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Abstract

Asymptotic Properties of the Deconvolution Kernel Density Estimate
based on 2-Dependent Error Structure with Applications to

Remaining Useful Life Problems in Reliability Theory

Geoffrey H Schuette , Ph.D.

The University of Texas at Arlington, 2018

Supervising Professor: Shan Sun-Mitchell

This thesis is motivated from an engineering question, which led us to the de-
convolution problem with a dependent error structure. We establish a deconvolution
kernel density estimator by adapting the methods of kernel density estimates and
Fourier Transforms. In this approach, the contaminated data with additive random
errors are assumed dependent and satisfying smooth or super smooth conditions.
Under both smooth and supper smooth conditions, we derived:

1. optimal rates of convergence in terms of mean integrated squared error for
deconvolution kernel density estimator;

2. the limiting distribution of the estimator.
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Chapter 1
Motivation

1.1 Introduction

As systems in engineering continue to become larger and more complex in na-
ture, real time condition monitoring of such systems continues to be an important
area of study in engineering and for the long term health of the systems. Real time
condition monitoring is the process of collecting real-time sensor information from a
functioning device in order to infer or reason about the health of the device. Some
examples included:

e Vibration analysis and Diagnostics

Model-based voltage and current systems

Ultrasound testing (Material Thickness/Flaw Testing)

Infrared thermography

Degradation models are often used to model condition monitoring of the sys-
tems. In the Bayesian approach, prior distributions are assumed, and posterior dis-
tributions are then found from the assumptions of the prior and the model. After
the posterior distribution is found, we can find the probability via the appropriate
threshold failure time and access the health of the system. However, when the as-
sumption of the prior distribution is not accurate, then it is important to be able to
estimate the distribution from the samples generated by the signal time. Therefore,
the focus of this research proposal is to fit the unknown distribution with a smooth

empirical distribution function based on kernel function and sequence of bandwidths.



An improved model will lead to a more accurate distribution and a truer probability

to the failure threshold.

1.2 Engineering Motivation
A common technique in engineering to estimate when a device will fail is to
use a Bayesian approach with a stochastic model. The researchers will assume the
parameters in the model follow known distributions and use the bayesian approach
to find the probability of when the device will reach a failure thresehold. Below is
some problem defintions common to this area:
Definition 1.1. Problem Definitions
e Degradation Signal is the real condition of the device as detected through condi-
tioning monitoring.
o Residual Life is the remaining wait time till the device fails.
o Residual Life Distribution: For a nonnegative random variable, X, the residual

life distribution, denoted by Rx(t), is defined by:
Rx(t) = P(X >z +t|X > x)
For the purpose of this dissertation, we will assume the degradation model is
(1.1) S(t;) = 6t + €(t;) fori=1,2,....

Let D denote the failure threshold, and let the vector S = (S(t;) = s, S(ts) =
Sy ..,S(t,) = s,) be the observed degradations signals up to time t,. We want to

find Rg(t) given that degradation signal follows the model above, i.e.:

Rs(t) = P (S(t tt,) > D\§>
— P (@(t Ft) et +ty) > Dy§)

2



To calculate this probability, we need the conditional probability density function(pdf)

of @\5’ . To find this pdf, the following relationship is commonly used:

(1.2) p (9|§) o w(8) f (519)

In the Bayesian framework, p is called the posterior distribution, 7 is called the prior
distribution of ©, and f is the likelihood fucntion. The two sides of the equations are
proportional because the left hand side doesn’t have the normalizing constant needed
to make the right hand side a probability density functions.

In [18], Gabraeel, et. al. explore a degradation models with symmetric priors.

They proposed the following degradation model for i = 1,2, .. .:

(1.3) S(t;) = ¢+ 0exp (5151- +e(t;) — %2>

where ¢ is a known constant, 6 is a lognormal random variable, where In # has mean
o and variance o3, and 8 is a normal random variable with mean j; and variance
o2.

First, the authors assume the term €(t;) is a random error term that follows a
normal distribution with mean zero and variance 0. This model describes how the
devices being monitored degrade over time. For convenience, they took the natural
log of both sides to introduce the logged signal at time ¢;, denoted L;, which yielded

the following model:

(1.4) Li =In(S(t;) — @) = 0" + Bt; + €(ty)

o2

2 . . . . .
where §' = Inf — % is a random variable with mean jp — % and variance o3. Using

2
a Bayesian approach, the authors found that the posterior distribution given the

observed data L1, ..., L; with the prior distribution of ' and 5 assumed to be normal

is a bivariate normal distribution containing the parameters related to equation (1.3).
3



Using this posterior distribution, they find an approximation for the residual life c.d.f.
for time T' € (—00,00). Then the truncated conditional c.d.f. for failure time, T,
with the constraint 7' > 0 can be derived easily.

Then in [5], Chakraborty et. al. explore a model that will allow for a skewed
prior distribution, as the method developed above was for a normal distribution and
symmetric priors. Hence, a linear degradation model is given by the following with

signal time S(t;) = S;:

where 0 ~ T'(a, 8) and #id €(t;) ~ N(0,0%). They find that the posterior distribution

of 6 given the signal times is:

a—1

1
207

(16) f(H\Sl,SQ,...,Sk) = exp |:— (6-#1)2:| , 0 €R+,

where

_ a—1 o
C—/O 7 exp{ 201(0 ul)]de,

k
b, 1 1
where H1 = %, g1 = 20_2 E t b= ﬁ é 1 Sztz - E

With the posterior distribution known, Chakraborty et al., found the distribution of
the residual life, L,., of the signal, which is given by:

o) —1 2
y* 1 Y T—vy
1.7) P(L, < =1- P
( 7) ( r = t|517 7Sk‘) /0 c €Xp [2 (t+tk ,ul) ( o ) dy

This residual life distribution requires numerical integration to calculate at any time

t. The authors then give an alternative method using a simulation based approach
to compute an empirical residual life distribution. They conducted the simulations
of both the methods in [5] and [18] to compare the two methods with prior signals
being both skewed and symmetric. They conclude that the method in the [5] is better

suited to handle both the skewed prior as well as the symmetric priors.
4



1.3 Density Estimation

To our knowledge, the methods and models available in literature of real time
condition monitoring of devices using degradation stochastic models all follow the
Bayesian framework. The focus of this thesis started by stepping away from the
Bayesian framework and assume the distribution of © is unknown and develop an
asymptotic estimation of the unknown distribution from random samples. We begin
by giving a definiton of density estiamtion, and a breif summary of common techniques

used in density estimation.

