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ABSTRACT

TWISTING SYSTEMS AND SOME QUANTUM P3s WITH

POINT SCHEME A RANK-2 QUADRIC

Hung Viet Tran, Ph.D.

The University of Texas at Arlington, 2022

Supervising Professor: Michaela Vancliff

In 1996, J. J. Zhang introduced the concept of twisting a graded algebra by a
twisting system, which generalizes the concept of twisting a graded algebra by an
automorphism (the latter concept having been introduced in an article by M. Artin,
J. Tate and M. Van den Bergh in 1991). Twisting using a twisting system is an
equivalence relation and certain important algebraic properties of the original algebra
are carried over to the twisted algebra. We call a twisting system nontrivial if it
is not given by an automorphism. However, there are very few known examples of
nontrivial twisting systems in the literature.

M. Vancliff and K. Van Rompay in 1997, and B. Shelton and M. Vancliff in
1999, were successful in finding one example each of a nontrivial twisting system.
Their twisting systems were constructed on certain quadratic algebras A (on four
generators) using two invertible linear maps ¢ and 7 that satisfy ¢* = identity and
72 € Aut(A). We extend their work on twisting systems using analogous maps that
satisfy t" = identity and 7" € Aut(B), where n € N and B is any finitely generated

quadratic algebra.

v



We illustrate our new method for producing a nontrivial twisting system on
an algebra that is a quadratic quantum P? whose point scheme is given by a rank-2

quadric in P3. Such an algebra is a new addition to the literature.
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CHAPTER 1
Introduction

In 1996, J. J. Zhang introduced the concept of twisting a graded algebra by a
twisting system, which generalizes the concept of twisting a graded algebra by an
automorphism (the latter concept having been introduced in an article by M. Artin,
J. Tate and M. Van den Bergh in 1991). Twisting using a twisting system is an
equivalence relation and certain important algebraic properties of the original algebra
are carried over to the twisted algebra. We call a twisting system nontrivial if it
is not given by an automorphism. However, there are very few known examples of
nontrivial twisting systems in the literature.

M. Vancliff and K. Van Rompay in 1997, and B. Shelton and M. Vancliff in
1999, were successful in finding one example each of a nontrivial twisting system.
Their twisting systems were constructed on certain quadratic algebras A (on four
generators) using two invertible linear maps ¢ and 7 that satisfy ¢* = identity and
72 € Aut(A). Their methods entailed using geometric techniques specific to their
algebras. We extend their work on twisting systems using analogous maps that
satisfy t" = identity and 7" € Aut(B), where n € N and B is any finitely generated
quadratic algebra.

More specifically, in Section 2.1, some basic definitions and concepts relevant
to later chapters are described, such as the standard definitions of a graded algebra,
a free algebra, and a quadratic algebra. Some more advanced standard concepts are
also provided, such as those of Hilbert series, Koszul algebra, Ore extension of a ring,

global homological dimension, Gelfand-Kirillov dimension, Artin-Schelter regularity,



and Cohen-Macaulay property. In Section 2.2, we recall the concept of a twist of a
graded algebra by an automorphism as given in [2, Section 8|. We note that twisting
by an automorphism is reflexive and symmetric, but, in general, not transitive. In
Section 2.3, we provide Zhang’s concept of a twisting system [16]. As explained in
[16], twisting by an automorphism is an example of twisting by a twisting system,
and that twisting by a twisting system is reflexive, symmetric and transitive. Also,
certain important properties of a graded algebra are preserved by twisting using a
twisting system, as discussed in [16], and are recalled in Section 2.2. We conclude
Section 2.2 with the example of a nontrivial twisting system that was constructed by
M. Vancliff and K. Van Rompay in [15].

In Chapter 3, in our generalization of the twisting systems found in [13, 15], we
consider a quadratic algebra A = T'(V')/(W), where V is a finite-dimensional vector
space, T'(V) is the tensor algebra on V', and W is a finite-dimensional subspace of
V ® V. We consider two invertible linear maps ¢ and 7 that are defined on T'(V'), and
satisfy #° = identity and 7° € Aut(A), where § € N. Linear maps t,, : T(V) — T(V)
are defined, in terms of ¢ and 7, in Definition 3.1. We prove that {¢, : n € Z} is a
twisting system of 7T'(V') in Lemma 3.3. Moreover, {t, : n € Z} is proved in Theorem
3.6 to be a twisting system of A if it satisfies the hypotheses of Proposition 3.5. In
Definition 3.7, we call such a twisting system a twisting system of type Ts. The main
content of Chapter 3 is to prove that the twisting system of type Ty is well defined.
In Corollary 3.9, we give some equivalent conditions for a twisting system of A to
be of type Ts. In particular, as shown in Corollary 3.9, if {¢, : n € Z} is a twisting
system of A of type Ts, then it is a twisting system of A of type Tys for all k£ € N.
Unlike the methods in [13, 15], our method of constructing twisting systems does not

entail the use of any geometric data.



In Chapter 4, we illustrate our method for producing a nontrivial twisting system
of type Ts on an algebra that is proved in Chapter 5 to be a quadratic quantum P32,
whose point scheme is given by a rank-2 quadric in P3. Specifically, we consider a
family of quadratic algebras A(p) = T'(V)/(W), where V is a four-dimensional vector
space over a field k and the subspace W of V ® V' depends on a nonzero scalar p € k,
and char(k) # 2. We construct a nontrivial twisting system of A(p) of type Ty (and
so also of type Ty for all k& € N, by Corollary 3.9). In conclusion of Chapter 4, the
twist of A(p) under the above twisting system {¢,, : n € Z} is given.

In the first section of Chapter 5, we study the family of algebras A(p) that
are used to produce the nontrivial twisting system example in Chapter 4. We show
that each quadratic algebra A(p) satisfies several desirable properties, as stated in
Theorem 5.1.9, such as being noetherian, Artin-Schelter regular of global dimension
four, Auslander-regular, satisfying the Cohen-Macaulay property, having Hilbert series
H(s) = (1 — s)~* and being a domain. Consequently, these algebras are quadratic
quantum P3s. In Section 5.2, we show that the point scheme of each quadratic algebra
A(p) is given by a rank-2 quadric in P3; that is, the point scheme is the union of two
distinct planes in the projective space P3 (Theorem 5.2.1). Such algebras are a new
addition to the literature. Moreover, the zero locus of the defining relations of A(p)
does not determine the defining relations of A(p) (Theorem 5.2.3). We conclude the

dissertation by stating some possible future research.



CHAPTER 2
Preliminaries

We begin by defining some relevant terms in abstract algebra, after which we
will briefly discuss the concepts of twisting a graded algebra by an automorphism
and twisting a graded algebra using a twisting system. As shown in [16], twisting by
an automorphism is a special case of twisting using a twisting system. Also, certain
important properties of twisting using a twisting system, as discussed in [16], will be
mentioned.

Most of the definitions in Section 2.1 can be found in [3, 4, 11]. Also, most of

the content of Sections 2.2 and 2.3 is based on [2, Section 8] and [16].

