
Fixed Wing Aircraft Collision 
Avoidance Using Collision Cone Theory 

 
Andrew T. Beary III 

University of Texas, Arlington, 76013 
atb7256@mavs.uta.edu 

August 2022 
 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Supervising Committee: 

Chakravarthy, Animesh - Supervising Professor 
Wang, Shuo Linda 
Bowling, Alan   



 

Abstract 

 

This thesis develops the guidance and control components of an aircraft collision avoidance system, using a 

collision cone-based approach.  These guidance and control laws are developed by considering the nonlinear 

relative kinematic equations of the aircraft that are on a collision course, as well as the nonlinear flight 

dynamics of the aircraft performing the collision avoidance maneuver.  The longitudinal and lateral-

directional axes of the aircraft are considered separately.  The developed guidance and control laws are 

subsequently integrated with the nonlinear aircraft dynamics in a MATLAB/Simulink framework, and 

simulations performed to demonstrate the working of the overall system. 
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1. INTRODUCTION 
 

Motivation 
Whether a flight vehicle is manned or unmanned, it is essential for vehicle and mission integrity that the aircraft be 

able to avoid collisions, be it with the ground, a stationary object, or a moving object such as another aircraft. 

Should collision occur, the minimal and best result is expensive aircraft damage, while the worst outcomes could be 

mission failure, loss of craft, loss of crew, collateral damage, or even some combination thereof. Obviously, these 

are all undesirable results even in the best case, and so strategies must be explored for how to mitigate collisions. 

 

Aircraft do occasionally crash into obstacles like buildings, mountains, or even other aircraft. Ref. [12] discusses 

how two US military aircraft collided during a mid-air refueling operation gone wrong on September 29th, 2020, 

with everyone on board both planes luckily surviving. However, one aircraft was entirely destroyed when the pilot 

ejected, with the other aircraft managing to land with heavy damage. On the civilian side, and much more recently, 

Ref. [14] shows that four people died when two aircraft collided with each other in mid-air in Nevada on July 7th, 

2022. Another civilian craft barely clipped a building with the wing of the aircraft in California on June 10th, 2022, 

and crashed into a field, killing the pilot in the process according to Ref. [5]. Each and every aircraft collision is 

potentially devastating to all those involved, and so methods to avoid collisions are important to investigate. 

 

Generally, there exist separation standards, which, when practiced properly, “...ensures safe separation from the 

ground, from other aircraft and from protected airspace” according to Ref. [16]. These standards are as they sound; 

industry standard operating procedures for how far apart aircraft should fly from any possible obstacle in order to 

minimize the possibility of collisions. There even exist airborne separation assurance systems (ASAS), which are 

long-range on-board systems used to keep track of separation between aircraft, warning the pilot when such 

separation becomes shorter than recommended.  

 

Also, irrespective of any separation standards, there are first-line defenses against aircraft collision consisting of 

relatively simple, human based methods, such as the aircraft pilot simply seeing something in the path of the aircraft 

and then turning the craft to avoid crashing. A pilot may also receive early warning from air traffic control, or from 
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other ground-based equipment, that another aircraft is present in the same airspace that may present the possibility 

of collision, along with recommendations for changes to flight path.  

 

However, besides these, other independent systems do exist that detect an incoming collision, and act to warn the 

pilot of the incoming danger and advise on optimal flight paths. An airborne collision avoidance system (ACAS) is 

built into aircraft to fulfill this independent collision detection requirement. It is a short-range system designed to 

mitigate aircraft on aircraft collision, and it “interrogates the ... transponders of nearby aircraft (‘intruders’) and from 

the replies tracks their altitude and range and issues alerts to the pilots, as appropriate”, according to Ref. [2]. If 

collision is still imminent after a warning is given, then such systems may, in some cases with certain aircraft, even 

act outside of the pilot’s control to maneuver the craft to reduce the risk of collision as much as possible. Though, 

this seems to be implemented only in the minority of cases. 

 

There are even similar systems designed to avoid collision with the ground, called ground collision warning systems 

(GCWS) or ground proximity warning systems (GPWS) which use a radar altimeter to detect proximity to the 

ground and “provides a distinctive warning to pilots”, from Ref. [19]. Such systems have been in development since 

the 1970’s, and can even be angled to look in front of the aircraft and warn of flying into mountains or buildings. 

These are quite common on commercial airliners, and variations can be found on military craft, but with added 

complexity to account for more drastic or extreme operating conditions.  

 

Most of the systems and methods described so far to avoid collision explicitly only seek to warn the pilot of possible 

collision, relying on them to enact a change in flight path to avoid the collision. However, a human element will 

always introduce unpredictable possible sources of failure, as the pilot could choose to ignore warnings, could 

possibly not notice them, or could be otherwise incapacitated. Therefore, automatic systems are also important 

avenues to explore when discussing collision avoidance.  

 

One such automatic aircraft collision mitigation method utilizes what is known as the collision cone, which is first 

introduced in Ref. [4], and is described there as being “... used to predict the possibility of collision between two 

objects and to design collision avoidance strategies.” For an example in simple terms, take a point object and a 
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sphere. If a vector is drawn from the point object to all of the points on the sphere that it could collide with if it 

moved along that vector, then the shape of that collection of vectors is a cone. If the actual velocity vector of the 

point object is within this collision cone, then collision will occur. This collision cone can also be projected in two 

dimensions, with this example then becoming a collision between a point and a circle. The cone can also be applied 

when both objects are moving, in which case relative velocity vectors are used. The conditions for determining 

collision based on relative velocity vectors indicate whether a certain trajectory is within the collision cone or not, 

and it is obviously desired that a velocity vector inside the collision cone be steered out of the cone so that the two 

objects can avoid collision. 

 

The collision cone approach has been used in multiple contexts in multiple publications, from collision avoidance 

between a robot and an irregularly shaped obstacle in the original Ref. [4], to aircraft trajectories in Refs. [3], [11], 

and [20] through [23], to cars with automatic driver collision avoidance assistance in Refs. [8] through [10]. These 

differences in application will of course lead to variations in certain equations; however, it generally holds that the 

underlying principles apply in some form or another regardless of applications to 2-D or 3-D movement, or with 

regular or irregular shaped objects, or other such contextual variations. The ultimate goal remains to first determine 

if collision is forthcoming, then enact a maneuver to avoid collision.  

 

To this end, this thesis examines two-dimensional collision scenarios between two fixed-wing aircraft, using 

collision cone theory to determine when the two aircraft are on a collision course. The scenarios are conducted in 

two different frames, either viewing the aircraft along the longitudinal axis or along the lateral-directional axis. 

Guidance laws are developed which are applied to one of the aircraft in order to change its flight trajectory, and 

these guidance laws are integrated in succession with control laws and nonlinear aircraft dynamics to create a 

simulation framework that deflects the aircraft’s control surface(s) appropriately and results in the two aircraft 

avoiding collision.  

 

Thesis Organization 
In this work, two different 2-D frames are considered: the longitudinal frame and the lateral-directional frame. 

Chapter 2 describes the 2-D definition of the collision cone. The simulations run in the longitudinal reference frame 

are described fully in chapter 3, and those of the lateral-directional reference frame are featured in chapter 4. Both 
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chapters 3 and 4 begin with describing the derivations of the guidance laws and control laws used for each 

respective frame, as well as the respective nonlinear dynamics used for the chosen aircraft, and finally the complete 

simulation framework in Simulink. Then, those chapters conclude with the results of the simulations, and descriptive 

comments about the plots therein. Chapter 5 presents the overall conclusions, and possible directions for future work 

using the content developed here.   
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2. BACKGROUND 
 
This chapter begins with the description of collision cone theory in two dimensions. Starting with a case where two 

non-maneuvering aircraft are represented as point objects, the criteria for collision are established. Then, both 

aircraft are represented as circles, and a new set of collision criteria are found, corresponding with the collision cone 

theory subsequently used in this work. Following this, the specific aircraft chosen for the conducted simulations is 

revealed. 

