ON A CUBIC NONLINEAR EQUATION
MODEL ARISING IN SHALLOW WATER
THEORY

by

OSAMA SALAMEH ALKHAZALEH

Presented to the Faculty of the Graduate School of
The University of Texas at Arlington
in Partial fulfillment of the Requirements

for the Degree of

Doctor of Philosophy

The University of Texas at Arlington

August 2021



Copyright (©) by Osama Salameh Alkhazaleh 2021
All Rights Reserved



ACKNOWLEDGEMENTS

First, I want to thank the Almighty Allah (God) for all I have. Of course, my deepest
thanks and acknowledgment are reserved for those to whom I owe the most: my wonderful
parents Maha and Salameh Alkhazaleh. Their immeasurable love, support, patience, and
all many sacrifices have always inspired me to work harder. My parents’ desire for me was
to achieve the highest academic degree, a Ph.D., and here I am writing these words to
honor their lifelong dream. No written word can describe my feelings for them. Thanks
as well to my brothers and sisters (Abeer, Rasha, Shreen, Layith, Mus’ab, Omar, Hadeel,
and Tala), their families, and my relatives for encouraging me in all of my pursuits and
for inspiring me to follow my dreams.

With deep appreciation, I would like to take the opportunity to express my sincere
gratitude to my supervisor, Dr. Yue Liu, for his immense support, continuous guidance,
encouragement, and perspective during this journey. Without his instruction, inspiration,
and guidance, this thesis would not have been possible. Without a doubt, there are not
enough words to express my gratitude thanks to him.

My thanks and special honors extended to my committee members, Dr. Tuncay Ak-
tosun, Dr. Guojun Liao, and Dr. Souvik Roy, for their valuable and insightful comments
and suggestions, which have given me a better understanding of my dissertation’s topics.
The friendship extended by many colleagues in the department is also warmly appreciated,
specifically that from Dr. Mohammed Alharbi and Khoa Nguyen.

Many thanks as well go to the faculty and staff in the department of mathematics
at The University of Texas at Arlington for their efforts to teach and give the students
great and wonderful knowledge. A special acknowledgment is extended to the chair of the
Department of Mathematics, Dr. Jianzhong Su, for his support, recommendation, and

cooperation as I completed my Ph.D. program.

i



Finally, as any person who is lucky enough to have such a lovely, affectionate, and
supportive wife, I am very grateful to Saja Marwan for her understanding, unwavering
support, and the many sacrifices she made for me to reach this successful end. A special
thanks to my precious Ameera Alharahsheh, who has a pure heart for her support, en-
couragement, and sacrifices. I want to thank my lovely son Wisam for his hug and kiss
every morning and for continuously crying, scattering my papers, and jumping on my
laptop, forcing me to go to my office to find a suitable environment and study against my
will. It is God’s blessing for me to share life with such family in those gloomy days as

well as those sunny days.

il



ON A CUBIC NONLINEAR EQUATION
MODEL ARISING IN SHALLOW WATER
THEORY

OSAMA SALAMEH ALKHAZALEH

The University of Texas at Arlington

Supervising Professor: Dr. Yue Liu

Abstract

The shallow water waves theory produces numerous integrable equations with cubic non-
linearity as asymptotic models. We began our work by formally deriving a model equation
for the free surface elevation n with higher-order terms from shallow water in the Euler
equation for an incompressible fluid with the simplest bottom and surface conditions.
This model equation is truncated at the order O(e3,eu) and contains higher-order terms,
which are useful for deriving a class of unidirectional wave equations including cubic
nonlinear terms.

Next, we derived an equation with cubic nonlinearity as the asymptotic method from
the classical shallow-water theory by employing suitable scalings, appropriate asymptotic
expansions truncating, and a particular Kodama transformation to expand 7 in terms of

u and its derivatives. This equation is relates to several different crucial shallow water

v



equations, including the CH, mCH, and Novikov types.

Last, we analyzed a special case of our approximate equation called mCH-Novikov
equation by applying the method of characteristics by using conserved quantities to arrive
at a Riccati-type differential inequality. This proved that the wave-breaking phenomenon

of this equation is the curvature blow-up.
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Chapter 1

INTRODUCTION

1.1 Developments, Motivation, and (Goals

In addition to the critical behavior of boundaries, the Euler equations of fluid dynamics
are embodied in the theory of water waves. Simplified mathematical models have been
presented as suitable estimates in many specialized physical contexts given the complex-
ity and problems inherent in the analytical and experimental investigation of the entire
system. This dissertation follows the same research path. We examine the shallow-water
(or long-wave) approximations of the oscillatory gravitation water wave system currently
in place. Double asymptotic expansions are commonly used to approximate the governing

equations formally in the following two fundamental dimensionless positive parameters:

2
the amplitude parameter ¢ := hﬂ’ and the shallowness parameter p := )\—g, (1.1)
0

where a, hg and A are the typical amplitude of the wave, the depth of the water, and the
wavelength, respectively.
The shallow water (or long-wave) regime corresponds to the following assumptions: p << 1

(i to be small). Further connecting € with p allows for the derivation of model equations



in specific asymptotic regimes.

The Korteweg—de Vries (KdV) equation [1] is considered one of the most well-known
and basic long-wave asymptotic models that permit actual nonlinear behavior. The wave
amplitude is presumed to be small but finite: € = O(x) in the KAV modeling, reflecting
the nonlinear effect. This scaling is then used to construct the Benjamin-Bona-Mahony
(BBM) type equations [2], which are a set of asymptotically equivalent equations for
general initial data. Like all physically relevant waves, both the KdV equation and the
BBM class have smooth soliton and global solutions; consider, for instance, [3, 4]. How-
ever, due to the significant dispersive impact that regularizes the progressively nonlinear
steepening, some other basic nonlinear phenomena such as wave-breaking and surface sin-
gularities, are excluded from the KdV model. This emphasizes the necessity for stronger
nonlinear effects in model equations to properly characterize single wave occurrences for

larger amplitude waves.

Regimes that include relatively high nonlinearities are defined by larger values of ¢,
such as the so-called Camassa—Holm (CH) scaling for shallow water waves of moderate
amplitude

p<l,  e=0(u2). (1.2)

Considering this, a two-parameter family of approximation equations [5] is developed

using this optimization. This includes the well-known Camassa—Holm equations

My + UMy +2u,m =0, M =1u— Uy,



and the Degasperis—Procesi (DP) equation

My + UMy +3um =0, M =1u— Uy,

where u is the horizontal component of the velocity field at some specific depth, and
m is the so-called momentum density. The CH equation was initially conceived of as a
bi-Hamiltonian equation in [6], and the DP equation was first developed in the analysis
of integral equations in [7]. Later, the CH equation was introduced [8] in the context of
water waves. Like the KdV equation, the CH and DP equations are completely integrable.
In contrast to KdV, both CH and DP can allow solutions with some degree of singularity,

such as peaking waves [9, 10, 11, 12, 13] and breaking waves [7, 8, 14, 15].

Discovery of the CH and DP equations has prompted researchers to seek additional
generalization models with fascinating traits and applications. Because these two equa-
tions are both quadratic nonlinear, it makes sense to ask what form of singularity can be
generated when non-linearity grows stronger and the hyperbolic attribute thus becomes
more prevalent. This entails accounting for greater amplitude waves in the context of
asymptotic modeling. Following ideas similar to those presented in [5], Quirchmayr [16]
analyzed a shallow-water regime for waves of large amplitude by replacing the CH scaling
(1.2) by e = O(u'/*). Truncating at the order of O(g%, u?/?), such a scaling produces a
model equation for the free surface elevation 1 with nonlinearity up to the seventh order.
Relating the horizontal velocity u with 7, taking advantage of the freedom of evaluating
u at a certain depth of the water, and omitting several power nonlinear terms allows a
cubic nonlinear equation for u to be obtained. For such a model, a blow-up criterion can

be formulated, which remains in terms of the gradient catastrophe.



Recent works examining a new type of singularity formation for cubic nonlinear models
are one of the motives for this study. Namely, this refers to the curvature blow-up, in which
the second derivative u,, of solution becomes unbounded in finite time while the solution
u and its slope u, stay bounded, is one of the motives for this study. The modified
Camassa—Holm (mCH) equation [17, 18], and the generalized modified Camassa—Holm
(gmCH) equation [9, 19], provide examples. Nevertheless, these equations have properties
of conservation of energy and momentum persistence, allowing u and u, to be controlled.
However, the presence of higher-order nonlocal nonlinearity causes the larger derivative
to blow up. To that end, we would like to perform a modeling with Quirchmayr’s scaling
[16] to derive cubic nonlinear equations that explain the curvature blow-up phenomenon.
It is noteworthy that the mCH, gmCH, Novikov [20], and other higher-order nonlinear
descendants of the CH equation are derived in the context of integrable systems. Another
purpose of this research is to suggest a hydrodynamic approach for obtaining some of
those cubic nonlinear models, including the mCH and Novikov equations. Regarding
our modeling, we also highlight that, in contrast to [16], we prefer our model equations
to include all nonlinear elements at the correct truncation order, which might make a
rigorous argument for their hydrodynamic relevance to the entire water wave problem.
In general, we expect cubic nonlinearity to arise at the order of O(e2u), leaving the O(u?)
terms as higher order terms and result in a scaling requirement of € = O(u'/2). As a result,

rather of choosing € = O(u!/*) as in [16], we impose the following
p<l,  e=0(us). (1.3)

For waves of moderately large amplitude, this corresponds to a shallow-water regime. We

develop an equation for the scaled surface elevation 7 in the same way as was done for



the CH equation.

1 3 3 23 5!
2(7750 + 77t) + S HNgxa + 35777790 - _527727736 + _537737736 +teu ( NNz t _77/’715033)
3 4 8 12 6 (1.4)
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A comparable surface equation was found in [16] with a greater amplitude scaling of
e =O0(p'*). A cubic nonlinear equation for u is then obtained by connecting the horizontal
velocity u with elevation 7.

Unlike [16], we use the so-called Kodama transformation [21] to adapt the idea of [22] to
expand 7 in terms of u and its derivatives. The expansion has the following structure in

particular:

neuteA+ puB+epuC + 12D+ 2 E + 3K + e2uG + ey’ H,

where

A= Mu?, Bi= Mg, E=ud, K=M\u' O:=\u2+ \suty,,

. . 2 2 — 2
D Ea >\6ux:p:m7 G e >\7uu;p + >\8u Uz, H = )‘9uxuzx:r + )\louu:mmz + Alluzx-

Dullin et al. [23] employed this type of transformation to derive shallow wave model
under the impact of surface tension, which was previously described by Kodama in [21].
A further splitting of u,,;, combined with an equation for u;, yields one more degree of
freedom, v, as (3.4) and (3.5) show. The equations are intended to produce a specific
form that imposes the same number of constraints on these parameters, leading to exact
parameter values in the resulting model equations. Crucially, this allows us to obtain the

CH-mCH-Novikov equation



g2 ko2
my + 3utly, — +1T€((U2 — Buu2)m), + 2T€(u2mx + 3uu,m) = 0+ O(°, 1?), (1.5)

5 3 (10kyo — 10k; — 130 + 39)
—  ky=-
6(c - 3) 10(40 - 3)

where m = u — By, 5 = - , and kq satisfies

800k (8602 — 3980 + 645) + 30k; (107680 — 6212007 + 1881090 — 233883)

+4000k3 (0 - 3) +3 (904960 — 55736007 + 224265602 — 81247590 + 9843417) = 0

Mathematically, under suitable scaling the quadratic terms in (1.5) can be dropped in

a formal scaling limit, leaving (1.5) as the mCH-Novikov equation
my + k1 ((u? = u2)m), + ko (u?my + 3uu,m) =0, (1.6)

where k; and ky satisfy conditions given above.

As previously stated, our second goal is to study the formations of singularities due to
spatial nonlinear effects and to build initial data that result in the finite time curvature
blow-up using cubic nonlinear models. To accomplish this, we concentrate our efforts
on equation (1.6), which contains only cubic nonlinearities, and consider the following

Cauchy problem

my + ky [(u? —u2)m], + ko (u*my + 3uu,m) =0,
t>0, zeS. (1.7)

u(0,2) = ug(x),

Furthermore, we allow ourselves to consider a general range of model parameters for k; and

ko than that given before. In the blow-up analysis, the two groups of cubic nonlinearities



in (4.3) appear to play quite different roles. When k; = 0, (4.3) becomes the Novikov
equation

my + ky(u?my + 3uuy,m) =0, (1.8)

Then, when the initial momentum density my may not change sign, the solution exists
globally for all time [24]. When the Novikov nonlinearity is absent (ks =0 i.e., the mCH
equation), it has been demonstrated [17, 18, 25] that the curvature can still blow up in
finite time even if m does not change sign. This raises the obvious of how the interaction
of these two groups of cubic nonlinearities affects the singularity formation mechanism.
As Brandolese et al. [26, 27] demonstrated, it is also worth noting that many quadratic
nonlinear CH-type equations have such a strong non-diffusive character that excessively
localized information about the data is enough to cause solutions to blow up in finite
time. The nonlinear nonlocal effects of the equations are over-dominated by the local
nonlinearities of the equations, which leads to this phenomenon. As studied in [17, 9],
this hyperbolic feature appears to be partially counter balanced by the stronger nonlocal
impacts due to the higher nonlinearity of the equations. Consequently, it would be fasci-
nating to investigate how the original data’s local structures may affect the evolution of
solutions to equation (4.3), particularly the formation of singularity. Because the equation
contains both mCH and Novikov forms of nonlinearity, a relaxed local-in-space blow-up
criterion in the spirit of [17, 9] is a reasonable to expect for this. However, as previously
mentioned, the two types of nonlinearities do not appear to work well together for causing

blow-ups, making the analysis somewhat subtle.

