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ABSTRACT

DECOMPOSITION OF MODULES AND TENSOR PRODUCTS OVER
PRINCIPAL SUBALGEBRAS OF TRUNCATED POLYNOMIAL RINGS

Kevin Steine Harris Jr., Ph.D.

The University of Texas at Arlington, 2022

Supervising Professor: David Jorgensen

The topic of my dissertation is to investigate the behavior of modules and
tensor products over a truncated polynomial ring with prime characteristic. This
investigation utilizes principal subalgebras of the truncated polynomial ring as the
main tool for studying these objects. Then, we investigate if these modules and their
tensor products have a similar behavior when viewed over more general truncated
polynomial rings. In particular, we aim to investigate the behavior of these objects
when we replace principal subalgebras over a field with prime characteristic by

hypersurfaces over a field with no characteristic restriction.
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CHAPTER 1

Preliminaries

1.1 Historical Motivation and Set-Up

There are deep connections between algebra and geometry. In particular, there is
a fundamental concept of support of various algebraic structures. In 1971, Quillen [13]
started the idea of defining the support of various algebraic structures. In particular,
he gives a description of the algebraic variety corresponding to the cohomolgy ring of
a finite group called the support variety. In 1982, Carlson defines in [7] the notion
of a rank variety, which is another type of support. Carlson [7] and Avrunin-Scott
[3] then show that the rank variety is isomorphic to support variety, particularly for
modules over group algebras of elementary abelian p-groups. Rank varieties give us a
way of studying the geometry of modules. Carlson’s and Quillen’s work has resulted
in the development of analogous theories in various contexts, mainly modules over
commutative complete intersection rings, and over commutative Hopf algebras.

The purpose of this thesis is to continue Carlson’s work in [7]. Moreover, we
strive to understand the structure of modules over principal ideal rings. To do this, we
apply the classification theorem for principal ideal domains to modules over truncated
polynomial restricted to principal subalgebras with characteristic p. The classification
theorem will allow us to decompose our models over certain principal subalgebras
while holding onto the group algebra structure of our truncated polynomial ring. We

can find the decompositions of our modules using their representation matrices. From



here, we aim to understand the structure of the tensor product of these modules by

looking at their rank varieties. This is where we introduce Carlson’s identity
V(M ®, N)=V(M)NV(N) (%)

and apply it to modules over our truncated polynomial ring. Carlson [7] uses this
identity to show that every algebraic variety is the rank variety of some module
over our truncated polynomial ring. We will use (*) to investigate a particular
class of modules over our truncated polynomial ring with prime characteristic and
compare them with similar class of modules over a truncated polynomial ring with
not necessarily prime characteristic.

Let A7 = k[X1,..., X,,]/(XT,..., XP), that is, A7 is the truncated polynomial
ring where £ is a field and char(k) = p for some prime p. We will use z; to denote the
coset of X;. We investigate how modules decompose over the principal subalgebras
Ry = kluy] where uy = Mz + -+ + Az, for A = (A,...,\,) € k", In particular,
we investigate how decompositions may, or may not, change due to the choice of the
principal subalgebra. The modules whose decompositions don’t change are referred
to as modules of constant Jordan type [4], and these have been well-studied. The
primary interest of this thesis is in the modules whose decompositions do change. In
particular, we are interested in determining the decompositions for tensor products
over the principal subalgebras. Understanding these decompositions reduces to the

Clebsch-Gordan problem for a truncated polynomial ring in one variable.

1.2 Applying the Fundamental Theorem for Modules over PIDs to k[X]/(XP)

Theorem 1.2.1. [15] Let M be a finitely generated module over a principal ideal

domain R. Then M is a direct sum of cyclic submodules. More precisely, there exist



nonnegative integers h, m, irreducible elements py,...,pm € R and positive integers
t1,...,t,m such that
M= R/Rp} @---®R/Rplr @ R".
Theorem 1.2.2. Let M be a finitely generated module over kl[z]/(xP) and D; =
k[z]/(z") for any 1 <i < p. Then there exists nonnegative integers m;, i = 1,...,p
such that
M=D" @Dy @@ D™,

Proof. There is a natural epimorphism f : k[x] — k[z]/(2P) Thus, any finitely

generated k[z]/(zP)-module M can also be considered as a k[z]-module with
M = k[ /() @ - @ klz]/ (r3) & Kla]".

When viewing M as a k[z]/(2?)-module, we have that 2P M = 0. This forces h = 0
and 2Pk[z]/(pi*) = 0 for each i. This implies that a? € (p}*) for each i, so (z7) C (p}')
for each i. Using radicals [8], we can see that (z) C (p;) for each i. Since each p; is
irreducible, it immediately follows that (z) 2O (p;), so we have that (z) = (p;) for each

i. ]

1.3 Decomposition
This section will be dedicated to examples where n > 1 and each direct summand
is of the form k[u,]/(u}). It is worth noting that dim(A) = p" and dimg(Ry) = p
for each nonzero u,.
Example. Let A = k[z1,xo]/(2%,23) and M = (z;). We want to look at the
decomposition of M as a
(i) k[z1] - module
(i) k[xs] - module

(iii) k[z1 + 22 - module



Note that a basis for M as a k-vector space is {z1, z122}, so dimg (M) = 2.
For (i), M over R = k[x;] is generated by {z1, 122} so by our classification theorem,

we have that
M = R/anng(r1) ® R/anng(z172) = R/(71) © R/(71) = k*.
For (ii), M over R = k[zs] is generated by {x;} so we have that
M = R/anng(x1) = R/{0r} = R,

which means that M is free of rank 1 as a k[z3]-module.

For (iii), M over R = k[x1 + x2] is generated by {z1} so we have that
M = R/anng(x1) = R/{0r} = R,

so we also have that M is free of rank 1 as a k[x; + x3]-module.
Example. Let A = k[xy,z]/(23,23) and M = (x1,73). We want to look at the
composition of M as a
(i) k[z1] - module
(i) k[zs] - module
(iii) k[x1 + x2] - module
Note that a base for M as a k-vector space is {x1, x2, z122} so dimg (M) = 3.

For (i), M over R = k[z4] is generated by {z1, 22} so we have that
M = R/anng(x1) ® R/anng(zy) = R/(x1) & R/{0} 2 k & R.
For (ii), M over R = k[xs] is generated by {z1,z2} so we have that
M = R/anng(x1) @ R/anng(z2) = R/{0} ® R/(z1) 2 R® k.
For (iii), M over R = k[x; + x5] is generated by {1 + 2, 22} so we have that

M = R/anng(xy + x9) ® R/anng(x2) = R/(x1 + 22) @ R/{0} =k & R.
4



Notice that as we change the subalgebra on Example 2, the structure of the
decomposition remains the same. We consider M = (z1,x2) to be a module of

constant Jordan type.

Example. Let A = k[xy, x9, x3]/ (2%, 22, 23) with char(k) = 2 and define M = ().
We want to look at the composition of M as a
G
(ii

k[x1] - module
k[xs] - module

(iii) k[zs] - module

(v

(vi

k[x1 + x3] - module

)
)
)

(iv) k[wy + 22] - module
)
) klws + 23] - module
)

(vil) k[r; + x2 + x3] - module

Note that a base for M as a k-vector space is {x1, 122, 123, T12223} so dimg (M) = 4.
For (i), M over R = k[x1] is generated by {x1,x1x9, 123, 212223} so by our classifi-

cation theorem, we have that
M = R/anng(x1) ® R/anng(r172) ® R/anng(r173) © R/anng(x1200w3) = k*,
For (ii), M over R = k[z,] is generated by {x,x x5} so we have that
M = R/anng(x1) ® R/anng(xr123) = R/{0r} ® R/{0r} = R?,

which means that M is free of rank 2 as a k[zy]-module.

For (iii), M over R = k[x3] is generated by {z1,z122} so we have that

M = R/anng(x) ® R/anng(x12:) = R/{0g} ® R/{0g} = R?



which means that M is free of rank 2 as a k[z3]-module.

For (iv), M over R = k[z; + x5 is generated by {x,z123} so we have that
M = R/anng(71) ® R/anng(z173) = R/{0r} ® R/{0r} = R?

so we also have that M is free of rank 2 as a k[z; + z5]-module.

For (v), M over R = k[x; + x3] is generated by {1,122} so we have that
M = R/anng(x1) ® R/anng(r129) = R/{0r} ® R/{0r} = R?,

so we also have that M is free of rank 2 as a k[x; + x3]-module.

For (vi), M over R = k[zy + x3] is generated by {x,z122} so we have that
M = R/anng(x1) ® R/anng(x129) = R/{0r} ® R/{0r} = R?,

so we also have that M is free of rank 2 as a k[xs + x3]-module.

For (vii), M over R = k[z1 + x2 + x3] is generated by {x1,x122} so we have that
M = R/anng(71) ® R/anng(z172) = R/{0r} © R/{0r} = R?,

so we also have that M is free of rank 2 as a k[z; + x5 + x3]-module.

Example. Let A = k[, o, x3]/(2}, 23, 23) with char(k) = 2 and define M =
(21, x2). We want to look at the composition of M as a

(i
(ii

(iii

[1] - module
[x5] - module
[3] - module
(iv
(v

(vi

[x1 + x2] - module

) k
) k
) k
) k
) k[z1 + z3] - module
) k

[z9 + 23] - module



(vii) k[zy + 22 + 23] - module
Note that a base for M as a k-vector space is {x1,Z2, 122, T123, To3, T1T2T3} SO
dim (M) = 6.
For (i), M over R = k[z1] is generated by {1, xe, 123, 2223} so by our classification
theorem, we have that
M = R/anng(x,) ® R/anng(xs) ® R/anng(x123) © R/anng(zexs) = k* & R2.
For (ii), M over R = k[xs] is generated by {x1,xe, x1x3, Tax3} so we have that
M = R/anng(71) ® R/anng(r2) ® R/anng(z173) ® R/anng(zex3) = k* © R*.
For (iii), M over R = k[x3] is generated by {x;, z2, x125} so we have that
M = R/anng(x1) ® R/anng(x2) @ R/anng(z129) = R
which means that M is free of rank 3 as a k[z3]-module.
For (iv), M over R = k[x1 + x5] is generated by {z1,x1 + 9, z123, x123 + T223} SO
we have that
M = R/anng(x1)®R/anng(xv1+x2)BR/anng(v123)BR/annp(r1103+1013) = K*GR>.
For (v), M over R = k[xy + x3] is generated by {x1, z2, xox3} so we have that
M = R/anng(x1) ® R/anng(x2) ® R/anng(zexs) = R,
so we also have that M is free of rank 3 as a k[z; + z3]-module.
For (vi), M over R = k[xy + x3] is generated by {z1, z2, 2122} so we have that
M = R/anng(x,) ® R/anng(xs) ® R/anng(z12:) = R?,
so we also have that M is free of rank 3 as a k[xs + x3]-module.
For (vii), M over R = k[x1 4+ x5 + x3] is generated by {z1, z2, z122} so we have that
M = R/anng(x1) ® R/anng(xs) ® R/anng(x129) = R?,

so we also have that M is free of rank 3 as a k[z; + x2 + x3]-module.

7



1.4 Rank Varieties and Representation Matrices
Definition 1.4.1. The rank variety is defined as the set of A € k™ such that an
A-module M is not free when restricted to k[u,]. We will denote this as V' (M), which
is the same notation that Carlson uses in [7].

Although it is not clear from the definition, Carlson proves that V(M) is
an algebraic variety. [Theorem 4.3 [7]]. Therefore, we can view the rank variety
of a module as the zero set of certain polynomials. Consider the polynomial ring

k[X1,---,Xn] and the polynomials fi,..., f, € k[x1,.-., Xn|. If we have that
VIM)={X€k": fi(\) =0V i}

for some A-module M defined by (fi,..., f), then we say the rank variety V(M) is
the affine variety V(fi,..., f). We will look at an example of a rank variety in this

section.

Example. Choose A% = k[zy,z5)/(2?,2%) and consider the ideal I = (z1) of AZ.
Note that I has the following k-basis: {1,z 22}. If A = (1,0), then I = k? as an
R-module. If A = (0, 1), then I = R as an R-module. Notice for this example, we not
only had different decompositions for I when restricted to k[u,] for different A, but

with the right conditions on A, I is a free k[uy]-module. In particular, we have that
V(I)={N€k> : \y=0}.

We can also say that



This is not always clear to see in most examples. In order to understand what
the conditions on X\ have to be in order for an A-module M to be free over R, we
look at the representation matrix of uy, over M.

Definition 1.4.2. Let M be a finitely generated A-module with the following k-basis:

{e1,€2,...,ey}. Suppose there exists a;; € k such that

uxe1 = aii1€1 + azez2 + -+ amiem

Uxez = Q12€1 + G262 + -+ + Ao

UNCy, = A1m€1 T A2m€2 + ** * + QyymCm-

Then the following matrix is the representation matriz of u) on M with respect to

the k-basis {eq, e, ..., en}:

11 Q12 - Qim
Q21 Q22 - Q2m
U -
M : : .. :
Am1 Am2 - Amm

We will take the previous examples and look at the representation matrices of

each of these modules over k[u,].
Example. Let A = k[zy,25]/(22,22) and M, = (x;). So uy = M\x1 + Aaxy. Note

that the k-basis for M; in lexicographic order is {z1,x1x2}. Note that

UNT1 = AoT1T2

urxr1x9 = 0

so we have that



Let My = (x1,x2). Note that the k-basis for M, in lexicographic order is

{1, 29, x122}. So we have that

UNT] = AoT1 T2

UNT2 = A\ T1T2

urx1xo = 0
which gives us
0 0 0
{u,\} =10 0 O
Mo
A2 A O

Example. Let A = k[xy, z5)/(22, 23, 22) and M, = (11). So uy = \z1 + Aoy + A3xs.
Note that the k-basis for M; in lexicographic order is {zy, x1x9, 123, T12223}. SO we

have that

U\T1 = )\21’1&32 + )\3231173
UNT1X2 = /\3$1$2$3
UNT1T3 = AoT1T2T3

UNT1X2T3 = 0

which gives us

0 0 0 0

X 0 0 0
),

M [N 0 0 O

0 A3 A O

Let My = (x1,23). Note that the k-basis for M, in dictionary order is

{1, X2, 129, T123, T2T3, T1 T2, T3 }. So we have that

U\T1 = )\2$1Q32 + )\3%1173
10



UNT2 = A\ T1T2 + A\3TaT3
UNT1Ty = )\3$1$2$3
UNT1T3 = )\21’1$2$3
UNT2X3 = )\11‘1&721’3

UNT1 X223 = 0

which gives us

0O 0 0 0 0 0
0O 0 0 0 0 0
A A 0 0 0 O
], -
Mo )\3 0 0 0 0 O

o
<
o
o
=]
o

0 0 A3 A A O

So far, we have just looked at some examples of representation matrices for
A-modules over k[u,]. These matrices provide us with a nice tool in determining
when M is free over klu,]. Notice in all of these examples, every A-module’s vector
space dimension is a multiple of p. It is clear that if we have an A-module M whose
vector space dimension is not a multiple of p, then M is never free over k[u,]. Thus,
we will always assume that dim (M) = mp for some positive integer m. The following
proposition tells us how we can use an A-module’s representation matrix to determine

its freeness over kfu,].