 

Collision Cone Theory 
Consider two aircraft A and B, indicated by red dots in Fig. (1) below. Craft A and craft B are both point objects, 

and the distance between the two craft is labelled as r, while the angle of the line of sight between the two craft from 

a reference x-axis is called 𝜃!"#. Each craft has a velocity vector, VT and VB, which each act at flight path angles of 

𝛾$ and 𝛾%, respectively. 

 

There are two relative velocity components to be considered; let Vr be the rate of change of distance r, and let V& be 

the component relative velocity normal to line AB. As defined in Ref. [4], these are 

𝑉' =	 �̇� = 	𝑉% cos(𝛾% −	𝜃!"#) −	𝑉$ cos(𝛾$ −	𝜃!"#)    (1) 

𝑉( = 	𝑟�̇� = 	𝑉% sin(𝛾% −	𝜃!"#) −	𝑉$ sin(𝛾$ −	𝜃!"#) 

According to Ref. [13], the conditions required for collision to occur between craft A and craft B (assuming constant 

velocities) are for the rate of change of the distance between the two craft to be decreasing, i.e. Vr < 0, and the line 

of sight to not rotate in inertial space, i.e. V& = 0. With both of these conditions being true, collision between craft A 

and B will occur. These collision conditions are indicated by a red line in a plot of Vr versus V& seen in Fig. (2). 

Figure 1: Engagement Geometry 
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Now, consider that craft A and craft B are no longer point objects, but are instead circles of a radii RA and RB 

respectively, as is shown in Fig. (3). Every other parameter remains the same. 

 

To determine the collision conditions considering the combined size of both aircraft, a miss-distance term must first 

be derived. This is the closest that craft A gets to craft B, and is found by first starting with Eqs. (1), and recognizing 

that they are two state equations that govern engagement geometry for two non-maneuvering aircraft. From Ref. 

[13], there are two other state equations to recognize, which are then (ignoring aA and aB terms) 

𝑉'̇ =
𝑉()

𝑟  

𝑉(̇ = −
𝑉(𝑉'
𝑟  

Then 

à 𝑟𝑉'̇ = 𝑉()  Multiply by 𝑉' 

à 𝑟𝑉(̇=−𝑉(𝑉'  Multiply by 𝑉( 

Figure 2: Collision Conditions in (𝑉! , 𝑉") Space 

 

Figure 3: Modified Engagement Geometry 
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Add together and simplify to get 

𝑟𝑉'̇𝑉' + 𝑟𝑉(̇𝑉( = 0 

Integrate to get 

*!"

)
+ *#"

)
= 𝑐), c = constant 

Substitute values for time t=0 to get c. Then, the trajectories are 

𝑉() + 𝑉') = 𝑉(+) + 𝑉'+) 

Where the subscript 0 indicates the respective initial value. At time of closest approach, 𝑉' = 0 and t = tm, previous 

equation then becomes 

𝑉(,) = 𝑉(+) + 𝑉'+) 

Where the subscript m indicates the respective value at time of closest approach. From derivation earlier, we know 

−𝑉'+
𝑟 =

−�̇�+
𝑟 =

𝑉(𝑉(̇
𝑉(+)

 

Integrate both sides and set them equal to each other to get 

𝑟+)

2𝑟) =	
𝑉()

2𝑉(+)
 

At time of closest approach, r = rm and 𝑉() =	𝑉(,), which yields 

5
𝑟+
𝑟,
6
)
=
𝑉(,)

𝑉(+)
 

Substitute 𝑉(,) from earlier equation to get  

𝑟,) = 	
𝑟+) ∗ 𝑉(+)

𝑉(+) + 𝑉'+)
 

Which finally is the desired miss distance term  

𝑟! = 	. "-.∗$/
.

$/
.%$0.

          (2) 

Logically, if the two aircraft get closer than the combined sizes of the aircraft, (RA + RB), then the two craft have 

collided. Therefore, the collision conditions are now when Vr < 0 and when rm ≤ (RA + RB). To show this in the 

(𝑉( , 𝑉') space, Eq. (2) is set equal to (RA + RB), and 𝑉( is solved for in terms of 𝑉'. 

𝑉& =	±	
'1()-.*(,2%,3).

(,2%,3)
     (3) 
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Now, the two lines of Eq. (3) can be plotted to show the limits of the area within which collision will occur, shown 

in Fig. (4). 

 

Eqs. (3) are the solid red lines in Fig. (4), and the dotted red lines denote a shaded area showing that any conditions 

between or on the two solid red lines will result in collision. If the trajectory of the aircraft is inside the above 

collision region, then its relative velocity vector is within the collection of vectors which lead to collision, which is 

known as the collision cone. In summary, the collision cone is represented in the (𝑉( , 𝑉') space by: 

r./ ∗ V0/

V0/ + V"/
≤ (𝑅𝐴 + 𝑅𝐵)2	, 𝑉) < 0	 

For a pair of aircraft on a collision course as is the case in this thesis, the trajectory in the (𝑉( , 𝑉') space will begin 

inside the collision cone. As time progresses, craft A performs a maneuver so that the (𝑉( , 𝑉') trajectory leaves the 

collision cone, and thus craft A changes its flight path to avoid a collision with craft B.  

 

 

  

Figure 4: Collision Region 
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3. COLLISION AVOIDANCE DESIGN IN THE LONGITUDINAL AXIS 
 
a. APPROACH 
 

In this chapter, the guidance law is first derived, which synthesizes the desired acceleration required for collision 

avoidance. Then, the control law is designed, which converts this commanded acceleration into the corresponding 

control surface deflection, which in this case, is the aircraft’s elevator. These are integrated into a Simulink model, 

along with the aircraft nonlinear dynamics. Finally, simulation results are presented and discussed.  

 

Overall Guidance and Control Architecture 
The following Fig. (5) shows the architecture of the guidance and control components of the collision avoidance 

system in the longitudinal axis.  

 

The guidance law generates an output of the commanded lateral acceleration, which is then compared to the actual 

lateral acceleration. The difference of these two terms is used as the input to the control law, along with the state 

values from the aircraft dynamics. This control law outputs a commanded elevator deflection. The elevator actuator 

converts this commanded elevator deflection value into an actual elevator deflection, which is then input into the 

aircraft dynamics. The dynamics equations result in an output of the state values, which are fed into the relative 

velocity kinematics, as well as the equation to generate the actual aircraft lateral acceleration, and the equations that 

update the aircraft position. The relative velocity kinematics are also used to find a term y, which is based on miss 

distance arguments, and is then compared to a reference input w and fed into the guidance law along with the 

relative velocity kinematics. All of these variables, equations, and laws are derived or defined in the following 

sections. 

Figure 5: Longitudinal Axis Guidance and Control Architecture 
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Guidance Law Derivation  
First, the conditions under which two aircraft collide have to be determined. Based on collision cone theory, define 

Eq. (4) as  

y = rm2 – (RA + RB)2                                                                            (4) 

Where RA, RB, and rm are all previously defined. If y = 0, then A will graze craft B, and if y < 0, A and B will 

collide. We now use dynamic inversion to design the guidance law which is represented as a commanded latax that, 

if applied, will achieve collision avoidance. An error term e is now defined as 

e = y – w                                                                                    (5) 

Where w is some distance factor greater than or equal to zero. Now, as long as y > w > 0, craft A will miss craft B 

by the distance factor w. From Eq. (5), it can be shown that  

�̇� = �̇�                                                                                     (6) 

With 

�̇� = 78
79
= :8

:'
7'
79
+ :8

:*#

7*#
79
+ :8

:*!