The proper blow-up quantity to examine at is identified using an improved Beale-Kato
—Majda type blow-up criterion (cf. Lemma (4.2.4)). Following the dynamics of quantity
along the features reveals precise local and nonlocal interactions between the solution and

its slope, as Lemma (4.2.6) showed. The nonlocal convolution is controlled by combining



the two conservation laws. This enables deduction of the key monotonicity property of u,
u, and m along with the characteristics, which leads to a Ricatti dynamics for m. This
finding applies to a wide variety of k; and ko parameter values.

We also offer an alternative technique that does not rely on the application of conservation
laws. Instead, using the sign preservation of the momentum density m, the nonlocal terms
can be proved to have good signs as long as the initial momentum density does not change
sign. The local terms, then, must be examined. It has been determined that as long as
the local oscillation |u,/u| is moderate, a Ricatti type inequality can be obtained. Fast
oscillations are already ruled out by the sign condition on m. With carefully chosen data,
a further refined analysis of the evolution of u,/u can be performed, demonstrating that

minor oscillations will continue along with the features, thus closing the argument.



1.2 Background

1.2.1 Camassa-Holm Equation (CH)

Camassa and Holm [8] proposed a new equation (CH) for shallow water waves in 1993:
my + umg + 2u,m =0, (1.9)

where m = u — u,,, u is the horizontal component of the velocity field at a specific depth,
and m is the so-called momentum density.
The CH scaling

p<l, — e=0(u2), (1.10)

in [5] is used to derive this equation. The CH equation describes the motion of the
unidirectional waves traveling over an underlying shear flow [28] and shallow water waves
over a flat bottom [5, 29, 8, 30, 6]. It additionally appears in the models of propagation
of axially symmetric waves in cylindrical hyperelastic rods [31, 32].

For a large class of initial data, the CH equation is an integrable and may be solved
using the inverse scattering method [33, 34]. |. Both the CH and KdV equation have
share many properties, such as that they possess bi-Hamiltonian structures, admit soliton
solutions and a Lax-pair, and are completely integrable. Unlike the KdV equation, how-
ever, the CH equation has received a considerable amount of attention from researchers
due to its remarkable mathematical characteristics.

One of the most remarkable wave phenomena in nature is wave-breaking. The weakly
nonlinear KdV equation is a simple model that does not possess wave-breaking phenomena
[4, 35] because it demands a complete nonlinear transition [36]. However, the CH equation
(quadratic nonlinear) can be used to represent the phenomenon of wave breaking in which

the solution remains bound while the slope grows infinite in finite time [37, 38, 39, 40, 41].



Following wave breaking, the solutions can be continued as global weak solutions [42].

Another interesting mathematical feature of the CH equation is its peakons or peaked
solitary waves. They are a type of global weak solution that is smooth except at the
crest and is preserved under collisions with other wave-like solitons [11, 43, 44, 45]. The
stability of these peakons has been demonstrated [46, 43, 32]. The CH equation contains
both single-peakon and multi-peakon solutions [47].

Moreover, The CH equation has other remarkable properties: a variety of interesting
geometric formulations, well-posedness, and infinity of conservation laws. Since the CH
model exhibits all these properties and more, it has been given special attention in shallow

water wave theory.

1.2.2 Modified Camassa-Holm Equation (mCH)

The discovery of the quadratic nonlinear CH equations in turn motivates the search for
generalization equations with cubic or higher-order nonlinearities. The modified Camassa-
Holm (mCH) equation is one of the most significant of these generalizations. The mCH
equation (also called FORQ equation [48, 49]) was proposed by several researchers, includ-
ing Fokas [50], Fuchssteiner [51], Olver and Rosenau [52], and Qiao [53] and is typically
written as

my + ((u? = u2)m), =0, (1.11)

where u and m are the velocity and the potential density, respectively [53]. This equation
was derived by applying the general method of tri-Hamiltonian duality to the bi Hamil-
tonian representation of the modified Korteweg-deVries (mKdV) equation [51, 52]. The
equation is formally integrable and can be rewritten as the bi-Hamiltonian form and the
Lax pair [52]. Consequently, the inverse scattering transform approach can be used to

solve it [53].
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In addition, the mCH equation has new aspects such as blow up and wave breaking, that
are not present in the CH equation. Another important distinction from the CH equation
is in addition to peakons; the mCH equation admits weak kink solutions and cusp soli-
tons [54, 55]. The authors [18] showed that when the scaling limit equation of the mCH
equation is paired with the first-order term u,, the short-pulse equation is satisfied. The

stability of these peakons has been demonstrated [56].

1.2.3 Novikov Equation

The Novikov equation is considered a cubic generalization of the CH equation, which
was derived by Vladimir Novikov [20, 57] using the symmetry classification of integrable

equations. It takes the following form

my + kg (u*my, + 3uu,m) =0, (1.12)

where u is the horizontal velocity and m is the so-called momentum density.

The Novikov equation is known to be integrable because it possesses the Lax pair [20].
Novikov was able to isolate equation (1.12) and deduce its symmetries using the pertur-
bative symmetry approach [57]. This gives the conditions for a PDE to reveal an infinite
number of symmetries. A matrix Lax pair representation to the Novikov equation was
discovered by Hone and Wang [58]. Using the Liouville transformation, (1.12) is identical

to the first equation in the Sawada-Kotera hierarchy’s negative flow [59].

Using the scattering theory, authors in [60] explicitly obtained multi-peakons of the
Novikov equation. The Cauchy problem for the Novikov equation proved to be locally

well-posedness in the Sobolev space H*(R) with s > 3 [61]. For the periodic case, it is

11



local well-posedness in Sobolev space H*(R) with s > 2 [62].
The Novikov equation as CH and mCH equations enjoys many interesting mathe-

matical features such as admitting a bi-Hamiltonian structure [58], its infinite conserved

quantities, peakon solutions, and its wave breaking phenomenon [7, 9, 20].
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Chapter 2

DERIVATION OF THE FREE SURFACE
EQUATION

2.1 Introduction

In this section, we briefly discuss fundamental and essential concepts in water wave prop-
agation, including non-dimensionalization, scaling, and asymptotic expansions.

It is convenient and typical for the applied mathematical to introduce nondimension-
alized quantities to analyze the asymptotic behavior of the solutions to a differential
equation particularly a water waves equations. The nondimensionalization is the partial
or full removal of physical dimensions from an equation involving physical quantities by a
suitable substitution of variables [63]. After a suitable nondimensionalization, this method
simplifies and parameterizes problems based on the typical scales anticipated on the phys-
ical grounds of flow, such as a typical depth of the water hg, the typical wavelength A,
and the typical amplitude of the wave a. These scales are used to form fundamental and

independent positive dimensionless parameters like the amplitude parameter € = }f—o, and

2
the shallowness parameter p := i—g

It is additionally very useful to scale the variables for the small parameters thrown up
by the non-dimensionalization. The role that the wave’s amplitude plays in the formula-

tion of the water wave drives the necessity of scaling.
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To obtain valuable and related solutions in these cases, we are required to apply asymp-

totic techniques.

Definition 1. [6/] A sequence of functions ¢,, n € N is an asymptotic sequence as x — 0

if for each n, we have:

¢n+1 = 0(¢n)a as = —0.

We call ¢,, asymptotic sequence. If ¢, is an asymptotic sequence and f is a function, we

write:

@)~ Y andnl@). as w0, (2.1)
n=0
if for each N we have:
N
f(x) - Z andn(x) as x—0.
n=0
We call (2.1) the asymptotic expansion of f with respect to ¢, as x — 0

Remark 1. The notation ¢n.1 = 0(py), as x — 0 in definition (1) means:

¢n+1($)

lim
P ()

z—0

We can perform asymptotic expansion to achieve an approximate solution to an equa-
tion with a small parameter. This method is attractive for nonlinear equations, particu-

larly so if there are no clear strategies to solve them.

2.2 The Derivation

The main goal of this section is to formally derive of model equation (1.4) from the Euler
equations for the free surface. Compared with the model equation derived in [29], which

is truncated at the order O(e3,eu), the new model (1.4) contains additional higher order
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terms that are useful for deriving a class of unidirectional wave equations including cubic
nonlinear terms.

Consider the two-dimensional incompressibility flows in the domain {(z,z) : 0 < z <
h(z,t)} with a parametrization of the shape of the free surface h = h(z,t). In this scenario,
the horizontal and vertical directions are represented by x and z, respectively. The system

under study is the Euler equations with the irrotational condition in the form of

Up + Uy + WU, = —%Px,
Wi + UW, + WW, = —%PZ -g,

Uy +w, =0,

U, — Wy =0,

where the pressure is written as P(t,x,2) = p, + pg(ho — 2) + p(t,z,z), where p, is the
constant atmospheric pressure, and p is a pressure variable measuring the hydrostatic

Y

pressure distribution. In addition, we pose the “no-flow” condition on the flat bed, i.e.,

w|,=0 = 0. On the surface z = hy + 7, the dynamic condition P = p, and the kinematic
condition yield

p=pgn and w=n+uns.

Next we nondimensionalize the system using the following scaling,

A
T Ar, 2> hoz, n—>an, t— ¢—Tt’ u =/ ghou, w—>~/pughow, p - pghop.
gno

Recalling (1.1), we further assume that u, w, and p are proportional to the wave amplitude,

that is, u » eu, w —cw, p— ep. To examine the problem in an appropriate far field,

15



we follow the approach employing the far field variable with the right-going wave:

E=e(x-t), T=£t

(2.2)

We also transform w — /£ to keep mass conservation. Therefore, the governing equations

are seen as

—ug + e(Uy + UUg + WU, ) = —Pg
ep{-we + e(w, + vwe + ww,)} = -p,
ug+w, =0

uy —epwe =0

p=n

w =N +e(n; +une)

w=0

On the boundary, we use Taylor expansion: f(1+en) =Y, %f(”)(l).

the equation on the fixed domain:

—ug + £(Ur + UUg + WU,) = —Pg
epu{-we + e(w, + uwe + ww,)} = —p,
ug +w, =0

VU, — epwe =0

22 303
ptenp. + anzz'i' gpzzz:'r]

w=0

16

n

n

n

on

on

on

O0<z<1l+en,
O0<z<1l+en,
O0<z<1l+en,

0<z<1l+en,

z=1+¢n,
z=1+e¢n,
z=0.

o0

527]2 <€3,,,]3 52,,72 €3773
W+ ENW, + W,y + g Wazy = —Ne +ENp + ENe (U + eNu, + Uz + -Us2)

(2.3)

It turns out

in 0<z<l1,
in 0<z<l,
in 0<z<l1,

in O<z<l,

on z=1,
on z=1,
on z=0.

(2.4)



A double asymptotic expansion is then introduced to seek a solution of the system for-

mally,

q-~ i ignqunm as -0, u—0,
n=0m=0

where ¢ will be taken to be the functions u, w, p and 7, and all functions g, satisfy
the far field conditions ¢, — 0 as [{| > oo for every n, m = 0,1,2,3,... Substituting the
asymptotic expansions of u, w, p, n into (2.4), we check all the coefficients at every order
o) (i,7=0,1,2,3,...).

For example at O(1) we obtain

—Upo,¢ = —Poo,¢ in 0<z<l1,
0 = poo,- in 0<z<1,
Ugo,¢ + Woo,z = 0 in O<z<l1,
(2.5)
Ugo,z = 0 in 0<z<l1,

Poo = Moos Woo = —Moo,e on  z=1,

woo =0 on z=0.

From the fourth equation in (2.5) it follows that wgg is independent of z. Thanks to the

third equation in (2.5) and the boundary condition of w on z = 0, we get

4
A
Woo = w00|z:0 + fo woo,z'dZ = —ZUQo,¢,

which along with the boundary condition on z = 1 implies ugo¢(7, &) = Mo0¢(7,£). There-

fore

uo0(7,€) = noo(7,£),  Wwoo = —2Moo e,

Therefore, this has been made of the far field conditions ugg, 700 = 0 as [{| = co. On the

17



other hand, from the second equation in (2.5), it follows that

z
I
Poo = P00|z=1 + [1 Poo,z’ dz" = ngo.