Throughout the dissertation, the notation N denotes the set of all positive
integers, Ny denotes the set NU {0}, Z denotes the set of all integers and k denotes a

field. If R is a ring, then R* denotes the set of nonzero elements in R.

2.1 Some Abstract Algebra Definitions

Definition 2.1.1. (cf. [4, Pages 342 and 657])
Let R be a commutative ring with identity 1. If A is a ring with identity 14
together with a ring homomorphism f : R — A mapping 1 to 14 such that the

subring f(R) of A is contained in the center of A, then A is called an R-algebra.



In particular, let k be a field. A ring A is a k-algebra if k is contained in the

center of A, and the unity element of k is the unity element of A.

Definition 2.1.2. (cf. [11, Page 103])
Let R denote a nonzero ring. An element r of R is said to be normal in R if

rR = Rr.

Definition 2.1.3. (cf. [11, Page 4])
A nonzero (possibly noncommutative) ring R is said to be a domain if the

product of nonzero elements in R is always nonzero.

Definition 2.1.4. (cf. [3, Definition 1.1.1])

A k-algebra A is called N-graded if it has a decomposition A = @?’;0 Aj,
where A; is an abelian group for all ¢ and A;A; C A,y for all 4,7 > 0. Moreover, we
view A; = {0} whenever i < 0.

We say that an N-graded k-algebra A is connected if Ay = k.

A nonzero element x in A is called homogeneous of degree n if © € A,, for
some n.

A left, or right, ideal I of A is called homogeneous if it is generated by

homogeneous elements, or equivalently if 7 = €72 (1 N A;).



Definition 2.1.5. (cf. [3, Definition 1.2.1])
Let A be an N-graded k-algebra. A left A-module M is graded if M has a

decomposition M = @, _, M,,, where M, is an abelian group for all n and A;M; C

nez
M, ; for all © € Ny, j € Z.
Let k € Z. A homomorphism of graded A-modules ¢ : M — N is a graded

homomorphism of degree k if ¢(M,) C N, for all n € Z.

Definition 2.1.6. (cf. [3, Definition 1.1.3])
A k-algebra A is finitely generated if there is a finite set of elements

x1,...,%, € A such that the set
S=A{xy -z, |1 <i; <nmeN}U{l}

spans A as a vector space over k. In this case, the elements x4, ..., z, are called the

generators of A, and we say A is generated by zy,...,z,.

Definition 2.1.7. (cf. [3, Example 1.1.2])

If A is defined as in Definition 2.1.6, and if A has basis S as a vector space
over k, then we call A the free algebra over k on n generators z1,...,z,, and
write A = k(z1,...,x,). In this dissertation, the free algebra A = k(xq,...,x,) is

connected and N-graded, where A, is the k-span of all monomials x;,-- - ;, in S.

Remark 2.1.8. (cf. [4, Page 443])
Let T(V) = @2, V* denote the tensor algebra of a finite-dimensional vector

space V =kz; @ - -+ @ ka,, where n € N. We note that T'(V') = k(xy,...,z,).
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Remark 2.1.9. (cf. [3, Page 15])
A connected N-graded k-algebra A (where A # Ay) is finitely generated if
and only if there is a surjective graded ring homomorphism from some free algebra

k(zy,...,x,) to A. It follows that A = k(zy,...,x,)/I for some homogeneous ideal

I of k(zy,...,x,).

Definition 2.1.10. (cf. [12, Page 6])
If A is an N-graded k-algebra that is generated by homogeneous degree-one
elements, where each defining relation of A is homogeneous of degree two, then A is

called a quadratic algebra.

In particular, if A is a finitely generated quadratic k-algebra, then A =
T(V)/(W), where T(V) is given in Remark 2.1.8 and W is a subspace of V @ V.

Definition 2.1.11. (cf. [7, Page 174])
Let A =@;2, A; be an N-graded k-algebra and let  denote a nonzero homo-
geneous element of A. We call x n-regular if both the right and left multiplication

of elements of A; by x is injective on A; for all 1 < n.

Definition 2.1.12. (cf. [8, Section 5.5))
For an N-graded finitely generated k-algebra A = @@;°, A;, its Hilbert series

H 4(s) is defined to be
Hy(s) = ,cp dim(Ay)s™.



Definition 2.1.13. (cf. [7, Page 173])

For a quadratic k-algebra A = @;°, A; with defining relations given by a
subspace W C A; ® A;, the Koszul dual of A is defined as A' = T(A%)/(W+), where
A is the dual of the vector space A; and Wt ={X € Ai® A} | Xo=0forall x €

Definition 2.1.14. (cf. [7, Page 173])
Let A be as given in Definition 2.1.13, where A; has k-basis {z1,...,x,}, and
let {X3,...,X,} denote the dual basis in A}. The Koszul complex for A is the

complex of free left A-modules
o AR (ALY = 5 AR (A = A® (A) =4k — 0,

where 4k is the trivial left A-module and the differential is right multiplication by
Z ;@ X; € A®y, A The algebra A is called a Koszul algebra if this complex is

i=1
exact.

Definition 2.1.15. (cf. [5, Page 34], [11, Page 38])

Let R be a nonzero ring, o a ring endomorphism of R, and § a left o-derivation
of R (in particular, 6(rs) = o(r)d(s) + d(r)s for all r,s € R). A ring A is called an
Ore extension of R if

1. A contains R as a subring,

2. there exists z € A such that A is a free left R-module with basis {1, z, 22, ...},
and

3. ar =o(r)z+6(r) for all r € R.

We write A = R[x;0,0] in this case.



Definition 2.1.16. (cf. [1, Page 41])

An algebra A is said to have finite global homological dimension d if

d = sup{projective dimension of M | M = left A-module}

= sup{projective dimension of M | M = right A-module}

is finite. In this case we write gldim(A) = d.

Definition 2.1.17. (cf. [6])
The Gelfand-Kirillov dimension (GK-dimension) of a k-algebra A is

defined as

GKdim(A) = sup {lim sup log,, (dimy ( Z VZ))} ,
v

nreo i=0
where the supremum is taken over all finite-dimensional subspaces V of A, V° =k,
and V* denotes the subspace spanned by all monomials v; - - - v; for all i € N, where
v; € Vforall j € N.
If Ais a k-algebra and M is a left A-module, the Gelfand-Kirillov dimension
(GK-dimension) of M is defined as

GKdim(M) = sup {lim sup logn(dimk(V"F))} ,

V,F n—00
where the supremum is taken over all finite-dimensional subspaces V' of A containing
unity and over all finite-dimensional subspaces I’ of M. One defines GKdim (M) for

a right A-module M analogously.

Definition 2.1.18. (cf. [1, Pages 41-42])
Let A = @;°,A; be a finitely generated, N-graded, connected k-algebra,
generated by A;. The algebra A is called Artin-Schelter regular (AS-regular) of

dimension d if



1. A has finite global homological dimension d, and

2. A has finite Gelfand-Kirillov dimension, and

3. A is Gorenstein; that is, the projective modules appearing in a minimal pro-
jective resolution of the trivial left A-module 4k are finitely generated and
Ext? (ak, A) = 02k, where the grading of k4 is possibly shifted by some degree,

and 62 =1 if ¢ = d and 0 otherwise.