7*!
79

=	 :8
:'
�̇� + :8

:*#
𝑉'̇ +

:8
:*!

𝑉(̇                                         (7) 

In Eq. (7), the state equations used are 

�̇� = 𝑉' 

𝑉'̇ =
*!"

'
− 𝑎!;<= cos(𝛾$ − 𝜃!"#) − 𝑎!>9,@ cos(𝛿$ − 𝜃!"#)                                           (8) 

𝑉(̇ = −
𝑉(𝑉'
𝑟 − 𝑎!;<= sin(𝛾$ − 𝜃!"#) − 𝑎!>9,@ sin(𝛿$ − 𝜃!"#) 

Where 𝛾$ is the flight path angle for craft A, and 𝛿$ =	𝛾$ +	𝜋 2@ . The line of sight angle between craft A and craft 

B is 𝜃!"#, and is illustrated at the beginning of the Simulation Results section of this chapter. The longitudinal 

acceleration 𝑎!;<= is equal to �̇�A, which is the rate of change of the forward velocity of the aircraft. This �̇�A term is 

one of the nonlinear equations of motion, and is defined in the next subsection. The commanded lateral acceleration 

(latax) 𝑎!>9,@ is the guidance law term that is being solved for. 

 

Plugging Eqs. (8) into Eq. (7), with terms without  𝑎!>9,@ or 𝑎!;<= cancelling out, results in 

                      					�̇� = �̇� = 	 :8
:*#

A−𝑎!;<= cos(𝛾$ − 𝜃!"#) −	𝑎!>9,@ cos(𝛿$ − 𝜃!"#)B 

+ :8
:*!

A−𝑎!;<= sin(𝛾$ − 𝜃!"#) − 𝑎!>9,@ sin(𝛿$ − 𝜃!"#)	B                                  (9) 
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In order to drive y to w, e from Eq. (5) must be driven to 0. To this end, we choose 

�̇� = −𝑘=𝑒                                                                                (10) 

Which is a first order exponential decay, with 𝑘= being some arbitrary positive guidance gain, chosen sufficiently 

large to ensure that e decays to zero before the time to closest approach.  Note however, that 𝑘= should not be 

excessively large as this can lead to acceleration saturation and/or control surface saturation. 

 

Substituting Eq. (10) into Eq. (9), and solving for 𝑎!>9,@, 

𝑎!>9,@ =
B$(8DE)G	>%&'$I

()
(*#

JKL(M+D(%,-)G
()
(*!

	LNO(M+D(%,-)P

()
(*!

QR<(S+D(%,-)G
()
(*#

T;Q	(S+D(%,-)
					                                         (11) 

This Eq. (11) is the longitudinal guidance law, with  

:8
:*!

= 	 )'"*#"*!
U*#"G*!"V

" 		                                                                      (12) 

and	 

:8
:*#

= D)'"*!"*#
U*#"G*!"V

"                                                                         (13) 

Eqs. (4) and (5), and Eqs. (11) through (13) will be utilized in the longitudinal simulation. The program finds Vr 

from Eq. (1) and uses Eq. (4) to determine if the trajectory of aircraft A is inside the collision cone. If both Vr < 0 

and y < w, then the program applies the guidance law Eqs. (11) - (13), until either y is larger than w (as described 

just under Eq. (5)) or Vr > 0, meaning that collision will no longer occur and the trajectory is outside the collision 

cone. 

 

Nonlinear Dynamics 
First, the aircraft states are defined to be VT = True Airspeed, ⍺ = Angle of Attack, θ = Pitch Attitude Angle, Q = 

Pitch Rate, and 𝛿W = Elevator Deflection. These are all in reference to craft A, since that craft will be the focus of 

this simulation. Velocity VT, angle of attack ⍺,	and	pitch	attitude	angle	θ are shown in Fig. (6) below, along with 

the flight path angle γ$. The red line is an extension from the nose of the craft, to better show the direction it is 

facing. 
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Arrow direction indicates positive notation. From Fig. (6), the flight path angle γ$ can be seen to equal θ − 	⍺. 

 Using these states, the decoupled longitudinal equations of motion are derived in Ref. [17] as  

 

(14) 

 

 

The actual elevator deflection and the commanded elevator deflection are 𝛿W and 𝛿WT, respectively, and the above 

equations also include first-order elevator actuator dynamics. All of the other ancillary terms are defined as 

 

 

(15) 

 

 

 

Where 𝑞Q = 	0.5𝜌𝑉A), 𝜌 being the air density (assumed to be 0.002377 slugs/ft3). To rest of the terms required for 

Eqs. (14) and (15) are dependent on the aircraft used, which is described in the next section. 

 

Zivko 33% Scale Edge 540T 
The specific aircraft used in all of the following simulations is the 33% scale version of the Zivko Edge 540T, made 

by Aeroworks, and seen below in Fig. (7).  

Figure 6: Longitudinal Dynamics State Variables 
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This is a relatively small and aerobatic airplane. Information regarding the full scale Zivko Edge 540T, including 

properties like length, wingspan, etc., can be found in Ref. [25], while parameters of this specific 33% Zivko Scale 

Edge 540T aircraft are defined in Ref. [17] to be: weight = m*g = 29 lb., y-axis moment of inertial Iyy = 1.5 slug*ft2, 

and wing area S = 13 ft2. Wing chord length is estimated as being 33% of the wing chord length of the full-scale 

aircraft from Ref. [7], and is found to be c = 1.41 ft. These are the rest of the terms required to fully define Eqs. (14) 

and (15). 

    

Control Law Derivation 
We now use dynamic inversion to design a control law that will convert the commanded acceleration determined by 

the guidance law into a corresponding elevator deflection of the aircraft. In a very similar process to the derivation 

of the guidance law Eq. (11), the control law starts with the definition of a new y term, 

𝑦XY = 𝑛XY =
Z[#(@% JKL(\)G@. LNO(\))

,=
+	 ]^_

=`))
	                                                  (16) 

In which nyp is the acceleration at the pilot’s seat of the aircraft, and is also derived in Ref. [17]. Following the same 

process which yielded Eq. (7), the following is found. Define the error term as e = 𝑎!>9,@ −	𝑛XY, and differentiate 

the same to obtain 

   �̇� = �̇�XY =
:8
:*/

𝑉Ȧ +
:8
:\
�̇� + :8

:a
�̇� + :8

:S0
𝛿Ẇ                                                       (17) 

where we have neglected the influence of the derivative of 𝑎!>9,@.  Now, the error term e should follow the dynamics 

𝑒	̇ = 	−𝑘T ∗ 𝑒, where 𝑘T > 0 is a controller gain. Substituting Eq. (10) into Eq. (17),  

𝑒 = 	D]
B1
Y :8
:*/

𝑉Ȧ +
:8
:\
�̇� + :8

:a
�̇� + :8

:S0
𝛿Ẇ	Z                                                    (18) 

Figure 7: Zivko 33% Scale Edge 540T by Aeroworks, From Ref. [17] 
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Finally, substituting Eqs. (14) into Eq. (18), and solving for 𝛿WT yields 

𝛿WT =
bIB1WD

()
(*/

*̇/D
()
(2\̇D

()
(3ȧD

()
(40

5
6S0P

()
(40

                                                         (19) 

This Eq. (19) is the control law, where the partial derivative terms (also from Ref. [17]) are 

𝜕𝑦
𝜕𝑉#

=	
𝜌𝑉#𝑆
𝑚𝑔

(𝐶$ cos(𝛼) + 𝐶% sin(𝛼)) +
15
𝑔𝐼&&

8𝜌𝑉#𝑆𝑐𝐶' + 0.25𝑆𝑐(𝑄𝜌𝐶')> 

:8
:\
=	 Z[#

,=
((𝐶! + 4.58) cos(𝛼) − 0.515𝐶! sin(𝛼)) −

]^
=`))

(0.75𝑞Q𝑆𝑐)	                            (20) 

𝜕𝑦
𝜕𝑄 =	

15
𝑔𝐼88

𝑆𝑐2𝑞Q𝐶𝑀𝑄
2𝑉A

 

𝜕𝑦
𝜕𝛿W

=	−
15
𝑔𝐼88

(0.9𝑞Q𝑆𝑐) 

Thus, all of the components of the longitudinal simulation are defined, and the Simulink model can now be 

developed. 