At O(e'u?) = O(e) we obtain

—U10,¢ + Upo,r + UooU00,¢ = —P10,¢ in 0<z<l,

0= pio.- in O<z<l1,

Ui, + Wip,, = 0 in O<z<l1,

g, = 0 in 0<z<l, (2.6)
P1o + Poo,zToo = Tho on z=1,

w1p + NooWoo,= = —Tho, + Moo, + UooNoo,e on 2z =1,

wig =0 on z=0.

From the fourth equation in (2.6), we know that w;o is independent to z, that is, u =
u10(7,€). Thanks to the third equation in (2.6) and the boundary conditions of w on
z =0, we get

z
Wi = w10|2=0 + /(; wlo,zzdz' = —2U10.¢- (27)

Hence, from the third equation in (2.6) and (2.7) and the boundary conditions of w on

z =1, we obtain that
U10,¢ = Mo, = Noo,r — (ooToo)e  and  wig = 2(Moo, + 2000M00.c = Mio,e)- (2.8)

Thanks to the second equation in (2.6) , we deduce that

P1o,e = No,e = U10,¢ + Noo,r T (Uoonoo)g- (2-9)
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Taking account of the first equation in (2.6) and (2.8), it must be

—P10,e = —U10,¢ + Moo, T M0o0"00,¢5

which along with (2.9) and (2.8) implies

2no0,7 + 3?7007700,5 = 0.

Similarly, at the orders O(e%u!), O(e2u®), O(etut), O(e3ul), O(e*u®) and O(e?ul),
the relation between p;;, 7;;, u;j, w;; and their 7-derivatives in these orders can be ob-
tained; see [65]. Here we focus on the O(e3ut)-order.

For the O(g3u!)-order approximation when 0 < z < 1, the following system is obtained

—P31,¢ = ~U31e T U21,r T (Uoouzl +UoU11 + U20U01)§

+WooU21,z + W10U11, 25

—P31,z = ~W20,¢ T W10, T UpoW10,6 + U10W00,¢ + (w00w10)27 (2‘10)

uzye +wsy, =0,

U31,z, — Wa0,¢ = 0.

The boundary condition on z =0 is w3; =0, and on z = 1, the conditions read

131 = P31 + M21P00,z + NooP21,z + T11P10,z + M10P11,z + 120P01,2 T 101P20,2;

2
Moo
W31 + M21Woo,z + NooWal,z + M11W10,2 + NoWi1,z + N20Wo1,z T No1W20,2 — N21,r + =5 Wil,zz

= —M31,¢ T U21Moo,e T UooT)21,¢ + U20T01,6 T U01720,¢ + U10M11,6 T U11710,¢ + 700700,6 U112
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Next, we plug wage, wooe and wyg, which can easily be obtained from [65], into the

second equation in (2.10). It takes the form of

P31,z = — ZU0,¢¢ T ZU10,67 T ZUp0UL0,6¢ T 2U107]00,£€ — (woowm)z-
Taking the £ derivative of the above and integrating in z on [1, z], we know

z
P3ig :f1 P31,z'§d2’+p31,5|z:1

22-1

= 5 ( — Ug0,ec¢ + Ur0,867 T (Uooulo,gg)g + (U1o7700,§§)5) + (w00w10)§|z:1

(2.11)

~ (woowro)e + (7700( — Wio,¢ + Woo,r + UpoWo0,6 + wOOwOO,z))£|z:1

- (77101000,5)€|z:1 + 731

On the other hand, we have uy; ., = wige and uy1, = wope from [65]. Then the first

equation in (2.10) becomes

—P31,e =" U31 ¢ T U217 T (U00U21 + Ul + U20U01)§ + (woowlo)g- (2‘12)
Combining (2.11) with (2.12), it leads to

0=- Ugy¢ + U21,r + (Uoouzl +UoUyr + U20U01)5 +M31,¢ t+ (77107700’55)6

+ (woow1o)elo=1 + (u10,gg7700 — 100,ex"00 = T30"M00,¢¢ + 77007780,5)5 (2.13)
22-1
2

+

(= w2066 + wr0.g6r + (uootiro.c)e + (uromoo,ge )¢ )-
Now we will simplify equation (2.13). Because the fourth equation in (2.10) gives that

2
2
UsLg = =5 Unogee + 0 P31 (7,6).
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for some ®3;(7,¢) independent of z, the third equation in (2.10) and the boundary con-

dition on {z =0} for ws; yield that

3

4 z z
Ws1 = w31|z:0 + _/0 W31,z dz' = - _/0 U3¢ dz' = Euzo,ggf - 2’35(1)31(7'75)-

Hence, combining with the boundary condition for w3; on z =1, we have
1 o

G Uzogee - e ®31(7,8) = =31 + M1r + Haglomr - 5 1T00.g6¢ = TI007I00.7100.6

where Hy = uoon21 + Uz17o0 + U20Mo1 + Uo1720 + Ur1T10 + U10711- Therefore ®g(7,&) satisfies

1 n2
P31 (7,8) =316 = Morr + glU0.es ~ Hygloon + %Uoo,ggs + 1007700,¢ 700, ¢¢ -
This in turn implies that
22 1 n2
U3le = M31,e —MN21,r — (5 - g) U20,c¢¢ — H4,§|z:1 + %7700,555 + 700700,£700,£¢ -

It then follows from (2.13) that

1
0=2n9,+ 3 U20.66¢ + (M00m21)e — (Moo,exM00 )¢ + (77007780,5)5 + (Woow1o)¢|2-1

2 1 7 1
+ Hygelom1 + 5(?700“10,55)5 + 5(77107700,55)5 - 5(77307700,55)5 ~ 30ger

- (Uoo / i,z df)g - (U00H2|z=1)g + (U10¢11)§ - / Mmirr df - H2,7|z=1

2
7
+ (U207701)5 - %ﬂoo,séé — 700700,£7700,£¢ 5

(2.14)

. 1 1
where Hj = ugomi1 + U117oo + U1o7o1 + Uo1710 and @q = 3M00,e6 — 3700701 + M11-

To obtain an equation for n only, we substitute g, u11, u29, and wug; into (2.14) to get
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that

2
H4,£|z:1+(u207701)£ - (Uoo f mi,r dﬁ)g - (U00H2|z:1)§ + g(UOOUIO,ﬁé)Ej

1 1
= (2n00m21 + 3101120 + M10M11 )¢ — (Mo0M10M01 )¢ + 1(77307701)5 - 5(7700,567710)5

1 1
+ (¢117710)§ - 1(77807711)5 -2 (7700 f mir df)é + g(um,ggnoo)g - 2(H2|z:17700)§-

Similarly, we have

2modn)e - 1 (o )e

2 1 1 1
= 5(7700,557710)5 - (770077017710)5 + 2(77117710)5 - E(Ugoﬁoo,gg)s + §(77017180)§ - 1(77117730)5-

From [65], it is easy to see that

-2 (7700/7711,7615)6

3 1 13 5
= 3(MGom1 + Moomono1 )e — 1(77(3)07701)5 + 5(77007710,55)5 + ﬁ(ﬁooﬂgog)& + 6(77(2)07700,55)5-

and

3 3 1
f Mitrrd§ =~ 5(7]007711; + Moo,7M11 t (7]107701)T) + g(ngonm)r - 67710,557

= 2 (momoce)
247700,57700,57 12 M00700,¢ ) -

Hence, we have

[ 7711,7"1‘ df + H2,7'|z=1

3 1 3

13 39
=~ (n - — +—(n? - = +—(n?
1 (77007701)§ 1277007710,555 16 (Uoo,gnoo)g 5 (770077107701)5 39 (77007700,55)5

L e Stmocce - moces - momocee - S(otam)
_96(7700,557700)5 87]007700’5& 67710,567 1277107700,565 4 Moot ) -

22



Then, (2.14) becomes

1 3
0=2m91,+ 30 + 3(MooM21 + Mo17M20 + MoM11 )e — 1(77807711 + 2101110700 )¢
3, 5 5 23
+ g(ﬁoonm)s + 6(77107700’5& + 77007710,555) + E(Uoo,gmo,gg + 7700,557710,5) (2.15)

21 ) 3
+ 1_6(77(3)0,5) - 1—6(77007700,57700,55) - 1(77(2)07700@65)-

The asymptotic expansion introduced earlier shows

1= oo + EMo + €270 + €730 + pnor + p + € pmr + O (e, 1),
Recall the 7;; equations obtained from [65], which are given by

2100, + 3100700, = 0,
1
2no1,r + 3(77007]01)5 + 57700,565 =0,
1
2mo.- + 3(mooto)e = 7 (Moo)e =0,
3. 5 3. 5 3.4
2m20,7 + 3(77007720)5 + 5(7710)5 - 1(77007710)5 - g(%o)é =0,

3 3 115
2n30,7 + 3(Moomzo + 77107720)5 - 1(77(2)07720 + 770077%0)5 - g(ﬁgoﬁlo)f + @(7780)5 =0,

23

3 1 5
2011, + 3(MooM1 + MoNor )e — Z(Uﬁoﬂm)g + 3Mogge ~ ﬁ(ngo,g)g - 6(77007700,55)5 = 0.

From (2.15) we obtain

2 + 3 + < S e+ Setne + 2 pin i e 2 02
Nr + oMM 3M77£££ 1 nne 3 N 192 nne e+ el 127757755 67777555
5 3 21
+ 52#( ~ g Mees 177277&5 + 1_677?) =0+0(e, e, 1?), (2.16)

where « is some constant we do not specify here.

23



Recall the original transformation x = 6_%5 + 5‘37, t= 6_%7', namely,

0 1 0 3
af E—é‘ (8x+8t) (217)

The equation (2.16) transforms to

1
2010 +10) + gHMaze + 3eTe + £ Ari*n, + € Agny + ept( Asnutee + Aauss) -
2.18

+ Ase™n g + 2 p( Asnmenes + Ae Moz + Arn2) = 0+ O(e%, 31, 1?).

- _3 _3 _ 23 _5 5 __3 _ 21 _ 115
where Al——z,AQ—g,Ag—— A4_67A5 _E’A6__é_17 A7_1_67 A8‘T92-

Remark 2. [t is noted that the high-order terms O(g?, u?) in (2.16) only depend on the
function n and its £ derivative. By the scaling invariance in (2.18), O(g%, u?) would not

generate any lower order terms in (2.18) under the transformation in (2.17).
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Chapter 3

DERIVATION OF MODEL EQUATIONS WITH
CUBIC NONLINEAR TERMS

3.1 Introduction

In this chapter, we derive the model equations to incorporate cubic nonlinearities of var-
ious types, including the CH, mCH, and Novikov types, as demonstrated in (1.5).

In comparison to [16], we intend for our model equations to include all of the nonlinear
terms in the appropriate truncation order, reasonably allowing for a precise explanation
of their hydrodynamic relevance to the entire water wave problem. Since the cubic non-
linearity is expected to arise on the order of O(e2u), leaving the O(u?) terms as higher

order terms, a scaling requirement & = O(p'/?) is naturally imposed. Therefore, we choose

2

pecl,  e=0(ub), (3.1)

which corresponds to a shallow-water regime for waves of mildly large amplitude. Then,
we derive an equation for the scaled surface elevation n (1.4).
Next, we expand 7 in terms of u along with its derivatives using the so-called Kodama

transformation [21]. In particular, the expansion takes the following form

neu+eA+puB+epuC + 12D+ 2 E + 3K + e2uG + e H.
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The Kodama transformation takes a given shallow water elevation equation and trans-
forms it into an equation of the same form but with different coefficients. These equations
are asymptotically identical, meaning that, when the small parameters approach 0, their
solutions converge to the same form. In other words, it is a transformation commonly
employed to transform higher-order nonlinear differential equations to their asymptoti-
cally equal forms [66]. Indeed, many authors [23, 67, 68] have used and generalized this
transformation.

A cubic nonlinear equation for u is constructed by connecting the horizontal velocity
u with 1 using the freedom of evaluating u at a specific water depth and omitting some

nonlinear power terms. In particular, this allows us to obtain CH-mCH-Novikov equation.

3.2 The Derivation

Having derived the equation of the free surface n in Chapter (2), this section focuses on
the derivation of the model equations that incorporate cubic nonlinearities of multiple
kinds, including the CH, mCH, and Novikov types, as given in (1.5).