Definition 2.1.19. (cf. [8, Definition 2.1])
A noetherian ring A is Auslander-regular of dimension p if
1. gldim(A) = pu < o0, and
2. for all finitely generated A-modules M and for all ¢ > 0, j(N) > ¢ for every
A-submodule N of Ext? (M, A), where

§(N) = inf{i | Ext’,(N, A) # 0} € NU {0, co}.

Definition 2.1.20. (cf. [8, Definition 5.8])
Let A be a noetherian k-algebra with GKdim (A) = p € Ny. We say that A
satisfies the Cohen-Macaulay property (CM property) if GKdim(M) + j(M) =

for all nonzero finitely generated A-modules M, where

§(M) = int{i | Exti,(M, A) # 0} € NU {0, 00}

Definition 2.1.20 is modeled on the commutative setting where, if A is a
commutative noetherian local ring, then A is Cohen-Macaulay if and only if Kdim(N)
+ j(N) = Kdim(A) for all nonzero finitely generated A-modules N, where Kdim

denotes Krull dimension.

10



The following result is well known, but is included for completeness.
Lemma 2.1.21.

Let U be a vector space and W a finite-dimensional subspace of U. If ¢ : U —
U is an invertible linear map such that ¢(W) C W, then ¢(W) =W = ¢=1(W).

Proof.
Consider ¢|w : W — W, which is injective. Since dim(W) < oo, we may apply

the Rank-Nullity Theorem to ¢|y, so the result follows. [ |

2.2 Twist of a Graded Algebra by an Automorphism

The twist of a graded algebra by an automorphism was defined in [2, Section
8] for Z-graded algebras. For our purposes, we will restrict our attention to mainly
quadratic algebras.
Definition 2.2.1. [2, Section §]

Let A= @;’;0 A; be a connected N-graded k-algebra and let ¢ € Aut(A) be a
graded automorphism of degree zero. We form a new graded algebra B as follows:

1. as vector spaces, B = A, and

2. we define a multiplication * on B by

ay * ag % - % Ay = a10(az)d*(as) - ™ am),

for all ay,...,a,, € A1, m € N, and use distributivity to extend * to the rest of

B.

We call B the twist of A by the automorphism ¢.

[2, Section 8] proved that the multiplication on B is well defined.
11



In particular, a twist of a quadratic algebra by a graded degree-0 automorphism

is a quadratic algebra.

Example 2.2.2.

Consider the quadratic algebra

 Kk{z,y)
4= (yx — qry)’

where ¢ is a nonzero element in k, and deg(x) = deg(y) = 1. The map ¢ defined by

o(z) =z, ¢(y) = qu is an automorphism of A since

P(yr — qry) = qyx — ¢*zy = q(yx — quy).

Applying Definition 2.2.1, we have

yxr=yp(r) =yr = qry = 26(y) = T * Y,

which implies that the twist B of A by ¢ is given by

k{z,y)

B
(yz — zy)

= k[z, y;

that is, B is the (commutative) polynomial ring on two variables.

We note that twisting a graded algebra by an automorphism is reflexive and
symmetric, but usually it is not transitive. To remedy this, twisting a graded algebra

by a twisting system (see Definitions 2.3.1 and 2.3.4) was considered by Zhang in [16].

12



2.3 Twisting Systems
Definition 2.3.1. [16, Definition 2.1]
Let A = @j’io A; be an N-graded k-algebra, where k C Aj. A set {t,}nez of

degree-0 graded k-linear bijections of A is called a twisting system of A if

tn(atm(b)) = tn(a)tnym(b)
or, equivalently,
tn(ab) = to(a)tnimty, (),

foralla € A,,, b€ A;, m,i,n € Z.

The following example shows that a graded degree-0 automorphism yields a
twisting system.
Example 2.3.2. [16, Page 284]

Let A denote an N-graded k-algebra and ¢ a degree-0 graded automorphism of

A. Writing t,, = ¢", for all n € Z, we have

tn(atm(b)) = ¢"(ad™ (b)) = ¢"(a)¢" (6™ (b)) = ¢" ()" (b)

= tn(a)thrm (b)7

for all a € A,,, b € A;, and for all n,m,i € Z. Thus, {t,},ez is a twisting system of
A.

13



In the following example, the map ¢, is not, in general, a homomorphism for
any n € Z.
Example 2.3.3. [16, Page 284]

Let A denote an N-graded k-algebra, and y € Ay an invertible element of A.

Define t,(a) = ya for all a € A and n € Z. It follows that

tu(atm(b)) = yayb = t,(a)t,im(b).

for all a € A,,, b € A;, and for all n,m,i € Z. Thus, {t,}necz is a twisting system of
A.

Definition 2.3.4. [16, Definition/Proposition 2.3]
Let A and {t, },cz be defined as in Definition 2.3.1. We form a new quadratic
algebra B as follows:
1. as vector spaces, B = A, and

2. we define a multiplication * on B by

a1 * ag %+« % Ay, = arty(ag)ta(az) -+ tm_1(am),

for all ay,...,a,, € A1, m € N, and use distributivity to extend * to the rest of
B.

We call B the twist of A by the twisting system {¢,},cz.

In [16], Zhang defined the notion of twisting a graded algebra by a twisting
system for more general graded algebras, but our focus is mainly on quadratic algebras.

He also proved that the multiplication on B is well defined.

14



Definition 2.3.5.
A twist of a graded k-algebra by a twisting system is called nontrivial if it is

not a twist by an automorphism and we refer to such a twisting system as nontrivial.

By Example 2.3.2, twisting a graded algebra by an automorphism is a special
case of twisting by a twisting system. Moreover, Example 2.3.3 is an example of a

nontrivial twisting system.

The following result shows that twisting a graded algebra using a twisting
system is an equivalence relation.
Proposition 2.3.6. [16, Proposition 2.5]
If A is a graded k-algebra, then
1. (reflexivity) A is a twist by a twisting system of itself;
2. (symmetry) if B is a twist by a twisting system of A, then A is a twist by a
tuisting system of B;
3. (transitivity) if B is a twist by a twisting system of A and if C is a twist by a

twisting system of B, then C' is a twist by a twisting system of A.

Twisting systems are useful in part due to the following result.
Theorem 2.3.7. [16, Propositions 5.1 and 5.2 and Theorems 5.7 and 5.11]
If A is a connected, N-graded, finitely generated k-algebra, then the following
properties are preserved under twisting by a twisting system:
1. being a domain
2. Gelfand-Kirillov dimension

3. global dimension

15



4. Krull dimension

5. being noetherian.
Moreover, for noetherian connected N-graded k-algebras, the following are preserved
under a twist by a twisting system:

6. injective dimension

7. being Cohen-Macaulay

8. being Artin-Schelter Gorenstein (or Artin-Schelter regular)

9. being Auslander Gorenstein (or Auslander reqular) and Cohen-Macaulay.

k(z,y)

For example, in Example 2.2.2, where the algebra —— twisted to the algebra

% = k[z,y|, we can apply Theorem 2.3.7 to the polynomial domain k|x,y] to
infer some important properties of the algebra <yﬂi<fj;>y>. In particular, since klz, y] is a

noetherian domain, we deduce immediately that % is also a noetherian domain.