Proposition 1.4.3. Consider a finitely generated A-module M with dimy(M) = mp
for some nonnegative integer m. Then M is free as a kluy]-module if and only if

11



ro |1 M) —n(p—1).

Proof. Assume dimy (M) = mp for some positive integer m. Suppose M = klu,]™ as
a k[uy]-module. This implies that the Jordan normal form of |:U/\:| consists of m

M
Jordan blocks of size p x p, which has rank (p — 1)m. Thus, it immediately follows

that rank ([u,\} ) = m(p — 1). Now suppose that rank ({u)\] ) =m(p—1). We
M M
will prove this direction using contradiction by assuming that M is not free as a k[u,]-
module. Then for the Jordan normal form of {u /\] , there is at least one Jordan block
M

of size r x r where r < p. It is important to note that rank(.J,) > rank(J,)+rank(J,_,)

for any r < p since
rank(J,) =p—1>p—2=r—1+p—r—1=rank(J,)+ rank(J,_,).

In order for dimensions to add up, we need at least one more Jordan block of size
p —r X p—r. Since ranks are invariant between a square matrix and its Jordan
normal form, this means that

=1

rank ({UA} M) = mi:l rank(.J,) + rank(J,.) 4+ rank(.J,_,)

which contradicts our original assumption. Therefore, we have that M is free as a

k[uy]-module.

12



1.5 Tensor Products and Kronecker Products

One goal we have in this paper is to determine the structure of tensor products of
A-modules. In particular, we want to understand the structure of their representation
matrices. To do this, we first list some lemmas and propositions that will be useful
for understanding certain properties of these tensor products. We then will use those
to help us understand the structure of the Kronecker product of two matrices. This
will assist us in determining the representation matrices of A-modules. In Chapter 2,
we will define the group algebra and coalgebra structure of A, so we can construct a
tensor product for A-modules. We will then look at some explicit examples of tensor
products of A-modules and their representation matrices. In Chapter 3, we will
refocus on the decomposition of A-modules. In particular, we will examine how to
determine the decomposition of M ®; N if we know the decompositions for A-modules
M and N. In Chapter 4, we will introduce the idea of modules over more general
truncated polynomials and how to construct a ”faux” tensor product once we lose
the coalgebra structure of A. In the rest of this section, we will list lemmas and
propositions that will allow us to find the representation matrices of M ®; N, given
the representation matrices of M and N.
Lemma 1.5.1. Let T : U — V and T" : U" — V' be linear maps of vector spaces over

a field k. Suppose the rank(T) = r and rank(T") = s. Then the rank(T ®; T") = rs.

Proof. Note that the r = dimg(ImT") and s = dimg(Im 7”). Let Br = {ey,...,e.} be
the k-basis for In 7T and By = {fi,..., fs} be the k-basis for Im7". Consider the
set B={e1® f1,...,e1® fs,ea® f1,...,ea® fs,...,6, @ f1,...,e, @ fs}. Note that
|B| = rs = rank(7T) - rank(7"). We want to prove that B is a basis for Im(T ®; T").

Note that for any v € U and v’ € U’, we have that (T @ T")(u @ v') = T'(u) @ T'(v).

13



Note that T'(u) = > i_, ae; and T"(u') = > 7, b f; where all a;,b; € k. So we have

that

(T@p T (w@u') = T(w) @ T'()

(Z aiei) ® (Z bjfj) =Y > abile®f;)

i=1 i=1 j=1
which shows that B spans Im(7 ®; T"). Since B spans Im(T ®; T") and |B| =
rs = dimg(T ®; T"), it follows that B must be a basis for Im(7T ®; T"). Therefore,
rank(7T @ T') = rs. O

Definition 1.5.2. If A = (a;;) is an m x n matrix and B = (b;;) is a p X ¢ matrix,

then the Kronecker Product A ) B is the pm x gn block matrix

CLHB Ce alnB
AR5 -
amB ... amnB
anbu a11b12 e allblq el e alnbn alnblg e alnblq
CL11b21 a11b22 Ce anbgq el e alnb21 alanQ . alnb2q
CLprl anbpg . anbpq el e alnbpl Cl,lnbpg c. alnbpq
am1b11 am1b12 c G,mlblq el e amnbll amnb12 c. amnblq
am1b21 am1b22 ce a,mlbgq el amnbgl amanQ c. amnbzq
Am1 bp1 amlbpg c. amlbpq e e amnbpl amnbpg e amnbpq

14



Consider a linear transformation 7' : k™ — k™ that is represented by A, an
n x m matrix. Now consider 7" : k™ — k" that is represented by B, an n/ x m/

matrix. We have the linear transformation T'® T" defined by
TRT k" @k™ = k" @ k"
v w i T(v) @ T (w)

for all v € k™ and w € k™. Let {vy,...,v,} be the standard basis for k™ and
{wy, ..., wy} be the standard basis for k™. Then the standard basis for k™ @ k™ is
{vi@w; |1 <i<m,1<j<m'}. We call this the lexicographic order of this basis.
Suppose that

aiy ... Qip bii ... by
A=+ - : and B =
Aml --- Qmn b1 ... by
The question we ask ourselves is what is the matrix representation for 7" ® T'7
For k™ ® k™', consider using the basis that is in lexicographic order. Note that
(TRT") (v, ® wy) =T (v,) @ T (w,) for every base element v, ® w,. Let {v],...,v),
be the standard basis for " and {w/, ..., w!,} be the standard basis for &”'. Then

the standard basis for k" ® k™ in lexicographic order is {v} @ w}, ..., v} @ wl,, vh ®

!/ !/ !/ !/ / / /
Wi,y Uy QWL v, @wl, . v, @w!,}. Note that

(T T (v, @ w,) = T(vp) @ T (wy)

— <i aipvg> ® ("Z biqw;>
i=1 j=1
=D D aibjev; @ wh).

i=1 j=1

Let C be the matrix representation for T'® T”. Consider v; ® w,. Note that

(T X T/)(Ul X U)l) = Zz&ilbjl('l}; X w;)

i=1 j=1
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Taking (T'® T")(v; ® w; ) represents the first column of C'. Since our basis for k" @ k™

is in lexicographic order, the first column of C' will be

a11b11

a11b21

1101

Am1b11

Am1b21

amlbm’l

What if we wanted to look at the ¢/ column of C'? Notice that we can rewrite ¢ as
¢ = (p—1)n" + q for the respective v, ® w, element, i.e., (T'®T")(v, ® w,) represents

the (p — 1)n’ + ¢ column of C. So the ¢! column can be written as

&1pb1q

&1pb2q

alpbm/q

ampblq

ampbgq

Clmpbm/q

16



Since we have all of the columns of C, we can see that

allbll a11b12 ce allbln/ e e alnbll alnblg Ce alnbln/
a11byy anba ... anbayy ... ... apby A1nbe .. aipboy
anbpl aubng Ce anbm/n/ Ce Ce alnbmq alnbmlg e alnbm/n/
C =
Am1b11 Amibiz ... Amibyy o 0 Gmpbi Arnbi2 oo Qpnbin
Am1ba1 Amibae .. Qpabay .. o0 Gmpba mnb22 ... Qmpbop
Am1 bm’l amlbm’Q <. CLmlbm’n’ cee e amnbm’l amnbm’Q o amnbm’n’

which is equal to A @) B. This tells us that the matrix representation for T'® T” is
AQ B.

Definition 1.5.3. Let T': U — V be a linear map of vector spaces over a field k. If
A is the matrix of T relative to some pair of ordered bases, then the rank of T is
equal to the rank of A.

For an A-module M, Proposition 1.4.3 suggests that the rank of its representa-
tion matrix of u, determines its freeness over k[u,|. Thus, it would be beneficial to
understand how to find the rank of the Kronecker product of two matrices. The next
lemma provides that.

Lemma 1.5.4. Let A be a n X m matriz with rankr and let B be a p X ¢ matrizc

with rank s. Then rank(A @) B) = rs = rank(A) rank(B).

Proof. Suppose there exists linear maps 7', 7" such that A is the matrix of 7" relative

to some pair of ordered bases and B is the matrix of T” relative to some pair of

17



ordered bases. Then by Definition 1.5.3, we have that rank(A) = rank(7") and

rank(B) = rank(7"). Therefore, we have that

rank(A ® B) =rank(T @ T") (Definition 1.5.3)
= rank(7T) rank(7")
= rank(A) rank(B) (Definition 1.5.3).

1.6 Group Algebras and Hopf Algebras

This section will include definitions of group algebras and Hopf algebras. We
will use these definitions to describe the group algebra and Hopf algebra structures of
A in Chapter 2. For this section, we will let k& be a field with identity 1. Definitions
for group algebras are supplied by [11] and [12].
Definition 1.6.1. Suppose G is a group with identity element 1. The group algebra kG
is the set of all finite linear combinations of elements of G with coefficients in k. The

elements of kG are of the form

argr + -+ amGm

where a; € k and ¢g; € G for all t = 1,...,m. This element can also be written as

> agg,

geG

where a, = 0 for all but finitely many elements g. Addition and multiplication in kG

are given by

Z agg + Z bgg = Z(ag +bg)g

geG geG geqG
<Z %9) (Z bhh> =Y (aghn)(gh)
gelG heG g€eG heG

for all a,4,b,,0, € k and g,h € G.
18



Definition 1.6.2. A k-algebra is a k-vector space with two linear maps

m: AR A— A

uik— A

such that the following diagrams commute:

A@kA(X)kAM AR A

lid®m lm

Ay A —— A

and
AR, A

ke, A 2 ARk

S

where s denotes scalar multiplication.
Definition 1.6.3. A k-coalgbera is a k-vector space, C', with two k-linear maps,

A (coproduct) and € (counit), with
A:C—-C®,C and €e:C —k,

such that the following diagrams commute:

C—2 L 0®,0C
lA lid@A

C@pC 2% 0@, Co.C

and

k®k0<—0®kcﬂ>0®kk

\T/

where 1 ® _ is the map =z — 1 ® .
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Definition 1.6.4. A k-algebra homomorphism is a ring homomorphism that is
also a k-module homomorphism. [Definition 7.3 [11]]
Definition 1.6.5. Let C' and D be k-coalgebras. A linear map f : C' — D is a

k-coalgebra homomorphism if the following diagrams commute:

c—~L b

|8 |8

O®kCMD®kD

and

I

C D
‘kc ~kD
k +—— k

Definition 1.6.6. A bialgebra A is a k-vector space, A = (A, m,u, A, €) where
(A, m,u) is an algebra, (A, A, €) is a coalgebra, and both of the following conditions
hold:

1. A and e are algebra homomorphisms

2. m and u are coalgebra homomorphims.
Definition 1.6.7. Let A = (A, m,u, A, €) be a bialgebra. Then a linear endomor-

phism S from A to A is an antipode for A if the following diagram commutes:

A@kA m)A( A@kA

m

id®ST uoeT S®idT

A@pA+—— A A, AR A

Definition 1.6.8. A Hopf Algebra is a bialgebra with an antipode.
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CHAPTER 2
Translation to Truncated Polynomial Rings

This chapter will focus on describing the coalgebra and Hopf algebra structures
of A, so we can understand the structure of tensor products of A-modules. In
particular, we will use these structures to determine how to build the representation

matrix for a tensor product of two A-modules.

2.1 Group Algebra and Coalgebra Structures of A

In section 2.4, we will show the properties that make A a Hopf algebra. For
this section, we will focus on the coalgebra structure of A. To do this, we need to
describe the group algebra structure of A. The next lemma will allow us to do so.
Lemma 2.1.1. Consider the multiplicative group G = (g1) X - - - X (g,,) where |g;| = p
for each i =1,...,n. Denote kG as the the group algebra where char(k) = p. Then
kG = A as k-algebras.

Proof. Let ¢, : kG — A be defined by ¥(g;) = z; + 1 for each i = 1,...,n and
extended by linearity. We will show that v, is a k-algebra isomorphism. Note that
¥y is well-defined since we sending each generator of kG to a generator of A. It is
clear that v is a k-algebra homomorphism by construction. Now we want to show
that v, is onto and one-to-one. Note that {z!'--- 2/}, where the powers run from 0

to p — 1, is a k-basis for A. Note that

Ullgn = 1) (g0 = D) =l eal
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by construction of iy, so every element of A has a preimage in kG. Thus, 1 is onto.
Note that dimy(kG) = p" = dimy(A), so it follows that ker(¢) = {0}. Thus, 1, is

one-to-one. Therefore, we have that kG = A as k-algebras. ]

Suppose 5 : A — kG is defined by ¥y(z;) = g; — 1 foreach i = 1,...,n. It is
important to note that 1, = 15 *. We want to determine a suitable coproduct map,
A:A— AR A, to see how an element in A acts on A ®;, A. For this, we need the
following diagram to commute:

A—" kG

[ s
Pa® 2

AR A — kG @ kG
so we need
(o @ thy 0 A)(a} -~ xir) = (Ao hy) (2l -+ ap).