As the introduction indicates, we assume p <« 1 and work in the regime where
€= O(/L%), which we refer to as the shallow-water regime for waves of mildly large am-
plitude. Since we expect our final model equations to be cubic nonlinear, a higher-order
approximation (in € and p) is necessary. Thus, it is natural to post the Kodama trans-

formation of the form
n=u+ecA+uB+euC + 1®D + 2 E + 3K + 2uG + e H,

where A, B,C,D,E, H, K, and G are parameters related to u and its derivatives but
independent of € and p. This creates a certain degree of freedom in the expansion that

may later be optimized. For example, to obtain the CH-type terms, as described in [29],
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it is possible to choose A = \ju?, B = A\yu,,, and K = Aqu?, where \g, \; and )y are some

constants to be determined later. As a result, (3.2) becomes
N =u+ Meu® + Aofitigy + epC + 12D + 2 E + Noe*u* + €2uG + ep® H.

To proceed, we plug the Kodama transformation (3.2) into (2.18). The resulting equation

will consists of u-terms. Collecting at each order, we have

Oo(1) = 2(uy +uy),
Op(€) := dhe(uuy + uuy) + 3cuu,,
Oo(€?) = 26*(E, + E;) + O\ e*u’u, + Aje*u’u,,
Oo(€%) = 3e3(uR), + 6M3%uu, + A e (u?), + Agedudu, + 2008 ((u*), + (u?)y),
Op(e?) =&t (/\0 + A1+ A+ Ao+ %) (u), + A (u?E),,
Oo () = 200 (Une + Ugar) + %Muwx:m
O0(?) 1= 212Dy + D) + 2
Og(ept) = 2ep(Cy + Cy) + (2X1 + 3Ny + Az)epitigtiyy + (%)\1 + 3N\ + A4) €U g,
Oo (%) = %e%Em + 282 1( G + Gy) + 32 (uC )y + 3o M (U U)o + Ao ArE2 (U U ) 0
+ 2\ Ase?p(uu? ), + Ag €2 Uy + M Age? pu(u?) e
+ A Ul Uy + A2 It Ugy + Aze?pud,
Oo(ep?) = %SMQme + 26 (Hy + Hy) + 3ep®(uD)y + 33601 U U
+ Agdoe 1 (UgUae )x + AsNoE 7 UgolUnar + AsNoE L U1
Oo(e?p?) = %52u2Gmx + 3022 (U D)y + 3N 1% (100 O + 3% p* (Hu),,

+ A A2 (uul,) o + Ay (uP D)y + Ase® 1 (1, C )y + 2430 o 1 (Ul Uy ) o

T
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2,2 2,2 2 2,2 2 2,2

+ Ay 1 Cggy + AUMA2E WU Uz + AgMI A" 1 Uy (U7) g + Ane” 17 uCh
2,2 2,2, 2 2,2

+ As Ao W UUL Uy + As Ao UL UL, + AsAoE7 U UU 12 Uy

2,22 2 2 2,2, 2
+ A Ao WU Ugggrr + 2A6N2E° W UU gz Uz + SATAE U UL U -

This yields the following equation

Uy + Uy + %[00(6) +0p(%) + Og(€%) + Op (%) + Oo (1) + Op(e) + Op(ep?)] = 0+ O(3p, 2, 1i?).

Here, the subscript in Oy is included solely to emphasize that the terms may change at
each step.
The next step is to eliminate the ¢ derivative using the equation itself. As before, we

expand the time derivatives, namely

3

Up == Uy — 2218 (U, + uny) — Ul

(3.2)
- %[00(52) +0p(e%) + O (1?) + Oo (1) + Og(ep) + Og(ep?) | + O(3p, 212, 1i?).

To have the whole £2u2-order terms, we must take p? and ep?-order terms back even
though, at the end, they are ignored as high-order. Next, we present this procedure in

greater detail.

Step 1. At order e, we substitute (3.2) into 10y (), we get

4
2 e (U, + uuy) + ;suugg = geuux - 5)\%52((163)9C +(u?)y) = \e?(u?), (3.3)

= Meu[Og(e%) + Oo(e) + Og(p) + Op(ep) + Op(p?) + Oo(ep?)].

This expansion generates higher order terms. It leads to the following terms in asymptotic

order
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O1(¢) = gauum, O:(&?) := %00(82) - %A%aZ((ui)’)x +(u?)y) - et (u?),,
O1(=") = 500 - MizuOn(=?),  O1(e*) = 5 00(E") = MeuOo(&?),
Or(ep) = 50u(ers) = MeuOu(p),  O1(n) = 500(1),

1 1
O1(p?) = 500012)7 O1(e?p) = 500(5210 = AeuOo(ep),

O1(ep?) = 500(ep) = MeuOo(1?), O1(e21?) = 500(e%4s?) = AeuOo (eps?).

Step 2. For O1(£?) term, we can choose E = Azu?. Then we expand the time derivatives

as
Uy = =y — 2M1&(Uuy, + uuy) — gsuux - %[OO(M) +Og(p?) + 00(52)] +O(e%,ep).

Hence the O;(e?)-order term takes the following form,

1 9
O1(g?) = (5)\1 + ?) e2(u?), — (623 — 8A) A1 e3u? (vu, + uuy) — (5)\3 - 6)@) e3udu,

- (53 -222) 22[00(e) + o) + Oo(4?)]

We now denote Iy, to be the coefficient of f(u) in the equation. Then coefficient of

3 A
u?u, is given by Iz2,, = 5)\1 + 71 The following terms in asymptotic order take the form

Ox(p) =01, Ou() = (Sh+ T2) s, Osfem) = 1),

O5(€%) := 01(%) = (6)3 — 8N\ &% (uuy + uuy) - (g)\:g - 6)&) e3uduy,
Ou(e) = 01(=") - (Sha =208 ) 20200(=),  0a(4%) = O1(42),

Os(e21) = Oy (e21) - (gA - m) 2020(),
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3
Oy(ep?) = O1(ep®),  O9(e2p?) = O1(e*1?) - (5)\3 — 2)\%) 2u?Op(1?).

Now the equation has the form of
Uy + Uy + O1(8) + Oz(€2) + Oz (1) + Oa(ep) + Oa(%p) + Oz(e?) = 0+ O(3 i, 1),

and the expression for u; is given by

3 1 A 1 1
Up = = U = ey (5)\1 + %)52@3)“@ - §Oo(u) - 500(5;1) + AeuOy(p)

(3.4)
1 3
- 500(52u) + MeuOg(ep) + (5)\3 = 222U 0y (p) + O(£2, 1i?).

Step 8. We now consider Oy(1) term. Here, another parameter is required. To this end,

splitting the time derivative \spu,,, it appears that
Aofitlgzr = Ao (1 = 1) iyt + AoV iy, (3.5)

where v is the new parameter which will be determined later. We remove the u,,; term

by eliminating the t derivatives using (3.4). Thereby, we have
3
AoV [ Uggy = =AU MUy — §A2V5M(uuz)m + XMV p(Foe + Fyy+ Flopy+ Feap) g + O(3p,ep?),

where we define

1 A 1
FEQ = - (—>\1 + —1) 62(u3)x, FM = _)\ZN(uxmx + umzt) — S HUzzx,
2 6 6
1 1 3
F,, = —500(5/1) + AueOg (1), Fop = —500(52/0 + MueOg(ep) + (5)\3 - 2)&) e2u?Op ().

This way Oy(p) takes the form
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1 1 3
Aopt(Ugpq + Uzzt) + éuuwm = ()\2(1 -v)+ 6) Plgre + A2 (1 = V) iUy — §y)\25u(3uzum + Uy )

+ Mo p(Foz + Fy+ Fopy+ Fr2)) o

The coefficient of u,,; can be written as I, := A2(1 - v).

Tt

This procedure leads to the following terms in asymptotic order:

Os(p) == (Mo(1-v)+ é)uumx + X0 (1 = V) pttgyy,  O3(e3) 1= Oy(e?),

Os(epn) = On(ept) - gmﬂ(guxum fut),  Os(eh) = On(eh),
O3(e21) = O2(°11) + Ao pu(Fi2 ) o O3(1%) = Oa(1?) + Aavpu(Fy) s
Os(ep?) = Oa(ep?) + Mo pu(Fep) oy O3(£21%) = Oa(2 %) + Ao Fr2) -

Step 4. We now consider Os(ep) term. Choose C' = A\u2 + A\suug,. From (3.4), the

expression for u; is given by

3 1
U = —Uy — §5uur - 5(00(,“) + Oﬁ(glu)) + )\1U600(M) + O(€2M, :u27 82)'

This operation produces O3z(epu) of the form

ep(Cy + Cy) = 22X Moeputt(Ugpy + Ugar) = 3N ity (Ul ) 5 — g)\552uuuxum - (;)\5 - 3)\1)\2) e2 pu(utly ) po
- Mz (Oo())a = Aatas 300(1) = (535 = Aia) O (10
_ )\45uuz(00(6/¢) + 2)\1u500(u))aC - %8#%3:00(5/1)
+ As AUt Oo (1) — (%)\5 - )\1/\2) epuOo(EL) zo

+ ()\5 - 2)\1)\2))\182[LU(U00(,M))Ix
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The ep-order term turns out to be

3 1 3 3 1 9
en [(5)\2 + 5144 - 51/)\2) UlUgrr + ()\1 + 5)\2 + 5143 - §V)\2) uxua:x] .

Denote the coefficients of u,,, and u,u,, by

._ 3 1 3
Ty, == 5)\2 + §A4 - 51/)\27

. 3 1 9
quum: = )\1 + 5)\2 + §A3 - 51/)\2.

The terms in asymptotic order are

Os(p?) =03(1?),  0a(e%) = 05(%),  Oule?) = O3("),
O4(e21) =05(%) - 3M42% prug (unty ) — g)\552,uuumum - (;)\5 - 3)\1)\2) e2pu(utty) v,
1 1
Ou(e1s2) =0s(e12) = Mgt (Oo())a = Asehitas300(1) = (55 = Aida ) s (Oo(1) e
A
O4(e21?) =05(2u?) — Myepug (Og(ep) + 2X16u00 (1)) — gsuumOo(eu) + As A2 pun . Oo (1)

1
— (5)\5 — )\1)\2) 6#”(00(6,&)):[% + ()\5 — 2)\1)\2))\162MU(U00(,U/))11
Step 5. Next we consider e3-order which has the form

1
O4(e%) = 500(53) - MeuOg(e?) = (63 — A\ e3u? (uu, + uuy) — (g)\g - 6)\%) e3udu,

= (2/\3 + éAQ + i/\lAl) 83(1,&4)93 + 2)\063((’&4)33 + (u4)t),

where we have replaced u; by —u, — %5uum. The coefficient is denoted by

3 1 1
I(u4)1. = g/\g + gAg + Z/\lAl.
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Also, at e*-order we have

1
O5(e?) == 500(54) — MeuOy(e?) - (g)\g - 2)\%) 2u?0p(e?)-12 o u v,

Since

00(64) = 54 (/\0 + )\1 + Al)\% + Ag)\l + % + Al/\g) (U5)w,
we can simplify O5 as

1
Os(e?) = 500(54) — MeuOy(e?) - (g)\g - 2)\%) e2u?0y(e%)-12 o uu,

1
_ 5( — 19200 + 51 + 5AN + 5400 + Ag + 54, 0)etutu,

= Mgt (1225 + 6% + 4A A + Ao )utu, - (g)\g - 2)\%) (9A1 + Ay )utu,

1 4 A
_ 545( ~ 19\ - ZA% + §9A1 + ?8 - gAg + 2403 - 51)\1)\3)u4uw.

Then [, =-19\ - %)\f + %)\1 + % - %)\3 +24)3 =51\ A3 and the terms which involve p

keep the same.

Step 6. Finally, we consider the e?u-order which has the form

1 3
O4(e%p) = 500(5%) — MeuOg(ep) — u? (5)\3 - 2)@) e200(p) + Mavpt(Fe2) py
3 3
= 3 pug (uny ), — 5)\562uuu$um - (5)\5 - 3)\1)\2) &2 pu(utly ) g
We choose G = Aquu2 + A\gu?uy, to keep the scaling in the equation. From (3.4), the
1
expression for u, is given by u; = =ty — Aopt( Uz + Uger) — 5 Hlzer. We eliminate u; by (3.4)

itself, namely

1
Up = —Uy — E,uumm +0(ep). (3.6)
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Thereby, there appears the relation
2 1 2..,2,.2 1 2,2 1 2,2, 2 2,2
(G +Gy) = —6/\76 U U — §>\76 U U — 6>\85 U Upas — §>\g€ U Ui

Hence, 50 (g%p) takes the form

1 1 3 3 3
500(52u) = éezuAg(u3)mx + 552uA4(uu§)x + 552MA5(u2uxx)$ + 5/\2/\152u(u2um)x
1 1 1
+ EszuAgAl(ugum)x + a2 As(uu?), + §A4/\182uu2umx + 552,LL/\1A4u(u2)zm

1 1 1
+ §A552uuuxum + §A652uu2umm + §A752,uu§ - 6)\752,u2uiumx

1 1
2,2 2,2, 2 2,2
- §>\78 M UU U g gn — 8)\88 KU Ugggar — g)\Sg K Uz Uy -

We now deal with —A\jueOg(ep). By definition C' = A\ju?2 + Asuu,, and (3.6), it follows

that
2 2, 2 1 1 1 2
_2)\15 ﬂu(Cx + Ct) =-€ N _g)\l)\4uumux:r:m: - g)\l)\{’)uumru:pxx - é)\l)\5u Uzzzzx | -

Then we know

2
—)\1U€Oo(€,u) = - )\162,u [(g)\l + 3)\2 + Ag) UULUpr + (g)\l + 3)\2 + A4) UQUMM:I

1 1 1
+ 82/112 (§>\1)\4uuxugpx2m + 6>\1>\5uux:vuzzz + 6/\1>\5u2uxmmxx) .