Definition 1.2. Density Estimation, as defined in [25] by Silverman
Given a set of observed data points sampled from an unknown probability density
function, density estimation is the construction of an estimate of a probability density

function from the observed data.

There are many methods of density estimation ranging from parametric to
nonparametric. In the parametric approach, one would assume a known distribution
and estimate the parameters which distinguishes said distribution. An example would
be to assume a distribution follows a normal density with parameters p and o2,
and then use the observed data to estimate pu and o2. In this thesis, we will be
using the nonparametric approach, more specifically the kernel density estimator.
Other density estiamtors include: histogram, naive estimator, nearest neighborhood
method, variable kernel method, orthogonal series estimators, maximum penalized

likelihood estimators, and general weight function estimators.



1.3.1 Kernel Density Estimator
Definition 1.3. Kernel Density Estimator
With observed values X1, ..., X, from unknown pdf f, let K(x) be a function which

satisfies the following property:

/_Z K(x)dx = 1.

Then the kernel density estimatorf' of f based on kernel K 1is given by:

~ 1 - iL‘—Xl

where \,, 1s the bandwidth such that A\, — 0 as n — oo.

The function K is called a kernel function and A, is also called the window
width or smoothing parameter. For more information on this standard kernel density
estimator, you can find more details in [25] and [29], by Silverman and Wand and
Jones respectively. In statistics, we want the mean squared error and the mean
integrated square error of any estimator to tend to zero as our sample size gets large.
To prove that this kernel density estimator is a good estimator in terms of mean
square error, we need to restrict the type of kernel functions we consider. To do
this, assume that K is a symmetric function which satisfies the following additional
properties to the definition:

o0 o0
/ tK(t)dt =0  and / K(t)dt =c#0
o —0
Some common examples of Kernel functions that satisfy these properties are: Normal,

Epanechnikov, and Tri-Cube Kernels functions.



1.3.2 Sampling
As a reminder, we are modeling the degradation signals using the following

stochastic model:

Our focus is to create a kernel density estimator for the distrubtion of ©. From
the model, we can see © represents the slope of the stochastic signal. Thus it is
reasonable to assume the point-slope formula would be an appropriate estimate for
©. Assume we have the following observations from the degradtion model: (¢;, S(t;))

1=1,2,...,n. Now we define the following estiamtor:

5 S(tipa) — S(t:)

(1.8) 0; = fori=1,2...,n—1

tiy1 — t;
Using the assumption that the signals S(t;) follow the model above, we see that

5 S(tiva) —S(t:)

81' = 1= O, o,
liv1 — t;
. 6157;4_1 + E(ti+1> - 9751 — G(tl)
B tiv1 — t
94 €(tiv1) — €(t:)
liv1 — t
=0+ X;, where

€(tir1) — e(ts)
lit1 —
now how the following form: © = 6 + X. We can see the density function of © is

X, = . Without loss of generality, let ¢;,17 —t; = 1 for all <. Our model
a convolution of the density function of © and the density function of X. To create
a density estimiation for © from the distribution of é, we will explore the idea of

deconvolution in the next chapter.



Chapter 2
Deconvolution Estimator

We wish to estimate the distribution of ©, when © = ©+ X. From the observed
signals S , we can find the associated gi’s. Asis standard in engineering models, we will
assume €(t;)’s are independent and identically distributed for all 7 and assume that ©
is independent of all €(¢;)’s. We can see that 0;’s are identically distributed but not
independent since the observations are dependent of the errors from previous signals.
Since © and X are independent, we know that the density of O is a convolution of

the density of © and the density of X, which we can write as:

faly) = / w(2) fx (= — y)dz

where fz(z), m(x), and fx(z) denote the distribution of O, © and X respectively.

Using properties of Fourier Transforms, we get ¢g(u) = ¢-(u)px(u). As long as

|dx (u)] > 0 for all u, we have ¢, (u) = j;ii:g

, and assuming the inverse characteristic
equation exists, we can write
L P L[ e D6
(2.1) w(z) = ¢! (qﬁx—é?j)) — %/e w“"qu—éu))du
We wish to estimate 7(z). Using eqaution (2.1), we can create a kernel estimator
of fg and find the corresponding characteristic equation to create an estimate of m(z).
Let K(z) be a bounded even probability density as proposed in Stefanski and Carroll

(1990), and let f be an ordinary kernel density estimator of fg based on kernel K,

. " 0.
Fl@;An) = ni\ ZK (x/\ J)

ie.,

8



where )\, is the bandwidth. Then the characteristic equation of f is:

Now, we will do a change of variables. Let v =

Y

, which means = = 0~j + A\, v

. Then (bf(u) = ¢(u)dpx(uN,). So an appropriate estimator of

di An
and dv = )\—j So,
R~ L
R o 1u(0;4+Anv)
¢f(u) = o ;/e K (v) \pdv
1< o
_ = Z / ezqu ezu/\an(,U)d,U
n <
7=1
1 e~ & .
— Zezw?j /€W)\an(U>dU
n <
7=1
=— Ze T (ul,)
n <
j=1
~ 1> il ~
Let ¢p(u) = — > e
n j=1

m(x), denoted by 7(x; \,), is



) =0 (240)

i efzux f(u>
27 (ﬁx (U)

L[ o)
a 271'/ X( ) d

¢
% Z ezuéquK(u)\ )
. 1 —juz  J=1
= — e du

dx (u)

U 7ZUCE QSK UA )

" onm / Z " x(u) “onlu)
—iu(z— ¢K U)\ )

" onr Z / o x(u) du

Now with the change of variable: y = u)\,. We have:

ﬂx;A"):ﬁg/e (Afy)%%

n

1 -1 —i Pk (y)
LT - >¢XK(%)dy

n

Let

(2.2) K*(t)=— | e W' ——"dy
TR e

Then

1 < x— 0,
2. T(x; \p) = K* .
Equation (2.3) is called the Deconvolution kernel density estimator. This ap-

proach uses fourier transforms and are predominatly used for statistical inference in

errors-in-variables problems. At this point, we will give a brief history of work that
10



has been done with this approach. Carroll and Hall [3] and Stefanski and Carroll
[27] constructed a consistent deconvolution kernel desnity estimator. Stefanski [26]
and Fan [15] & [17] derived the general asympototic properties of the deconvolution
kernel density estimator. In [16], Fan shows the limiting distribution of this estimator
is asmyptotically normal.