 

Simulink Model 
In the model seen in Fig. (8), for each time step, the simulation generates a latax in the guidance block from the 

guidance law Eq. (11). The error is then found to be difference of the commanded and the actual latax, and is input 

into the controller block. This is fed into the control law Eq. (19), which outputs a commanded elevator deflection. 

This 𝛿WT is the input of the nonlinear equations of motion Eqs. (14) in the dynamics block, which then outputs the 

states. These states are then fed back into each of the previous blocks, as well as used to calculate the acceleration at 

the pilot’s seat nzp, which is Eq. (16). The dynamics block also updates the position of the aircraft by solving the 

following Eqs. (21), 

�̇�$ = 𝑉A cos(𝛾$) 

�̇�$ = 𝑉A sin(𝛾$)                                                                          (21) 

�̇�% = 𝑉% cos(𝛾%) 

�̇�% = 𝑉% sin(𝛾%) 

Where VB is the speed of aircraft B and 𝛾% is the angle of attack of craft B. The integral of these Eqs. (21) are then 

taken in Simulink, which yields the new inertial frame positions of each aircraft, (xA, yA) and (xB, yB). The results of 

this simulation are discussed in Section 3b of this thesis. 
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Figure 8: Longitudinal Simulink Model 
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b. SIMULATION RESULTS 
 

Initial Collision Scenario 
Aircraft A is assumed to be at trim initially, and so the equilibrium values of these equations of motion must be 

found. Also, to ensure that the craft is flying at the desired orientation of being level while at trim, the g angle must 

initially equal zero, meaning that the condition of a and q equaling each other must be met. Therefore, the Matlab 

function ‘fmincon’ is used with the above condition, which yields the following initial trim values: 

 

 

 

Fig. (9) below details the geometry and initial conditions of the scenario used in the longitudinal simulation. Many 

specifics of this scenario were chosen to ensure that the level flying craft A is on a collision course with craft B, 

which occurs at the red X mark. Craft A is labelled “A” at the origin of the inertial frame, while craft B is at point B. 

The circles around craft A and craft B are chosen to both have a radius of RA = RB = 15 ft. The aircraft are initially a 

distance of r = 1500 ft. apart, with a line of sight angle 𝜃!"# = - 20 degrees. Vd	and Ve are the true velocity vectors of 

craft A and B, respectively, and 𝛾f and 𝛾e are the angles from horizontal reference at which the aircraft velocity 

vectors act, known as the flight path angles. The velocity of craft A is previously defined as 289.7165 ft/sec, while 

the other craft is slower by an arbitrary factor of 1.2, resulting in a speed of 241.4304 ft/sec.  

 

Figure 9: Initial Longitudinal Collision Scenario 

Running the longitudinal simulation with a constant commanded acceleration of 1 g, which is the latax required to 

maintain level flight, it is validated in Fig. (10) below that craft A and B do indeed collide using this initial scenario. 

A closeup is provided in Fig. (11). The simulation run time is 3.055 seconds. 
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The path of craft A is represented by the blue line, with the aircraft initially at the origin and the craft itself being the 

blue circle. The path of craft B is represented by the red line, with the craft itself being the red circle. Craft B begins 

at the bottom right of the plot, and clearly ends the simulation overlapping with the blue circle, indicating that the 

craft will collide if craft A does not change its initial flight path. As Fig. (11) shows, inside of each circle is the 

longitudinal view of a Zivko aircraft from Ref. [1].  

 

In accordance with collision cone theory, the y value from Eq. (4) is found to initially be y = -819.1297 ft2, while the 

initial Vr value from Eqs. (1) is initially Vr = -491.0547 ft/sec. As the value of y is less than w = 0, and since the 

value of Vr is negative, the criteria for being inside the collision cone are met, confirming that craft A begins and 

remains on a collision course with craft B.  

 

Simulation With Applied Latax Required for Collision Avoidance 
Now, the simulation is rerun with the commanded latax applied to craft A that is required for it to just barely avoid 

collision with craft B. The distance factor w from the guidance law Eq. (11) is set to w = 0 for a near miss, the 

guidance gain 𝑘= = 3, and the controller gain 𝑘T = 25. The simulation run time is still 3.055 seconds. The resulting 

trajectory in the inertial frame is seen below in Fig. (12), and a zoomed in plot of the near miss is provided in Fig. 

(13) for convenience. 

Figure 11: Collision Closeup Figure 10: Initial Longitudinal Collision Scenario in Simulation 
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Figure 12: Longitudinal Simulation, Near Miss Figure 13: Longitudinal Simulation, Near Miss Closeup 

 

The closest that the circle around aircraft A gets to the circle around craft B is 4.8124 inches. The commanded and 

actual lateral acceleration in g’s required to achieve this is shown in Fig. (14) below.  

 
Figure 14: Commanded and Actual Latax 

 

Since an applied acceleration of 1 g is required to keep craft A flying level, any acceleration less than 1 g drops the 

aircraft down in the inertial frame, which is what happens in this case.  
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Figure 16: Distance Between Aircraft, Close Up

In Fig. (15), the blue line shows the distance r between the two aircraft throughout the simulation, and Fig. (16) is a 

close up showing that the distance between the craft does not go below the orange line representing the radii (RA + 

RB), meaning that the craft do not collide. 

 

The following Fig. (17) is the flight path angle of aircraft A, 𝛾$, in degrees. The negative values show that the craft 

angles downward in the inertial frame. 

Figure 17: 𝛾-, Flight Path Angle of Aircraft A 

 

The y value from the guidance block, Eq. (4), is shown in Fig. (18). 

Figure 15: Distance Between Aircraft 
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Figure 18: Guidance Block Value y 

 

Note that all y values above w = 0 have been set to equal w. The y values later in the simulation can get positively 

large; however, the only y values we are interested in are when y is less than w, since that is when craft A is on a 

collision course with craft B. So, all y values above y = w have been set equal to w to cut down on unnecessary 

information and to better show the y values below w. Time on the x axis is plotted in seconds. 

 

The plots of 𝑉( and 𝑉' separately plotted each with respect to time (in seconds) are Fig. (19) and Fig. (20), 

respectively.  

 
Figure 19: Plot of  𝑉! 
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Figure 20: Plot of  𝑉" 

 

Recall that the guidance law applies the latax to craft A when both y < w and Vr < 0. From Figs. (18) and (20) 

above, it is clear that the y value is the main determining factor regarding the latax application, as it becomes larger 

than w much sooner than Vr becomes positive. 

 

Finally, the plots of the state variables versus simulation time in seconds are seen in the following figures, starting 

with the velocity of craft A in Fig. (21). 

 
Figure 21: True Velocity of Craft A 
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Since craft A tilts downward slightly, moving with the direction of the acceleration due to gravity, it gains a slight 

bit of speed at around 0.21 ft/sec.  

 

Fig. (22) is the both the commanded elevator deflection 𝛿WT	and the actual elevator deflection 𝛿W in degrees for craft 

A.  

 
Figure 22: Commanded Elevator Deflection	𝛿./ and Actual Elevator Deflection 𝛿. 

 

Fig. (23) below is the angle of attack ⍺,	in	degrees,	of	craft	A	throughout	the	simulation.	 