Similarly, we have

3 1 2 1 2
- (5)\3 - 2)&) e2u?Oy (i) = - (5)\3 - g)\%) 2 1P Uy — Mo (5)\3 - 5)\%) ST Tl T TH—

and )\QV,LL(F€2)xZ, = —)\2y52u(%)\1 + %)(ug)mxx

34



Thus, we have

1 3 3 3
Os(e%p) = 652,U)‘3(u3):0xx + 552/;)\4(1“@)96 + 552/1)\5(u27vcg,;x)gC + 5)\2)\162u(u2um)x
1 1 1
+ 552u)\2A1(u2um)x + e Az (uu?), + §A4)\152uu2um + 552u)\1A4u(u2)xm
1 1 1
+ §A552,uuuxum + §A652,uu2umx + §A752,uui - )xlez,u(g)\l + 3 + A3ttty
1 2 1 A

2
— /\182/L (§>\1 + 3)\2 + A4) ugumz — (5)\3 — g)\%) 82/LU2U33$$ — )\2V€2/L (5)\1 + F) (u?’)mm

- 3\ g (unty, ), — g)\552,uuumum - (;)g - 3)\1)\2) e2pu(utly) g

More precisely, we have

3 A 1 1
Ly, = 5(1 - V)M A + 71(1 —V) A+ §A4)\1 n §A6’
1
Tz 3= 83X = 35 = 9(1 =)Ao Ay + Ar (1= 8) A + (Ag + 3A) A + 5 A5 - 207,
1
Ly = 5 Ar+ dg = Aov(3A + Ar) - %M AL

In the asymptotic order, we have

Os(1?) 1= 500(4%) + Navi(F )
Os(ep?) = %OO(WQ) = MeuOo(p?) + Aovpt(Fepn) v
= ez (Oo(p))z — )\5auum%Og(u) - (%)\5 - )\1)\2) epuOo (1) ze,
Os(2122) = 300(%1) = MizuO0(e1i) = (S0 = 208) 02 00(12) + Nav(Fey oo
= Maepiug (Oo(ep) + 20 ue0p (1) ) = %ﬂmeo(gM) + A5 M1 Uttgre” 1100 (1)
- (%)\5 - /\1)\2) epu(Op(ept))ax + (N5 = 20 A0) Mg i (uOo (1) ) za
+e2 P\ (%/\wuxumx + %/\5uumum + éx\su%mm) - X (%/\3 - %x\?) SR T T
- 1>\7€2u2u:%um - %Aﬁ%zuugﬁumm - 6)\852M2uzumcxx:c - %62u2>\suumum-

6

35



This procedure can be continued successively, and finally the coefficient of the terms

at the order of e2y?-order are obtained as

-6 0 —4A1 /\10 OQ ]quumxx — )‘8
0 0 —(30)\1 + 10141) )\11 + 04 = [u%uzzz + 6)\9 - )\8 — )\7 . (37)
0 —% —(45)\1 + 15A1) A6 Cs ]uzu%z + %Ag - Ag = 2\7

The special form of the CH-mCH-Novikov equation

The equation (1.5) requires specific values of the parameters in the Kodama transforma-
tion. These can be determined through the following procedure.

Note that the CH-type equation requires

quxt = _B) ]uumm =- Iugcumc = _0-67

for some parameter . It is determined that g = — and Ai, Ao, v are given by

6(c—3)
A(1-v) =-B,
5 A (3.8)
)\1 + %(1 —3V))\2 = —7 - 73

On the other hand, equation (1.5) requires that

1 1
Iu2uz = 1(3/{?1 + 4]{}2), Iu2uzzz = _Z_Lﬁ(kl + ]{?2)
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Therefore

3 A 1
—)\1 + =L = —(3k1 +4k2),
2 2 T 1 (3.9)

%(1 - l/))\l)\g + %(1 - l/)/\2 + %A4)\1 + %AG = _%B(kl + ]{52),
where Ay = -3/4, A3 =23/12, Ay, =5/6,A = —3/4. Combining this with (3.8) we have

_ =10k, - 720 + 171 _ —20k10 + 60k, - 16402 + 6490 - 921

Ap = Ay =
! 60-800c = 7 ~48002 + 18000 — 1030 ’
. _3(10kio ~ 10k, - 130 + 39) 20k10 — 60k, + 16402 — 10495 + 1221 (3.10)
= — UV = .
? 10(40 - 3) ’ 20k10 — 60k, + 16402 — 6490 + 921

where k; € R is arbitrary. The coefficients of (u*), and (u’), must vanish for equation

(1.5) to emerge, and hence

3.1 1
Lsu, = X3+ =Ag+ =\ Ay =0,
Bug 3 3+8 2+4 141
3., 49 As 3
Lyaw, = 19X — ZA% + A s s+ 2403 = 510 A3 = 0,

where Ay =3/8 and Ag = 115/192.

Then, we have

5]{71 + 260 — 78
Ag= ol 20— 12 3.11
5T 2040 -3) (3:11)
and
1
Ao (15k; (7302402 — 4703640 + 804501) + 225k7 (10280 — 3579)

" 114000(40 — 3)3
+ 18000k + 273246403 — 1896375602 + 554972580 — 60937623). (3.12)
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Also, for other terms, we require that

1 1
[u3 = ——ﬁkl, [Uuzuzz = ——ﬁ(4k'1 + 3k‘2)
‘ 4 4
With this choice, the implication is

A3 = 5Aa + 5 A7 = A (B + Ay) + Ay = -1 8k,

3)\3 - 3)\5 - 9(]_ - l/)/\g)\l + A1(1 - 31/)/\2 + (A3 + 3A4))\1 + %A5 — 2/\% = —%5(4]{?1 + 3]{72),

where A5 = 11/16, A7 = 21/16. Then we obtain

B 18(117 - 10k;)? 7839 -670k; 1000k,

L R L 14688
A (3-40) 3-4o o-3 ’ (3.13)
10800
and
400k} (0 = 3) - 40k (0 + 87) (40 + 3) + 7(Br (58980 - 46907) + T05003) - 214443
I :

2400(3 —40)?(0 - 3)
(3.14)

This way v, A1, Aa, A3, Ay, A5, and ky are obtained in terms of k.

Lastly, the coefficients of e2p?-order terms should satisfy that:

Ky 1
— - — _ 2 _ 2
IUQ“T:I)T’L‘:I‘ - quzuzzzz - I'U/U«z:tu:vzz - O? IU%”T?:T - 4 /B ) quu%x - kl 5/8 :

Since the coefficient of the term u2u,z,., needs to be zero, it requires that

)
2

A 4 1
M- 765 = Aoz + g)\%)u - 6)\1)\5 =0,

where 8 = - and \;(7 = 1,2,3) only depend on k;. This way the parameter k;

)
6(c-3)

38



should be a real root of the following equation

800k7 (8602 — 3980 + 645) + 30k; (107680 — 6212007 + 1881090 — 233883)
(3.15)

+4000k3 (0 - 3) +3 (904960 — 55736007 + 224265602 — 81247590 + 9843417) = 0.

Notice that since the determinant of the matrix in (3.7) is nonzero, we can obtain \g, Ao
and Ay for any parameters A7, Ag and Ag.

In summary, if we take the Kodama transformation to be

N = U+ A\eu? + Aopitigy + ep(Agu2 + Mgttty ) + £2X3u® + e3\ou? + 112 (NeUpawz)

2 2 2 2 2
+ e p(Auus + AguUyy ) + e (NgUpUprr + MoUUzzze + AM11U5L,L ),

where the parameters satisfy conditions (3.10)-(3.15) and A7, Ag,and g can be any real

numbers, then we arrive at:

3 1 1 ke
my + (1 + —gu)ux — — Uz — EPO B (Ul + =Ulypy ) + 1—5((u2 - Bpuz)m),
+2T(ume + 3uu,m) = 0.
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Chapter 4

BLOW-UP ANALYSIS

4.1 Introduction

Breaking waves phenomena are commonly observed in the ocean and near the shore. They
are essential for many reasons: they move sediment in shallow water, provide a source
of turbulent energy for mixing the ocean’s upper layers, and they improve the gas and
particle matter exchange between the air and the sea [69].

Given a partial differential equation and initial data (in other words, a Cauchy problem),
an essential and crucial question is proposed: is the equation well-posed? Although the
issue above is essential and fundamental, it is not necessarily simple or easy to answer. In
particular, the solution u of the mCH-Novikov equation belongs to C([0,T']; H®). This
means that u(.,z) € C([0,T)) and u(t,.) € H*, where H* is a Sobolov space whereas T > 0
denotes the lifespan or what is sometimes called the solution’s maximal time of existence.
Generally, this depends on the initial data and the space.

The maximal time of existence adds a new element to our problem. If the equation is
well-posed and T' = oo, then we have a global well-posed equation. In turn, this means
that the solution exists for any t. However, if the equation is well-posed and 7" < oo , We
have a local well-posed equation, meaning that the solution exists as ¢t < T". For the last
case, we say the problem’s solution u develops a finite time blow-up.

This is the case because the solution cannot exist for all t-values. Therefore, another
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basic question in the theory of nonlinear partial differential equations is when and how
the wave breaking phenomena can exist (solution form a singularity) and what its nature
is. Depending on the problem, the blow-up phenomenon might manifest differently. For
instance, it can occur when the problem’s solution becomes unbounded as t approaches

T. In greater detail, a blow-up in finite time occurs if T' < co and
limsup Ju(t, )| = oo.
t—-T

A blow-up may also occur in the following circumstances: assume that T < co, and we

will obtain another type of blow-up if

sup |u(t, x)| < oo, and lim sup(sup |u, (¢, z)|) = co.
t—=T xeR

This type of blow-up is known as wave breaking, where u, becomes unbounded in finite
time while u stays bounded. From a geometrical standpoint, this indicates that, as t
approaches T', the tangent line to the curve  — (x,u(t,x)) tends to become the perpen-
dicular line to the z-direction [70]. Finally, higher nonlinearity can even cause curvature
blow-up, which occurs when the second derivative of the solution becomes unbounded in

finite time while the solution and its gradient remain bounded [71].

4.2 Blow-Up

Using the method from Chapter (3), many shallow-water models can be derived when we
choose suitable parameters in the Kodama transformation and perform certain rescaling.
In particular, we can obtain the mCH-Novikov equation.

Consider the same form of Kodama transformation as before; choose ¢ = 1. Then, apply-
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ing scaling transformation
O R R CIOL T C LR
to equation (1.5) leads to
My + Uy — gumm + 2um + umy + ky ((u? = u2)m), + ko (u?my, + 3uu,m) = 0. (4.1)

If we further scale t - 6%t and u — 0~1u, then (4.1) takes the form of
572y + uy — %umx + 07 Quym +umy) + k162 ((u? = u2)m), + kad 2 (u?my + 3uuym) = 0.
Rewriting it as

my + 0°u, — 52§umm +0(2uym +umy) + ki ((u? = u)m), + ko (u*my + 3uuy,m) =0, (4.2)
and taking § — 0, we procure the mCH-Novikov equation

my + ki [ (u? = u2)m], + ko (u*m, + 3uu,m) = 0.

In this chapter, we consider the periodic mCH-Novikov equation with cubic non-
linearity, which is derived with the asymptotic method from the classical shallow water
theory. The approximate model equation is obtained by introducing suitable scaling and
by truncating the asymptotic expansions of the unknowns to appropriate order along
with the Kodama transformation. When the parameters take different values in mCH-
Novikov equation, we get several different important shallow water equations, such as
mCH equation and Novikov equation. Our analysis applies the method of characteristics

and uses conserved quantities to arrive at a Riccati-type differential inequality. It is proven
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that the wave-breaking phenomenon of the mCH-Novikov equation is the curvature blow-
up.