Note that

(Aodh)(zi - ay) =A((gr = )" (ga — 1))

Il
® PN
-~
~_
—
Na}
=
®
Na}
—
S—
Ry
T
—
®
—
~.
]
.
g
VR
—
~_
—
Ne}
3
®
Nat
3
S~—
.
n
—_
®
—_
S—
2
|
<

By using vy ®g 11, we can see that

Azl air) =) @ty ((91@91—1@)1)“"'(%@%—1®1)i")
=(m+D)@@m+1) -1 (2, +1)® (z, + 1) — 1@ 1)™

=1 +5@1+2,02)" - (101, +2, @1+ 1, @1,)""
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In section 2.4, we will show that A : A — A ®; A defined by A(z;) =
1®x;,+2;, ®1+ x; ® x; is a suitable coproduct map when extended by linearity. In
[7], Carlson utilizes a usual coalgebra structure for our truncated polynomial, where
the coproduct map is A’ : A - A ®; A defined by A'(z;) =1 ®@ x; + 2; ® 1. We will

focus on the differences of these diagonal maps in Chapter 3.

2.2 Tensor Products of A-modules and their Representation Matrices
Suppose we have two A-modules M, N. Once we understand the structure of
these two individual A-modules, we then investigate the structure of M ®; N. In [7],

Carlson proves that

V(M & N) = V(M)NV(N)

for any modules M, N over an elementary abelian p-group. We translate this to a
similar statement for modules over A. To show this, we must understand how to
form a tensor product for A ®; A, i.e., how each x; acts on A ®, A. For this, we must

show that (A, A, ¢€) is a k-coalgebra. The definition for this is provided in section 2.4.

Now we will look at some examples of the representation matrices of certain

tensor products. To do this, we must define
i=1
= Z NiA(x;) (A : k — linear)
i=1

i=1

= il@)\i$i+i)\il’i®1+i)\ﬂi®xi
i=1 i=1 i=1
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:1®u>\+u,\®1+2)\ixi®xi.

i=1
Example. Let A = klxy, 15]/(2%,23), My = (11), My = (z2) and M3 = (21, 72). Re-
call that the k-basis for My, My and M3 are {xq, x 22}, {xe, x122} and {x1, 29, 2122},

respectively, so we have that

0 0 0
0 0 0 0
|:U)\:| = ) |:U)\:| = and |:U)\:| =10 0 0
My Ao O M A O M3
A A 0

Note that

Aluy) = M1@21+ 21 Q14+ 21 @x1) + Al @22+ 22 @ 1 4 22 @ x2).
(1) Consider M = M; ®; M,. The k-basis for M, in dictionary order, is {z; ®
T, X1 @ T1T2, T1Ty ® To, T1X2 @ T122}. So we have that
Aup)(z1 ® x9) = A (21 @ 122) + Ao (122 ® T9)
Aup) () @ 1122) = Ao(2122 ® 129)
Aup) (2172 ® T9) = A (2122 @ 2129)
A(uy)(x1e @ T129) = 0.

Thus, we have that

0 0 0 0

M 0 0 0

),
Mo {X 0 0 0
0 A A O

(2) Consider M = M; ®; Ms. The k-basis for M, in dictionary order, is {z; ®

T1, 1 @ T, T @ T1X9, T1T2 @ T1, T1Te & To, T1T2 @ T1T2}. S0 we have that

Aup)(r1 @ 1) = Ao(x1 ® 122 + 122 @ 71 + 1129 ® T129)
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Auy) (1 @ x9) = A\ (11 ® T122) + Ao(T129 @ T9)
Auy) (1 @ 122) = Ao(2122 ® x129)
Auy)(z129 @ 1) = Ao(T122 ® x129)
Aup)(T122 @ T2) = A\ (1122 ® x129)

A(U)\>($1$2 & SL’1IQ) = 0.

Thus, we have that

0O 0 0 0 0 O
0O 0 0 0 0 O
XA 0 0 0 O
[4]..-
M A 00 0 0 O

/\2 O /\2 /\2 )\1 0

(3) Consider M = M3 ®; Ms. The k-basis for M, in dictionary order, is {z; ®
T1, 21 QTa, T1 QL1Ta, LTa® X1, Ta®To, Lo T1T2, T1T2 @ T1, T1X2 DT, T1T2 QLT }.

So we have that

Auy)(z1 @ 1) = Ao(11 ® 172 + T122 @ 1 + T1T2 ® T123)
A(up) (1 ® x3) = M (21 @ 2122) + Ao (2122 ® 22)

Auy) () @ 2129) = No(1179 @ 175)
Auy) (e @ 1) = M (2172 @ 1) + Ao(T2 @ x179)

Aup) (T2 ®@ x9) = A (22 @ 122 + 122 @ Ty + 1129 ® T1X9)
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Auy) (2 @ 122) = A\ (2172 ® x129)
A(U)\)<£IZ'1QI2 &® 1'1) = )\2(1'1.%’2 & 3311'2)
Aup) (2172 ® 29) = A (2122 @ 2179)

A(uy)(r1xe @ T129) = 0.

Thus, we have that

-0 0O 0 0 0 0 0 O 0-
0o 0 0 0 0 0 0 0 O
X A 0 0 0 0 O 0 O
0o 0 0 0 0 0 0 0 O
{u,\} =({0 0 0 O 0 O 0 0 O
M
0 0 0 X XA O O O O
A 0 0 X O 0 O 0 O
0 X 0 0 X O O 0 O
Ao 0 A 0 A A A A O

2.3 Representation Matrices of Tensor Products of A-Modules
In the last two sections, we were able to determine the structure of tensor
products of A-modules and look at some examples of their representation matrices.
In this section, we will generalize what the representation matrix of uy for M ®; N is,
n
given the representation matrices of uy for A-modules M and N. Since uy = Z iy,

=1
it suffices to understand the structure of the representation matrix of x; over M ®; N.

For this, we need the following lemma:
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Lemma 2.3.1. Suppose M and N are A-modules with dimy(M) = dy and dimy(N) =

dy. Then for alli=1,...,n, we have

=B o] @t o] © ]

with respect to the k-basis of M ®y N in lexicographic order, where Q) represents the

M N

Kronecker product.

Proof. 1t suffices to show the equality holds for just one variable since we can
reindex later. Fix i. Suppose M has the k-basis {vy,...,v4,} and N has the k-basis
{wy,...,wg,}. Then a k-basis for M ®; N in lexicographic order is {v; @ wy,...,v; ®

Welyy -+ 5 Vay @ W1, ..., V4 @ wg,}. Consider the following k-linear transformations:

Ty : M @, N — M ®, N defined by T (v; @ wy) = (1 @ x;) - (v; @ wy) = v; @ z;wp
T2 . M@k N — M®k N defined by Tl(’l)j ®w€) = (331 &® 1) . (Uj ®1Ug) = T3V; & wy

T5: M ®, N = M @ N defined by T3 (v; ® wy) = (; @ ;) - (v; @ wy) = zv; @ Twy.

We can see that the matrix representation for 71 is Iy, @ |z;| ., the matrix represen-
N

tation for 75 is [%] Q) I, and the matrix representation for T3 is [%1 X [Ill )
M N

M
Note that T' = T +T5+ T3 is also a k-linear transformation on M ®; N and is defined
by

T(v; @ we) = A(z;) - (v; @ wy).

It is also clear that the matrix representation for 7T is

TIRER-R-1

N

n
From here, since uy, = E Aix;, it is clear that
i=1

Bl
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for any A-modules M, N. One of the goals of this paper is to determine the decom-
position of M ®; N when restricted to k[u,]. We can do this by finding the Jordan
normal form of the representation matrix of u, for M ®; N. In section 1.3, we formed
a decomposition theorem for modules over R = k[X]/(X?). Since we have that
kluy] = R as rings, we can use the decomposition theorem and treat each D; = R/(x?)
as k[uy]. Note that a k-basis for D; is {1,z,..., 2P~ '}, so the representation matrix
of x for D; is of size i x i where there are 1’s on the subdiagonal and 0's everywhere
else. Notice that these matrices have the structure of Jordan blocks with 0 as the
lone eigenvalue. Throughout the paper, we will refer to these blocks as Jordan blocks
and denote them as J;, where i represents the size of the Jordan block. The question
we ask ourselves is how much information do we need to determine the Jordan normal
form of a given representation matrix for some A-module M? Integral parts of being
able to determine the Jordan normal form of a matrix is being able to determine its
rank, nilpotency degree and the rank of it’s powers. We will look at some examples
to understand why this is the case.

Example. Suppose there are k[z]/(aP)-modules M, N with the following representa-

tion matrices:

0000 0000
1000 1 000

.- i |o], =
M 0000 N 0100
0010 0000
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It is clear to see that both matrices have rank 2. However, their nilpotency degrees

will be different. Note that we can write the matrices as

0 0l0 0 0 0 0]0]
100 0 10 0|0
- -
M o olo o ~ o1 o0lo
00/1 0 0000

The nilpotency degrees of the biggest Jordan blocks will end up being the nilpotency
degree for the representation matrix. So from that, we have that nd(M) = 2 and
nd(N) = 3. From looking at these two matrices and their Jordan blocks, we can see
that

M = k[x]/(2?) ® k[x]/(2®) and N = k[z]/(2®) D k.

Clearly, these decompositions are different but with both action matrices having
the same rank. What if they also have the same nilpotency degree?

Example. Consider the following 8 x 8 representation matrices:

00 0O0]0 O0O0]0 00 0O0]0 0|0 O
100 00 0 00 100 0[(0 0]0 O
01 0 0[]0 0 010 01 00[00]0 O
0010]0O0O0]|0 001 0[]0 0]0O0
.- s [].-
M 00 0O0]0 O0O0]0 N 0 00 0|0 0 0
0 0 1 00 0 00 O0]1 00
000 O0]01O0]0 00 0O0]0 0|0 O
00 0O0]0 O0O0]0 00 0O0]0 01O
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Note that both matrices have rank 5 and nilpotency degree 4 since their biggest
Jordan blocks both have nd = 4. However, over k[z]/(aP), we can clearly see from

the Jordan blocks that
M = k[z]/(2*) @ k[z]/(z*) @ k and N = k[z])/(z*) © k[z]/(2?) @ k[z]/(z?).

Here we see that the representation matrices for M and N have the same nilpotency
degree and rank, but M and N have different decompositions over k[z]/(z?). So it is
not enough to simply have the same ranks and nilpotency degrees to determine if
two modules have the same decomposition over k[z]/(z?). Notice that as you look at

the powers of the representation matrices, the ranks will differ. We have that

00 0O0]0O0O0]0 00 0O0]0 0[O0 O
00 0O0]0 O0O0]0 00 0O0]0 0[O0 O
100 00 0 0/0 100 0[O0 0[O0 O
01 00[00O0]|0 01 0 0[0 0[0 O
.- w4,

M 00 0O0]0O0O0]0 N 00 0O0[0 O
00 0O0]0 O0O0]0 0 00 0 0
00 0O0]1 0O0]0 00 0O0]0 00O
00 0 0[]0 O0O0]0 00 0O0]0 000

Note that {ﬁ} have rank 3 and {ﬁ] have rank 2.

The quest]ivc[)n we ask ourselves is d(]>V we have enough to determine if two modules
have the same decomposition over k[x]/(z?) if they have the same nilpotency degrees
and all of the powers of their representation matrices have the same rank? We will
answer this question with the following lemma:

Lemma 2.3.2. Let A = k[z]/(aP) for some p. Suppose M and N are A-modules
such that dimy(M) = dim(N) and rank([z']y;) = rank([2%]y) for eachi=1,...,p

and . Then M = N over k[z]/(xP).
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Proof. Since rank([z']y;) = rank([z']y) for each i = 1,...,p, it follows that the

representation matrices of z for M and N must have the same nilpotency degree. Let

mq—1

d < p be the common nilpotency degree. Write M = D@ D, " &---& Dy & D™
and N = D¢ @ D) ' & --- @& Dy? & D' where each D; = k[z]/(2') and i < d. We
want to show that m; = n; for each 2 = 1,...,d. Let J; be the Jordan block that
represents the representation matrix of x for D;. Each J; block has rank ¢ — 1. Note

that ; ;
rank([z]5) = Zmi(z' —1) = Zn(z — 1) = rank([z]y).

From this, we can see that

d d

> omi(i—1) = ni(i—1) =0

i=1 i=1

which implies that
d

> (mi—n)(i — 1) = 0.

=1

Now consider [z%]); and [z?]y. Since the rank of each J; block is already 0, it is
not affected in the overall representation matrices when we square them. Note that
xD, = D,_1, so the rank of a Jordan block will decrease by one when we multiply
our representation matrix by [x]ys as long as our Jordan block was not equal to Jj.

This implies that

> (mi—mni)(i—2) =0

=2

since
d

rank([22] ) = Zmi(i —2) = Zn(z —2) = rank([z?]y).

In general, for any [2']y or [z']x, any Jordan block J; for any j < i will have rank 0.