We note that, by the transitivity of twisting systems (Proposition 2.3.6), twisting
a graded k-algebra A by an automorphism and twisting the resulting algebra by
an automorphism yields a twist of A by a (potentially nontrivial) twisting system.
Nevertheless, very few examples of nontrivial twisting systems are known in the
literature. Among these few examples are those constructed in [13, 15] on certain
quadratic algebras. In Example 2.3.8 below, we recall the example in [15]; the example

in [13] utilized a similar construction to that of [15].

Example 2.3.8. [15, Section 4]
In this example, let A denote an algebra from [15, Section 4]. Such an algebra
is quadratic and satisfies A = T (V) /(W) = @.2, A;, where V is a vector space of

dimension four and W is a subspace of V ® V' of dimension six. In this setting, there

16



exist invertible linear maps 7 : Ay — A; and t : A1 — A; that induce automorphisms
of T(V), but do not induce automorphisms of A. Nevertheless, 72 € Aut(A) and 2
is the identity map. Let ¢; : A — A denote the linear map given by ¢ (o) = « for all

o€ Ao, and
ti(ar - -am) = (T71)(a))7 %7 (az) - - 77" am),

where m € Nand a; € A forall j =1,...,m. For alln € Z, let t,, : A — A denote
the linear map t,, = 7" "t,, where r € {0, 1} satisfies n = r (mod 2), and ¢, is the
identity map. By using certain geometric data associated to A, the authors of [15]

prove that the set {t,},cz is a twisting system of A.

We call this twisting system a twisting system of type T, and we generalize

this type of twisting system in Definition 3.7.

17



CHAPTER 3
Twisting Systems of Type Ty

In this chapter, we generalize the twisting system construction discussed in
Example 2.3.8 of Chapter 2. Explicitly, in Definition 3.7, we introduce the notion of
a twisting system of type Ts, where 6 € N, § > 2 (we recall that 6 = 2 in Example
2.3.8). Our method does not entail the use of any geometric data. The main objective
of Chapter 3 is to prove that, under certain conditions, the twisting system of type Ts
is well defined on any finitely generated quadratic algebra. We will prove in Corollary

3.9 that any twisting system of type Ts is also of type Tys for any k£ € N.

Throughout this chapter, we use the same notation and definitions as given in
Section 2.1. In particular, we recall that a twisting system is called nontrivial if it is

not given by an automorphism. We write Zs = {0,1,2,...,6 — 1}.

Let V denote a finite-dimensional vector space, and 7'(V') the tensor algebra
on V. We take degree(x) = 1, for all nonzero elements z € V C T(V). Let
A=TWV)/(W) =P;2, Ai, where W is a finite-dimensional subspace of V@ V. We
note that A is a quadratic algebra, where V = A;. Let ¢t and 7 be two invertible

linear graded functions that map T'(V') to T'(V).

18



Definition 3.1.
For n € Z, we define maps t,, : T'(V) — T(V) by t,(a) = «, for all a € T'(V),
and

tu(ar- - am) = [[77 "t 7 (ay),

where m € N, a; € T(V); =V for j =1,...,m, and extend t,, to T'(V) by linearity.
We note that ¢ is the identity function on 7'(V') and that each ¢, is a linear

graded bijection from T'(V') to T'(V).

The main goal of this chapter is to prove that, under certain hypotheses, t, is

well defined on A for all n € N and that {t,, : n € Z} is a twisting system on A.

Remark 3.2.

Suppose that ¢, is defined as in Definition 3.1 and that {t, },cz yields a twisting
system on A. If t7 = 7t then, from Definition 3.1, we have

tn(a HTl Jngni= 1 (a;) HTl —Ingi= 1t” (a;) H _1t
7j=1

and so t, =t € Aut(A) for all n € Z. It follows that the twisting system on A is
reduced to being a twist by t; = 77 € Aut(A). Conversely, if t; € Aut(A), then
772t = 77t on V, which implies that t7 = 7t on V.

Consequently, in seeking examples of nontrivial twisting systems on A in the

setting of Definition 3.1, we require t7 # 7¢ on V.
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Lemma 3.3.
Let t,, be defined as in Definition 3.1 for alln € Z. Ifa € T(V),, andb € T'(V);,
where m,1 € Ny, then
(a) tn(ab) = t,(a)tpyimt, (D), for alln € Z, so {t, : n € Z} is a twisting system of
T(V), and
(b) to(T(V)ub) C T(V ) mtnymt (D), for alln € Z.

Proof.
It suffices to consider a = ajas - - - @y, and b = byby - - - b;, where a;,b; € T(V),
for all j. Define
a; l<j<m
bi—m m+1<j<m+i.
It follows that
to(@) ity () = to(a) [[ !0 rrmgntmedmtpt g martm=l(p)
j=1

_ tn(a) H Tlfjf(n+m)tn7_j+mfl<bj)

Jj=1

_ H Tl_k_ntnTk_l(CLk) H Tl—(m+j)—ntn7_m+j—1(bj)
k=1 j=1

m-1

_ H Tl—k—ntn,]_k:—l(ck)
k=1
= t,(ab),

for all n € Z. [ |

Lemma 3.4.
Let t, be defined as in Definition 3.1 for all n € Z. Suppose t° = identity for

some § € N. If n =1 (mod d) for some r € Zs, then t, = 7" "t on T(V).
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Proof.

We write n = 7 (mod §) where r € Zs. Since t° = identity, t" = " and

m

tn(al A am) — H Tl*j*ntnijl(aj)
j=1

m

_ H TrfnTlfjfrtrijl (aj>

j=1
m
— rn H Tl—j—'r’trTj—l(aj)
j=1
= 77" (ay - an),

where m € N, a; € T(V); =V for j = 1,...,m. The result follows by linearity of

t". |

Proposition 3.5.
Let t, be as in Lemma 3.4. Suppose t° = identity and 0 € Aut(A) for some
0 eN. Ift. (W) CW forallr € Zs, then t, is defined on A for all n € Z.

Proof.
We will prove that t,((W)) C (W) for all n € Z. Let m,i € Ny. By Lemma

3.3(b), it follows that
ta(T(V)uWT(V)i) € T(V)mltnsmty, (W)IT (V). (3.1)

By Lemma 3.4, t, = 77~"t, where n = r (mod §) with r € Zs. Writing m = M (mod

d), m+mn =P (mod ¢), with M, P € Zs, we have

tpmt ol = rEm Mg lym=M (3.2)
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By assumption, 79(W) C W and (W) C W for all r € Zs, so t;} (W) C W
(by Lemma 2.1.21). Thus (3.2) implies ¢, ¢, (W) C W. Hence (3.1) implies

tn((W)) C (W) for all n € Z. |

Theorem 3.6.