Li and Vuong [21], Lin and Carrol [22], Hall and Ma [19], Delaigle et al. [7],
and Stefanski and McIntrye [28] explore measurement error problems and replicated
data. Diggle and Hall [14] and Neumann [24] study the deconvolution problem when
samples of error data are available. Butucea and Matias [1], Butucea et al. [2], and
Kneip et al. [20] focused on problems where the error term in the model follows a
supersmooth distribution known up to a scale parameter, and Meister [23] assumed
the error term follows a normal distribution. In Carroll et al. [4], the authors provided
an account of the general methodology for the deconvolution problem. Delaigle and
Hall [12] explore choices for the smoothing parameters choice in error-in-variables
problems using SIMEX, and in [13], they remove the assumption of the distribution
of the error term is known and prove properties of the deconvolution estimator in
such scenario. Delaigle and Gijbels in [9], [10], and [11] explore different bandwidth
selections for the deconvolution problem.

For the remainder of this thesis, we will follow the frame work Fan used in [15]
and [16]. We will need the following defintions:

Definition 2.1.
o A random variable, X, is said to have an ordinary smooth distribution of order

B if the characteristic function of X, denoted ¢x(t), satisfies:

dolt| ™ < lox(t)| <t ast— oo,

11



for some positive constants dy, di, and 5. Eramples include gamma, double
exponential and symmetric gamma distributions.
o A random variable, X, is said to have a supersmooth distribution of order (3 if

the characteristic function of X, denoted ¢x(t), satisfies:

—|t|P —|¢#
dolt] ™ exp (l) < o (D] < ot exp ('—') as t = o0,
Y Y

for some positive constants dy, di, v and 8 and constants By and By . Fxamples

include normal, mizture normal, and Cauchy.

As we know the convergence of the estimators are directly related to the smooth-
ness of the error term, it is appropriate to consider both cases in our deconvolution
kernel density estimator. The final tool we will need before we move onto the next

chapter is Plancherel’s Theorem:

/ |E(t)\2dt:/ B, [2do

where E(t) = [ E,e”?™"'dv, i.e. the integral of the squared modulus of a function is

equal to the integral of the squared modulus of its spectrum.

Theorem 2.2.

Note: E(t) and E, are Fourier transform pairs.

12



Chapter 3

Optimal Rates of Convergence for the Deconvolution Kernel Desnity Estimator with

2-Dependent Error Structure

3.1 MISE Upper Bound

In this chapter, we will create an upper bound of the mean integrated square
error of the deconvolution estimator constructed in chapter 2, and find optimal rates
of A\, which in the worst case scenario will ensure us the mean integrated square error
of the deconvolution estimator will go to zero as n goes to infinity. The mean squared

error of an arbitary estimator 6 is defined by MSE() = Var(d) + (E[d] — 6)2. So,
T
MISE{7(:; \n)} = / MSE{7 (z, \,) }dz
0
T

(3.1) _ /0 Var{F(z: M)} + (bias(F(x: An)))2de

A A~

where bias(f(x; \,)) = E[f(x : \,)] — f(x). First, we will find E[7(z; \,)] by

using the property of expectation, E[X]| = E[E[X]Y]]. So,

S I R A YD
E[ﬂ(x,/\n)|@—z]—E[n)\n;K ( " )@—z

1 — x—g» |

since évj’s are identically distributed, the equation above becomes:

13



_ )\in/ (%/e"y(gnw)%dy) foje(wlz)dw

n

—zy

27r)\

& (Y)
i
An

X1

> f@|@(w|z)dydw

using Fubini’s Theorem, we now get:

1 — I
— . e AnL‘y))/e (An)fglw(w\z)dwdy

e &

Since © = © + X, and © = z, we know that Po10(ul2) = dx, (u)e™*. Thus, we have:

BF(zi )0 =2 = oo [ efff”ff(( >>¢Xl (r) ¢+ dy
. o (x ;

B 27?1/\ / "5 6rc(y)dy

1 e W
= 5o (55) e () dy

(3.2) - )\%K (x;nz>

Since E[E[7(x: \,)[0]] = )\inE [K (?)} we know E[F (z: \,)] = )\inE [K (“”” ;n@)}.

Thus, we know that the expected value of 7(x) is the same as the ordinary kernel

density.

14



With this result, we are now ready to investigate the bias term. Using a result

from [29] by Wand and Jones, we can show:
bias(7 (i M) = “n"(2) [ K (y)dy + O(2)

:
2
2 2
bias(rz M) = 2" ([ Ky ) + 320008 [ Ky + O
4
n

4

S ([iKwa) +ovd

[ vias(tas 2o = | ( (+"(2))? ( / y2K<y>dy)2+0<Ai>> da
_ % </ K(y )dy>2/(w"(x))2dx+/0(A§)dx

Thus, we have:

(3.3)

/ (bias(7(z: An)))2da — %ﬁ < / 2K (2 )dx>2 / (" (z))2dz + / OO )dz = OO

Next, we need to find Var{7(x; \,)} and integrate.