Thus, we can see that

rank([27]y) = Zml(z —J)= an(’l — j) = rank([2’]y)
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which implies that
d

Z(mz‘ —n)(i—j)=0

forall j=1,...,d. By letting 7 = d — 1, we can see that

0= (my=n;)(i=d+1) = (ma_1—ng_1)(d—1=d+1)+(mg—ng)(d—d+1) = mg—ng

J
which implies that mgy = ng. By letting j = d — 2, we can see that my_1 = ng_1 since
mq = ng. We can continue this process to show that m; = n; for all i = 2,...,d. It

remains to show that m; = ny. Recall that dimy (M) = dimg(N) and dimg(D;) =i

for each 1 < i < d, so we have that
d d
dimg (M) = Zmii = Zn,z = dimy(N).
i=1 i=1

Note that Since we know that m; = n; for all i = 2,...,d and dimy(D;) = 1, it is

clear to see that m; = ny. Therefore, M = N over k[Az] for any nonzero A € k. [

Now we want to talk more about these Jordan blocks that we labeled as J;.
Let A = k[X]/(XP) for a prime p and char(k) = p. Then the only possible Jordan
blocks we have are Jy,Js,...,J, where J; is the Jordan block representation for
D; = k[uy]/(u}). Each J; block is an i X ¢ matrix with 1’s on the sub-diagonal and

0's everywhere else. For example, we have

000
00

J1=10],J, = Js=11 0 0
10

010

and so on. Note that the rank of a J; block is ¢ — 1. Consider A-modules M and N.

Note that M and N can be decomposed as

M = é Dy
1=1
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and
p
N= Dy
=1

where each m;, n; is a nonnegative integer. Then we have that

M®N = <éD;m> ® (@D;“) .

i=1

To break this down, we want to be able to determine what the decomposition for

D; ® D; looks like for some arbitrary ¢, j < p. We refer to this as the Clebsch-Gordan

problem [10] for k[x]/(z?) in Chapter 3.

2.4 Hopf Algebra Structure of A

It is well known that A is a Hopf algebra, so this section is dedicated to deriving

and describing the properties that make A a Hopf Algebra. Recall that the set

{z{"--- 2%}, where the powers run from 0 to p — 1, is a k-basis for A. So we define

the maps, extended by linearity, as follows:

m:A® A — A defined by

?, / 0 +0 /
xfl xff ® z xf;l — x 1~~:cf;"“n

u: k — A defined by
1, — 14
A:A— A® A defined by

14

xlf---xn"|—>(1®x1+x1®1+x1®x1)zl---(1®wn+xn®1+xn®wn)én

€ : A — k defined by

1qg+— 14

2 zf — 0 when 1 < ¢; < p — 1 for each ¢
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S : A — A defined by

n p—1 £
g — H (Z(—l)sxj)
1=j

s=1
First, we want to show that (A, m,u) is a k-algebra. For m, we want to verify

that
ARARA ™ A A

Jem  |n

m

ARA ——— A

commutes, i.e., showing that

(m le) m®1d)($211 “ e x;"@x{l e x%"@x}fl “ e xh’") — (m le) Id ®m)(a’;zll . 'Iiln®${l R 1;-7"@1;}111 .

n n

Note that

it Il ] hi . .h — 2 W A hi . .k

(m e} m®Id)(m1 :1:,{1 ®$1 Z'n” ®3?1 LE.”) m(xl Jlnn " ®$1 x n)
i1+j1+h1 in+in+h
ml ”'xn n n

and

. 4 , 4 N N , , o .
(m o Id@m)(ey - oy @ay' - ar @yt - -ayt) = m(ah - ooy @y Tt

Y o
_ x211+J1+ 1, x;n"l‘]n‘i‘hn.

For u, we want to verify that

A®, A

u®id
m
id®u
s A <

k®p A & A @k

S

commutes, i.e., showing that

mold@u(z} - 2" ®1;) =mou®Id(l @ 2 - - - zn).
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Note that
mold@u(zl - 2 @ 1) =m(z? - ar @14) = - ain 1y =2t aln
and

mou®Id(ly®@a% ---an) =m(la@al - a) =1, -2 - 2in =22 - i,

Now we want to show that (A, A, €) is a k-coalgebra. For A, we want to verify

EN| a

ARA+—F— 4

commutes, i.e., showing that
(A®1Id o A)(2! ---2) = (Id®A o A)(zl---aim).

n

Note that

(A®Id)oAr;) =(AId)(1®zj+2;®1+2; ® ), (1)
which is equal to
191®2;+2;01R1+1Q2,;®@14+72;Q02,;Q1+2;01Qx; +1Rx; Rx; +1; Q1) @y,
and

(Id®A) o A(z;) = (IdRA) (1@ z; +2; @ 1 + x; ® ), (2)
which is equal to
I®r;R1+101Qr;+1Q02;Qr;+2;®1Q14+2;01Q2,;+1QT;Qr;+1; dx; ®x;j.
Since (1) and (2) are equal, we can use this fact to show that

(A®Id o A)(ah - 2i) = (A ®1d) H1®$j+xj®1+xj®xj)ij
Jj=
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I
=

AQIN[(1®@z;+2;®1+2; ® x;)Y]

<.
Il
—

I
—=

.
Il
—_

(dRA)(1Qz;+2; @1+ 2; ® :)sj)]ij (2)

I
=

<.
Il
-

=

<.
Il
-

H 1@z +2; @1+ ;@ ;)Y
=1

= (Id®A o A)(zl---zi).

(Id®A)

For €, we want to show that

k@km—A@kA%A@kk

\T/

commutes, i.e., verifying that

n

and

(c@1d o A)(&l - ain) = 1@ gl - gin.

Note that

(Id@e o A)(af---alr) = (Idee) [[A @) + 2, @ 1+ a5 @ 2;)"
7j=1

I

(d@o)[(l@w; +2;® 1+ ;@ a;)"]

<
I
—-

I

(@)@ +281+z )]

<
Il
—
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and

—
—
®
&
+
&
®
—_
_|._
&
®
&

(e®Id o A)(zlt---2) = (e®1d)

= [ @)

=1®az -

n

By the definition of the maps above, it is clear that A, e are algebra homomor-
phisms and m, u are coalgebra homomorphisms, so A is a bialgebra. Now we want to

show that S is an antipode for A. This means showing that

A ®k A m s A < pos A ®k A

1d®S UOET S®id
R

A ®k A < A A s A ®k A

commutes. For S, we have that
uoe(ly) =u(ly) =14

and
woe(ay - ay) = u(0) =0
when i; > 1 for all j =1,...,n, so we want to verify the following:
moS@IdoA(lA) = 1A
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moS®IdoA(zl - an) =0 (i; > 1)

n

moId@SOA(1A> == 1A

mold®S oAzl ---ain) = 0. (i; > 1)
Note that
moS®IdoA(ly) =moS®Id(1®1)
=m(l®1)
=1
and
mold®SoA(ly) =mold®S(1®1)
=m(l®1)
=1
Now we verify the other two compositions. Assume i; > 1 for all j =1,...,n. Then

moS®IdoA(z -2y =moS®Id

H<1®xj+xj®1+$j®$j)ij
j=1

moS®Id(1®a; +7;® 1 +a; ® ;)]

Il
=

W.
=

[m(S(1) @ z; + S(z;) ® 1+ S(x;) ® x;)]"

- <1 5 + (’i(—m;) ®1+ (i(—mz’f) ®xj>

I
=

.
I
=

L

I
—=

j=1 s=1 s=1
n [ p—1 p—1 ij

= |+ 205 + 3 (-1
j=1 L s=1 s=1

|
=

p—1 p—1 ¥
T — 1+ Z(—l)sxj — (—1)5“36;7“]
s=2

38

<.
Il
—



and

mold®S o Azl - - ai)

I Il |
=

E:

e

s

Il : 3 |l I
— —_ NN

<.
Il
—

.
Il
—

{:]3

=mold®Ss

H(1®ZL’J+$J®1—|—3}]®$J)"J
=1

mold®@S(1 @z, +1;® 1+ z;®x;)]"

[m(z; @ S(1) +1® S(z;) + z; ® S(x;))]”

m (f’fj R1+1® (pz:(—l)s

s=1

5+ Z(— Z

xj+z
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CHAPTER 3
Clebsch-Gordan Problem for k[X]/(X7?)

3.1 What is the Clebsch-Gordan Problem for k[X]/(X?)?

The Clebsch-Gordan Problem (CGP) provides formulae that have many applica-
tions in mathematics and physics. This problem has been solved for various classes of
algebras, particularly in Lie algebra theory. We first came across this problem in [10],
where the problem is studied for the algebra k[X]. Recall that k[u,] = k[X]/(XP?), so
we simplify our problem to solving the decomposition over R = k[X]/(X?). Consider
two R-modules M and N. Knowing the decompositions of M and N over R, we aim
to derive the decomposition of M ®;, N over R. The fundamental theorem for modules
over principal ideal domains gives a decomposition theorem for modules over R. Let
D; = R/(z") fori=1,...,p. We see that D, represents all of our indecomposables

over R. Given two R-modules M and N, we have that
MgD;nl@D;W@...@Dglp
N'EDF@D?@---@D;”

for some nonegative integers my, ..., mp, n1,...,n,. Note that M ®; N is an R-module,

so it will have a decomposition as well, i.e.,
M@y N=D!'@® D3 & D,

The goal is to see if /; can be determined if we know each m;, n;. Since tensor products
commute with direct sums, it suffices to understand how D; ®;, D; decomposes for

some arbitrary ¢, 7 < p. This is mentioned in [10] for the polynomial ring k[X].
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3.2 Using Representation Matrices to Solve the Clebsch-Gordan Problem

To understand better how D; ®; D; decomposes over I, we use their representa-
tion matrices. Equivalently, we aim to find the Jordan Canonical form of the represen-
tation matrix of « for D; ®; D;. Due to the Hopf algebra structure of R, we determined
that the diagonal map A : R — R®j R is defined by A(z) = 1@z +2® 1+ 2 x.

When translating to representation matrices, we see that

D;®rD;

where J; represents the ¢ x ¢ Jordan block with sole eigenvalue 0 and ) represents
the Kronecker product. By finding the Jordan Canonical form of this matrix, we can
determine the decompositon for D; ®; D; since each J; will correspond to D;. In [7],
Carlson talks about a common diagonal map that is also used for A}. The diagonal
map he provides is A'(z) = 1 ®; = + = ®; 1. When translating to representation

matrices, we see that

D;®).Dj

The goal is to compare these diagonal maps and see if they result in different
decompositions. The ¢ = 1 case for both diagonal maps is trivial, i.e., D; ® D1 = D;
for any ¢« = 1,...,p. The ¢ = p case tells us that if we tensor a free-module with
another module, we get a free module back, i.e., D, ®; D; = D]JJ' forany j=1,...,p.

We will expand on this in the next section.

3.3 Criteria for k[X]/(X?)-modules to be free

We want to examine when the tensor product of two R-modules are free.

Suppose M and N are R-modules. Since we are working in one variable, then from
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earlier in the section, there exists nonnegative integers my,...,mp,ny,...,n, such

that
M%DTI@...@D;%
N=D"®---@®Dyr
where D; 2 k[u,]/(u}) fori = 1,...,p. From here, we aim to determine when M ®; N

is free, in particular, do we have that
M @y, N = Dy

for some positive integer £,7 Since tensor products commute with direct sums, it is

equivalent to determining the conditions on ¢, j such that
D; ®; D; = Dy

We can also ask the same questions using ®}. From here, we can gather the following
proposition:
Proposition 3.3.1. D, ® D; = D} and D, ®) D; = D} for any j=1,...,p

This is a known fact for modules over Hopf algebras, but we will use represen-

tation matrices and dimension to prove it.

Proof. Let M = D, ®; D; for any j = 1,...,p. By Proposition 1.5.1, we know that
M is free if rank([z]y) = (p—1)j. By Lemma 2.3.1, we have that the following p x p

matrix with 7 X j square matrices as entries:

L+J; J;

[$]M:IP®JJ+JP®IJ+JP®J]: ’ ! ’
0
0 Li+J; J;
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We know that the maximal rank of this matrix is (p — 1)7, so it is sufficient to show

that the minimal rank of this matrix is (p — 1)j. Consider the submatrix where you

remove the first j rows and the last j columns, then we have

L+J; J 0
0 I+,

Jj
0 0 L

I claim that this matrix has full rank. Consider the submatrix

|:[j + Jj Jj:| .

Note that using a series of elementary row operations, we can get the matrix

[[j f(—mﬂjj’?] :

r=1
j—1

Let J; = Z(—l)r_lJ;-". So we have that
r=1

L+J; Jj 0 LoJ
%
Jj
0 L+, 0

which is an upper triangular matrix with 1’s on the diagonal. Thus, it has determinant

1, which implies it has full rank. Therefore, the rank of [z]y is (p — 1)j.

Now we show the proof for ®.

43



Let M = D, ®;, D; for any j =1,...,p. By Proposition 1.5.1, we know that
M is free if rank([x]y) = (p — 1)j. So we have that the following p X p matrix with

J X j square matrices as entries :

J; 0 0
I; J;
[x]p =
0
0 - I J

We know that the maximal rank of this matrix is (p — 1)j, so it is sufficient to show
that the minimal rank of this matrix is (p — 1)j. Consider the submatrix where you

remove the first 7 rows and the last j columns, then we have

Ij Jj O
0 ]j

Jj
0 - 0 I

which is a square matrix of size (p — 1)j X (p — 1)j. This matrix is of full rank since
it is upper triangular and has all 1’s on the diagonal. Thus, the minimal rank of [z],
is (p —1)j. Therefore, we can conclude that the rank of [z]y; is (p — 1)j. This tells us
that there are j Jordan blocks in the decomposition of M, so it immediately follows

that each Jordan block is a J, block. Therefore, we have that
M = D, @), D; = D,

]

From here, we get an immediate corollary for tensoring an arbitrary A-module

with a free A-module when restricted to k[u,].
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Corollary 3.3.2. Suppose M and N are R-modules. If M or N is free, then M @ N
is free and M &), N is free.

