7 (eay ® )

—+ 5i>05a1,iq76a2i+6a2’7i (q — qil)(e,i (29 €a2)

If a; = —ay = 7, we obtain

ti—i(a ®e€ay) =q (qg—q ")(e—i ®e_y).
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If a; = —ay = —1, we get
ti,—i<€a1 ® 6112) = _q_l(q - q_1)<€—i 0% e—i)-

It follows that t; _; (Z €q ® e_a) =0, and thus (6.9) holds for e.

Now observe the following:

V(ti—i(eq, @ €qy)) = 5i>05a2,i5a1,iq_6a1i+5al’_i(q —q - 5i>05a1,i5a2,z'q_6“2i+5“2’_i(C] —q"

= 5i>05a2,i5a1,iq_1(q —q ") - 5i>05a1,i5a2,iq_1(q —¢ =0

This shows that (6.9) holds for 9.
The case for when ¢ = j is similar, and the case of when |i| # |j| is split further
into several cases, depending on the relationship of ¢ and j with a; and as, each

approached in a similar manner. O

By composing ¢ and €, we obtain a ip,-module homomorphism € o 9 :
C,(n|n)®? — C,(n|n)®?. In terms of elementary matrices, this linear map, which we

abbreviate by ¢, is given by

n

Z (_1>p(a)p(b)Eab R E_q .

a,b=—n

The super-permutation operator P on C,(n|n)? is given by

n

[ SR,

ab=—n
Note that this means that ¢ = P(™%)2 where (7 ost), stands for the map 7 ost applied
to the second tensor in the previous formula for P.
We can extend ¢ to a U,p,-module homomorphism ¢; : C,(n|n)® — C,(n|n)®
for 1 <i <[ — 1 by applying ¢ to the i* and (i + 1)** tensors.
The linear map C,(n|n)® — C,(n|n)®" given by P;S;,;,; where P; is the super-

permutation operator acting on the i and (i + 1) tensors is also a 4,p,-module
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homomorphism: this is a consequence of the fact that S is a solution of the quantum
Yang-Baxter relation.
Proposition 6.1.4. The tensor superspace C,(n|n)® is a module over B, if we let

t; act as P;S; ;41 and ¢; act as ¢;.

Proof. The linear operators P;S; ;. satisfy the braid relation (the first relation in
(6.4)), which is a consequence of the fact that S is a solution of the quantum Yang-
Baxter relation. The relations (6.3) for the operators P;S; ;.1 and ¢; can be easily
verified. The other relations can be checked via direct computations. Therefore, it is
enough to check the relations (6.2) on C,(n|n)®? and the relations (6.5) on C,(n|n)®?
We briefly sketch some of those computations below.

First, note that ¢P = —c¢ and Pc¢ = ¢. Also, we easily obtain the following:

¢ ((q -1 Z Ei @ Ly | = ¢ ((ql - 1) Z E_ i ® Ezl) =0,
i=1

i=1

c ((q ~1)Y Ei®E_ | =(q-1) ) Y Es®FE_o_,

=1 a=-n b=1

¢ <(C]_1 —-1) z; E i i®L| = Z Z Eap @ E_q -,

a=—nb=—n

-1 n n
: (z B o B ) = =YY Bue B
i=—n a=—n b=1

c Z (_1)p(j)Eij @ E; | = Z Z p(a (1)+1)+p(j )Ea,—z' R E_q;=0.

1<]jl<li|<n a=—n1<|j|<[i|<n

Therefore, we have that ¢(S—1) = (¢~ —1)¢, hence ¢S = ¢~ 'c. Now using that
¢ = —cP, we obtain the third relation in (6.2). Similarly, we prove (S —1)¢ = (¢— 1),
and then using Pc¢ = ¢, we obtain the fourth relation in (6.2).

For the remaining relations we use the following formula:

n n

PS = Z (—1)PYE; @ By + (¢ — 1) Z (B_ii ® Ei )

ij=—n i=1
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n n

+(q_1)Z(EZ7,®E’L’L - Z i, 1®E—m

=1 =1

n —1
—(¢' =1 Z (B_i-i®E_i )+ (q—q") Z (E_i—i ® Ey)
=1 i=—n
g Y By e B+ a—a ) Y (C1PE e B, )
l7l<lil 71<l4]

6.2 Centralizer of {,(p),-action on C,(n|n)®k
As mentioned after the definition of B,;, the module structure given in Propo-
sition 6.1.4 commutes with the action of $f,(p,) on C,(n|n)®". This, as a result, gives

us the algebra homomorphisms
8,1 — Endy, ) (C,(n[n)") and 84, (p,) — Ends,, (C,(nn)®).  (6.12)

The following main theorem states that B,; is the full centralizer of the action of
U, (pn) on Cy(n|n)® when n > 1.
Theorem 6.2.1. The map By — Endy, ) (Cq(n|n)®') is surjective and it is

injective when n > 1.

Proof. This is a g-analogue of Theorem 4.5 in [42]. The proof follows the lines of the
proof of Theorem 3.28 in [6], using Proposition 6.2.2 and Theorem 4.5 in [42] along

with Lemma 3.27 in [6], which can be applied in this instance. ]

Proposition 6.2.2. The quotient algebra B,,(A)/(q — 1)B,,(A) is isomorphic to

the algebra A; given in Definition 2.2 in [42].

Proof. Tt follows immediately from the definitions of both A; and B,,(.A) that we

have a surjective algebra homomorphism A; — B,;(A)/(¢ —1)B,(A). The fact that
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this homomorphism is injective can be proved as in the proof of Proposition 3.21 in

[6] using Theorem 4.1 in [42]. O

The ¢-Schur superalgebras of type @ were introduced in [6] and [24, 25]. Con-
sidering loc. cit. and the earlier work on ¢-Schur algebras for gl,, (see for instance
[23]), the following definition is natural.

Definition 6.2.1. The ¢-Schur superalgebra S,(p,,, ) of type P is the centralizer of
the action of B4, on Cy(n|n)®, that is, Sq(p,, 1) = Endg,,(Cy(n|n)®).

By definition, (6.12) gives an algebra homomorphism ,(p,,) — S;(pn, ). It
is an open question whether or not this map is surjective. We also have an algebra
homomorphism B,; — Endg,(y,.(Cq(n|n)®") from (6.12). It is natural to expect
that it should be an isomorphism, perhaps under certain conditions on n and [, which

is also open.
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