Var {7 (w3 An)} = Var{ ZK*( ~>}
S (5]
el (58] gl (59) < ()
w0 e () 2o fie (55) e (52

since é/j’s are identically distributed, and for j and k satisfying |k — j| > 1, we

know év] is independent of é; Thus, we have

g G
COV{K* (%) K (x S k)} =0 for j and k satisfying |k — j| > 1.
ni\%\/ar {K* (x;_n@l> } in equation (3.4):

15
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frtveli (555 e [l () o ()
ser (e (52)) ] o

Next, we will show the second term in equation (3.5) is as follows:

ni\% (E [K* (I ;:)1)]) do — ﬁ / &% (M) | o (£)2dt

i (el (552]) = e f (e (222 )
:ni\%/(//l{ (x_(;f“))f(,;Xl(u,v)dudvfdx

W ( / / K* ( > (v)dudv)de
2
K () dyw(u)fxl(v)dudv> dz

:ni/ [[a] <%)
i ([ f e o)
:Ti%; J]5]et ¢X(%)

:r;% / /;T()de((i)) / e¥(35) 1 (w)du / eww)f;ﬁ(v)dvdy)de

Using 6 independent of X;

—
@

2
w) fx, (v)dudvdy) dx




Let t = % and w = =, then dt = /\indy and dw = %dx, and we get:

~ 2
1 * L= 91 — 1 1 —2mwti 2
nA; / (E [K ( An )]) dr = nA2 / (/ o€ TG (tEha) o (1) /\ndt> 2mdw

1 . 2
=5 ( / €2l (EN ) g (F) dt) dw

Using Plancherel’s Theorem:

— o [ lonltr)on (0 P
1
S COLCIR

=/ (E [K* (”’;9>]> o= o [ Gnlon(o) P

Similarly, one can show using Plancherel’s Theorem and the substitution
r — 91

An

~\ 0\ 2
. K* =
(3:6) nA§/< < n )) d zmnn/‘ (t>‘2dt
Px: (5,
Notice that the right hand side does not depend on ;. So equation (3.5) now

becomes:

1 Y 1 % (t) 1 ) )
[l (55) o= - f o

ox (3 12
One can show by definition of X that ¢x, (u) = ¢¢, (u) ¢, (—u) which gives us:

Thus,

t =

An

- 27T/1\nn/ 4 (;b)%(:) (4) zdt — Q;n /Cb%(()\nt)(bg(t)th

17



Now, we will work on the integral of the covariate term of equation (3.4):
e () (52 = (5 ) () ol (50 ) el (7).
~ ~ ~ 2
- « xr — 91 % X — 02 « xr — 91
e (5 ()] (el (50))
since 52 are identically distributed.
« [ L 9~1 « [ L é;
e (50 (50
First we will define the following notation: let dz = dzdadbdc. So,
2 * xfévl % 1'70’; o 2 % 1'7(84»61760) % $7(8+62761)
w/E[K ( » )K ( a )]dﬂ”nv/E{K () e ()@
LT z+b—a z— z+c—b)
n)\2 / /K ( ) ( )
= [ [ (28 i e () w0 s
) ( dyl

n)\2/ /27r/ iy (2= QSK(?J:I) /@—iyz(w(iffb))q::(({;j)dygﬁ( 2) feo (@) fer (b) fo, (¢)dZdx

—-E

(E

f@;eo;el;eg (217 22,23, Z4)d5d$

27r2n)\2/ / iy (e %@iyz(uwf“)(;:(((yj;)ﬁ(z)fm(a)fel(b)fez(c)dyldygdidz
=5z |/ eiyl(W)d)iK((y;;)ein(W)mW(Z)feo(a)fq(b)feQ(C)dZdyzdx

Now we can seperate the different integrals of a, b, ¢, and z and write them as

characteristic equations:

¢K yl ¢K 2) Y1+ Y2 — Y2 Y2 oVt y2
27‘(2”)\2 // (L) ( ) Peq ( ) be, ( X, ) Dey ()\n> ( )dyldygdm

Usine ¢x, (1) = ¢¢, (1) ¢e, (—u) we have,

27T2n)\2 /// d)K = d)K()y;)X (2) %o (yl +y2> Peo <_)\Zl> e, <y1>\_ny2> Ges (f\i) e (/1+/2)dy1dy2da:
An
27T2n>\2 /// ¢K Y1 ¢K)(Z;2€) ( )¢e <y1;\;y2) be, (yl)\—ny2> b, (ii) () g e

But the characteristic equations of the ¢;’s are the same since they are i.i.d. So,

+ — iz 1+/2
27T2n>\2 // ¢K y1 _12)(/56 ( 1)\ y2> b, (yl)\ yz) 2(S52) 00 dnd

18




Thus, we have:

(3.7)
1 - Y1 y2
2,7 \2 // Orcly)onlye) Pe e Ge, h_t% e’ w(5, )dylddel’
er \ \, €1 n
Now let Y] = ei”(%) and Y, = eiq(%), then:

e, (yl)\_ yz) _E |:€i51(y1/\ J2)] — E[W,Y)]

using definition of covariance, we get:

E [Y1Y2] = Pv1,20v,10Y, +E [Yi] E D/Q]

= 0y,0y, + E [Yi] E D/Q]
since Y7 and Y5 are functions of €;, we know by definition:
n —Y2
= 0y,0y, + ¢61 ()\_n) ¢51 ()\_n)

Using this in equation (3.7), we get:
_ . +
27r2n)\2 // ¢K y1 )oK y2) do <y1 +yg> b <y1)\ y2> em<yl*"y2)dy1dy2dx _
¢€ e n ) " n
¢ ¢ + — i ((Y1FY2
27T n)\2 // ¢ . yl K( 3)/2 Qb@ (yl y2) |:0Y10-Y2 +¢61 <§/\1) ¢61 (}\:’-/2):| (& ( An >dy1dy2dx
: +
(yl + y2> O'YlUYQGlx(ylAnyZ>dy1dy2dx

o (32)
el o
(

9 (3
/// ; ¢<5 eseyen (22) 20 () 20 (52) 0 s
e1 \ N n n
s / I nmee:
27r n)\2 /// K (y1)Px (y2) 90 ( y2> e’ <y1;ny2>dy1dy2da:




But since 7(z) is bounded, there exists a ¢ such that ¢g < ¢

COy, OY- qu yl y ) im y1ty2 C s Y1ty2
< 2772171)\22 // o (1 ) (5 )dyldygdx—f— 271_271/\121///dﬁ((yl)d)K(yz)@ (5, )dyldyzdff
€1 n 61

An

2

_ v 0y, ¢K y1)Px (y2) i (Atvz) c / / in(4)

T 22 // p <£>¢ (7y2)e dyidysde + -—— STz x (y1)e ™\ 3 ldy, | dx
er \ X X

€1

Using Plancherel’s Theorem,
COY, 0, ¢K yl )oK yz) i (Lt
= e // ¢e o )6 “(5) dyy dysdie + = /\2 /¢K y1)dya
So we have established the following bound on the variance term of the MISE for
T(x; \y):

/ Var{R (s An) o < o inn /

(3.8)

(1)

Sdt
ta (30) 00 (57)]

| Covi0, ¢>K yl ¢K(y2) in(1f2) c / )
nJdydyad — d
277271)\2 // ( )\yz) ¢ V104207 + 2m2n\2 Ok (y1)dyn

With equation (3.3) and (3.8), we have established an upper bound for the MISE

~ o [ FeOublnte)

given in equation (3.1).