Having derived the model equations in Chapter (2) and Chapter (3), we now turn our
attention to the blow-up analysis. In particular, as the introduction explains, we consider
the Cauchy problem for the periodic mCH-Novikov equation

my + ky [(u? —u2)m], + ko (u*my + 3uu,m) =0,

t>0, veS, (4.3)
u(t,0) =u(t,1),u(0,z) = up(x),
where k1, ks € R.
Lemma 4.2.1. Suppose that ug € H*(S) with s > % Assume u is the corresponding

solution to (4.3) with the initial data uy. Then

Hi[u] = fS(u2 +u?)dr = /S(ug +ug, )dz, (4.4)

and

1 1
Hslu] = fS(u4 +2utu? - 3 i) dx = ]%(ué + 2ugud , — 5“3@) dx. (4.5)

Proof. We rewrite (4.3) as the following equation
Uy — U + b1 (02 = u2) (U = Usz ) o + Ko (0P (U — Uggs ) + 3Utie (U — Uy )) = 0. (4.6)

Multiplying equation (4.6) by u and integrating by parts, we have

1d
dr = -— 2d
/s““t RSP Sl
1d
fsuutmdx 57 Suidw,
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k1 fu((u2 —u2) (U = Uy ) )pdw = —Fy f(u3uz — U U Uy — UUS + U Uy )d = 0,
S S

ko fu(u2(u:D = Ugze ) + UL (U — Ugy))) = ko /(4u3ux — WUy — U UL U, )d = 0.
S S

Then we obtain

d
o fS (u2 +u2)dz = 0. (4.7)

Similarly, we multiply equation (4.5) by u, and integrate by parts, then we get

1
fS(u4 + 2uPu2 - gui) =0. (4.8)

This completes the poof of lemmea (4.2.1). O

Lemma (4.2.1) shows that the following two functionals are conserved quantities for

(4.3)

1
Hy[u] = fR (u*+u2) dz, and  Hol[u]= [;(u‘l + 2uPu? - gui) dr. (4.9)

The local well-posedness theory can be obtained following the standard argument of [72]

with a slight modification.

Theorem 4.2.2. Let ug € H® with s > g Then there exists a time T > 0 such that the

Cauchy problem (4.3) has a unique strong solution u € C([0,T]; H*) n C([0,T]; H*1).

4.2.1 Blow-Up Criterion

Similar to the other CH-type equations, (4.3) can be reformulated into a nonlocal trans-
port form. Therefore, from standard transport theory, a Beale-Kato—Majda type of blow-
up criterion is obtainable. A further refined analysis leads to the following lemma. The

proof of this result follows an idea similar to one proposed in [18], so we therefore omit it.

Lemma 4.2.3. Let ug € H* with s > 3 and u be the corresponding solution to (4.3).
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Assume that T >0 is the mazimum time of existence. Then
T3
T <oo = fo Vg (7) + 2ktitie (7)) 1= d7 = 00 (4.10)

Remark 3. The blow-up criterion (4.10) implies that the lifespan T does not depend

on the reqularity index s of the initial data ug.
Furthermore, we prove the following wave-breaking criteria.

Lemma 4.2.4. Suppose that ug € H*(S) with s > 3. Then the corresponding solution u

to the Cauchy problem (4.3) blows up in finite time T* >0 if and only if

lim inf 1nf {kim(t, z)u, (t, ) + 2kou(t, x)u, (t,2) } = - (4.11)

t—>T* xeS

Proof. In view of Remark (3), it suffices to consider the case s = 3. Suppose that if
kymu, + kauu, is bounded from below on [0, Tu*o) x S. In other words, there exists a

constant M > 0 such that
(kymug + 2kguuy) (t,2) > =M on [0, Ty ) xS. (4.12)
Multiplying (4.3) by m and integrating over S. Then integrating by parts, we have
57 [m dx + [(kluxm + 2kgun, ) m? dx = 0. (4.13)

The initial condition implies that mgy € H*=2 c L4 for any 2 < g < oo. Similarly, we have

th fm dx + ky /(( ufﬁ)m)m m, dx + ko fg(qﬂmx +3uuxm)x m, dx =0.
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Integrating by parts, the second term yields

2
ky [[(u2 - ui)m] m, dv = [S(Skluxm) m?2 dx - ‘/S(gkluxm) m2dzx.
S xrxr

Integrating by parts, the third term can be computed as

ko [(u2m$+3uu1m) mmz/(Zlkguugc)mf7 dx—[;(6k2uu$) m2dx—[;12k2umxm2dx.
s @ s

In this way, we have

2
1d fmi dx + f(5k1uxm + dkgung, ) m? d - [(—kluxm + 6k2uux) m2dx - f12k2umzm2dq: =0.
2dt Js S s\3 S

So together with (4.13), we have

1
—if(m2+mi) dmz—/-(k:lumer2/<:2uum)m2 dx—/(5k1uxm+4k2uuw)mi dx
2dt Js S S

2
+/(§k1umm+6k2uum)m2da¢+[12k2umxm2d9€
S S
1
= /(4k2uux - gkluxm) m? dx - f(5k1uxm + dkyuny ) m? dx
S S
—f4k2uxm3da:
S
< 5/]\4(7712 +m?2) dr + / kouuy, (%m2 + Gmi) dx - f4k2umm3dx
S S S
14
< E)/M(m2 +m?2) dw + f kouuy, (Em2 + 6mi) dx
S S
+ f4k;2(u2 —u?)mmydz
S

< 5fRM(m2+Tn§) d + 6lka ] o= e | oo [ + AlRallful o [l 2

Therefore,

—Im[z <Clml;
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where C' = C'(ug, mp). Applying Gronwall’s inequality, it follows that
[m ()5 < e lmol 3,

for ¢ € [0, T} ). From Lemma (4.2.3) this ensures that the solution does not blow up in

finite time.

On the other hand, if

lim inf [inf (kym(t, z)u,(t, z) + 2kau(t, x)uw(t,x))] = —00,

tTTf[O zeS
then either u, or m blows up in finite time. The proof of Lemma (4.2.4) is hence completed.

]

4.2.2 Dynamics along the Characteristics

We perform our blow-up analysis along the characteristics of equation (4.3). So, let us

define the characteristics associated with the mCH-Novikov equation (4.3) as

q(t,x) = [k (u? = u2) + kou?] (t,q(t,z)),

q(0,z) = z,

€S, tel0,T). (4.14)

Proposition 1. Suppose ug € H5(S) with s > 2, and let T > 0 be the maximal existence

27
time of the strong solution u to the corresponding initial value problem (4.3). Then (4.14)
has a unique solution g € C1([0,T)xS,S) such that q(t,-) is an increasing diffeomorphism

of S with

q:(t, ) = exp (2 ‘/Ot (kymuy + kauuy,) (s,q(s,:v))ds) >0, V (t,x)e[0,T)xS. (4.15)
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Moreover, for all (t,z) € [0,T) xS it holds that

m(t,q(t,x)) = mo(x)exp (— fot(lemux + 3kouu, ) (s, q(s,x)) ds) : (4.16)

where mo(x) =m(0,x).

A direct consequence of Proposition (1) is that the momentum density satisfies the

sign-persistence property.

Corollary 4.2.4.1. Suppose ug € H5(S) with s > g Let T > 0 be the maximal existence

time of the strong solution u to the corresponding initial value problem (4.3). If mo(x) >0

for all x €S, then m(t,x) >0 for all (t,z) € [0,T) x S.

The following lemma play important roles in the blow-up phenomena. The proof

follows an idea similar to [73].

Lemma 4.2.5. Assume mg € H*(S) with s > 3,mg >0 for all z € S. Let T > 0 be the
mazimal existence time of the solution m(t,z) to the periodic problem (4.3) with the initial
data mqg. Then
Juz (¢, 2)| < ult, ).
cosh((z - [z] - 3)
2sinh(3)
is the fundamental solution of 1-02 on the unit circle S = R/Z, that is (1-02)71f =p=* f,

Denote p(x) = , here [x] represents the largest integer part of x, wich
g

where * denotes the convolution product on S, defined by:

pefn)= [ oG- y) i)y

_1

Leosh((z-y) - [z-y]-3)
) fo QSiHh(%) f(ty)dy
v cosh(z -y -3 Lcosh((z -y +3)
) [0 2sinh(3) fty)dy + fx 2sinh(3) 1t y)dy.
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Def ( ) em—[w]—% ( ) e—m+[m]+%
SRR T ey PV T Lsin(d)
Then we have the relation
P=p++D-, Pz =DP- — P+

Now we compute the dynamics of a few important quantities along the characteristics

q(t,zo). Denote ’ the derivative 0; + (k1(u? — u2) + kou?)0, along the characteristics, and

a(t) = ult,q(t,20)), @(t) = ua(t,q(t,z0)), M(t) =m(t,q(t.20)), M(t) = (mus)(t,q(t,x0))-

Lemma 4.2.6. Let ug € H3(S), s > 3. Then u(t,z), u,(t,z), m(t,z) and (mu,)(t,x)

satisfy the following integro-differential equations

B0 = -2+ (2 2) [por - ) - p+ (v )] (Galm), (417
@' (t) = k (%@3 —aﬁ) + /%a W -0, (4.18)
ok \ ,
) (3 N 5) [P * (u—w)® + po % (u+ua)®] (4, q(t,0)),
W (t) = —(2k AT, + SkoTT, )7, (4.19)
M'(t) = =2k, M? + %ﬂ [(2k1 + 3ko) T — (6k1 + 21ks) T, (4.20)
_ (% . %)m[m e (umg)® 4 pox (utw)?] (£ gt 20)).

Proof. The proof of (4.19) is immediately obtaineble from the equation (4.3).

up = —kyp * [(u2 - ui)m]z + kop * (u?my, + 3uu,m) . (4.21)

The structure of the right-hand side of the above equation suggests that we may recall
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the results from [17] and [9]. First, from [17, (3.1)] we know that

2 1
p [ = aym], = (0 =y 2= 2 o () - px (ur )],

From [9, (3.7)] we have

D * (u2mx + 3uuxm) = ulu, — % [p+ (U —1ugy)®—p_* (u+ ux)?’] )

Plugging the above two into (4.21), we obtain (4.17).

The proof of (4.18) proceeds in the same way. Differentiating (4.21) we obtain

Uy = —k1p * [(u2 - u?c)m]m — kop * (Ume + 3UUxm) (4.22)

- .

From [17, (3.2)], it follows that

1 1
p[(u?- ui)m]m = (u? = u2 )y, + (§u3 - uui) -3 [ps * (u=ug)® +p_* (u+uy)?].

From [9, (3.8)], we know
1
p* (u?my + 3uuxm)x = U Uy — g(u2 -u?) - 3 [ps * (u=ug)® +p_* (u+uy)?].

Therefore (4.18) is obtained by combining the above two equations.

Finally (4.20) can be derived from (4.18) and (4.19). O

4.2.3 Choice of Data and Blow-Up: 2k + 3ks #0

The blow-up criterion (4.11) together with the conservation law H;[u] indicates two
possible scenarios for the formation of singularity, namely the wave-breaking (|u,| - oo)

or curvature blow-up (|m| - o0). In this section, we seek data which leads to the second
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scenario.

Non-Sign-Changing Data
For this, we first utilize the sign-persistence property Corollary (4.2.4.1) to consider data
with positive momentum myq > 0, so that from the identities
u(t,z) =p=*m(t,x), uz(t,x) = pp * m(t, x),
we have
u(t,z) >0, U+ Uy = 2pz *m > 0. (4.23)

This allows us to control the convolution terms in Lemma (4.2.6).

The main result of this subsection is the following.

Theorem 4.2.7. Suppose that ki < 0,and 2k, /3 < kg < =2k, /9. Let mo € H*(S) for s > 5/2

and mqg > 0. Assume that there exists some point xg €S such that mg(xy) >0 and

2k + 3k 2ky + 3k
> . 4.24
Uz (Z0) 2 maX{\/ " ,\/le " 21,\CQ}ILo(ﬂfo) (4.24)

Then the corresponding solution u(t,x) blows up in finite time with an estimate of the

blow-up time T* as
1

T < - )
2k1mo(20) oz (20)

Proof. From Corollary (4.2.4.1) we know that m(¢,x) >0 and m > 0. It then follows from
(4.2.5) that

u(t,z) > |ug(t,z)] >0, u(t) > 0. (4.25)

Therefore u, does not blow up, and then Lemma (4.2.4) indicates that it suffices to

consider the quantity M(t,x) = (mu,)(t, ).
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From the condition of the theorem, (4.25), and (4.20) it holds that
L [
6
ki ka2 3 3
-(5+% m[p+ * (u—ug)® +p_* (u+uy) ] (t,q(t,x0))

—~ A~ —~ 2
> 2k, M? + S [(%1 +3ky) — (6ky + 21’@’2)%\&2 :
u

M' = ~2k, M? (2ky + ko)W — (6K + 21ky) T, ]

(4.26)

Since u,m > 0, it is now clear that in order to arrive at a Riccati-type inequality M 2 M2,
one would like to have (2k; + 3ky) — (6k; + 21ky)@,% /a2 > 0, that is,

@2 , 2k + 3k
ur 6]’6’1 + 21]{?2,

(4.27)

which involves the competition between u and its derivative u, along the characteris-

tics. In particular, a finite-time blow-up of M can be realized if the ration |u,/u| stays

—~

(u) ﬁ?—@Q[(k1+k2)A2 2k1A2]

21 = —+ = U - —1,

u U2 3 2 3
_2k’1+3k’2

o [(iZ+ Tp)ps * (u—uy)® + (T—p)p- * (u+ um)?’]

o5 5)- (o ) (5]

reasonable big along the characteristics. A quick computation shows that

(4.28)
m 3 \a

2k1_, (11‘)2 (17)2 2k + 3ky
= —U - —1 - - | .