 
Figure 23: Aircraft A Angle of Attack ⍺ 

 

Next is the pitch attitude angle θ, also in degrees, in Fig. (24). 
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Figure 24: Aircraft A Pitch Attitude Angle 𝜃 

 

Finally, the last state variable to look at is the pitch rate Q, in deg/sec, seen in Fig. (25). 

 
Figure 25: Aircraft A Pitch Rate Q 

 
 
 
Simulation Two, Near Miss from Closer Initial Distance 
In order to see what the program does when a larger change in initial trajectory is required for aircraft A, the same 

simulation is run again, except with the initial distance between the two craft r = 600 ft. instead of the previous r = 

1500 ft. Every other initial value is the same as the previous simulation, as dictated in Fig. (9). With a commanded 

acceleration of 1 g so that craft A maintains a level flight path, Fig. (26) below shows the aircraft still collide as 

before, except now much sooner in the simulation at a runtime of 1.21 seconds. 
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Figure 26: Longitudinal Simulation Two with Closer Initial Distance, Collision 

 

Exactly as under Fig. (10), the path of craft A is still represented by the blue line, with the aircraft initially at the 

origin and the craft itself being the blue circle. The path of craft B is represented by the red line, with the craft itself 

being the red circle. It begins at the bottom right of the plot, and clearly ends the simulation overlapping with the 

right end of the blue line, indicating that the craft will collide if craft A does not change its initial flight path. With 

an applied acceleration required to avoid this collision, the trajectory now looks like Fig. (27). The distance factor w 

from the guidance law Eq. (11) is still set to w = 0 for a near miss, the guidance gain is now 𝑘= = 2.05, and the 

controller gain is still 𝑘T = 25. The simulation run time is still 1.21 seconds. 

 

Figure 27: Longitudinal Simulation Two from Closer Initial Distance, Near Miss 
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The closest that aircraft A gets to craft B is 5.6895 inches. The commanded and actual lateral acceleration in g’s 

required to achieve this is shown in Fig. (28) below.  

Figure 28: Simulation Two Commanded and Actual Latax 

 

Comparing this to Fig. (15), is can be seen that reducing the initial distance between the two craft results in much 

larger requirements on acceleration in order for craft A to avoid collision with craft B.  

 

Corroborating this result, the plot of the distance between the two craft is below in Fig. (29), with another closeup 

provided in Fig. (30) for convenience.

 

 

The following Fig. (31) is the flight path angle of aircraft A, 𝛾$, in degrees.  

Figure 29: Distance Between the Two Craft, Simulation Two Figure 30: Closeup of Figure 29 
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Figure 31: 𝛾-, Flight Path Angle of Aircraft A for Simulation Two 

 

The y value from the guidance block, Eq. (4), is shown in Fig. (32). 

Figure 32: Guidance Block Value y for Simulation Two 

 

Note again that all y values above w = 0 have been set to equal w. The y values later in the simulation can get 

positively large; however, the only y values we are interested in are when y is less than w, since that is when craft A 

is on a collision course with craft B. So, all y values above y = w have been set equal to w to cut down on 

unnecessary information and to better show the y values below w. 
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The plots of 𝑉( and 𝑉' separately plotted each with respect to time are Fig. (33) and Fig. (34), respectively. 

 
Figure 33: Plot of  𝑉! for Simulation Two  

Figure 34: Plot of  𝑉" for Simulation Two 

 

Much like the previous simulation, looking at Figs. (32) and (34) shows that the driving factor of latax application 

conditions is again the y value. 

 

Finally, the plots of the state variables versus simulation time in seconds are seen in the following figures, starting 

with the velocity of craft A in Fig. (35). 

 

Fig. (36) below is the both the commanded elevator deflection 𝛿WT	and the actual elevator deflection 𝛿W in degrees 

for craft A. In the legend, 𝛿WT is denoted as dec, and 𝛿W is denoted as de. In the legend, 𝛿WT is again denoted as dec, 

and 𝛿W is again denoted as de. 

Figure 35: True Velocity of Craft A for Simulation Two 
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Figure 36: Commanded Elevator Deflection	𝛿./ and Actual Elevator Deflection 𝛿. for Simulation Two 

 

Fig. (37) below is the angle of attack ⍺,	in	degrees,	of	craft	A	throughout	the	simulation.	 

Figure 37: Aircraft A Angle of Attack ⍺ for Simulation Two 

 

Next is the pitch attitude angle θ, also in degrees, in Fig. (38). 
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Figure 38: Aircraft A Pitch Attitude Angle 𝜃 for Simulation Two 

 

Finally, the last state variable to look at is the pitch rate Q, in deg/sec, seen in Fig. (39). 

 

  

Figure 39: Aircraft A Pitch Rate Q for Simulation Two 
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4. COLLISION AVOIDANCE DESIGN IN THE LATERAL DIRECTIONAL AXIS 
 
a. APPROACH 
 
This chapter has a very similar structure to the previous chapter, beginning with the derivation guidance law, which 

again synthesizes the desired acceleration required for collision avoidance. Then, the control law is designed, which 

converts this commanded acceleration into the corresponding deflections of the control surfaces, which in this case, 

are the aircraft’s aileron and rudder. These laws are both integrated into a Simulink model, along with the aircraft 

nonlinear dynamics. Finally, simulation results are presented and discussed.  

 

Overall Guidance and Control Architecture 
The following Fig. (40) shows the logic of how the architecture for the simulations in the lateral-directional axis are 

designed.  

 

The reasoning used here is very similar to that which is used for the longitudinal version in Fig. (6). Once again, the 

guidance law generates an output of the commanded lateral acceleration, which is then compared to the actual lateral 

acceleration. The difference of these two terms is used as the input to the control law, along with the state values 

from the aircraft dynamics. This control law outputs a commanded aileron deflection and a commanded rudder 

deflection. The aileron actuator converts this commanded aileron deflection value into an actual aileron deflection, 

and the rudder actuator does the same for the rudder deflection terms. These actual deflection values are then used as 

the input into the aircraft dynamics. The dynamics equations result in an output of the state values, which are fed 

into the relative velocity kinematics, as well as the equation to generate the actual aircraft lateral acceleration, and 

the equations that update the aircraft position. The relative velocity kinematics are also used to find a term y, which 

Figure 40: Lateral-Directional Axis Guidance and Control Architecture 
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is based on miss distance arguments, and is then compared to an input term w and fed into the guidance law along 

with the relative velocity kinematics. Once again, all of these variables, equations, and laws are derived or defined in 

the following sections. 

 

Guidance Law Derivation  
The lateral axis guidance law is very similar to the longitudinal guidance law, except with changes to certain angles 

used in certain equations. Eqs. (4) through (7) are still the same for this derivation, while Eqs. (8) are replaced with 

Eqs. (22) below. 

�̇� = 𝑉' 

𝑉'̇ =
*!"

'
− 𝑎!;<= cos(𝜅$ − 𝜃!"#) − 𝑎!>9,@ cos(𝛿$ − 𝜃!"#)                                        (22) 

𝑉(̇ = −
𝑉(𝑉'
𝑟 − 𝑎!;<= sin(𝜅$ − 𝜃!"#) − 𝑎!>9,@ sin(𝛿$ − 𝜃!"#) 

Where the flight path angle of craft A in the lateral axis is kappa 𝜅$, and 𝛿$ now equals 𝛿$ =	𝜅$ +	𝜋 2@ . The 

𝑉(	and	𝑉' terms are the same as in Eq. (4), except now the flight path angle for each craft is changed from 𝛾$ and 𝛾% 

to 𝜅$ and 𝜅%, respectively. The 𝜃!"# term is still the line of sight angle, only now in the lateral frame. Following the 

same process as before, plugging Eqs. (22) into Eq. (7), with terms without  𝑎!>9,@ or 𝑎!;<= cancelling out, results in 

                      					�̇� = �̇� = 	 :8
:*#

A−𝑎!;<= cos(𝜅$ − 𝜃!"#) −	𝑎!>9,@ cos(𝛿$ − 𝜃!"#)B 

+ :8
:*!