3.2 Cases of MISE for Smooth and Supersmooth Assumptions

In this section, we will consider two different cases: €; follows an ordinary
smooth distribution and a super smooth distribution. We will show the upper bound
given in equation (3.8) converges to zero with the appropriate selection of bandwidth.
This will show the MISE given in equation (3.1) of our deconvolution kernel denstiy

estimator goes to zero as n gets large.
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3.2.1 Case 1: Ordinary Smooth Distribution

We will assume that €; follows an ordinary smooth distribution. This means

¢e, (1) satisfies:
(3.9) dolt|™? <o, ()] < di]t|™  ast — oo,

for some positive constants dy, di, and S. Using this assumption, we will find the
upper bound of the variance term of the MISE for 7(z; A,) with the assumption that

€1 follows an ordinary smooth distribution and get:

¢% ()

-8
do| 5+

/Var{w Ty Ap) Hdx < 27T)1\ n/ - ﬁ/&(kntﬂ%(tﬂ?dt

CO'Y10'Y2 ¢K y1 ¢K(y2) im(yl;”) c / 5
) dy dysd + ——— i
271—2”)\2 // d ‘ —u 56 Y1ay20 + 27T277)\% (bK(yl) Y1

— 1 ¢K(t) 1 5 )
B 2d07r)\ n/ L —4ﬁdt /¢K Ant)|po(t)|“dt

CJYlUYQ // ¢K yl ¢K yQ) 7/ac(Jl‘*’yz

Qd%ﬂgn)\Q

R R R 2
B Qd%ﬂ)\nn/ | dt — 2mn /¢K<)‘nt)‘¢9(t)| dt

t
An

—B|2
0 ‘

Y1
An

Viydd + 5 [ Gt

An
2
+m/ /¢K(y1)e (35 dy, dx+#/¢?<(yl>dw
2d%7r2n>\% I -8 27T21’L)\72L
>\n
1 o% (1) 1 / 2 2
_ dt = 5 [ Sk Ot)ldo(t) Pt
] T2 % (M)l 0 (2)]

COY, 0y, qi)K
)d
2d(2)7r2n)\2/‘ 26 2 2 )\2 /¢)K y1)diy
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the line above is a result of using Plancherel’s Theorm. Therefore, we now have:

1 2 1
/Var{ﬂ(x ) b < 2d27r/\nn/ qi{(_tzﬂdt— 5 /¢§((Ant)|¢e(t)‘2dt

An

Oy, Oy ¢K()
+2di12”;%/ N Fda + 53 )\2/@( y1)dy

/\n

— 1 2 48 1 9 5
T 2B, / Ok(t)tTdt =5 / O (Nt Go(0) Pt
COy, 0y,
el /¢K t%dt—'— /¢K y1)dy,

2d37r2n/\721(1+ﬁ)
1
n)\% (1)

= O (1)~ O() +

n )\Tll+46

o)

)\i(1+ﬂ)

e te o) s

(3.10) <
| - L k|0 for g

NI= N

We want equation (3.10) to go to zero for all values of 5. We will let
A\p = n—%]l< %](B) + n_b]l[%’oo)(ﬁ), where a and b are chosen so that 0 < a < 1+4ﬁ

and 0 < b <

5 + 1) and we will focus on both the first and third terms in equation

(3.10), for thier respective values of 5. We will show they go to zero with the choice

of a and b. For 8 € (O, %}, we have:

2 2 | 1
n)\rlz+4ﬁ - n (n,%)l-‘rﬁlﬁ an TL)\%L - n (n_%)Q
— op~(1-255%) — n~(1-9)

It is easy to see by the choice of a that 1 — w > 0and 1 —a > 0. Let

a(1+48)
2

w =1-— and wy = 1 — a. Then:

1 1

_+_
n o nA2

R 2
/ Var {7 A e < b |~

=o(n™") = O(n™") +o(n™2) = o(n"*"),
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where —w, = max{—wy, —1,ws}.

Now to consider the case: € [%, oo):

2 2 d 1 1
= al =
) ()20 nA2 o (n-b)?
— 9oy~ (1-26(1+5)) — - (1-20)

It is easy to see by the choice of b that 1 —2b(1 4 ) > 0 and 1 —2b > 0. Let
w3 =1—2b(1+ p) and wy =1 — 2b. Then:

2 1
Var{m(z; \,) }dae <k |—+— — — + —
[ v ok < | iy

2
n o nA?

= o(n™) = O(n™) + o(n™*) = o(n™)

where —wy, = max{—ws, —1,ws}. If \, = n_%]l(o 1] (B) + n_b]l[l OO)(B), where a and
3 2

b are chosen so that 0 < a < @ and 0 < b < m Then we have that:

B [ Var(Reo) e < ofn )L ) (5) + ol )1y (9)

Finally when ¢, follows a smooth distribution and for A, = n~21 (0

1(B) 07" 0y (B),

m, we have from

1
2

where a and b are chosen so that 0 < a < ﬁ and 0 < b <

equation (3.3) and (3.11):

MISE{7 (3 M)} = o(n™“)1 (g 11 () + o(n™) 1, ) () + o(AY)

N

3.2.2 Case 2: Supersmooth Distribution

We will assume that €; follows a super smooth distribution. This means

¢, (t) satisfies:

—|t|P —|t|?
(3.12) do|t|™ exp ('—’) < e, (1)| < dy|t|P exp (l) as t — 0o,
g v
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for some positive constants dy, d;, v and § and constants By and ;. Using this
assumption, we will find the upper bound of the variance term of the MISE for

7(x; Ap) with the assumption that €; follows an supersmooth distribution and get:

1 7 1
/Var{ﬂ x; Ap) pda < e / Oic (1) dt — 27/¢§<(/\nt)|¢e(t)|2dt
) Ll o (@l o (]
AR
2032/10;/22 /// ¢K(y1)¢K(y2230 e (y1+y2)dy1dy2dx
I T e o el o )