Let t,, t and T be as in Proposition 3.5. If t,(W) C W for all r € Zs, then
{tn : n € Z} is a twisting system of A.
Proof.

By Lemma 3.3(a), {t, : n € Z} is a twisting system of T(V). Also, by

Proposition 3.5, t,, is defined on A for all n € Z. The result follows. [ |

Definition 3.7.

We say the twisting system given by Theorem 3.6 is of type Ts.

We present an example in Chapter 4 of a new example of a nontrivial twisting

system of type Ts.

Remark 3.8.

We note that in Definition 3.7, if {¢,, : n € Z} is a twisting system of A of type
Ty, then t is the identity map on A and 7 € Aut(A). In particular, in this case, we
have t7 = 7t, so by Remark 3.2, the twisting system {¢,, : n € Z} is reduced to being

a twist by t; = 7't € Aut(A).
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Corollary 3.9.
Let t,, be defined as in Definition 3.1 for alln € Z and let 6 € N. The following
conditions are equivalent
(a) {t,:n € Z} is a twisting system of A of type Ts,
(b) {tn :n € Z} is a twisting system of A of type Txs for all k € N,
(c) {t, : n € Z} is a twisting system of A of type T,s for some m € N, t° =
identity, and T° € Aut(A),
(d) {t,:n € Z} is a twisting system of A of type Ty for some a €N, a > §, t° =
identity, and T° € Aut(A),
(e) {t, : m € Z} is a twisting system of A simultaneously of types Ty, ..., Ta,,,
where aq,...,a, € N, m € N, and § is the greatest common divisor of

Apyeooy Q.

Proof.

We first prove that if (a) holds then (b) holds. Assume that {t, : n € Z} is
a twisting system of A of type Ts. In particular, t° = identity, 7°(W) C W, and
to(W) C W for all s € Zs. Let 3 = k&, for some k € N. We have t# = (#°)* = identity
and T#(W) = (r)5(W) C W. If r € Zg, then r = s (mod ), for some s € Zs. By
Lemma 3.4, it follows that ¢, = 7°"t;, so t,. (W) C W, for all r € Zg. By Theorem

3.6, {t, : n € Z} is a twisting system of A of type Ts. It follows that (b) holds.
Clearly, if (b) holds, then for an arbitrary m € N, by taking k = m, {t,, : n € Z}

is a twisting system of A of type T,,s. Also, by taking k = 1, we have t° = identity
and 7° € Aut(A) by Definition 3.7. Thus, (c) holds.
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We now prove that if (c¢) holds then (d) holds. Assume (c) holds. By the

hypothesis of part (c), t° = identity and 7° € Aut(A). By taking a = md, (d) holds.

We now prove that if (d) holds then (a) holds. Assume (d) holds. By the
hypothesis of part (d), t° = identity and 70 € Aut(A). As sets, we may view Zs C Z,,
so the fact that ¢,.(WW) C W for all r € Z, implies that ts(W) C W for all s € Zs. By

Theorem 3.6, {t,, : n € Z} is a twisting system of A of type Ty, so (a) holds.

We now prove that if (b) holds then (e) holds. By choosing ki, ..., k, € N,
where ki, ..., k,, are relatively prime, and letting ay = k6, ..., a,, = k;,0, we see

that if (b) holds then (e) holds.

We now prove that if (e) holds then (a) holds. Assume (e) holds. If m = 1,
the result is immediate. Suppose m > 2. Since ¢ is the greatest common divisor of
Qi, ..., Qy, there exist ny,...,n,, € Z such that § = nja; + - - - + npa,,. We have
0 = (tor)m ... (tom)mm = jdentity and 70 = (791)" ... (79 )" € Aut(A). Since 6|ay
for all 4, we may view, as sets, Zs C Z,, for all i, so the fact that ¢.(W) C W for all
r € Zq, implies that t;(W) C W for all s € Zs. By Theorem 3.6, {t, : n € Z} is a

twisting system of A of type Ts, so (a) holds. [

Remark 3.10.

We note that in Corollary 3.9, if {¢,, : n € Z} is a twisting system of A of type
T, and type Ty simultaneously, where a, 8 € N are relatively prime, then ¢ is the
identity map on A and 7 € Aut(A). In this case, by Definition 3.1, ¢,, = 77" for all

n € 7Z, and, by Remark 3.8, the twist is a twist by an automorphism.
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CHAPTER 4
An Example of a Nontrivial Twisting System of Type Ty

Throughout this chapter, we use the same notation and definitions as provided
in Section 2.1 and Chapter 3. In this chapter, we illustrate our method for producing
a nontrivial twisting system on an algebra that is a quadratic quantum P? whose

point scheme is given by a rank-2 quadric in P3.

Suppose char(k) # 2. Consider the family of quadratic algebras

Alp) =k(xq, ..., 24)/{wr, ..., we),
where p € k* and
92 _ _
Wy = P T1T2 + T2x1, Wo = PT1T3 — T3T1, W3 = PT1T4 + T4lq,
W4 = ToT3 — PT3Ta, W5 = Talg + PTeTo, We = T3T4 + T4T3 + T1T2.

We identify k{x, ..., z4) with T(V), where V = ¥} kz;, and write W = X¢_ kw;.
In Chapter 5, we prove that A(p) is a quantum P? with point scheme given by a

rank-2 quadric.

Consider the homomorphisms ¢ and 7 defined on k(z1,...,x4) given by the
matrices: ) ; ) )
1 00 O 1 00 O
010 0 040 0
[t] = ) [T] = )
001 O 002 0
001 —1 00 3 =2
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where we use row i to give the image of x;, for all i (for example, [t](z4) = x5 — x4).
The matrices act in the usual manner on the dual, V*, of V', which will be relevant

in Chapter 5. We consider t,, n € Z, as in Definition 3.1.

We now verify the conditions for {¢, : n € Z} to be a nontrivial twisting system
of A(p). We notice that
1. the maps ¢t and 7 are automorphisms of k(zy,...,z4), since [t] and [r]| are
invertible (since char(k) # 2),
2. t? = identity,
3. tT # Tt, since the matrix entry ([7][t] — [t][7])as = 2 # 0 (since char(k) # 2),
4. 1 (W) € W, since 7(ws) = 3wy — 2w;3 + 6z3z1 ¢ W (since char(k) # 2),
5. t(W) € W, since t(ws) = wy — ws + 2x321 ¢ W (since char(k) # 2),
6. T2(W) C W since
7% (wy) = 16wy, 72 (wo) = 4w, 72 (w3) = dws,

7% (wy) = 64wy, 72(ws) = 64ws, 7%(wg) = 16w,

and
7. t1(W) C W since we have t;(x;x;) = 7' (x;)7 %7(25), 4,5 = 1,..., 4, implies
that

tl(wl) = }Lwl, tl(WQ) = %UJQ, tl((JJ3) = %(UJQ + 2&)3),
t1(wy) = gwa, t1(ws) = 15 (ws + 2ws), t1(we) = Fwe.