A−𝑎!;<= sin(𝜅$ − 𝜃!"#) − 𝑎!>9,@ sin(𝛿$ − 𝜃!"#)	B                                  (23) 

In order to drive y to w, the e term from Eq. (5) must be driven to 0 using the same process as before. To this end, 

Eq. (10) is once again used. Substituting Eq. (10) into Eq. (23), and solving for 𝑎!>9,@, 

𝑎!>9,@ =
B$(8DE)G	>%&'$I

()
(*#

JKL(g+D(%,-)G
()
(*!

	LNO(g+D(%,-)P

()
(*!

QR<(S+D(%,-)G
()
(*#

T;Q	(S+D(%,-)
					                                         (24) 

This Eq. (24) is the lateral guidance law, with Eqs. (12) and (13) still applying. 

 

Equations (4), (24), (12), and (13) will be utilized in the lateral simulation. The program again uses Eqs. (1) and (4) 

to determine if aircraft A and B will collide, and if they will, then it applies the guidance law Eq. (24), with (12) and 

(13), until the trajectory is outside the collision cone. Once y is larger than w or Vr is larger than 0, the commanded 

acceleration is returned to the baseline value of zero g’s. 
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Nonlinear Dynamics 
The lateral states are defined to be VT = True Airspeed, b = Sideslip Angle, 𝜙 = Roll Angle, 𝜓 = Yaw Angle, P = 

Roll Rate, R = Yaw Rate, 𝛿$ = Aileron Deflection, and 𝛿h = Rudder Deflection. Velocity VT, sideslip angle b, and 

yaw angle 𝜓 are shown in Fig. (41) below, along with the directional flight path angle 𝜅$.  

	

Like	in	Fig.	(6),	the red line is an extension from the nose of the craft, to better show the direction it is facing, and 

arrow direction indicates positive notation. It can therefore be seen that the directional axis flight path angle 𝜅$ =

	−(𝜓 − 	𝛽) = 𝛽 − 	𝜓.		

	

Using these state variables, the lateral equations of motion are derived in Refs. [17] and [6] as		

�̇�A = (𝐹A cos(𝛼) − 𝐷 −𝑚𝑔𝑠𝑖𝑛(𝛾))/𝑚	

�̇� = 𝑃 + tan	(𝜃)(𝑄𝑠𝑖𝑛(∅) + 𝑅𝑐𝑜𝑠(∅))	

�̇� = (𝑄𝑠𝑖𝑛(∅) + 𝑅𝑐𝑜𝑠(∅))/cos	(𝜃)																																																															(25)	

�̇�$ =	−(1/𝜏)𝛿$ 	+ (1/𝜏)𝛿$@ 	

�̇�h =	−(1/𝜏)𝛿h 	+ (1/𝜏)𝛿h@ 	

�̇� = 	
𝑔
𝑉A
sin(∅) cos(𝜃) − 𝑅𝑐𝑜𝑠(𝛼) + 𝑃𝑠𝑖𝑛(𝛼) +

𝑞Q𝑆
𝑚𝑉A

𝐶87𝛽	 

�̇� =
𝐼ii −	𝐼jj

𝐼kk
	𝑃𝑄 +	

𝐼ik
𝐼kk

�̇� −	
𝐼ik
𝐼kk

𝑄𝑅 +	
𝑛
𝐼kk

+
𝑞Q𝑆𝑏)

2𝑉A𝐼kk
(𝐶<8𝑅 + 𝐶<9𝑃)	 

�̇� = 	
𝐼jj −	𝐼kk
𝐼ii

	𝑄𝑅 +	
𝐼ik
𝐼ii

�̇� +	
𝐼ik
𝐼ii

𝑃𝑄 +	
𝑙
𝐼ii

+
𝑞Q𝑆𝑏)

2𝑉A𝐼ii
(𝐶l8𝑅 + 𝐶l9𝑃)	 

Figure 41: Lateral-Directional Dynamics State Variables	
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The actual aileron deflection and the commanded aileron deflection are 𝛿$ and 𝛿$@, respectively, while the actual 

rudder deflection and the commanded rudder deflection are 𝛿h and 𝛿h@, respectively. The other terms that have not 

previously been defined are: wingspan b = 8.61 ft., which is 33% of the wingspan of the full-size plane from Ref. 

[19], x-axis moment of inertia IXX = 0.32 slug*ft2, z-axis moment of inertia IZZ = 2.3 slug*ft2, and cross-product of 

inertia IXZ = 0.026 slug*ft2, all from Ref. [17]. 

 

Other important terms in Eqs. (25) are the yawing moment n, 𝐶<8, and 𝐶<9 terms from the �̇� equation, the rolling 

moment l, 𝐶l8, and 𝐶l9 terms from the �̇� equation, and the 𝐶87 term from the �̇� equation. These are all estimated 

from Ref. [15].  

𝑛 =	𝑞Q𝑆𝑏𝐶<	, 𝐶< =	 .12𝛽 −	 .011𝛿$ −	 .09𝛿h 

𝑙 = 	𝑞Q𝑆𝑏𝐶l	, 𝐶l =	−.125𝛽 +	 .04𝛿$ +	 .022𝛿h 

𝐶<8 =	−0.19, 𝐶<9 = 0.02 

𝐶l8 = 	0.13, 𝐶l9 = −0.4 

𝐶87 =	−0.8 

	

Control Law Derivation 
Following similar logic as used in the previous derivations, a new y equation is defined from Ref. [18] to be the 

acceleration at the pilot’s seat, nyp. 

𝑦8Y =	𝑛8Y =	𝑛8 +
𝑋Y�̇� − 𝑍Y�̇�	

𝑔 																																																																			(26) 

With ny coming from Ref. [24]. 

𝑛8 = (𝐷𝑠𝑖𝑛(𝛽) −	𝐹Acos	(𝛼)𝑠𝑖𝑛(𝛽))/(𝑚𝑔)	                       (27) 

The drag term D and thrust term FT in Eq. (27) are the same as previously defined for Eqs. (15). In Eq. (26), the Xp 

term is the distance of the pilot’s seat from the aircraft center of gravity along the x-axis. From figure (42) below of 

the Zivko aircraft from the side, it is observed that the pilot’s seat is approximately at the same point on the x-axis as 

the center of the fuselage.  
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Therefore, it is estimated from Ref. [1] that Xp is equal to the distance of the effective center of the fuselage from the 

aircraft’s center of gravity along the x-axis, so Xp = -1.5 ft. Similarly, Zp is the distance of the pilot’s seat from the 

aircraft center of gravity along the z-axis, and it is assumed that Zp = 0 ft.  

 

Once again, the error term used here is the difference between the commanded and actual accelerations, or 𝑎!>9,@ 

from Eq. (24) minus nyp from Eq. (26). Using the same dynamic inversion process regarding the error term as Eqs. 

(5), (6), and (7), it is found that 

�̇� = �̇�8Y =
𝑑𝑦
𝑑𝑡 =

𝜕𝑦
𝜕𝑉A

𝑑𝑉A
𝑑𝑡 +

𝜕𝑦
𝜕𝛽

𝑑𝛽
𝑑𝑡 +

𝜕𝑦
𝜕𝑅

𝑑𝑅
𝑑𝑡 +

𝜕𝑦
𝜕𝑃

𝑑𝑃
𝑑𝑡 +

𝜕𝑦
𝜕𝛿$

𝑑𝛿$
𝑑𝑡 +

𝜕𝑦
𝜕𝛿h

𝑑𝛿h
𝑑𝑡  

=	 !"
!#0

�̇�$ +
!"
!%
�̇� + !"

!&
�̇� + !"

!'
�̇� + !"