+ m/@((yl)d%
_ 1 P% (1) 1 ) )
B 27T>\nn/ 250 zdt — 727rn/¢1(()\nt)|¢0(t)| dt
d2 t ’ e

Xp (—2\t|ﬁ)
YAR
2

COY,0Y, Pk (y1) () ¢ / 2
d d — d
et | ot p) et g | Okl
bw

oxp ( e )

n

Using Plancherel’s Theorem, we have:

1 ¢ (t) 1 ) ,
N 277/\nn/ e 480 _ap)p dt — 27Tn/¢K()‘nt)|¢0(t)| dt
PRI

YAn

COY, Oy, % (t) c / ,
dt d

277%1)%/ NIEE o + FReRyy) dx (y1)di
do‘ K‘ exp <7>

1 AN | ~a80
ZQd(%W/\l_%/¢§<(lﬁ)exp<7 )tl 0 dt — 7/¢K Ant)| o (t) |2 dt

oy, Oy, |t]? —2
- 2422 1A2225° /¢K ( )ﬂ s Az /¢K y)dyn

But we can bound exp (c|t]5), where ¢ is considered a positive constant, by

exp (¢|T]?). Thus we have that:
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1 4T _
/Var{w(a: An) Yz < 2din AL g NP0, ( . N )/Cbk ) It] ot — —/¢K (Ant)|o(t)[*dt
CUY10Y2 —280

1 41T|8 1

Aalo(exp( g) o
)) n)\2

0

)\a2 (exp (

1 if /80
where a, =
1— 450 if ﬁ() <0
\
(
2 if Bo >0
and ay =
2—20y if By <0
\

Now, we will choose our bandwidth to be A\, =T (%) ’ (log n)%, where ag > 4

and is chosen to be fixed. So we can now change the big O notation to little o notation.

1 4|8 1 41T|8
/\‘“no exp Y = T - a7 €Xp T 5
YAn n(T (%) (logn) ) ’Y<T <a70>5 (1Ogn)6)

k(1 7

n Qo
K (log n)%1 4
= ——exp (log nafJ)
n
K'(log n)F1
n @
= o(n~*), where w; <1 — —

Qo

Similarly, we can see that

O ex | ‘ - ( ) & O(l) - ( ) hele < 1 a d < 1
on —— on W —
p 7)\6 n)\2 w2 nda ws

n

ni2
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Thus we have that:
/Var{/ﬁ(z; M)tz < o(n™") —o(n™") + o(n™*?) + o(n™*?)

(3.13) =o(n™*1), since ,Erllaéxg{max{—wi}, —1} = max{—w }

1

Finally when ¢; follows a super smooth distribution and for A\, =T (%0) g (log n)%,

we have from equation (3.3) and (3.13):
MISE{7(; A\n)} = o(n™“") + o(A%) = o(n~*")

3.3 Theorems and Corollaries
Theorem 3.1.
If €(t;) are i.i.d. and follow a smooth distribution and \,(a,b) = n_%]l(o ;](5) +
2

n_b]l[ Oo)(ﬁ), where a and b are chosen so that 0 < a < = and 0 < b < 52—

1, 1+48 2(1+8)’

then

MISE{Ro(:: M)} = o(n™ )1 1(B) + o(n™ )11, y(8) +0(X3),

29

(SIS

where w, = min{1 _eltd) g g a} and w, = min {1 — 2b(1 + B),1,1 — 2b}

Theorem 3.2.

W=

Ife(t;) arei.i.d. and follow a supersmooth distribution and \p(ag) =T (%) (log n)%,

where ag is chosen so that ag > 4, then

MISE{ZTo(-; M)} = o(n™*1),

4
where w; <1 — —
ao

Corollary 3.3.
If e(t;) follow a standard Brownian motion, then X; = €(t;11)—€(t;) are independent

and by Theorem 2

4
MISE{m(-; \n)} = o(n™*1), where wy < 1 — -
0

1

when A\, (ag) =T (“70)5 (log n)%, where ag > 4.
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Chapter 4
Limiting Distrubtion of the Deconvolution Kernel Density Estimator

We have shown the Deconvolution Kernel Density Estimator is a good estimator
as the sample size gets large in terms of mean integrated squared error. Now we will
now find the limiting distribution for the point wise evalution of the estimator. The
standard technique for finding the limiting distribution is the Central Limit Theorem,
but in our case, we cannot apply the Central Limit Theorem, since we do not have the
independence assumption. In [16], Fan uses Lyapounov’s condition and the triangular
CLT on the standard deconvolution kernel density estimator to show the asymptotic
normality of the estimator. As we cannot use the CLT, we will look to use a theorem
that comes as a ramification of the CLT. In the following section, we provide the

theorems and lemmas we will need for this section.

4.1 Preliminaries

The following theorem is found in [6] by Chung;:
Theorem 4.1.
Suppose that {X,,} is a sequence of m-dependent, uniformly bounded random vari-

ables’s and let

Sn = > X; such that

i=1

U(Sn>
5~ oo
Sy — E(S,
as n — 00. Then ﬁ converges to N(0,1), where o denotes the standard
O(on

deviation of the random variable S,,.
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The sequence of {én} are 2-dependent and uniformly bounded, and hence

An
totic normality of 7o, we need to show that

o(Exx (5))
(4.1) o "

nl/3

0, —x .
{K * are also 2-depenent and uniformly bounded. To prove the asymp-

— +00

Before we proceed with proofs of the two cases of error distributions, we will
need the following lemmas from Fan [16]:
Lemma 4.2.

Suppose that {g,} is a sequence of Borel functions satisfying

gn(y) = 9(y)  and Sgp{lgn(y)\}ég*(y),

where g*(y) satisfies

/g*<y>dy<oo and  lim |yg*(y)] = 0.

) n—oo

If x is a point of continuity of a density f(-), then for any sequence h, — 0, we have

im o [ (“” = y) fdy = 1(0) [ glw)ay

‘We will now use this lemma, and the following fact we proved earlier:
1 Lfr—0; 1 xr—0
)\—nE K ( N ) = )\—nE lK < . )} to show that

1 [ r—0.
—F | K* J )
" ( " ) — 7(x)

e (58] = e e (50)
x5




using Lemma 4.2, we get as n — oc:

(o) / T K(y)dy
— ()

1 — 0,
Hence, we have shown )\—E [K* (a: S ]>] — 7(x). O

Since this limit exsists, we can say )\iE K~ x)_\—ej is bounded. This
fact will be important for our proof. Next we \:Lvill need anotnher lemma for the super
smooth case. We will write ¢.(t) = Rc(t) + il.(t), where R.(t) and I.(t) denote the
real and imaginary parts of the characteristic function ¢.(¢). From [16], Fan proves
the following lemma:
Lemma 4.3.