Thus, by Theorem 3.6 and Remark 3.8, we have a nontrivial twisting system of A(p)

of type Ty (and so also of type Ty for all k£ € N, by Corollary 3.9).
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Let A’(p) be the twist of A(p) under the above twisting system {t¢,, : n € Z}. By
Definition 2.3.4, if a, b € A(p);, the multiplication % on A’(p) is defined as axb = at;(b).

Thus, writing b = t;'(c), for some ¢ € A(p);, we have
ac=axt;'(c) =ax (t'7)(c) = axtr(c)
(as t* = identity). Since
tr(xy) = x4, t1(ze) = 4o, tr(x3) = 23, t1(zy) = T3 + 224,
we thus obtain the new algebra
Al(p) = k(... xq) (W], ..., wg),

where, omitting the %, we have

! 2 /I
wy = 4p*T1209 + T271, Wy = 2pT1T3 — T3T1,
wh = 2pr1xy + 1471 + pT1T Wy = 2x913 — 4pT3T

3 = 2pT1T4 421 T PT1T3, y = 22273 PLT3T2,
Wi = 2x9xy + 4praTe + ToT3, wi = 2(x34 + T473) + T3 + 43170,

Although this method did not entail any geometric data, we show that, in
Chapter 5, for all p € k*, A(p) is a noetherian regular algebra of global dimension
four (sometimes called a quantum P3) with point scheme given by the union of two

distinct planes in IP3.
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CHAPTER 5
Some Quantum P3s with Point Scheme a Rank-2 Quadric

In this chapter, we introduce a family of AS-regular algebras that have point
scheme given by a rank-2 quadric in the projective space P3.

In Section 5.1, we study the family of quadratic algebras A(p), p € k*, that
were used to produce the example in Chapter 4 of a nontrivial twisting system. We
show that A(p) satisfies several desirable properties, as stated in Theorem 5.1.9, and
such algebras are often called quadratic quantum P3s. In Section 5.2, we show that
the point scheme of A(p) is given by a rank-2 quadric in P?; that is, it is the union of
two distinct planes in the projective space P? (Theorem 5.2.1). Moreover, we prove in
Theorem 5.2.3 that the zero locus of the defining relations of A(p) does not determine

the defining relations of A(p).

Throughout this chapter, we will use the same notation and definitions as given

in Section 2.1 of Chapter 2. We continue to assume char(k) # 2.

5.1 Regularity of A(p)

We recall that, in Chapter 4, the family of quadratic algebras

Alp) =k(z1,...,z4)/{wr,...,we)
is given, where p € k* and

_ 2 _ _
w1 = P T1Te + Talq, Wo = PT1T3 — T3T1, W3 = PT1T4 + T4T1,

W4 = Tok3 — PT3Ta, Wy = TaZy4 + PT422, Wg = T3T4 + T4T3 + T1T2.
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We will use the algebra A defined in Lemma 5.1.1 below to prove that A(p) has
many desirable properties.

Lemma 5.1.1. For all p € k*, the algebra

A = k(zy,...,24) /(122 — o217, 123 — T3T1, T1Ty — T4X1,

Toly + T3To, Toly + T4To, T3y — T4T3 + T1T2)

is isomorphic to a twist by an automorphism of A(p).

Proof. Let 6 € Aut(A(p)) be defined as 0(z1) = p?xy, 0(x3) = —x9, 0(x3) = pxs,

0(x4) = —pz4. For every p € k*, let A(p) denote the twist of A(p) by 6; that is,

A(P) = k<x1, cen 7$4>/<l‘1$2 — T2X1, T1T3 — T3T1, T1T4 — T4T1,

ToTy + T3To, Toky + Tako, T3y — Tax3 + (1/p)x122).

Mapping x1 — pxy, x; — x;, 1 € {2,3,4}, yields an isomorphism: A(p) — A. [ |

We note that x; is central in A and z» is normal in A. Let J = Azs. From the
normality of x5 and the defining relations of A, it is immediate that A/.J is isomorphic

to the commutative polynomial ring k[z1, 3, z4].

Corollary 5.1.2.
The algebra A/ J is a noetherian domain, has Hilbert series Hay;(s) = (1—s)7?,
i1s Koszul, AS-reqular and Auslander-reqular of global dimension 3, and satisfies the

CM property.
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Proof.

It is well known (e.g., [9]) that the commutative polynomial ring B = k[z1, ..., ;)]
on n variables is a noetherian domain, has Hilbert series Hg(s) = (1 —s)7", is Koszul,
AS-regular and Auslander-regular of global dimension n, and satisfies the CM property.

Since A/J is isomorphic to the commutative polynomial ring k[z, x3, z4], the

result follows. [

We will show in Lemma 5.1.4 and Propositions 5.1.7 and 5.1.8 that the algebra
A is a noetherian domain, has Hilbert series Ha(s) = (1 —s)™*, is Koszul, AS-regular

and Auslander-regular of global dimension 4, and satisfies the CM property.

Lemma 5.1.3.
The algebra A is an Ore extension R[z4;0,d] of
R =k(z1, 72, 73) /(1179 — ToT1, T173 — T3T1, TaTz + T3T2),

where
o(x) = a1, o(xg) = — 9, o(x3) = x3,
d(Il) = 0, d(l’g) == 0, d(l‘g) = T1T9.
Proof.

For the defining relations of A, let us write

M = T1Ty — Tokq, Ny = X1T3 — X3T1, N3 = T1XT4 — T421,
Ny = TaX3 + T3T2, N5 = TaX4 + TaT2, N6 = T3Lg — TaT3 + T1T2.
Correspondingly, for the defining relations of R, we have r; = ny, 79 = 19 and r3 = 1.
With a slight abuse of notation, we use the above definitions of ¢ and d on
k(x1, x5, x3) and we next prove that these maps induce well-defined maps o and
d on R. It is immediate that o(r;) = —ry, o(ry) = ro and o(r3) = —r3, so 0 €
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Aut(R). Using the equation d(ab) = o(a)d(b) + d(a)b for all a,b € R, as in Definition

2.1.15, we obtain d(z175) = 0, d(wazy) = 0, d(z123) = 219, d(2371) = T172771,

d(z913) = —T9w179, and d(z372) = 1173, and hence
d(’l“l) = O,
d(ry) = 2319 —T1T0T; = T4,
d(rs) = —xomima +a125 = 7110,

and so d is a well-defined left o-derivation on R.
Furthermore, using the equation x4r = o(r)xy + d(r) for all r € R, as given in

Definition 2.1.15, we obtain

ryry =g +d(xy) = xay,
Tqlog = —Tody + d(l‘g) = —X2T4,
TypXy — T3X4 + d(l‘g) = T3%4 + T1T2,

which give us the defining relations 73, 15 and ng of A.