!(1
�̇�) +

!"
!(2

�̇�&                                          (28) 

Manipulating Eq. (28) to isolate the commanded deflection terms 𝛿$@ and 𝛿h@ from the �̇�$ and �̇�h terms on one side, 

and substituting the error term in, along with the controller gain kc, the result is 
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However, now there are two unknowns to solve for (𝛿$@ and 𝛿h@), yet only one Eq. (29). To solve this, 𝛿h@ is set to 

equal some fraction of 𝛿$@, 

𝛿h@ = 𝑘$h𝛿$@                                                                         (30) 

With 𝑘$h being the ratio between the commanded aileron and rudder deflections. Setting the right-hand-side of Eq. 

(29) equal to a new term RHS, substituting in Eq. (30), then solving for 𝛿$@, Eq. (29) becomes 

𝛿)4 =	
&56

67
681

7 67
682

812
                                                                        (31) 

Figure 42: Side-View of Zivko 540T, From Ref. [1] 
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Thus, Eq. (31) is the lateral control law used, and along with Eqs. (30) and the right-hand-side of Eq. (29), the 

desired commanded aileron and rudder deflections can be determined. 

 

Simulink Model 
The lateral Simulink model can be seen in Fig. (43). Similarly to the longitudinal Simulink model, for each time 

step, the lateral simulation generates a latax in the guidance block from the guidance law Eq. (24). The error is then 

found to be difference of the commanded and the actual latax, and is input into the controller block. This is fed into 

the control law Eq. (31), which outputs a commanded aileron deflection. This 𝛿$T is then used with Eq. (30) to get 

the rudder deflection as well, and these two values are input into the nonlinear equations of motion Eqs. (25) in the 

dynamics block, which then outputs the states. These states are then fed back into each of the previous blocks, as 

well as used to calculate the acceleration at the pilot’s seat nyp, which is Eq. (26). The dynamics block also updates 

the position of the aircraft by solving the following Eqs. (32), 

�̇�$ = 𝑉A cos(𝜅$) 

�̇�$ = 𝑉A sin(𝜅$)                                                                          (32) 

�̇�% = 𝑉% cos(𝜅%) 

�̇�% = 𝑉% sin(𝜅%) 

Where VB is the speed of aircraft B and 𝜅% is the directional axis flight path angle of craft B. The integral of these 

Eqs. (32) are then taken in Simulink, which yields the new inertial frame positions of each aircraft, (xA, yA) and (xB, 

yB). The results of this simulation are discussed in Section 4b of this thesis. 
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Figure 43: Lateral Simulation Simulink Model 
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b. SIMULATION RESULTS 
 
Initial Collision Scenario 
Fig. (44) below details the geometry and initial conditions of the scenario used in the lateral simulation. Like the 

longitudinal scenarios, many specifics of this scenario were chosen to ensure that the level flying craft A collided 

with craft B, which again occurs at the red X mark. The circles around craft A and craft B are chosen to both have a 

radius of RA = RB = 15 ft. All inertial frame angles here are defined with respect to North as the reference, with 

positive angles being left of North (i.e., angling toward West is positive). The starting point of craft A is defined as 

the origin, with distances more North and West being positive. The aircraft are initially a distance of r = 1500 ft. 

apart, with a line of sight angle 𝜃!"# = - 50 degrees. Vd	and Ve are the true velocity vectors of craft A and B, 

respectively, and 𝜅f and 𝜅e are the angles from the chosen North reference at which the aircraft velocity vectors act, 

known as the directional axis flight path angles. The velocity of craft A is still the trim velocity, previously defined 

as 289.7165 ft/sec, while the other craft is again slower by an arbitrary factor of 1.2, resulting in a speed of 241.4304 

ft/sec. For the lateral nonlinear dynamics equations, the 𝛼 and 𝜃 terms (and therefore 𝛾) used for the duration of the 

lateral simulations are the initial trim values introduced in the longitudinal section, which are 𝛼 = 𝜃 =	−	2.5751°, 

and 𝛾 = 0. Since the pitch angle is constant, the pitch rate Q is equal to zero.  

 

Figure 44: Initial Lateral Collision Scenario 
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Running the simulation with an applied acceleration of zero shows that the aircraft do indeed collide under the initial 

conditions, as can be seen in Fig. (45) below. 

 

Craft A starts at the origin and moves North, with its position being the blue circle at the top of the blue line; while 

the red circle is craft B, which starts the simulation on the far right of the plot and moves up and left. It can be seen 

above that the two craft overlap, indicating collision, which occurs at a simulation runtime of 5.48 seconds.  

 

In accordance with collision cone theory, the y value from Eq. (4) is found to initially be y = -538.1810 ft2, while the 

initial Vr value from Eqs. (1) is initially Vr = -272.7471 ft/sec. As the value of y is less than w = 0, and since the 

value of Vr is negative, the criteria for being inside the collision cone are met, confirming that craft A begins and 

remains on a collision course with craft B.  

 

Simulation With Applied Latax Required for Collision Avoidance 
Now, the simulation is rerun with the commanded latax applied to craft A that is required for it to just barely avoid 

collision with craft B. The distance factor w from the guidance law Eq. (24) is set to w = 0 for a near miss, the 

guidance gain 𝑘= = 0.9, and the controller gain 𝑘T = 25. The ratio between the commanded rudder and aileron 

Figure 45: Initial Lateral Collision Trajectory 
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deflection (from Eq. (30)) kAR = 0.4235, which is approximately the ‘ideal’ value, and is discussed more later in this 

section.  The simulation run time is still 5.48 seconds. The resulting trajectory in the inertial frame is seen below in 

Fig. (46). 

 

Obviously, Fig. (46) does not show a near miss between the two aircraft. To examine why, it can help to look to the 

longitudinal simulations in the previous chapter of this report. In those longitudinal simulations, an upward 

acceleration of 1 g is required to keep the aircraft flying level, and that constant of 1 g is what the acceleration 

returns to after craft A has changed flight path, as can be seen in figures (15) and (28). This 1 g of acceleration 

applied after the aircraft drops down serves to stop craft A from turning further down than is required, keeping it 

flying in a straight line from then on, as can be seen in figures (13), (14), and (27), which is how craft A barely 

passes by craft B. Craft A drops down to miss Craft B, then an upward acceleration of 1 g is applied to stop the craft 

from turning further down than necessary.  

 

However, this operational logic does not directly translate to the lateral frame. In order to keep craft A flying in a 

straight line in the lateral frame, an acceleration of 0 g’s is required. Any positive acceleration applied to craft A will 

turn it to the left, and a negative acceleration will turn it to the right. Like the longitudinal simulations, this baseline 

acceleration of 0 g’s is what the acceleration value returns to after the required turn is made, as can be seen below in 

Fig. (47). 

Figure 46: Lateral Simulation with Latax Applied 
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Except now, in this lateral frame, simply returning the applied acceleration to zero doesn’t counteract the ongoing 

turn of the aircraft. Note how, in the longitudinal simulations, in figures (22) and (36), the elevator deflection first 

increases to drop the nose of the craft down, then returning to the 1 g acceleration causes the elevator to decrease its 

deflection, lifting the nose back up. As can be seen in figures (48) and (49) below, returning the acceleration to zero 

does nothing to return the deflection of the aileron or rudder to zero, instead leaving them constant in that deflected 

state.  

 

Figure 47: Lateral Simulation Commanded and Actual Accelerations 

Figure 48: Lateral Simulation Aileron Deflection 
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In this lateral simulation, since returning to the ‘baseline’ acceleration of 0 g’s does not apply a counteracting force 

to straighten up the aircraft again, the rudder and aileron stay deflected, and so of course the craft keeps turning even 

after there is no more acceleration being applied.  