If €;,i = 1,2,...,n follows a super smooth distribution and I.(t) = o(R.(t)) or
R(t) = o(I.(t)) ast — oo, then as n — o0
(1=b.)?

n ﬁ 4
g )hnobn

K ()] > ca(y) exp ( -

8
uniformly over y € [O, g], where b, = hy°, ¢ 1s a positive constant, and

cosy, if I(t) = o(Rc(t))
siny, if Re(t) = o(I(t))

Finally, we will need two inequalities which will be written as lemmas:

q(y) =

Lemma 4.4.

For every real number 0 > r > 1 and x > —1, then (1 4+ z)" < 1+ rx, which is a
generalized version of Bernoulli’s inequality.
Lemma 4.5.

For x > 0 and in a small neighborhood of zero and 3 > 0, we have (1 — x)? >

1—20x.
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The first inequality is fairly well known and can be proven either by induction
or Taylors Formula. I will provide a proof of the second inequality. First we will write
out Taylors formula for (1 —x)? around the point 0: (1 —z)% = 1 — Bz + R(z), where
R(z) = o(x). Since z is in a small positive neighborhood of zero, R(z) = o(x) and

£ >0, we know:

Ba+ R(z) > 0
1—Bx+ R(x)>1-2pz

(1—2z)>1-2pz

The above equation is a result of Taylors formula for (1 — z)?

Note: The second inequality is only true since x is in a small positive neighbor-
hood of zero. If it wasn’t, then the R(z) wouldn’t go to zero faster than the z term,
and we wouldn’t be able to write the first inequality. We are now ready to prove the

two cases.

4.2 Limiting Distribution for Deconvolution Kernel Density Estimator
4.2.1 Case 1: Smooth Error Distribution

We will assume that €;,7 = 1,2,...,n follows a smooth distribution with
parameters: (do, d;, 8). Then X; follows a super smooth distribution with parameters:
(d%,d?,23). We wish to show equation 4.1 is true with ¢; follow a smooth distribution.

So for n sufficiently large:

L R x—@
(ZTK ( N )) o <1K*<x-é;)>

/3




Since we have shown the second term is bounded, all we have to do is show the first

term goes to 0o, and the proof is finished. We will focus on the first term.
~ 2
1 1 x—0, 1 o z—y\]?
SE || — K J = K* = (y)d
n_3 (}\n ( " )) n%)\% /_OO{ ( X, )] fgj(y) Y
1 > T—y 2
= K* = (y)d
a2 /_OO { < A, )] fej(y) Y
fy, (@) > NG
e [ [e (5 o
725)\% —0o0 )\n

The equation above is derived by using Lemma 4.2 and now by using equation 3.6 we

get:

f5,(x) / ¢2(t) P

21\, n3

f5,(x) ¢
= 27T/\nn% /

—283
& |
[ (@ 2 (t
__f@) . K(M)Bdt
2dimAns S |2z
t
f5,(@) L
B
r=rend AU
k(@)

where k is a positive constant. If we let \, = an~" where a, b are positive constants,

then:

~\ 0\ 2
. _1 1 « r—0.; _ _1
nh_)rgon ERD) (/\—nK < " ]>) > Jingokfg () (an™") 475

= lim kf~( )a nt(+48)—3

n—oo

This last equation goes to infinity when b(1 + 43) — % > (. By choosing b such

that b > 3 we ensure the equation above tends to infinity as n — oo.
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Theorem 4.6.
Let €;,1 = 1,2,....n follows a smooth distribution and X; = €;11 — €;.Then as

n — oo, we have
(25 Ay) — E[?T\(:Q )‘n)] D
Var[w(z; A\y)]

N(0,1)

provided N\, = an~" where a,b are positive constants and b > m.
4.2.2 Case 2: Super Smooth Error Distribution

We will assume that ¢;,7 = 1,2,...,n follows a super smooth distribution
with parameters: (do,d1, fo, 51,0,7). Then X; follows a super smooth distribution
with parameters: (df, d3, 253,261, 3,2), and assume Ix,(t) = o(Rx,(t)) or Rx,(t) =
o(Ix,(t)) ast — oo. We wish to show equation 4.1 is true with ¢; follow a supersmooth

distribution. So for n sufficiently large:

/3 X,

bl ()] b))

Since we have shown the second term is bounded, all we have to do is show the first

term goes to 0o, and the proof is finished. Now we will focus on the first term.

(o (52)) |-t [l (22 s

= [ WP g e My

ns, J-
1 /3 1-b,)? ?
>t [T eatmes (U255 )| g o ay
n3\, Jo YAn 7

32



The equaiton above is a result of using Lemma 4.3, and now by using the continuity

of f(;j, we get:

> 5,@) [exp (W)A”Wr / o) dy

ns Ay, v)ﬁ
cafy (o) — B
Z 191( [exp (2(1 g") >>\iﬁ0bi:|
n3\, YAn

now using Lemma 4.5, we get:

CZfNj (z) 2(1 —25by) o
2 19 {exp <’7X3))\iﬁ bi:|

n3 A, n
2(1—28\°
ca fy (@) ( " ) 88
= 16] exp 3 )\iﬁo)\ﬁo
n3\, YAn
88 £
e 10
C2f§j (1’))\i50+ 70— 1 2 <1 — 25)% >
= I ex
n3 P An

With this lower bound, we will choose \,, = a(log n)_?l where a is a positive constant
1

chosen such that a < (%) B, and we get:

B
£ =1 460+ 35 —1 2(1-2 (a lo n%l>w
02f9 (x)/\460+ 10 2 (1 —2,8)\,%0) CQfgj (z) (a(logn) B ) f | a(logn)
T exp 3 = exp
n3 YAn n

—4Bg _ 8 , 1
csfz, (x) (logn) #1017 i

3 (atogm) %)
)