Proof. This proof will heavily rely on dimension and use of tensor products with
direct sums, so we will prove it holds for ®; without a loss of generality. Assume M

and N have the following decompositions:

M = é Dy
i=1

N = é D}’
j=1

where each m;, n; is a nonnegative integer. Without a loss of generality, suppose M

is a free-module, that is, m; =0 for all7=1,...,p — 1 and m, > 0. Then we have
p .
M @, N = D' @ (@ D}“)
j=1

p
= DDy @ DY)
j=1

mp p
~ Jn;
=D Do

i=1 j=1

which is a free module. O]

This corollary tells us that if we tensor a free module with another module, we
get a free module. The question we now ask ourselves is if we tensor two non-free

modules, can we still get a free module? In particular, can we have a scenario where
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1,7 #pand D, ® D; = Df;” for some positive integer ¢,7 Suppose that i # p and
j#p. f M = D,; ® D;, note that dimy(M) = ij. We want ij = pl,. This means
that p | ij. Since p is prime, we know that p | i or p | 7. This only happens if i = p
or j = p, so we need one of the modules to be free in order to get a free module in
the one-variable case. Since this argument focuses on dimension, it works for ®; and
®}.. Now we want to expand our argument to the following lemma:

Lemma 3.3.3. Let M, N be R-modules. Then M @ N and M &) N is free if and
only if M 1is free or N 1is free.

Proof. This proof will heavily rely on dimension, so we will prove it holds for ®;,.
Then it will hold for ®) as well. Using Proposition 3.3.1, the backwards direction
is clear since tensor products distribute over direct sums. For the forward direction,

suppose there exists nonnegative numbers m;, n; such that

p
M=pDp"
i=1
and
p
N =Dy
j=1
Assume M ®; N is free and M is not free. We want to show that NV is free. Since
M is not free, there exists an ¢ < p such that m; # 0. So we have that D; ®; N is a
direct summand of M ®; N. Since M ®;, N is free, then D; ®; N must be free, which

is only possible if n; =0 for all j =1,...,p — 1 and n, # 0. Therefore, we have that
N is free.

This lemma immediately gives us the following theorem:
Theorem 3.3.4. Let M, N be R-modules. Then M ®y N is free if and only if M & N

s free.
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Proof. Without a loss of generality, assume M ®j N is free. Then by Lemma 3.3.2,
it follows that either M or N is free. By Proposition 3.3.1, it immediately follows
that M ®), N is free. N

3.4 Clebsch-Gordan Problem with A(z) =1®@zr+zr®1+zrzQ
We will look at some examples and results for the decomposition of D; @, Dj,
using the three-term diagonal map A(z) =1z +z2® 1+ 2 ® x.

Example. Consider D; ® D,y. This case is trivial since D; = k so we get that
D1®D2 gk@ngDQ

For a proof that we will need later, it is worth it to note that D; ® D, has the same

matrix structure as Do, i.e.,

[2]pyep, = J1®[2+]1®J2 + J1®J2 =Jy

since J; = [0]. This means that the representation matrix (or the operator 7" : k* — k*
represented by the representation matrix) will have minimal polynomial p(\) = A2

Example. Consider Dy ® Dy. Note that

M =L L+ LR L+ 1) .
D2®D2

A k-basis for Dy is {1,x} so a k-basis for Do ®@ Dy is {1® 1,1 ®@z,2® 1,z ®@x}. We
will label our basis elements {e1, €9, €3, €4} in the standard lexicographic order. We

have A(z) =1®x + 2 ® 1+ 2 ® x so we have the following calculations:

Alz)e; =Az)(1®1)=1Q@r+2rR1 —2r@r=e+e3+ ey
Alz)ea =A)(1®z) =@z =ey
Alz)es =Ax)(zR1) =@z =¢4
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Az)ey = Az)(x @ ) =0.

This gives us the following representation matrix:

00 00

1 0 00
(2] DyoDy =

1 0 00

1 110

Now we want to determine the Jordan Canonical Form of this matrix. Let T'(e;) =

A(x)e; so that

T(e1) =ex+e3+ ey

T(eg) = €4
T<€3) — €4
T(€4) =0

We can also see that

T T T
e1 —~eg+es+es —2e4 —0

so we can use this to form a new k-basis for Dy ® D,. Note that a new k-basis
for Dy @ Dy is {e1,T(e1),T?(e1),es — e3}. From this, we can see that the Jordan

canonical form of our representation matrix is

0000

which tells us that Dy ® Dy & D3 @& D;.
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Another way to look at this is to consider the representation matrix we found

at first: ) )
00 0O
1 000
A= [I]Dz@sz =
1 000
1 110

Consider the operator T : k* — k* represented by the matrix A = [z]p,op,. Let
v; represent the ith standard basis element of k*. Since the only eigenvalue of T
is 0, we need to look at Null(A) to find our eigenvectors. Note that Null(A) =
span{vy — v3,v4}. This tells us that the Jordan canonical form of A will contain only
two Jordan blocks. Also, since our only eigenvalue is 0, the characteristic polynomial
of T is f(A\) = A*. However, since T3(v;) = 0, we have that the minimal polynomial
of T is p(\) = A3. This tells us that our biggest Jordan block of A is J3. Thus, the
only option for the other block is a J; since A is a 4x4 matrix and J; is a 3x3. Thus,

we can see that the Jordan canonical form of A is

(0 0 00
1000
0100

0000

which tells us that Dy ® Dy & D3 @ D;.

Example. Consider D3 ® D,. Note that

[x} :[3®J2+J3®[2+J3®J2-
D3®D>
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A k-basis for D3 is {1,x,2?} and a k-basis for Dy is {1, 2}, so a k-basis for D3 ® D,
s{lelLl®rrel,r@z,2>® 1,22 ®r}. We will label our basis elements in the

following order:

e1=1®1
er=1R®z
es=x®1
es =T Qx
es =22 ®1

eg = z? X x.
We have A(z) =1® x4+ 2 ® 1 — 2 ® z so we have the following calculations:

Alz)e =Ax)(1®1)=1Rr+2rQ@1l —rQ@r=ey+e3+ ey
Alz)ea=Az)(1®@2) =@ x =¢€4
Alz)es=A@)(z@1)=2@r+2°®1 -2 @2 =e4 + €5 + €
A(x)ey = Ax)(z®@2) =2 @z =€

Alz)es = A(x)(* @ 1) =2 @2 = e

A(x)eg = A(z)(2* @ x) = 0.

This gives us the following representation matrix:

000O0O0O0
100

[x]D3®D2 =

—_
—_
—
o o o O
o O O
o o o O




We want to determine the Jordan Canonical Form of this matrix because that will

give us the decomposition for D3 ® D,. Let T'(e;) = A(z)e; so that

T(el) = €9+ €3+ €y

T(eg) = €4

T(eg) = €4 + €5 + €6

T<€4) = €4
T(€5) = €
T(eg) =0

We can also see that

T T T T
€ —>eyteztes —>eg+est+es+eq+eg — e+ eq+eg — 0

so we can use this to form a new k-basis for D3 ® D,. Consider the elements

e1,T(e1), T?(e1), T3(e1). We have that {e1, T(e1), T%(e1), T3(e1), 2, T(e3)} is also a

k-basis for D3 ® Ds. From this, we can see that the Jordan Canonical Form for our

representation matrix is

This tells us that D3 ® Dy = Dy @ Ds.

_O 0 010 O_
10 00 O
01 010 O
0 0 010 O
00 0(0 0
00 01 0

Another way we can verify this is by viewing our representation matrix as

the matrix representation of some linear operator. Consider the linear operator
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T : k5 — kS represented by the matrix A where A = [z]p,sp,. Let v; represent the ith
standard basis element of k®. Since the only eigenvalue of A is 0, we will need to find
the Null(A). Note that Null(A) = span{vy — vs,vs}. This tells us that the Jordan
normal form of A will contain only two Jordan Blocks. Since the only eigenvalue is 0,
we can see that the characteristic polynomial of A is f(A\) = A®. In our previous work
of this example, we showed that T4 (e;) = 0. This tells us that A* = 0 so this and the
characteristic polynomial shows the minimal polynomial of A is p(A) = A*. This tells
us that our biggest Jordan block of A will be a Jy. Since A is of size 6 x 6 and J, is
of size 4 x 4, our other Jordan block must be a J,. This also makes sense because
rank(Jy) + rank(Jy) = 3+ 1 =4 = rank(A).

Example. Now consider D, ® Dy. We can see that a k-basis for Dy ® Dy is

{617 €92, €3, €4, €5, €4, €7, 68} where

e1=1®1
er=1®cz
es=x®1
es=rQx
es =12 ®1

eg = z? X x

er=2"®1

eg = z3 X x.
Then we have the following calculations:

A(z)(e1) = ea + ez + ey
A(z)(e2) = €4

A(z)(e3) = es +e5+ e
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A(x)(eq) = eg

A(r)(es) = eg +e7 +eg

which gives us the following representation matrix:

000O0O0O0OGO0O© O
100 000O00O0
100 000O00O0
11100000
[l psen, =
0 100000
00111000
000O01O0O0O0
00001110

Let T : k% — k® be represented by B = [¢|p,ep, and v; be the ith standard basis
element of £®. Our only eigenvalue of B is 0 so Null(B) = span{vs — v7,vs}. Our
Jordan decomposition of B will contain two Jordan blocks. Note that the characteristic
polynomial of T"is f(A) = A® and T°(v;) = 0 so we have that the minimal polynomial
of T is p(A\) = A°. This tells us that J; will be the biggest block of the Jordan

decomposition of B. Since there are only two blocks in the decomposition and B
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is an 8x8 matrix, it follows that the other block must be a J3. Thus, the Jordan

canonical form of B is

000O0O0|0 00
100 0O0(0O0O0
01 00O0[0 00
001 0O0/000O0
000101000

00000

0 00O0|1
000O0O00 10

which tells us that Dy ® Dy & Dy @ Ds.
Looking at these previous examples, we notice a common theme for D; ®j D,
and express it as a theorem.

Theorem 3.4.1. D; ®;, Dy & D, & D,y for any2 < j<p-—1.

Proof. Note that a k-basis for D; ® D5 is {ey, ..., ezj_1, €2} where

61:1®1
era=1®x
es=1r®1

erj1 =27 ®1
ey = o’ ® .

Recall that the matrix representation for D; is J; which is the jzj matrix with 1's

on the subdiagonal and 0's everywhere else. Note that

[CL’]D]@DQ = Ij®J2+Jj®]2 — Jj®J2
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so it follows that the only eigenvalue of M = [z]p,gp, is 0. Let T': k¥ — k% be
represented by the matrix M = [z]p,gp, and {v1, v, ..., vz} be the standard k-basis

for k%. Then we have the following calculations:

(

Vit + Vino + 043, ¢ <27 —3,io0dd
T(o) Vito, 1 # 27,1 even
v;) =
Va5, 1=27—2o0r1=27—1
0, i =2j
0

We want to find the Jordan canonical form of M. First, we want to determine how
many Jordan blocks there are. Since our only eigenvalue is 0, then we just need to
find Null(T). Let v; represent the ith standard basis element of £%. T claim that
Null(T) = span{vaj_o — va2j_1,Va;}.

It is clear that Null(T) D span{vg;_o—vaj_1,va;} since T'(ve;) = 0 and T'(vg;_o—
Ugj_1) = Uz —Ug; = 0. Let v € Null(T'). We want to show that v = a(vgj_o —voj_1) +

buy; for some a,b € k. Since v € Null(T'), we have that

0="T(v)
= T(CL1U1 + -+ A25-3V25-3 + Q25 —2V25—2 + A25-1V25-1 + agjvgj)
= CLIT(Ul) + -+ +G2j_3T(U2j_3) + a/2j_2T(U2j_2) + a2j_1T<U2j_1) + CLQjT(Ugj)
= arT(v1) + -+ + Fazj-3T (va-3) + (azj-2 + azj-1)vy.
Note that a;7T'(vy) will generate a sole a;vy term so we need a; = 0 for vy to vanish.

Likewise, ayT'(vo) will generate a sole ayvz term so we need as = 0 for v3 to vanish.

We can continue in this fashion all the way to ag;_3. Then we get
0= T(U) = (&2]‘,2 —+ a2j,1)1)2j = A2j—2 = —Q25—1.
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Let a = asj_2 and b = ay;. Thus, we have that
U = Q2j—2V2j—2 + A25—-1V25-1 + A2;V95; = CL(’UQJ',Q — Ugjfl) + bvgj.

Thus, we have that Null(T) = span{vej_o — vaj_1, U2; }.

From the Null(T'), we can see that our Jordan decomposition for M will contain
two Jordan blocks. Thus, if we figure out one block, we will have the other for free.
Note that the characteristic polynomial for T'is f(\) = A%. To determine the minimal
polynomial, we want to find the smallest positive integer i such that T(v;) = 0
since M is lower triangular with 0's on the diagonal. We can see from the previous
examples that ¢ = j + 1 for j = 2,3,4. I claim that this holds for all j > 1. We can
see from the examples above that this holds for j = 1,2,3,4. Assume j > 4. We need

to show that 777! (v;) = 0 and T7(v;) # 0. Note that

T (vy) = 17" H(T(01))
= Tjil(UQ + v3 — U4>
= T9 (vg) + T H(w3) — TV (vy).
By our previous calculations of T'(v;), we can see that
177} (v2) = vaga(jo1) = v
and
T Huy) =0

since 4 +2(j — 1) = 25 + 2 > 2j. Now we need to focus on 77"!(v3). Recall that
T(v;) = vis1 + Vipo — gy if i is odd and ¢ < 25 — 3. If i > 25 — 3 and 7 is odd, then

i = 2j — 1 which implies that T'(v;) = va;. So we have that

T (vgj-1) = T"*(vy;) = 0.
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Since j > 4, we know that there will be at least 8 basis elements so we have that
T(v3) = vy + v5 — Vg
which implies that
T7 Hwg) = TV (vy) + T 2(vs) — TV 2(vg).
Since 4 and 6 are even, we can see that
7% (vyg) = vgy (4+2(j —2) = 2j)

and

T 2(vg) =0 (6+2(j —2) =27 +2 > 29).

So we have

17 vg) = Vg + T772(vs)
which implies that
T7(v1) =177 (v2) + T (v3) = T77 (va)
= 2uy; + T772(vs).
Now notice that
T92(05) = T97%(ug) + T"(vr) — T (ug)

= vg; + T (vr) — T77%(vs) (6+2(j —3)=2j)

= vy + T3 (vy) (842(j —3) =25 +2 > 2j)
which implies that

T (vy) = T7" (vg) + T (vg) — TV (va)

= 2U2j + Tj72<1}5)
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= 31}2]' + Tj_3(v7).