 

Therefore, in order to stop craft A from turning more than necessary to barely avoid craft B, a counteracting 

acceleration must be applied to craft A to get the aileron and rudder deflections to return to zero. While there must 

certainly be an elegant way to determine what magnitude of counteracting acceleration is required to return aileron 

and rudder deflections to zero after turning, a simpler method is to simply directly make the aileron and rudder 

deflection zero once craft A has turned enough to miss craft B. This simpler method is the one employed here, and is 

done by first looking at Fig. (47) above; once the applied acceleration nyp (red line) is very close to zero after the 

initial decrease then increase (say, approaching within -0.005 g’s of zero), then at that time the commanded aileron 

deflection 𝛿$T and commanded rudder deflection 𝛿hT in the control block are both set equal to zero. Using this 

method, the aileron and rudder deflections now look like figures (50) and (51) below. 

Figure 49: Lateral Simulation Rudder Deflection 
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With the rudder and aileron being forced to zero, aircraft A still experiences a new resulting applied acceleration, as 

can be seen below in Fig. (52). This new acceleration is the counteracting acceleration required to stop the aircraft 

from turning farther than is necessary to barely miss craft B. 

Figure 50: Modified Lateral Simulation Commanded and Actual Aileron Deflection 

Figure 51: Modified Lateral Simulation Commanded and Actual Rudder Deflection 
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Comparing Fig. (52) to Fig. (47), it can be seen that the negative commanded acceleration is still the same as before, 

as is the actual latax for that section. The part of the applied acceleration that suddenly becomes positive, then 

oscillates a bit before settling back at zero, is the counteracting acceleration that begins once the commanded aileron 

and rudder deflections are set to zero. With all this, the trajectory of the two aircraft in the inertial frame now looks 

like Fig. (53), with a closeup for convenience in Fig. (54). 

 

The closest distance between the circle around craft A and the circle around craft B is 5.8837 inches. As Fig. (54) 

shows, inside of each circle is the lateral view of a Zivko aircraft from Ref. [1]. Now that the simulation seems to be 

Figure 52: Modified Lateral Simulation Commanded and Actual Acceleration 

Figure 53: Modified Lateral Simulation Trajectory Figure 54: Modified Lateral Simulation Trajectory Closeup 
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working as intended, all of the rest of the figures in this section are for this modified lateral simulation, with the next 

being the plot of the distance between the two craft is below in Fig. (55), with another closeup provided in Fig. (56) 

for convenience.

 

Clearly, the distance between the two craft does not cross the orange line representing the combined sizes of the 

aircraft, again confirming that the two craft do not collide. The next plot in Fig. (57) shows the flight path angle of 

craft A. 

 

Reflecting the oscillation seen in the counteracting acceleration from Fig. (52), the flight path angle for craft A also 

oscillates a bit before settling to a constant value. This oscillation of flight path angle is relatively small enough and 

for a short enough duration to not easily be noticed in the trajectory of craft A in Fig. (53).  

Figure 57: Lateral Simulation Flight Path Angle of Aircraft A 

Figure 55: Distance Between Aircraft, Lateral Simulation Figure 56: Distance Between Aircraft Closeup 
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The y value from the guidance block Eq. (4) is shown in Fig. (58), again following the convention of setting the 

larger positive values of y equal to w. 

 

The plots of 𝑉( and 𝑉' separately plotted each with respect to time are Fig. (59) and Fig. (60), respectively. 

 
Figure 59: Plot of  𝑉! for Lateral Simulation  

Figure 60: Plot of  𝑉" for Lateral Simulation 

 

Clearly, there is a slight fluctuation present on the left side in both of the above plots, which is likely due to the 

imposed modifications on this lateral simulation as compared to the longitudinal simulations; however, the two plots 

above still follow the general trends overall as the previously seen simulations. The y value from Fig. (58) again 

becomes larger than w faster than Vr becomes larger than 0, again showing that it is the driving factor when 

determining when to apply the latax to craft A. 

 

Figure 58: Guidance Block y Value 
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Finally, the plots of the state variables versus simulation time in seconds are seen in the following figures, starting 

with the velocity of craft A in Fig. (61). 

 

As aircraft A does not change elevation, and does not make any large turns, it only loses a very slight amount of 

speed, at less than 0.0001 ft/s.  

 

The sideslip angle b	is	shown	in	Fig.	(62)	below.	

 

Once again showing the oscillations near the beginning of the simulation, the sideslip angle soon settles to a steady 

value of zero degrees.  Actually, this slight oscillation behavior seems to be present in each of the state variable plots 

for the rest of this simulation, all with the same cause. The next state variable to be examined is the roll angle 𝜙, in 

Fig. (63). 

Figure 61: Lateral Simulation Aircraft A Velocity 

Figure 62: Sideslip Angle of Craft A 
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Fig. (64) is the yaw angle 𝜓 for aircraft A. 

 

The final two plots to be seen for the lateral simulation are the roll rate P and yaw rate R, which are Fig. (65) and 

Fig. (66), respectively. 

Figure 63: Roll Angle of Craft A 

Figure 64: Aircraft A Yaw Angle 
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Determination of Ideal kAR  
As mentioned earlier, the kAR value used for the above lateral simulations is kAR = 0.4235. This value was found via 

trial and error, by running the simulation multiple times using various kAR values, and comparing the results. The 

value of kAR determines the ratio between the commanded aileron deflection 𝛿$T and commanded rudder deflection 

𝛿hT, and since the actual deflections are designed to track the commanded deflections, kAR also determines the ratio 

between the actual aileron deflection 𝛿$ and the actual rudder deflection 𝛿h. From Eqs. (25), it can be seen that 𝛿$ 

and 𝛿h mostly influence the roll rate and yaw rate values, and therefore also the roll and yaw values. And so, roll 

Figure 65: Aircraft A Roll Rate 

Figure 66: Aircraft A Yaw Rate 
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angle plots were generated when the simulation was run with 5 different kAR values, and that plot is seen below in 

Fig. (67). 

 

Originally, the above plot was generated only with the kAR values of 4, 2, 1, 0.5, and 0.25. The general pattern was 

noticed where some kAR value between 0.5 and 0.25 would cause the steady-state portion of the roll plot to settle on 

a roll angle of zero, which was determined to be the ideal end-state roll angle. After some guessing and checking, a 

kAR value of 0.4235 was settled on as being very near the ideal value, and is seen in Fig. (67) as the green line, 

which is the same as the roll angle plot in Fig. (63). It is possible that there is a more analytical method besides trial 

and error to determine a more exact ideal value of kAR, but that is outside the purview of this thesis, and the above 

method was deemed to be sufficient. 

 

 
  

Figure 67: Roll Plots for Different kAR Values 
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5. CONCLUSIONS and FUTURE WORK 
 

Conclusions 
In this work, collision between two fixed-wing aircraft was examined along the longitudinal axis and the lateral-

directional axis separately. Guidance laws governing the commanded acceleration were derived using dynamic 

inversion, and were designed to be applied to steer aircraft A’s trajectory out of the collision cone with aircraft B. 

Control laws governing the commanded elevator and aileron/rudder deflections were also derived via dynamic 

inversion, and both the guidance and control laws were integrated in MATLAB/Simulink programs, along with the 

aircraft nonlinear dynamics and actuator dynamics. Results for various simulation conditions were presented and 

discussed. 

 

Future Work 
While a Simulink framework including guidance, control, and nonlinear dynamics is a relatively complete aircraft 

system, it is clear that a more holistic aircraft system is possible. Future work could append these models with noisy 

sensors, actuators with nonlinearities, and observers, to better model a realistic aircraft. Aircraft engines and 

propellers can also be factored in, as can environmental conditions like wind gusts and turbulence, etc. Other 

collision scenarios can also be explored, as can examples with a maneuvering aircraft B. There can also be more 

than just two aircraft on collision courses. Additionally, 3-D scenarios can also be examined. 
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