2(1 - 28at0 5 (logn))~ 1
~vaP (logn)—1

= T exp (
ns3
—4Bp _ 8 L 1
cafy (x) (logn) 7 ~1075 2 5 ,
= T exp (—ﬁ (1 —2Ba10 (logn))fﬁ) logn)
n3 ya
—4Bg _ 8 L1
csfg (z) (logn) 5 1075 ( ﬁ(1 2810 (log n)) ™ 10))
= 2 exp | logn\7e
5
n
—4Bg _ 8 41
caf5 (@) (ogn) 7 1077 < (52 (1_2aa&<logn>>fo))>
= J T n\vae
n3

B 1
—460 _ 8 | 1 2_(1-2Ba10 (1 0 ) -1
- C3f§j (z) (logn) # 0t 3 <n<wﬁ( (logmn)) ™ ) 3)>

Since we have chosen a as we have, this leaves us with a limit of the form:

og n)inP~ " where p, L, k are all positive constants. Note: the choice of a above
1 g q,,p—l(logn)
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ensures us that p will be positive. So we have three cases to consider: when g > 0,
q < 0, and ¢ = 0. The solutions for ¢ > 0 and ¢ = 0 are essentially the same, and
hence, we will only be showing the two cases:

e Case 1: When g > 0, define the following transformation: n = exp (m) then:

lim (log )P~ 106 ™" = lim m%exp (m(p — Im™*))

n—oo m—00
) pmF — 1
= lim miexp (m -
m—00 m
. pmF —1
= lim m%exp =) = 00
m—00 mr—

since ¢ > 0

e Case 2: When ¢ < 0, define the following transformation: n = exp (m) then:

lim (log n)qnp_l(log”)_k = lim m%exp (m (p — Im™"))
n— o0 m—0o0

_ im exp (m (p — lm_k))

m—o0 m—4

Note: —qg >0
. exp(mp) exp (—lm””l)
= lim
m—00 m—4
~ i SXP (mp)

m—oo M~ exp (Im=F)

i 20

m—00 3(lm* )m_q

— Jim — 22 (mD)
m—o0 (1 +2>(lm )m_q

Now by using Lemma 4.4, we get:

e ()
m—00 (1 + 2 (lm_k)) m—4
exp (mp)

m—oo M~ 9 + 2lm—(k+a) -

since —q > 0.
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So we have shown that (log n)qnp_l(log”)_]c — oo when p, [, k are all positive con-

)

stants and ¢ is a constant. With the choice of \,, we can now say:

N\ 2 ) 8 ~
nTiE (iK* (—x;@' )) > eafy (@) (logm) 7T+ <n(wﬁ(”ﬁ“ 7 (tos )

g~

|

An
— 00 as n — 0o
This shows _
no1 r—0;
(B (57)
pYE — 00 as n — oo

(2 An) — B[ (25 An)]
Var [ (z; An)]

and by the theorem above, we have shown that converges in
distribution to N (0,1).
Theorem 4.7.
Let €;,1 = 1,2,...,n follows a super smooth distribution and X; = €;+1 — €; and
Ix,(t) = o(Rx,(t)) or Rx,(t) = o(Ix,(t)) ast — co.Then as n — oo, we have
(23 An) — BT (2 A0)]
Var[w(z; A\y)]

N(0,1)

—1

provided A, = a(logn)? , for some a such that 0 < a < (%)

=

4.2.3 Sample Variance

Ultimatley, the variance of the deconvolution estimator depends on the value of
the unkown density function 7(z). We can use a consistent estimator to replace the
value 7(x), but this requires extra computation. As is the case, we would rather use
sample variance of this estimator for inferences. In order to use the sample variance,
we must show the sample variance converges in probability to Var[n(z; A,)]. In [16],
Fan shows the sample variance converges to the variance for both the smooth and
supersmooth case. We provide his results for both cases for just the deconvolution

estimator and not all the derivatives here:
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Corollary 4.8.
Under the assumptions the error term follows a smoot distribution, if h,, = o (n_ﬁ> ,

then

(12) Vi (M> N, 1)

Sn

1o /1 r—Xi\\’
where s, is given by either s = — > (—K* ( )) or the sample variace
n .

1o (1 - X\ 1yl - X\’
defined by: s = — > (h—K* (x ; Z) - =3 h—K* <$ ; 7’)) provided that
n =1 n n =1 n

n ,— n

nh?*tt — oo and f 15 the standard deconvolution kernel density estimator.
Corollary 4.9.
Under the assumptions the error term follows a super smoot distribution, if h, ~

_1
<%log n) ’ for some a > 1, then

(4.3) Jn (—f"(x) — fX(x)) — N(0,1)

S
where s, is defined in 2.1.
The difference between Fan’s result and our result is again the added complexty
of the variance term as a whole. As we have already shown the term X follows smooth
and supersmooth distribtutions in the appropriate cases, we can apply his result for

the sums of the variances, and all that is left to handle is the covariance term.
By applying Chebysev’s Inequaltiy, we know that the variance term goes to

zero. So we just need to show the Covariance term does as well:
el () () o () ()
e (e (i)
= ni% //K <Z * b;na - x) K <Z ks C;nb - 96) Joreosersea (2, a, b, ¢)dzdadbdeda:
- % / . /K* <z + b;na — x) o <z + c;nb — a:) () o (@) o (B) o (€)dzdadbie

2 //K* (“’b;na_x) feo(a)daK* (Hc);b_x) £ (0)f., (c)dbden(2)d=

)
nA2
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using Lemma 4.2, we get:

// feo(z+b—2) /K* ) daK* ( A_ )fq( ) fe, (¢)dbdern(2)dz

We can bount the intgral of K*(a). Let ¢; denote such an upper bound.

201 / / fe(z4+b—2)K* (”C;b_f”) o, (D)dbf., (¢)der(2)dz

using 4.2 again, we get:

<2 //f zte—x /fso (bAn + 2b — ) K* (b) dbf., (c)dem(2)dz

as the integrals above can all be bounded. Let ¢y be such an upper bound

20
n

So as n — oo, we see that 2% — 0. This shows that the covariance term goes to zero.
This proves that the sample variance still converges to the variance of our estimator

in the dependent case. Hence, we can replace the variance term in Theorems (4.6)

and (4.7) by the sample variance formula in the corollaries above.
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