We can continue this process until we get a 1'(v9;—1). To get this term, we will need

to operate on v 7 — 1 times. This means that we will have

T(v1) = (j — Dvg; + T(vaj-1)
= JU2;
20,

From this we can see that
T/ (v1) = T(jvs;)

= jT(v2)

=0.

Thus, j + 1 is the smallest integer 7 such that T%(vy) = 0. This tells us that
p(A) = M1 is the minimal polynomial for T. Thus, the biggest Jordan block in
our decomposition will be a J;; block. Note that our matrix M is a 25 x 2j
matrix so we can figure out what the second block by subtracting the dimensions.
Thus, our second Jordan block must be a J;_; block. We can also verify this
using ranks. Note that since dimy, Null(T) = 2 and dim (k%) = 24, we have that
rank(M) = dimy, Range(T') = 25 — 2. The rank of a J;;; block is j and the rank of
a Jj_1 block is j — 2 so the Jordan decomposition of M will also have rank 2j — 2.

Therefore, we can conclude that
D;®Dy=Dj @ Dj_.
O

In the next section, we will show a similar result and other examples using the

two-term diagonal map.
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3.5 Clebsch-Gordan Problem with A'(z) =1®@z+2®1

Proposition 3.5.1. D; ®, D1 = D, for any 1 <i<p

Proof. Let M = D; ®;, Dy. Then we have that
[w} :]i®J1+Ji®]1 =J
M

which is the Jordan normal form for [4 . Therefore, we have
M

D; ®, D1 = D;.

Proposition 3.5.2. D; ®) Dy = D; 11 ® D; 4 forany2<i<p-—1

Proof. Let M = D; ®; D,. Note that

Ja 0
Iy J
M L@ h+h QL=
M
0 I, Jy

I claim that the Jordan normal form of this matrix contains a J;;1 block and a J;_;.
To show this, we first need to prove that the Jordan normal form of the matrix contains
two Jordan blocks. Note that our only eigenvalue is 0. Thus, to find the number
of Jordan blocks, we need to show dimy(Null([z]y — 01)) = dimg(Null([z]ar)) = 2.
This is equivalent to showing that rank([x]s;) = 2¢ — 2. Consider the submatrix that

results from cutting out the first two rows and the last two columns. Then we have

-_[2 Ja 0-
Iy

J2

_O [2_
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This submatrix is an upper triangular matrix with 1’s on the diagonal, so it clearly
has full rank. Thus, rank([z]a) > 2i — 2. Now consider [z]y;. Note that the first row
is all zeroes and second row is exactly the same as the third row. Thus, the first two
rows are linearly dependent on the 2i — 2 rows below them. Thus, rank([x]a) < 2i—2
which implies that rank([z]y) = 2i — 2. This implies that dimg(Null([z]a)) = 2.
This tells us that there are two blocks in our Jordan normal form. Since there are
only two blocks, it is enough to find the biggest Jordan block. We can do this by
determining the minimal polynomial. Since the characteristic polynomial of [z],; is

, 1t is equivalent to find the smallest positive integer j such that [ ] v = 0. Note

that

7

T) iQ) L) (LR L)
T) QIR L)

(o
-0

t — T

(1)% 1®J2 (J5 = 0 for any r > 2)

r

=2
(

I
Ms

0

I
S
= |

ﬁ

which is a nonzero 2¢ x 2 matrix. However, we have that

Q) P) (LR I+ I Q) I2)
=T Q)7+ TR s (J; =0)

=0.

Thus, j =i + 1 is the smallest positive integer such that [z]], = 0. This implies that
o’ is the minimal polynomial of [x];, which tells us that biggest Jordan block for

[x]ar is a Ji41 block. Hence, it is clear that the other block must be a J;_; block
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since the dimensions and ranks are invariant with respect to Jordan decompositions

of square matrices. Therefore, we have that D; ®, Dy = D; 1 & D;_4. O

Example. Consider M = D3 ®) D3. We will assume p > 5. Note that

Js 0 0

|:ZE:| = 13 Jg 0
M

0 I3 J;

which has rank 6. This implies that the decomposition consist of 3 D; blocks. Let’s

determine the biggest D; block in the decomposition. Note that

0 00
[:&]:ooo,
M

J2 0 0

which has rank 1 and
M
so there is one Dj block. Now, we need to determine the ranks of the representation

matrices of 22, 2%, and z*. This will give us our decomposition for M = D5 ®;, Ds.

We have the following representation matrices:

2 20 0
2
[xz} = (k) <J§_R®J§): 2Js J? 0 (rank = 3)
M k=0
L 2J J2
0 0 0
L (3
BT T M
M k=0
Ty 3J2 0
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0 00

{a:“}M = i (i) (Jz,‘f*"C ® J§> =10 00 (rank = 1).

6J2 0 0

As we go through the representation matrices of z to 22, we see that the rank stays
the same, so there must be three D; blocks of at least size two. Going through the
representation matrices of 2% and z3, the rank decreases by 1, so there must be at
least one block of at least size three. We know that block must be D5 from our
findings earlier in the example. Since we have to have three blocks of at least size
two, but only one block of at least size three, this implies that the other two blocks

are Dy. Therefore, we get that
D3 ®), D3 & Ds @ D3.

Finding this result will help us generalize a theorem for D; ®} Ds. In particular,

Proposition 3.5.3. D; ®), D3 = D; 5 ® D? | for any3<i<p—2.

Proof. Let M = D; ®) D3 where 3 <1i < p — 2. Note that the representation matrix

for x over M is an i X ¢ matrix whose entries are 3 X 3 matrices, i.e.,

Js 0 -+ 0

H Iy Jg oo
I ==

M I ¢

0 -~ Iy Js

First, we want to find the rank of this representation matrix, so we can determine the

number of blocks in the decomposition. Note that the first three rows are linearly
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dependent on the rest of the rows of the matrix. The first row consists of all zeroes,
the second row is the same as the fourth row and the third row is the same as the
fiftth row minus the seventh row. Thus, the first three rows are linearly dependent on
the bottom 3¢ — 3 rows, which says that the rank can’t be any bigger than 37 — 3.

Note that the following (3¢ — 3) x (3i — 3) submatrix

I J3 -+ 0
0 I3

J3
0 - 0 Iy

has full rank, so the rank of || has rank 3i — 3. Since dimy (M) = 3i, then the

nullity of |:x:| is 3, which implies that the Jordan normal form of [m} has 3 Jordan
M M

blocks. Next, we will determine the biggest Jordan block. In particular, we will

determine the smallest positive integer r such that [ﬂ] = 0. We can see that r > 3

M
since J§ = 0. Note that

In order for {xr] = 0 to hold, we need r — k > i for k =0, 1,2 since J! = 0. Thus,
M
the smallest integer r that has this property is r = i« + 2. From here, we can see
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that [;p”?} = 0. To ensure that J; o is the biggest Jordan block, we need to see if
M

[ﬂ“} # 0. Note that
M

(Z“) (- Q%)
(Y eren) @
()@

which is nonzero and has rank 1. This verifies that J;, o is the biggest Jordan block of

Il
=
~—

[m} , and there is only one of them. We will determine the other blocks by working
M

backwards. Note that

[ = [zl

:;( ) (7@ %)

i ( ) (7@ %) (J3

(@ ()@

which has rank 2. |:x{| having rank 2 and {xiﬂ] having rank 1 implies that there
M M
is one Jordan block of at least size ¢ + 1, which we already know is of size i + 2. Now,

Il
=
N~—

let’s check 7 — 1. Note that



J3

I3

J3

J3

o o o O

o o O

0

Note that this matrix has at least rank 3 due to the submatrix formed by the I5 in

the bottom left corner. We will show that the rank must be 3. Let R, correspond to

the s row of the matrix. Note that we have the following:

Rsis = 0R3i—2
Rsi—7 = 0R3;_2
Rsi¢ = R3io
Rsi—5 = 0R3i—2
Rsi—4 = R3i—2
Rsi—3 = R3i-1.

This tells us that rows 3¢ — 8 to 37 — 3 are linearly dependent on the last three rows

of the matrix. Since all of the rows above row 3i — 8 are all zeroes, we have that the

rank of this matrix can be at most 3. Thus, rank([z*~!]5;) = 3. This combined with
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the fact that rank([z']y;) = 2 shows us that there is at least one Jordan block of size

i, which we know is of size ¢ + 2. Thus, we will determine rank([z*~2],s). Note that

_ i (Z . 2) (@) (J3 = 0)

0O 0 0 0 O 0
o 0 0 0 0 - 0
=22 0 0 00 -0
Js J2 0 0 0 - 0
Iy J3 J3 0 0 -+ 0
0 L gy J2 0 e 0

Note that the following submatrix

Is Js
0 I
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has full rank and is of size 6, so this implies rank([z*~2]5;) > 6. Consider the following

submatrix:
J§ 0 0
J J32 0
Is J3 J32

We will do the following row operations in this order:

Rg - R; — Rg (31)
Rs — Ry — Rs (3.2)
R6 — Rg — RG (33)

which gives us the following matrix:

0 0 0

0 0 0

L Js 2

We can do similar row operations on [x'72];; to get

o 0 0 o0 0 --- 0
o 0 0 0 0 - 0
o 0 0 0 0 - 0
0o 0 0 0 0 - 0
L Js 2 0 0 - 0
0 I Js J20 - 0
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Putting this matrix in row echelon form gives us

Is Js J2 0 0 --- 0
0 Iy Js J2 0 --- 0
00 0 0 0 - 0,
00 0 0 0 - 0

which tells us that rank([x*~2],;) = 6. This combined with the fact that rank([z'~]) =
3 implies that there are 3 Jordan blocks of at least size ¢ — 1. Since there are 3 total
Jordan blocks in the decomposition and one of them is of size ¢ + 2, this implies that

the other two blocks must be of size ¢ — 1. Therefore, we have that
D; ®, D3 = Dy ® D} .

]

This next lemma will help us confirm the results for Dy and D3 by determining
the largest Jordan block of the Jordan normal form of the representation matrix of x
over D; @) D;.
Lemma 3.5.4. Let M = D; ®}, D; wherei <j and i+j—1<p. Theni+j—1

is the smallest integer r such that "]y = 0.

Proof. Let r be some positive integer. Note that

2" = [l

(1) @) (1)

_ ’; (]:) (1@ 7) (7 Q)
(1) (@)



—1

(2><ﬂ“kQ§J®. (JI =0)

Thus, in order for [z"]y; = 0, we need r — k > i, or equivalently, r > i + k for all

o
k=0
k=1,...,5 — 1. This is true only if r > ¢ 4+ j — 1. Therefore, the smallest integer r

such that [z"]yy =0isr=i+7 — 1. O

This tells us that the biggest block of an arbitrary M = D; ®) D, where
1>j>2andi+j—1<pisa D block. We can also show that there is only
one D, ;1 block by looking at the rank of [z""7~2],,. Note that

[l,i—&-j—Q] - sziz (i +J— 2) <Ji+j—2—k ® Jk>
M — ]{5 : j

—_

_ J (z —i—i— 2) <J;‘+j—2—k ® Jj’“)

1

el
Il

_ : ; —9 k> =0,1,...,j—
(j_1><4 R ), (i+j—2-k>iV k=0,1,...,j—2)

which has rank 1, so this confirms that there is only one D;;;_; block in the decom-
position of D; ®; D; when ¢ > 5 > 2. The next theorem will show us that there are j
blocks in the decomposition of D; ®; D;.

Theorem 3.5.5. Let M = D, ®), D; where i < j and i+ j—1 < p. Then

rank([x]y) = j(i — 1).

Proof. Let r = rank([x]y). First, we will show that r > j(i — 1). Note that

J; 0 0
IJ Jj
[x]M - )
0
0 I J
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which is a i X ¢ square matrix with 7 X 7 square matrix entries. Consider the

j(i—1) x j(i — 1) submatrix

I J 0
0 I

Jj
0 -~ 0 I

which can be constructed by cutting out the first i rows and last ¢ columns of [x];.
This matrix clearly has full rank since it is upper triangular with all 1’s on the

diagonal. Thus, r > j(i — 1).

Now we must show that r < j(i — 1). It is equivalent to show that the first j

rows of [z} are linearly dependant on the other rows of the matrix. Recall that

M
J 0 - 0
I; J;
[x]M_ )
0
0 L

which is a 7 X 7 square matrix with j x j square matrix entries. Consider the submatrix

J; 0
[J Jj

By using row elementary row operations on this submatrix, we can get the new matrix

0 -
I J;
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In particular, this is what you get when you do the row operation Ry — Rgyj—1 — R

for all s =2,...,j. Doing those row operations on the first j rows of [z]y; gives us
0 —J2 ..o 0
Iy Jj
0
0 - I

Now we can create the following submatrix:

20
I J;

We can do the following row operations, in this order,

Rg + Rj+1 — Rg

Ry + Rj+2 — Ry

ijl + R2j73 — Rj,1

Rj + jo_g — Rj

to get the new submatrix:
0o J?
Ij
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Since the other matrices in corresponding rows of [x]y; are zero matrices, you can use

a similar set of row operations to get

(0 0 J2 0 0]
L J 0 0 0
0 I, J; 0 0
00 I J

0
0 0 -« 0 I J

In general, consider the submatrix
s+1 7s
(=1)**J: 0
I; J;.
We can do a series of row operations similar to the ones above to get the submatrix
s+2 7s+1
0 (=1)"*2J;
I; J;

Since ¢ > j, we can continue in this fashion until we turn [z]y; into the following

row-equivalent matrix:

(0 0 0 o 0]
L J 0 0 0
0 I J; 0 0
0 0 I J

0
0 0 0 I J,
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By turning this matrix into row echelow form, we can get the following row-equivalent

matrix: ~ _
I J; 0 0 0
0 I, J; 0 0
0o 0 I J;
. 5
o 0 - 0 I J
0O 0 0 O 0

which has j(i — 1) nonzero rows. Therefore, we have that rank([z]y) =j(i —1). O

This tells us that there are j Jordan blocks in the Jordan normal form of [z]y.
This matches with our results when 7 = 1,2,3. Lemma 3.5.4 and Theorem 3.5.5 give

us the number of Jordan blocks and the size of the biggest Jordan block of the Jordan

DZ®;<: Dj

for some ¢, j where j <i < p — j+ 1. Finding the decompostion for D; ®) D; for an

normal form of

arbitrary ¢, j is left as an open problem.
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CHAPTER 4
More General Truncated Polynomial Rings

Section 3.3 tells us that it does not matter which diagonal map we choose
to use to determine freeness of a tensor product of A-modules over k[uy]. Thus,
for this chapter, we will associate the tensor product ®, with the diagonal map

Alr) =1®x; +x;® 1.