3 u U 4k,

From (4.24), we have chosen the initial data so that

6]61 + 21]{72

'L/L; le + 3k2 2k'1 + 3]€2
(%) 0 my R [0

—

Recall from (4.25) that \u—f| < 1. The assumptions on k; and ko ensure that the right-
u
hand side of the above is less than 1. Therefore

, — increases initially, and a continuity

52



argument implies that it increase for later time, and hence

’[L; ﬁ,; 2]{31 + 3]{32 2]{31 + 3]{32
-z > == > .
(a)(t)‘(a)(o)‘m“{\/ ey ’\/6k1+21k52}

In particular, we have:

@2 le + 31{52

— 2. 4.29
u2 6k1 + 21k2 ( )
Plugging this into (4.26) it yields that M’(t) > =2k, M2, and thus M (t) blows up in

finite time with an estimate of the blow-up time 7™ as

1 1
< - — = - )
2y M(0)  2kimo(o)uo.(20)

*

completing the proof of the theorem. O

2k
Remark 4. Note that in the conditions of Theorem (4.2.7) we require that ?1 < kg <
2k
—71 The second inequality is needed in (4.29). The first inequality is also required since

from the sign condition on m we know that |u,| < u, and therefore in (4.24) we need
2]{?1 + 3]{Z2 <

1.
4k,

Remark 5. Using a similar argument one can prove the finite time blow-up for data such

that mg <0, mg(zg) <0 and

U (:L‘ ) < max 2k’1 + 3k2 2k’1 + 3k’g w ($ )
0.0/ = 4]{?1 ’ 6]{?1 + 21]62 00/

Recall from Lemma (4.2.4) that when m does not change sign, the true blow-up

quantity is kymu,. In the setting of Theorem (4.2.7) and Remark (5) where k; < 0, we
seek data that leads to mu, — +oo. Thus using a similar argument we can handle the

case when k; > 0, as indicated in the following corollary.
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Corollary 4.2.7.1. Suppose that ki > 0, and -2k1/9 < ky < 2k1/3. Let mg € H3(S) for

$>5/2 and mg > 0. Assume that there exists some point xg € S such that mo(xo) >0 and

2]{71 + 3]{72 2]€1 + 3k2
up (o) < —max{\/ 1 ’\/61451 " 21k2}u0(x0). (4.30)

Then the corresponding solution u(t,xz) blows up in finite time with an estimate of the

blow-up time T* as
1

- 2]61?710(.1'0)”0,36(‘1.0) .

T <
Proof. We still consider the dynamics of M and look to have M — —oo in finite time.
Vil A2 mu =2 —~2
M = 2k, M? + o [(2k1 + 3ks)T® - (6ky + 21ks) T, 7
ki k
(B Z) Al mw) s )] (ot @31)
— mu 5 Ly
< —2]{31M + 7 [(2]{51 + 3]62)’& - (6]’61 + 21]{32)UI ] .
Now the goal is to have (2k; + 3k )2 — (6k, + 21k;)@,% < 0, that is,

—~ 2
U 2k1 + 3ks

o, T 4.32
u 6]{31 + 21]{?2, ( )
and this again leads to considering @, /@. From (4.28) we have
(5 -G 55
—| = —+—=|u - —1a
u u? 3 2 3
2k k
- % [(@+ @)pe * (u =) + (T @ )p- * (u+ uy)? (4.33)
=~ —2
e [(ﬁ + @)’qf - 2—k1@2] :
u? 3 2 3
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Therefore we know that when (4.30) is satisfied, @, /@ decreases, and thus

e e {le +3ky 2ky + 3ko }
—_— X .
uz 4]61 ’ 6]{?1 + 21]{52

This way we obtain the desired Riccati inequality for M

M'(t) < =2k, M?,
1

which implies that M (t) - —co as t - T* where T* < - :
2kymo (o) uo (7o)

General Data

Next we consider a general momentum density mg and look for the blow-up data. In this
case we follow the standard procedure of utilizing the conservation laws Hj[u]. This will

be the key to obtain the convolution estimate.

e+1
1H12[uo]—H2[uo]-

Jua]ts = fS(u4 + 2utu2) da - Hyluo) < 2|ul2e Hy[uo] - Halug] <

Therefore, the convolution estimates follow as

s % (uF ue)?| < pal oo | (u Fua)?| < —2sierfh% (Jul3s + s l3s)
: 1
€ e+l \* .2 3(e+1 3
< (@—1) ((2(6—1)) H12[U0]+( ( _1)H12[U0]—H2[U0]) Hl[uo]):: A.

(4.34)

The blow-up result in this section is the following.

Theorem 4.2.8. Suppose ki, ko < 0. Let mg € H3(S) with s >5/2. Assume that there
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exists an xg €S such that

mQ(ZL‘O) > O, UQ(ZL‘()) > O, UO@(I’O) > \3/ Al,

4.35)
2]€1 + 31{?2 (
2 >—— =
Uo(l"o)uo,x(l”o) = 3(2k1 + ko) 2

where

_ 2]{]1 + 3]€2

A
! 2%,

e+1 32
A, A2:2A+(mH1[UQ]) ,

and A is given in (4.34). Then the solution u(t,x) blows up in finite time with an estimate

of the blow-up time T* as
1

T < - :
2ky1mo (o) uo . (x0)

Proof. Plugging (4.34) in (4.17) and (4.18) we obtain that

2 2k1+3k’2
> -—ka? A,
=T 3
3/2
@'2_(k1+@)@@2+w 24 + ifh[uo] .
2 6 2(e-1)

Hence we know that @ is increasing when ,> > A;, and @, is increasing when

—(k}l+@)AA2 —2k1+3k2A2,

Uy~ >
2 6

From the assumption (4.35) we know that the above two conditions are satisfied initially.
Hence a continuity argument yields that over the time of existence of solutions, W and 1,

are both increasing. In particular,

w(t) > up(xo) >0, Uy (t) > up . (z0) > 0. (4.36)
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Recall that m satisfies M/ = @, (-2k1m? — 3kom@). From (4.35) and (4.36) we see that m’
increases initially. Then a continuity argument ensures that m increases (and hence is

positive) over the time of existence. Therefore

~ ~ ~9

m’ = @(—lefﬁQ - Skgmﬂ) > —2k1uzm 2 —2k1u0,z(1:0)fﬁ2.
Hence mi(t) (and thus M since @ (t) > ugq(20) > 0) blows up to +oco in finite time with
an estimate on the blow-up time 7™ as

1

- 2/{51m0($0)uo,m(x0) 7

1" <

which completes the proof of the theorem. n
Similarly for positive k; and ks we have

Corollary 4.2.8.1. Suppose ki, ko >0. Let mge H3(S) with s >5/2. Assume that there

exists an 1o €S such that

mo(lEo) > 07 U()([L’()) > 0, U07I(I0) < - \3/ Al,
2ky + 3k, (437)

uo(l'o)u(%,a:(x()) 2 MA2

Then the solution u(t,z) blows up in finite time with an estimate of the blow-up time T*

as
1

T* < - :
2k1m0(xo)uo,x(x0)
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4.2.4 Choice of Data and Blow-Up: 2k; + 3ky =0

In the previous section, we require that 2k; + 3ko # 0. In fact when 2k, + 3ky = 0, the

dynamics in Lemma (4.2.6) can be simplified as

2
7=k’
3

k 2
w, = - (kl + —2)uux2 = ——kluuf,

—~

M = —(2k M, + 3koTiay ) = -2k M, (M - T),

—_—

4 — — 2
M' = -2k, M? + gkm@M = 2k i, M (m - 5@) .

In particular, the convolution terms all vanish and the dynamics is completely local.
However, the dynamics of M does not immediately lead to a Riccati type inequality.

Instead, it involves the competition between % and m.

The case when k; <0

Note from (4.38) that when k; <0,
sign(@') = sign(ay), sign(a@,') = sign(a). (4.39)

Using this we first derive the following theorem which requires m to be non-sign-changing.

Theorem 4.2.9. Suppose that ky <0, 2k; +3ky = 0. Let mg € H3(S) for s >5/2. Assume

that

(a) mo >0 and there exists some point xg € S such that

4
mo(xo) >0, upx(z0) >0, mo(zg) > guo(xo), or (4.40)
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(b) mo <0 and there exists some point xo €S such that

4
mo(on) < 0, UQJ(I'Q) < O, mo(l'o) > g'LLQ([IZ’[)). (441)

Then the corresponding solution u(t,xz) blows up in finite time with an estimate of the

blow-up time T* as
1

T < — .
k’1mo($0)uo,m($o)

Proof. Because ky <0, the goal is to show that M — +oo in finite time.
(a) Since now m >0, m > 0 and k; < 0, we know from (4.39) that @ > 0 and hence
@y > 0. So @, (t) >0 if @, (0) > 0. Then the last equation in (4.38) suggests that in order

to derive a Riccati type inequality for M, one would like to have 7 — %@ > em, for some

e >0, that is,
m 2
2y . (4.42)
u 3(l-¢)
Now we can check the dynamics of m/.
m\  2kma, 1 2k M, 4
(%) =- 152”“”” (ma—iﬁ—gﬁ) > - 1;‘“35 (ma— 5@2), (4.43)

where we have used |u,| < u to obtain the last inequality.

Therefore /% increases when M > 4%, So when m(0) > 4%(0) we have
3 3

indicating that we may take ¢ =  in (4.42). Thus from the last equation in (4.38) we
have

M > -k, M2,
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leading to M (t) — +oo0 as t — T* where T satisfies

1

T < - ,
kimo(zo)uo (o)

proving part (a).

(b) Similarly as in (a), we can deduce from (4.41) that
m(t) <0, a(t)<w(0)<0, u(t)<a,(0)<O0. (4.44)

To obtain a Riccati type inequality for M, it suffices to ask that m — 3u < efm, for some
e >0, which leads to (4.42) again.
Following the dynamics of /T and keeping track of the signs as in (4.44) it follows

that (4.43) still holds. Hence the rest of the argument goes the same way as in (a). O

The case when k; >0

In this case it follows from (4.38) that
sign(@’) = —sign(a@,), sign(a;') = -sign(7). (4.45)

The corresponding blow-up results are as follows.

Theorem 4.2.10. Suppose that ki >0, 2k, +3ky = 0. Let mg € H3(S) for s > 1/2. Assume

that

(a) mg >0 and there exists some point xo € S such that
4
mo(aTo) > 0, UOJ;(IL‘Q) < 0, m()(.’L'()) > gUQ(zg), (446)

or
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(b) mo <0 and there exists some point xo €S such that

4
mo(on) < 0, UQJ(I'Q) > O, mo(iL'o) < g'LLQ([IZ’[)), (447)

Then the corresponding solution u(t,xz) blows up in finite time with an estimate of the

blow-up time T* as
1

T < — .
k’1mo($0)uo,m($o)

(4.48)

Proof. Tracking the dynamics of M and using (4.45) we see that to obtain a Riccati type
inequality for M it suffices to have (4.42) for some € > 0, for both cases (a) and (b). Thus

computing (M /@)" and using that |u,| < u we get

m\ 2k 1 kT 4
(T) _ S (m@-#--ﬁ)z— L (ma— aQ),

u u?

which implies that
m m
= =2
u )

W | >

increases if . (4.49)

This in turn leads to M’ < —k;M? and hence the blow-up of M with an estimate of the

blow-up time as (4.48).

Finally, the theorem is proved by realizing that (4.49) is satisfied if either (4.46) or

(4.47) holds. O
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Appendix A

The Coefficient of 212 for the Derivation of the Free

Surface Equation

The expansion of derivative of ¢ on u?,eu?-order will generate e2p?-order terms. While
p?,ep? are high order terms under Camassa—Holm regime, we will eliminate the ¢ deriva-
tives in pu? and ep?-order to produce the full terms for £2pu2-order.

For p?-order, it takes the form of
1 1
06(:u2) = MQ(Dz + Dt) + 6/\2H2uzzxa::v - /\%V,U/Q(um:z + Ua::ct)zx - 6)\27/#21%3@:0%

By the scaling in the equation, D should have the form D = A\gu,.., for a parameter Ag.