Thus, A = R[x4;0,d] is an Ore extension of R. [

Lemma 5.1.4.
The algebra A is a noetherian domain, has Hilbert series H4(s) = (1 — s)™4, is

AS-reqular, Auslander-reqular and satisfies the CM property.

Proof.

The algebra R from Lemma 5.1.3 is a skew-polynomial ring, so Hg(s) =
(1 —s)73. Since A = R[xy;0,d], where 0 € Aut(R), A is a free R-module with basis
{1,24,2%,...} and so Ha(s) = (1 —s)~%. By [11, Theorem 1.2.9] and Lemma 5.1.3,
A is a noetherian domain. The fact that A is Auslander-regular and satisfies the

CM-property follows from Lemma 5.1.3 and the Lemma in [10, Page 184].
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Since Ha(s) = (1 —s)™*, the algebra A has polynomial growth. Combining this

with A being Auslander-regular implies, by [8], that A is AS-regular. [

We use the next few results (5.1.5 - 5.1.7) to prove in Proposition 5.1.8 that A

has global homological dimension four.

Lemma 5.1.5.

The Koszul dual, A', of A has Hilbert series H(s) = (1 + s)*.

Proof.

The Koszul dual of A, as given in Definition 2.1.13, can be verified to be

A! :ﬂ{<X1,...,X4>/<,u17...,,LL10>,

where

i = X7, pe = X3,
ps = X3, pa = X3,
ps = X1 Xo + Xo Xy — (1/2)(X3Xy — Xy X3),  pe = X3 Xy + Xy Xs,
pr = X1 X3 + X3Xq, ps = X1.Xy + Xy Xy,
o = Xo X3 — X3Xo, pio = Xo Xy — Xy Xo.

From this data, we have the following equations in A":

X?=X?=X2=X}=0,
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XoX; = -X1 X9+ X3X,,

X3X1 = —-X1 X3,
X3Xo = XoXj3,
Xy X1 = -X1Xy,
Xy Xy = XpXy,

X4X3 - —X3X4.

We will apply Bergman’s Diamond Lemma. The ambiguities arising from the above

relations are

ar = Xj,
as = X3,
(676) = X??,
Q13 = Xz:fa

arr = X3X0Xy,

Since aq, as,

resolvable to zero.

_ 2

s = XoX7,
= X2X

Qg 24\,
o = X2X

10 3431,
« = X2X

14 4421,

Q18 = X4X2X1,

ag and i3 have the form X?

a3

(0%¢

0551

Q15

Q19

[

X3X2, oy X4 X2
X3X3, o X4 X2,
X2X,, Q19 X, X2,
XiXs, Q16 XiXs,
XuX3X1, a X4 X3Xo.
where 1 = 1,...,4, each one is

Since ag, g, a7, ag, Qg, 11, A2, g, @15 and agg involve only commutative

relations or skew commutative relations and X?, these ambiguities are resolvable to

Z€ero.

For aw, by using the above set of equations, we have

X2X12 == XQ(X%) - O,

X2X12 ==

(X2 X1) X4

(X1 X+ X5 X)Xy = =X (— X0 Xo + X3Xy) + X3 X0 Xy

= X2X, — X1 X3X4+ (—1)2X1 X5X, = 0.

Therefore, as is res

olvable to zero.
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For ag, by using the above set of equations, we have

XiXi = (X)X =0,
X2X, = Xa(XeX))
= Xo(=X1Xo + X3Xy) = — (= X1 X + X3Xy) Xo + Xo X3Xy
= X1 X2 - (X3X)Xo+ XoX3X, =0.
Therefore, ag is resolvable to zero.

For a7, by using the above set of equations, we have

X3Xo Xy = (X3Xp)X)
= (XpX3) X1 = —(X2X1) X3
= —(—X1Xo + X3X) X3 = X1 X0 X3 + X3X,
= X1X2 X5,

X3 Xo Xy = X3(XoXy)
= X3(=X1 Xy + X3Xy) = —(X3X1) Xy + X2X,
= X1(X3Xy)
= X1 X0X;.

Therefore, a7 is resolvable to XX, Xj3.

For ayg, by using the above set of equations, we have

Xy Xo Xy = (X4 X)X,
= (XoXy) Xy = —(Xp X)Xy
= —(=X1Xo + X3X) X, = X1 X0 Xy — X3X7
= X1 XpXjy,
Xy Xo Xy = Xy(XoXy)
= Xu(—X1 X5+ X3Xy) = —(XuX1) Xo + (X4 X3) Xy
= (XXX, — X3X?

= X1X2X4.
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Therefore, ag is resolvable to X7 X5 X,.

For aq9, by using the above set of equations, we have

XuXs Xy = (X4X35)Xy
= (—X3X)X; = —(—1)2X1(X3Xy)
= —X1X3Xy,
XuXsX1 = Xy(X5Xy)
= (—1)2X1(XyX3) = X3 (—X5Xy)
= —X1X3X,.
Therefore, ayg is resolvable to —X; X3.X}.

For awg, by using the above set of equations, we have

XiXz Xy = (XuX3)X,
= (—X3X4)Xo = —(X3X9) Xy = —(X2X35) Xy
= —XpX3Xy,
XaXsXo = Xu(X3X5)
= Xy(XoX3) = Xo(XyX3) = Xo(—X3Xy)
= —XoX3X,.
Therefore, aqg is resolvable to — X5 X3.X}.

Thus, the following monomials

1, X, Xo, X3, Xy,

X1 Xs, X1X5, X1Xy, X X3, XXy, X3Xy,
X1 X9 X3, X1 Xo Xy,  XiXsXy,  XoX3Xy,

X1 X2 X3Xy,

constitute a k-basis for A', which implies that H 4 (s) = (1 + s)*.
We note that the Affine package in Maxima (using input code similar to that

at [14]) also reveals that H 4 (s) = (1 + s)*. |
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The following result from [7] is used to prove that A is Koszul.
Proposition 5.1.6. [7, Theorem 2.6

Let B be a finitely generated quadratic algebra with 1-reqular normal element
x € By. Suppose that ¢ € Aut(B) satisfies xb = ¢(b)x for all b € B and that the
algebra C' = B/xB is a Koszul algebra. We have Hp(s) = (1 4 s)He(s) if and only

if (i) B is a Koszul algebra and (i) x is reqular.

Proposition 5.1.7.
The algebra A is Koszul.

Proof.

Since A is a domain by Lemma 5.1.4, the normal element x5 is regular (and
hence 1-regular) in A. Moreover, A/Az, is Koszul by Corollary 5.1.2. Tt follows that,
in Proposition 5.1.6 we may take B to be A and z to be x5. Since H,i(s) = (1+s)* =
(14 5)Hasy(s) by Lemma 5.1.5 and Corollary 5.1.2, Proposition 5.1.6 implies that

A is Koszul. [ |

Proposition 5.1.8.

The algebra A has global dimension four.