4.1 Introducing A’ and hypersurfaces H),

Suppose char(k) # p. Then we get a different truncated polynomial ring, which

is no longer a group algebra, nor a coalgebra. We will call it A’. Let

Hy = k[X1,..., Xu]/ (™)

where @, = ZAZ-XZ- and 1),® = ZAfo’ are elements in k[Xq,...,X,]. When
i=1 i=1
char(k) = p, there exists a map u such that we have the following commutative

diagram

Hy
>
| —— A.

where the vertical map is the natural projection and p sends wuy to uy. We have the

k[U)\
following known result:

Theorem 4.1.1. Given an A-module M, M is free as a kluy]-module if and only if

M has finite projective dimension over Hy ([1], [5]).
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This is no longer true once char(k) # p. In particular, we are not able to
decompose A’-modules over k[u,] since k[uy]. Thus, in order to determine the rank
variety of certain A’-modules, we use a different, but related notion.

Definition 4.1.2. The rank variety, W(M'), of an A’-module M’ is the set of A\ € k"
affine space such that M’ has infinite projective dimension over Hy. In set notation,

we have that

W(M') ={X€ k™ : pdy,(M') = oo}

Although it is not clear from the definition, it is known that W (M) is indeed
an algebraic variety [2]. Thus, just like V(M) for an A’-module, we will view W (M’)
as the zero-set of certain polynomials in k[x1, ..., Xx]-

Throughout this chapter, we will investigate the rank varieties of a particular
class of A-modules and compare them to the rank varieties of ’similar’ class of
A’-modules. Note that A" does not have a coalgebra structure, so we also don’t
have a notion of a tensor product of A’-modules. For this, we will build a faux
tensor product structure for certain A’-modules, show that it is isomorphic to an
ordinary tensor product structure with a certain multiplication property, and show
that Carlson’s identity (*) applies to a particular class of A’-modules that are similar

to the aforementioned particular A-modules. It is important to note that char(k) = p

for A-modules and char(k) # p for A’-modules.

4.2 Class of A-Modules of the form A/(x;,,...,z;,)

We will define a class of A-modules that have a particular behavior over k[u,],
in terms of their rank variety. In section 4.3, we will then show that a ’similar’
class of A’-modules have ’similar’ rank varieties over Hy. To do this, we first need

to determine the rank variety of these modules. Let us look at an example of an
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A-module of this structure.

Example. Consider A% and let M = A/(X;). A k-basis for M is {1, z2}. Then we

get the following representation matrix of u, over M with respect to the k-basis

{1, 229}.

1 T

|:U)\:| =10 0
M

A2 O

Proposition 1.4.3 tells us that M will be free as an k[u,]-module if and only if
rank (|:U)\:| ) = 1. This is true if and only if Ay # 0. This means that
M

V(M) = {)\ S ]{?2 t Ay = 0} = V(XQ)

Notice that for this example, we have that M is free as a k[uy]-module if and
only if uy € (z1). Our next theorem generalizes the rank variety for A-modules of

this structure.

Theorem 4.2.1. Suppose 1 is an integer between 0 and n. Let M = A/(x;,, ..., ;)
where 1 < iy < iy < -+- < i, < n. Then M is not free over klu,] if and only if

Uy € (Tiyy oy Ty, )

Proof. If r =0, then M = A. It is a well-known result that A is free over k[u,] for any
nonzero uy. Suppose r # 0. Without loss of generality, we can reindex the variables
to assume that (z;,,...,2;.) = (z1,...,2,). We will prove the backwards direction
first. Assume that uy € (z1,...,2,). Then A\, 4y =--- =\, = 0. Note that a k-basis
for M is B = {mfﬁf -zt } where 0 < ¢; < p—1 for each ¢;, so dimg(M) = p"".
We can see that for any basis element b € B, we have that uy - b= 0 in M, so the

representation matrix for u, over M is the p"~" x p"~" zero matrix. Thus, the rank
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of that matrix is 0, which, by Proposition 1.5.1, implies that M is not free over klu,].

For the forward direction, assume that M is not free over kfu,| for some nonzero
uy. Suppose uy ¢ (x1,...,2,). Then there exists a j € {r + 1,...,n} such that
Aj # 0. Without loss of generality, we can assume j = r + 1. It is important to note

that dimg(M) = p"~", where a k-basis for M is {xf’rf .- 2t} where the powers are

nonnegative integers that run from 0 to p — 1. Consider the monomial xfﬁf R e
where the powers are any integer between 0 and p — 1. Note that u, - xfff R
will contain a term of the form /\jxfflﬁl coexbif by <p—1.1f £,y =p—1, that

particular term will be 0. We will reorder the aformentioned k-basis of M in the
following manner:
1. Order the elements {a:fiﬁr*; -+~ xf} in lexicographic order.
2. Label them as my,ma, ..., myn—r—1. This means that m; = 1, my = 2,42 and
SO on.

. loi1 € . )
3. Order the k-basis {z."*'a 72 .. 2tV in the following way:
r+1 *r4+2 n
2 p—1 p—1
{ma, Trpama, o ma, . T M, Mg, T M, . Ty Mo, .. }

By reordering the basis of M this way, we have that |:U)\:| is a lower triangular
M

n—r—1

matrix with 0’s on the diagonal and the subdiagonal of {u /\] contains (p — 1)p
M
entries with \; and p" "' entries with zeros. This is due to the fact that every

. . ‘, . .
basis element that shows up in the term wy - 2,7} - - - 2% is ordered after the basis
b1+l . .
element z, ++11+ ---xfr. Thus, we can see that {u/\l contains a nonzero minor of
M
size (p — 1)p"~"~1, which implies that

rank (H M) > (p— 1)pL.
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n—r—1

However, (p — 1)p is the maximal rank for {u,\l , so we have that

M

ron (| M) S

Therefore, by Proposition 1.5.1, M is free over k[u,], which is a contradiction.

]

Consider the A-module M = A/(x;,...,z;) where 1 < i3 < -+ < i, < n.

Theorem 4.2.1 tells us that
VM) ={X€ k" :uy € (z4,,...,x;,)}.
As stated back in section 1.4, V(M) is also an algebraic variety, so we have that
V(M) =V(zj,...,xj,_,)

where {j1,...,Jn—r} = {1,...,n} — {41,...,4,} and each x; is a polynomial in
E[X1,- -, Xn]. Looking at the forward direction of the proof of Theorem 4.2.1, we get

an immediate corollary regarding the decomposition of M over k[u,].

Corollary 4.2.2. Let M = A/(z4,,..., ;) where 1 <i; <n for each j=1,...,r.

Then M is not free as a kluy]-module if and only if M = kP"™" as a k[uy]-module.

Proof. This is immediate from the backwards direction of the proof of Theorem

4.2.1. ]

Now we will investigate the tensor products of A-modules of this form. Consider

the A-modules M = A/(z1) and N = A/(x2,...,x,). Note that
V(M) =V(xaxn)

and

V(N) = V(x),
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so by Theorem 4.2.1 and Carlon’s identity [7], we have that

This tells us that M ®;, N is free over k[uy] for any nonzero uy. It is also a well
known result that A is free over k[u,] for any nonzero uy [9]. Now we will prove this
using the following theorem by creating an isomorphism between A and M ®; N.
Theorem 4.2.3. Consider the following A-modules M = A/(z1) and N = A/(za, ..., ).
Then A = M ®i N as A-modules.
Proof. Let ¢ : A — M®;N be defined by 25125 - - zfn — 282 ... 2l @24 then extend

0, b

by linearity. Clearly, we have that 1+ 1® 1. Consider the element z}'z3 - - -zt € A.

Note that

(@fta - af) - 0(1) = AGag -2l (10)

n

=(l@n4+n@l+z02)"  (1QT, + 2,1+ 2, ® 2,) " (1 @ 1)

(z; ® 1)

—=

=(1®z)"

)

(a7 @ 1)

=7

= (1®a})

1=

[\

1 l l
::L,22.”xnn®l,11

= ofefiate o2l

since x1 = 0 in M and z; = 0 in N for all ¢ = 2,...,n. This shows that ¢ is a
well-defined A-module homomorphism. Note that {25 -z @ z{'}, where every
power runs from 0 to p—1, is a k-basis for M ®;, N. Since each of these basis elements

has a preimage in A, then ¢ is surjective. Thus, by the First Isomorphism Theorem,

we have that A/ker(¢) = M ®; N. Note that

dimg(A) = p" = p" ' - p = dimp (M ®; N),
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so ker(¢) cannot contain any of the variables or their powers. It is clear that
1 ¢ ker(¢), so it immediately follows that ker(¢) = {0}. Thus, we have that ¢ is
injective. Therefore, A = M ®; N as A-modules.

]

Due to Theorem 4.2.3, we have that V(A) = V(M ®; N) = {0}, which shows
that A is free over k[u,] for any nonzero uy. Notice for Theorem 4.2.3, we investigated
the tensor product of two specific A-modules of the form A/(z;,,...,z; ). What
happens if we investigate the tensor product in a more general setting? This next
theorem will show that taking the tensor product of two A-modules of this form will
result in another A-module of this form as long as certain conditions are met.
Theorem 4.2.4. Let « = {oy,...,asr € {1,2,...,n} and 8 = {p1,...,B} C
{1,2,...,n}. Suppose I, = (Tay,---1%a,) and Iz = (x5,,...,25). IfaUp =
{1,2,...,n} and aN B =~ #0, then

AJL, ©, AJL;= A1,

as A-modules.

Proof. Without loss of generality, we can reindex the variables to assume that

a=A{1,...;r}, B ={s,...,n}and 1 < s <r < n. It is important to note that

dimy,(A/1,) = p" " and dimy(A/I5) = p*'. Note that A, ®; Ag is cyclic with

generator 1 ® 1, so we can define a map ¢ : A = A, ®; Ap defined by 1 — 1® 1. For

any a € A, this means that ¢(a) = A(a) - (1 ® 1). By definition, it is clear that ¢ is

an A-module homomorphism. Now we will show that ¢ is surjective. Note that a
ls—1

k-basis for A, ®j Ag is {:L'f’::f ceab @l 20 where all of the powers run from

0 to p — 1. Note that

oay @) = Alay' - 2y) - (1@1)
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=(1@m+m )" (1®z,+z,01)"  (1®1)
= (1 X g;l)gl . (1 ® xsfl)és_l(errl ® 1)£r+1 e (mn X 1)&1
=(1®af) 1@z ) (a5 @1)- (alr @ 1)

2t 0 A ls_1
_Q’;T+1 ...xn’”®gj1 ...x5_17

so we have that ¢ is surjective. By the First Isomorphism Theorem, we have that
Alker(¢) = A, @i Ag. Let I, = (x5, ...,2,). We want to show that ker(¢) = 1,.

Note that

plale,. . at) = Al 2b) - (1@1)
=(1®r,+r, ) 1z, +2,01)" - (1®1)
—1@zs+z, 1) 1@z, +z,@1)"
=0

since l @ z; +2; ® 1 =0 for any j € {s,...,r}. Thus, we have that ¢(a) = 0 for any

a € 1, so it follows that ker(¢) 2 I,. Since ker(¢) 2 I, then
dimy (A/ker(¢)) < p™/p" s =p" " = pr L p T = dimg (A /1, @i A/ ).

Thus, ker(¢) cannot be any larger, so it follows that ker(¢) = I, N Iz. Therefore, we
have that A/I, ®, A/l = A/I, as A-modules.

4.3 Class of A’-Modules of the form A’/(x;,, ..., x;,)

Now, we will look at the behavior of A-modules of the form A'/(z;,,...,x;,).
In particular, we will show that these modules have similar behavior, in terms of their
rank varieties, to A-modules of the form A/(x;,,...,x; ). Let’s look at the following

example:
81



Example. Suppose n = p = 2. Consider the A-module M’ = A’/(x;) and the
hypersurface Hy = k[xl,mg]/(ﬁ,\(Q)) where 4y, = A\jx; + A\zo. Suppose A = (1,0).

Then M’ has infinite projective dimension over Hy with the following resolution:

[z1]

CHy g Bl o o

Suppose A = (0,1). Then M’ has finite projective dimension over H, with the
following resolution:

OﬁHAﬂHA%M’%O.

In particular, M’ has infinite projective dimension over H, if and only Ay = 0. This
means that

W(M')={)N€k®: Ny =0} =V(xa).

Note that M’ has the same algebraic variety associated with its rank variety that M,
from the example in section 4.2, has with its rank variety. We will generalize the

similarity between these modules and their rank varieties with the following theorem:

Theorem 4.3.1. Let M' = A’/(x;,,...,x;.). Then M’ has infinite projective dimen-

sion over Hy if and only if uy € (X;,, ..., X5,).