Thus, we have

,UQ(D:B + Dt) = N2A6(uxxzmr + umrw:pt)- (Al)

From (3.4), we observe that u, = —u, — $euu, — (31 + 4L)e2(u?),. Therefore,
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,U/2 )\6(ux:m:xz + uxmzmt) - /\SV/E (uw:m: + u:pxt):mv

1 A

:g)‘%yau2(uum)xxxx + )‘%V(EAI + Fl 62/1’2(”3)%13338%
3 1 A

- 5)\65ﬂ2(uuw)x:pxx - >\6(§)\1 + #)€2N2(u3)zx:pxx-

It generates higher order terms, viz.

Os(e1?) s 500(e") = MuzO00(12) + Aaia(Foy) s = apia (Do)
= 20 s O0(1) ~ (35 = A2 (O (1)) + 5 (N = Moot ()
Oe(e21%) : %Oo(5QM2) - MueOy(ep?) - uZ(gA:a =2)1)e00(1?) + Ao Fizy) o
= Mepug (Oo(ep) + 220ueO0 (1) )w — A5€uuzx%(00(su)) + A A2, Oo (1)

1
- (5)\5 — M) epu(Og(et))aw + (A5 = 201 X)) A2 (uOo (1) ) o

1 1 1 1 2
+ €2H2)\1(_)\4uuazumzxw + _)\5uuzmua¢azx + _>\5u2uazxmcm) - )\2(_)\3 - _)\%)82ﬂ2u2ux1xazx
3 6 6 2 3
1 1 1
- 6)\7€2M2u52cuxmc - §>\752M2uuxux:c:ca} - 6)\852,u2u2umcxx:c - §€2M2)\8uu5muz‘xm

1 A
+ (N - )\6)(5)\1 n #)éﬁ(ﬁ)mm.

Next, we consider ep?-order i.e. Og(cu?). Here, the term 10,(ep?) is the only part
which will product the e2u?-order is eu?(H, + H;). Hence, we choose H = AguyUyy, +

AMoUUggpz + )\Huix and expand wu; up to e-order, i.e., u; = —u, — %euux. It yields that

3\ 3\ 3\
5N2(H$ + Ht) == 79€2M2(uux)acuxwx - 7952,u2ux(uu$)xwx - %52M2uumux’xmcm

_ 3A10 5 o

Tg M u(uur)xmxm - 3>\1152,u2ua:z(uua:)zz-
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Recalling the definition D = A\gtgzzr and Og(p) = 2X0p(Upze + Use) + % [z, WE have

1 1
~MueOg(1*) = Mg g (Oo (1)) s — )\55ﬂuxx500(ﬂ) - (5)\5 = A A2)epu(Oo(1h) ) ae

A A
:3>\6)\1€2M2u(uux)xxxx - §1€ﬂ2)\2uuxxa:xr - 345,u2u:cuxxmc

A 3
+ 3)\2/\452ﬂ2ux(uux)mxx - €55M2ua}xumsx + §>\552ﬂ2/\2u:€x(uu1‘)xm7
1 1 3
- (6A5 - §>\1)\2)8,U/2uuza:$:v:c + 5()‘5 - 2)\1/\2)52N2u/\2(uux)$zzx'

Also, there is

1
/\2VM(F6;1,)MC =3/\2V)\452,u2(ux(uuz)ac);m’ + ;)\QVA5€2N2(uuxuzx)mc + gV/\1>\26,u2uuzx:mcx

+ g)\zV/\552M2(U(UUm)m)m - %)\21/(2)\1 + 3o + A)ep® (UpUsy ) oe

1 2
= 3NNt P u(uiy ) pane — 5)\2y(§)\1 + 3o + Ay el (Utlyg ) ga-
(A.2)

After expanding of derivative of ¢, e?u?-order terms takes the form:

1
O7(e21?) - §Oo(ez,u2) - MueOg(ep?) - u2(g)\3 = 2XD)e% 00 (%) + Aovp(Fr2y) o

A
= Mepug (Oo(ep) + 220ueO0 (1) )z — gguumOo(a,u) + A AUt 1O (1)

1
— (5)\5 — /\1)\2)€/JJU(00(5M))MU + ()\5 - 2)\1/\2))\152NU(UO0(M))xm

1 1 1 1 2
+ 52N2A1(§A4uuxuxwzx + 6)\5uuxzux:rw + 6)\5u2u:rw:m:w) - )\2(5)\3 - 5)\%)€2M2u2uxzxazw

1 1 1
2, 2,2 2,2 2, 2,2 2,2
- 6)\75 H ugpuxmc - 5)\78 W UUp Uy gz — 6)\85 WU Ugpazr — 55 H >\8uu:t:cuxxx

1 A A
+ (/\%V - )\6)(5)\1 + #)52u2(u3)xm‘$l‘x - ﬁ€2u2(uux)xu:mx - 3_)\952,u2u:c(uux)xxx

2 2
3\ 3\
- %52#’2”“901%@‘111’ - %52[1'2“(“'“3:)903;&:1‘ - 3/\1152M2Umx(uum)$x + 3)\6)\152M2U(uua:)xxxx
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3 3
+ 3o Ay 12 (up (Ut ) o ) g + 5)\2V)\5€2u2(uuxum)m + §A2V)\5€2u2(u(uux)m)m
3
= 3NN P u(utty ) saee + 3No e Uy (U ) e + 5)\552p2)\2um(uu:€)m

+ 37&(/\5 —2X 00212 u(utty ) spe -

Now we try to write the specific form of O;(£2u?). We substitute the definition C' =
AMUZ + AsUlyy, D = NgUpgz, G = Aquti + AUy, H = AgllpUppy + A0Ulzzze + A11U2, INtO

the first term of O7(£2u?). Then it takes the form of

LONETS

Z%EQ[LQ()\ﬂLU?E + AU Uz ) oz + gx\1>\652u2(u2umm)x + g)\252u2(>\4uium + Asunl,) .

+ ;gz,uz(/\gzmgcug,;m + MU Uggre + AU, ) o + %52;12)6@%2”)3;

+ %52;12%”()\4142 + AsUlyy ) + %)\652#2(uzumm)$ + %52/12(%()\41@ + A5 Uy )2 ) o
+ AgM Aoe 1P (Ut U )2 + %AMQ&??M%QUMM + %)\1/\252M2uxr(u2)mxa¢

+ %6%%()\4@ + AUl ) wee + %)\262u2uu:pumx + %)\25%2%@%

5 2,2 6 2,2 2 2 2 3A7 2,2, 2
+ 7)\26 WU g U + 7)\25 WU Uggpzr + AgA2E7 U U Uy + T)\Qs WU -

Also, the others can be rewritten as

3
~MeuOg(ep?) - u2(§)\3 - 221200 (11?)
1
=- 5)\152u2u(>\4u§ + AUtz )wzz — SAMNEZ LU (Wlhpzn ) e — SIMNEE? P U 40 U

2,2 2,2 2,2, 2
_143/\2)\1E H u(umuxzx)a: _A4)‘1/\25 P UUpgpUgry — A4)\1)\26 WU Ugpprrx

1 2
- (5)\3 - 5)\%))\252M2u2uﬂcwxmm-
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Hence,

1
I =Xovp(Fe2y) gw — Magpig (Oo(epn) + 2Xeu0 (1) ) — )\5€u§um00(5,u)
1
+ A A8 g, Oo (1) — (5)\5 = MA2)epu(Oo(ep) )z

+ (/\5 - 2/\1)\2)/\1{‘:2MU(U,00(M))mc
Then,

1 A
I, =- §A2uu00(52u)m + (M Agv — ?S)E,uumOg(eu) + (2M Ao = A\g)epu,Og(efL) .
A
+ (/\1/\2(1 + V) - 75)8/4LU00(5M)3M; + ()\Ql/(3/\3 - 4/\%) + 2)\5)\1 - 2)\%/\2)52,uuum00(u)
+ (/\2V(3)\3 - 4)\%) - 2/\4)\1)€2MU300(,U/) + ()\21/(;/\3 - 2/\%) + (/\5 - 2/\1)\2)/\1)82MU200(M)1x

+ (2)\2V(3)\3 - 4)\%) - 2)\4)\1 + 2()\5 - 2)\1)\2))\1)52uuux(00(u))x
These operations produce the £2u2-order of the form

1 3 3
Og(e2p?) = 652/12(/\71”13 + AU U ) pr + 5)\1)\652N2(u2umzmx)x + §>\2€2u2()\4u§um + Asuu?, ).
3 A
+ §€2N2(>\9uua§uzzx + )\10U2Umm + )\lluuix)w + 7152:u2)‘%(uu3:w)96

A A A
+ 746%2%”()\4@ + AUty ) + 71)\652/12(u2umm)x + 7352u2((2)\4 + X5 ) U Uy + A5UlpUpas ) )

A A
+ A3)\1)\252M2(uuxuxxx)x + 74>\1)\2€2,u2u2umcx:c:v + 74)\1)\252,u2uxx(u2)xxx

2

Ay A A
2 2 2 5 2,2 5 2,2 5 2,2
+ 5 e u(Agus + AsUlyy ) gz + 5 A€ P UUL U ey + i Ao U us, + 5 A€ P U o U

6 2, 2.2 2. 2 A7 2.2 2 1 2 2 2
+ 7)\25 MU Uggzaa + A’46)‘25 KUy Uz + TA25 H uzuxwx - g/\lg H U(/\4ux + )\SUUxx)z:vx
2 2 2.2 2 2,2
= 36" LW U( Ut g ) — BANAGE U UU gz Uy — A3 A NaE” 17U (U U )
2,2 92

2
- A4)\1)\252,u2uuzzuxmm - A4/\1>\2€2M2u2umzzxx - AQ(%AZS - gA%)g WU Upgpzrx

1 3 3
- 6)\2V>\382/L2(u3):vxxxm - 5/\2V82/L2()\4’U/LL§ + )\5u2umx)xxz - 5)\%1/)\162/1/2(11/211,133)333”
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A A
_ 71)\%V€21u2(UZuM)ﬂx - A3)\1)\2V52,u2(uui)mx - 74)\1)\2V52ﬂ2(u2uxxx)xx

A A A A
- 74)\1)\2V52,u2(u(u2)1‘x1’)x:c - 75)\2V52/1’2(uu:cu1‘x):m - 76)\2V€2,U2(u2u1’xx)1‘x - 77)\21/52#2(“?;)9096

+ (/\1)\2V - %)82/!2((2)\1 + 3)\2 + Ag)uxu?m + (g)\l + 3)\2 + A4)uumumx))

+ (2)\1)\2V - )\4)€2M2((2)\1 + 3)\2 + A3)Uzui$ + (g/\l + 6/\2 + Ag + A4)UC2CUI$$)
2

+ (2)\1)\2V - )\4)52/L2(§/\1 + 3/\2 + A4)uuzumm

1 1 2
+ (M Av - (5)\5 - )\1/\2))82/L2((§O)\1 + 9Ny + 244 + A3)UligUgpzs + (gAl + 3o + AU Uprzzn)

1 2
+ ()\1)\21/ - (5)\5 - )\1)\2))€2ﬂ2(§0>\1 + 12)\2 + A4 + 3A3)uumumz)

1 1
+ g(}\gl/(3)\3 —4NT) + 2051 = 203\ P Uty Uy + g()\QV(B)\g —4X3) = 204\ E2 AU U g
+ %(2)\2V(3>\3 - 4)\%) - 2/\4/\1 + g()\5 - 2)\1/\2)/\1)Z-:z,uz’LLU$7,L3;QCJ;QC

1 3 1 2
+ 5()\21/(5)\3 - 2)\%) + ()\5 - 2)\1/\2))\1)62M2U2ux$$$z - )\2(5)\3 - g)\%)62u2u2ummm

1 1 1 3
+ 52/L2/\1(§>\4uuxumxzr + 6/\5uua:mumx:r + 6)\5u2ux:r:m:x) + 5/\2()\5 - 2)\1/\2)52N2u(uuz)xwxm

1 1
2, 2,2 2,2 2,22 2,2
- 6)\75 Hu uzu:m:x - g)\7€ M UULUggrr — 6)\85 WU Uggpgzr — §>\88 P UUzzUgrs

1 A 3\ 3\
+ O\%V - )\6)(5)\1 + #)52ﬂ2(u3)mﬁxzx - 7952,U2(uu:1:)xuxa::1} - 7952u2ux(uux):1}xx

3\ 3\
- %EZﬂzuuxux:m:x - %52ﬂ2u(uum‘)xwxw - 3A1152M2uxx(uux)zx + 3>\6)\1€2M2u(uux)xxxx

+ 3 v e 1 (U (Utiy ) 2 ) o + ;)\21/)\552;12(uuxum)m + g)\gw\552u2(u(uux)m)m

3
=3 Aeve? P u(utly) pree + 3N M€ 1P Ue (Ul ) e + 5)\2/\552/12umm(uum)m.

Here, the coefficient of ©2u,,,., could be denoted by

A A 4 1
O = 74/\1/\2(1 ~v)+ 7%(1 — V)= dods + §A§A2 - shhs.
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