Proof.
The algebra A is Koszul by Proposition 5.1.7, and H 4 (s) = (1+ s)* by Lemma
5.1.5, so the trivial A-module has a minimal free resolution of length four. The result

follows (cf. [1, Page 41]). |
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Theorem 5.1.9.
The algebra A(p) is noetherian, AS-reqular of global dimension four, Auslander-
reqular, satisfies the CM property, has Hilbert series H(s) = (1 — s)™ and is a

domain.

Proof.
By Lemma 5.1.1, A(p) is a twist of A by an automorphism and the stated

properties hold for A, so they hold for A(p) by Theorem 2.3.7. [ |

5.2 The Point Scheme of A(p)

Let V = ikwi and write V* for the dual space of V. View A as T'(V')/(W'),
where W' is tﬁ? subspace of V ® V given by the defining relations of A. Let
'y CP(V*) x P(V*) denote the zero locus of W'. Let p4 C P(V*) denote the image
of 'y under the projection map 7 : P(V*) x P(V*) — P(V*) onto the first component
of P(V*) x P(V*).

The defining relations of A can be written in the matrix form Mz, where x is
the transpose of [x1, x9, x3, 14] and M is a 6 x 4 matrix. By Lemma 5.1.4 and [1], the
point scheme of A can be identified with p, and can be computed using the 4 x 4

minors of M.

Since A is isomorphic to a twist of A(p) for all p € k* (by Lemma 5.1.1), the
point scheme of A is isomorphic to the point scheme of A(p). We will prove that the

point scheme of A is given by a rank-2 quadric in P3.
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Theorem 5.2.1.

The point scheme of A is V(x125) C P3 = P(V*), and so is the union of two

distinct planes. Similarly, for all p € k*, the point scheme of A(p) is V(x1x2). In

particular, the point scheme in each case is reduced.

Proof.

The defining relations of A can be expressed in the matrix form

—Ty I
—X3 0
—Ty 0

0 T3

0 Ty

0 T

The following polynomials arise from the determinants of the 4 x 4 minors of M:

0 0
z; O Ty
0 I )

T 0 xs3

0 i) Ty

—Tyg4 X3

= —220iry1s,

= —2:10%3:2;1:4,

_ 3

2
= 2z17573,

2
= 2x17973,

T1T9 — T2Xq
13 — T3
L1y — T4
ToT3 + T3T2

Loy + )

T3XLy — TyX3 + T1T9

= $1$2(2$3l‘4 - xll’z),

2
= 2717574,

= $1$2(2£C3£C4 + 33'1.%2),

2
= 2x1797],

3
- —3311'2,

= 0,
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9
Py = ziwows,

2
P = T1T2T4,
P _ 2

14 = T1ToT3,
P, _ 2

15 — 3311’2174.

Since char(k) # 2, in order to find the zero locus of these 15 polynomials, it suffices

to consider the following ten distinct monomials:

2 2 3 2 2
T1T2T3, L1T2T4, T1T2, T1X5T3, T1T2T3,
2,.2 2 2 3
T1X2XT3Ty, XT1Ty, T1T5T4, T1T2Ty, T1To.

Factoring z1x5 from each of these ten monomials yields the following ten distinct

monomials:

2 2 2 2
X123, X114, Ty, XTol3, T3, X34, T1T2, Tolly, Ty, Zy.

We note that these monomials generate (x1, z2, x5, 14)%. Therefore, the 4 X 4 minors
of M generate the ideal I = (x129) {1, 22, T3, 74)>.

The point scheme of A is thus given by V(xz5) in the projective space P =
P(V*), since the saturation of I is (z123) (see Lemma 5.2.2). By Lemma 5.1.1, A(p)
is isomorphic to a twist of A by an automorphism, so the point scheme of A(p) is
also the union of two distinct planes. In the proof of Lemma 5.1.1, the maps are
linear, so it follows that the point scheme of A(p), for each p € k*, is also given by

V(xlxg). |

Lemma 5.2.2.
Let I = (x122) (w1, 2o, 3, 24)% as in the proof of Theorem 5.2.1. The saturation
of I is

Sat(l) = (x1x9).
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Proof.

Since I = (z129) (1, T, 3, 24)%, s0 I C {x125). We have
Sat(l) = {s € k[zy, 29, x3,24] | VE =1,...,4,3In € Ny such that z}'s € I}.

If s € Sat(I) then z7s € I for some n € Ny. Since k [z, x9, 23, 24] is a unique
factorization domain, we have 3]s by definition of /. Similarly, z1|s. Thus, s € (z122).
Therefore Sat(I) C (z1xq).

Conversely, if p € (x1x9), then p = zyxor for some r € k|2, 29, x3,24]. We
note from P3, Ps, Py and Pjg in the proof of Theorem 5.2.1 that z;zy22 € I, for
all k = 1,...,4, so xip = zixyxer € I, for all k = 1,...,4. Hence p € Sat([), so
(x129) C Sat(1).

Therefore, the result follows. [ |

Theorem 5.2.3.
The zero locus in P(V*) x P(V*) of the defining relations of A(p) does not

determine the defining relations of A(p).

Proof.
Let T be the zero locus in P(V*) x P(V*) of the defining relations of A(p).
A point (o, ) in I', where o = (a1, g, a3, ), 8 = (51, P2, B3, B4), satisfies the six

equations:

praify + B = 0, (5.1)
pafs —asf = 0, (5.2)
paifs+auBy = 0, (5.3)
asfls — pazfy = 0, (5.4)
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By + pasfBy = 0, (5.5)

asfs+ aufs +a1fy = 0. (5.6)

By Theorem 5.2.1, the point scheme is given by V(z125). Setting oy = 0 and noting
a; # 0 for some i € {2,3,4}, equations (5.1)-(5.3) imply that 5, = 0. It follows that
equations (5.4)-(5.6) give us («, 5) = ((0, ag, az, ay), (0, ag, pas, —pay)). Similarly,
setting ap = 0, we obtain (a, 8) = ((ay, 0, as, ayg), (pai, 0, ag, —ay)). Combining these

two cases, we have
I = {((a1, 09, a3, ay), (PP, oz, pas, —pay)) € PP X P | anay = 0},

where P? = P(V*).
The element 21 ® x9 € T'(V'), vanishes on I', but x1 ® xo ¢ W. Thus, the zero
locus of the defining relations of A(p) does not determine the defining relations of

A(p) (does not determine W). |

From the results in this chapter, we can now conclude that the algebras A(p)
and A are quantum P3s whose respective point scheme is given by a rank-2 quadric

in P2. Such algebras are a new addition to the literature.
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5.3 Future Research

The results in [15] (respectively, [13]) classify the quantum P?s whose point
scheme is given by a rank-4 (respectively, rank-3) quadric in P3. Analogous to that
work, we propose classifying all quantum P3s whose point scheme is given by a rank-2
quadric in P? (perhaps by using techniques listed in Section 3 of [13]).

We propose attempting a similar classification to that in the previous proposed
research project with rank-1 quadrics in P? instead of rank-2 quadrics (if such algebras

exist), or prove that such algebras do not exist.
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