Proof. For simplicity, we will assume M’ = A’/(x,...,x,). Suppose i) € (Xq,...,X,).
Let H, = k[Xy,...,X,]/(iz®). Note that H} is not regular, so by the Serre-

Auslander-Buchsbaum Theorem [Theorem 8.62 [14]] and the fact that the global

dimension of H} is equal to the projective dimension of k over H) [Theorem 8.55 [14]],

we have that & has infinite projective dimension over H). Take a minimal infinite

resolution

coe s (HY)® = (H)? — (H) — Hy =k —0
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and tensor with - ®j k[X,41,..., X,]. We get the following exact sequence:

T (Hg\)ln@kk[Xr-&-l? s 7Xn] - Hg\®kkz[Xr+la ce aXn] — k®kk[Xr+17 s 7Xn] — 0.

1%

This is a minimal infinite resolution of k[ X, 1, ..., X,] over H} ®x k[X,11,. .., X,)

H,. Note that X? ,,..., X2 is k[X,41,..., X,]-regular, so
pdig, (K[ Xper, . Xa)/(XP 0, X)) = 00
by 1.3.6 in [6]. Since
M = kX, X/ (XE,, ..., XE),

it follows that M’ has infinite projective dimension over H).

For the other direction, we will prove the contrapositive. Suppose u) ¢

(X1,...,X,). Then, \; # 0 for some 7+ 1 < j < n. Thus,

VS p p P p
WP XE X XY XE XX,

J=Db
forms a regular sequence in k[X7, ..., X,], so

P p p p
X,,,.+17:o- X Xj_,’_l,...,Xn’Xl,...,er-

) j—1

forms a regular sequence in Hy. Hence, by Corollary 1.6.14 in [6], the Kozul complex
forms a resolution for M’ over Hy. Therefore, M’ has finite projective dimension over
H,. O

Consider the A’-module M’ = A’/(z;,,...,x; ) where 1 < iy < --- < i, < n.

Theorem 4.3.1 tells us that

W(M,) = {/\ € k" - U~)\ S (Xil,...,Xir)}.
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As stated in section 4.1, W/(M’) is also an algebraic variety, so we have that
WM =V(x; |7 #i1,...,10)

where y; are polynomials in k[x1, ..., X,]. Comparing to our results in section 4.2,
we have that

V(M) = W (M)

as algebraic varieties where M = A/(z;,, ..., x;,)is an A-module and M’ = A"/(z;,, ..., ;)
is an A’-module. In the final section of this thesis, we will show that Carlson’s identity
holds for this particular class of A’-modules by constructing a special tensor product

for them.

4.4  Faux Tensor Product of A’-Modules of the form A’/(z;,,...,z; )

In section 2.2, we mentioned how given two A-modules M, N, we can construct a
new module, M ®; N and investigate its structure. In particular, we would look at its
representation matrix for uy. As mentioned earlier in this section, when char(k) # p,
we get a new truncated polynomial ring A’. In particular, we are not allowed to tensor
two modules over A" and restrict them to k[uy]. Instead, we consider two A’-modules
M’  N', that are similar to M and N, respectively. Then, we create a faux tensor

product, which we will denote as
M' XK, N’

, to investigate the structure of a newly constructed A’-module from individual A’-
modules M’, N'. We create this faux tensor product by focusing on the representation

matrices of x; over M’ and x; over N’. We treat the representation matrices as
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A’-modules themselves, and we create the faux tensor product by taking the following

Kronecker product:

),-08L], [

where d; is the k-dimension of M’ and ds is the k-dimension of N’. From here, we can
take this new representation matrix of x; for M’ X N’ and investigate if M’ X, N’ has

the same rank variety as M ®, N. In particular, we aim to see if Carlson’s formula,
W(M' X, Ny =W(M")NW (N,

holds in this case. In order for this faux tensor product to be acceptable as an A’-
module, we need certain properties to hold. In particular, we need z% (M’ X, N') = 0.
Suppose p > 2. If we are viewing M’ X, N’ through its representation matrix, then

we have that

2
M &kN/ N L 1 M/

@[, [, 8. [, @

N’ L

lw/ﬁkNl N’ M’

This only holds if |:xl:| =0 or {l’z] = (. This means that z; would have to kill
M N

either M or N. Our next theorem generalizes this statement.

Theorem 4.4.1. Suppose M’ and N' are A'-modules such that x; is either in the
annihilator of M or annihilator of N for each i = 1,...,n. Then M' X, N’ is an

A’-module.
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Proof. In order to show that M’ X N’ is an A’-module, we need to verify that two
conditions for M’ X, N’ hold:

1. {xf} =0foreachi=1,...,n
M'R; N’

2. |:«/L‘z:| . {%} = {%} : |:xz:| for each 7,5 =1,...,n.
MRy, N’ MRy, N’ MRy N/ MRy, N’
Suppose dimg(M') = d; and dimg(N’) = dy. For the first condition, fix i. By

definition, we have that

P—Jj J

Notice that we have |:ng:| = 0 when 7 = 0 and [xz} = 0 when 7 = p since
M N’

M', N" are A’-modules. Now we want to consider what happens when j =1,...,p—1.

By our assumption, we have that each variable is contained in at least one of the

annihilators of either M’ or N’, so we immediately have that

el -

whenever 7 = 1,...,p — 1. Thus, we have that

MK, N’
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for each © = 1,...,n. For the second condition, fix 7 and j. Note that
e e~ (0@ o], @1 ) (0@ <[], @)
MR, N MR, N’ N’ M N’ M

which equates to

2®(, 1)), 8,8, )@

Due to the commutativity of A’-modules M’ and N’, this then equates to

e O O B i e B R (SR S 22

which is equivalent to
(8], [, @) (8], ], &)
N/ M/ N/ M/

but this equates to

MK, N’ MK, N’

Both conditions have been satisfied, so we have that M’ X, N’ is an A’-module. [

From here, we get an immediate corollary that the tensor product of the special
A’-modules we investigated in Theorem 4.3.1 are indeed A’-modules, given that each
x; 1s modded out in one of the modules.

Corollary 4.4.2. Let a = {ay,...,as} € {1,2,....,n} and p = {G1,...,5:} C

{1,2,...,n}. Suppose I, = (Tay,---Ta,) and Ig = (x5,,...,25). Consider the
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following A'-modules M' = A'/I, and N' = A'/Is. If a Up = {1,2,...,n}, then
M' X, N’ is an A’ -module.

Proof. This is immediate from the use of Theorem 4.4.1 and the fact that a U g =

{1,...,n}. ]

Now that we know that the tensor product of these types of A-modules is
indeed an A’-module, we want to be able to prove that Carlson’s identity, (), holds
for these particular A’-modules. To do this, we need to dive more into the structure
of the faux tensor product of these A’-modules. For that, we will compare it with
the ordinary tensor product over k of two A’-modules with similar properties and a
certain multiplication. In particular, we will show that this ordinary tensor product
is an A’-module.

Theorem 4.4.3. Consider A’-modules M', N" with dimy(M') = d; and dimg(N') =
dy. For each i =1,...,n, suppose x; is either in the annihilator of M’ or N'. Note
that for any monomial m € A of degree 1 or higher, we can write m = rs where
r,s are both monomials in A and we have that rM' =0 and sN' = 0. Consider the

ordinary tensor product M’ ®; N’ with the following multiplication property:
m(a ® b) = sa®@rb

and

mo(a ® b) = mpa @ b= a ® mob

foranya®b e M' @, N and any constant polynomial mg € A. For any arbitrary

a € A', extend the multiplication by linearity. Then M' ®; N’ is an A’-module.

Proof. Without loss of generality, we can assume x; M’ =0 for alli = 1,...,r and

;N '=0foralli=s,...,n where 1 < s <r <n. Then by definition, we have that

@l a2l a@b) = 2l -alra@al ol
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for any a ® b € M’ ®; N'. Since we are using the ordinary tensor product, we know
that M’ ®; N’ is an additive abelian group. It is also clear that 14 (a ®b) =a® b
for any a®@b € M’ ®; N'. Suppose a®@b,c®@d € M' ®, N and ¢;, 0, € {1,...,p—1}
for each ¢ = 1,...,n. Since the multiplication property is extended by linearity for
polynomials in A’, it is enough to show the following conditions hold for multiplying
by monomials in A:

L@l et @@ b) + (cod)] = (@2 @@ b) + (@ -2 e ® d)

2. (aff oaly +apt e ad)(a®@b) = (2 2l) (@@ b) + (a7t ad) (a @ b)

3. (2t al)((ay - a®b)) = (@l - al) - (gt - ) (a @ b).

For condition 1, it is clear

(@2 (@@b) + (c®d)] = e @ - AT b+ a - wae@ a2l
= (@ 2l b) + (ol (e d)

since the multiplication was extended linearly, so condition 1 holds. Note that

condition 2 holds by construction of the multiplication. For condition 3, we have that

0 n o o _ b b (b o 4 Cy
(21 ) (2 2p) (@@ b)) = (27" 2y ) (2,4 - epra@ a2 D)
2t tn Lrin VA 0 ls—1 X} [/
_xr+1...xnxr+1...xnna®xl...x871x1...x871b
Crp1+b Cn+L] L1+ A
:xr+1 J)n na®af;1 ...:L'S_l b

— (xil“'l 2 (0 b)

n

= (a2l - (@ 2f)) (@ @ b).

This proves condition 3. Therefore, we have that M’ ®;, N’ is an A’-module.

]

Recall that the class of A’-modules that we are investigating in this chapter

meet the criteria that z; is in the annihilator of one of the A’-modules when utilizing
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the faux tensor product, so we can view it as the ordinary tensor product M’ ®; N’
with the certain aforementioned multiplication. We can use this to show that our
faux tensor product of this particular class of A’-modules is isomorphic to one of
these A’-modules.

Theorem 4.4.4. Let a = {ay,...,a5}, 0 = {b1,...,0:}, and v = {y1,..., %} all
be subsets of {1,2,...,n}. Suppose I, = (Tay,---,%a,), Ipg = (25,,...,25,) and
I, = (2y,,...,2). Consider the following A’-modules M' = A'/I, and N' = A’/Ij.
IfaUup ={1,2,....,n} and a N B = v, then we have that M' X, N' = A'/L, as

A’-modules.

Proof. Without loss of generality, suppose a = {1,...,s}, B ={t,...,n} and t < s.

Then I, = (x4, ..., xs). It is worth noting that
dimk(M’ ®;§ N/) = p® _ptfl _ pnfertfl _ pn7(87t+1) _ dimk(A’/I,y).

By Corollary 4.4.3, we know M'X; N’ is an A’-module. Note that the representation

matrix of z; over M' X, N’ is

e -+ ®F], o], @5
MK, N’ N M

for each © = 1,...,n by the construction of M’ K, N’. Consider the ordinary
tensor product of M’ and N’ over k, denoted as M’ ®;, N’, with the constructed
multiplication property from Theorem 4.4.3. Note that M’ ®; N’ has the following

k-basis: {mi‘ff ezl @t 2P Note that

lst1 l 01 li+1 i1 . .
lsi1 l 21 li1 xs-i—l"'xnn@ml"'xi o Ty_q, 1f1§2<t
. . e n TR - f—
xz(IsH T, © T T ) =
ls ;41 - . .
x8f11~--xil+ ---xﬁ”@m?--mtt_f, if s<i<n.

Assume the aformentioned basis is in lexicographic order. Then the representation

matrix of z; on M’ ®; N’ is

O], o @0
M'®N' N’ M
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where [%1 =0if 1 <3<sand [%1 = 0 if t < i < n. This is, by definition,
M N’

what the representation matrix for x; on M’ X, N’ is, so it immediately follows that

M' Xy N' = M’ @, N as A-modules. Now we will show that M’ @, N = A'/L,.

Note that a k-basis for A’ is {24! --- z'»} where all of the powers run from 0 to p — 1.

Consider the map ¢’ : A” — M’ ®;, N’ defined by

2 Y lsi1 /¢ A i1
xl ...In”|_>xs+1 xn"®x1 ...Itfl

and extended linearly. Clearly, we have that 1 — 1 ® 1, which are the respective
multiplicative identities of each A’-module. Since each k-basis element of M’ ®; N’
has a preimage in A’, it immediately follows that ¢’ is surjective. The multiplication
defined on M’ ®; N’ combined with ¢’ being extended linearly are enough to prove
that ¢’ is an A’-module homomorphism. Thus, by the First Isomorphism Theorem,
we have that A'/ker(¢') = M’ ®;, N'. We want to show that ker(¢’) = I,. It is clear
that I, C ker(¢') since
¢'(z;) =0
for any s <1i < t. Since A'/ker(¢’) = M’ @;, N’ and dimy(M' @, N') = pn=sH=1 it
follows that dimy(A’/ker(¢’) = p"~*T~1. Note that dim,(A4’) = p", so that means
that dimy(ker(¢')) = p*~**! which is exactly what the vector space dimension of I,
is. Thus, we have that ker(¢’) = I,. Therefore, A'/I, = M' ®; N' as A’-modules,
which implies that
M X, N = M @, N’

as A’-modules. O

This result leads us to our final and major theorem for this chapter.
Theorem 4.4.5. Let « = {oy,...,asr € {1,2,...,n} and = {p1,...,B:} C

{1,2,...,n}. Suppose I, = (Tay,---Ta,) and Ig = (x5,,...,25). Consider the
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following A’-modules M' = A’'/1, and N' = A'/Iz. If aUS = {1,2,...,n} and
anp#10, then
W(M' &, N') = W(M') 0 W(N).

Proof. Without loss of generality, we can reindex the variables to assume that

a={l,...,s}, f={t,...,n} and 1 <t < s <n. By Theorem 4.3.1, we have that

W(M') = V(Xet1,- -5 Xn)

and
W(N/) = V(Xh e 7Xt*1>7

so it immediately follows that
W(M/) N W(N/) = V(Xla <o Xt—15 Xs+15 - - - aXn)

By Theorem 4.4.3, we know that M’ X, N' = A’/I, as A’-modules where I, =

(x4,...,25). This implies that
W(M/ &k N/) = W(A//[’y) = V(X17 s Xt—15 Xs+1s -+ - 7Xn)
Therefore, we have that

W (M B, N') = W (M)W (N).
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