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ABSTRACT 

ANALYSIS OF THRUST DEVELOPMENT 

 IN A PULSE DETONATON ENGINE 

 

Kishore Nekkanti, M.S 

 

The University of Texas at Arlington, 2010 

 

Supervising Professor:  Donald Wilson 

 Pulse detonation engines (PDE) employ detonation waves to compress and burn the 

fuel and oxidizer mixture which results in the release of high pressure and temperature. The 

objective of the present study is to analytically model the PDE cycle and to study the pressure, 

temperature, velocity and density distributions during the Taylor rarefaction wave, reflected 

rarefaction wave and the blow down process. 

              A two-dimensional supersonic nozzle is designed analytically by using the 

method of characteristics. The average values of nozzle thrust for one PDE cycle are calculated 

analytically using the impulse function and thrust coefficient. The variation of PDE thrust with 

the change in altitude is studied by designing the nozzle for two design points. 
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CHAPTER 1 

INTRODUCTION 

 The invention of pulse jets in the late nineteenth century is credited to Martin Wiberg
1
, a 

Swedish engineer. The first fully operational pulse jet was in fact built by a German engineer, 

Paul Schmidt
2
, in 1930. The Germans were the first to develop pulse jet engines during World 

War II as they offered many advantages in terms of simplicity in design and low cost of 

manufacturing and production. The Germans developed a VTOL aircraft powered by the pulse 

jets towards the end of the World War II which never made into production line. They developed 

a cruise missile known as V-1 „Buzz Bomb‟ using the pulse jet engine technology which was 

used extensively during World War II. Small pulsejets engines can operate at up to 250 Hz. 

However, there are disadvantages of using pulse jet engines, namely loud noise, low fuel 

efficiency and heavy vibrations. Pulse jets are mainly of two types; mechanical valved pulse jets 

which use valves to control the filling of the fuel-air mixture and valveless pulsejets in which the 

filling of fuel and air is controlled aerodynamically by the pressure induced inside the 

combustion chamber. The limitations in the design of pulse jet engines have been greatly 

overcome by the invention of the pulse detonation engines (PDE). 

A PDE can be operated at up to Mach 5; however higher Mach numbers can be 

theoretically achieved by employing unsteady detonation wave propagation in a supersonic 

flow. The major challenges in developing the PDE are to achieve detonations in a short distance 

and to reduce noise. The detonation can be achieved by using the deflagration to detonation 

transition (DDT) process. PDE employ detonation waves to compress and burn the fuel and 

oxidizer mixture which results in the release of high pressure, temperature and available power 

when compared to that of pulse jet engines. Since the detonation is supersonic, energy release 
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occurs at a fast rate. The thrust produced by the engine depends on various factors such as the 

number of detonation tubes, area of cross section of each tube, frequency of operation and exit 

velocity of the exhaust gases. The pulse detonation engines can be integrated in to rockets to 

achieve high performance, which at present uses the conventional deflagration process. 

           Between 1952 and 1956, Nicholls
3
 et al. at the University of Michigan, Ann Arbor, used 

the idea of intermittent detonations and executed single-shot shock tube detonations and multi-

cycle detonations using hydrogen/oxygen and acetylene/oxygen mixtures and concluded that 

the PDE can be a viable propulsion system. They also listed advantages such as simplicity in 

design, thrust availability from static condition through supersonic velocities, higher thrust levels 

and lower fuel consumption over pulsejets. L.J. Krzycki
4
 conducted experiments on the design 

of a PDE using propane-air mixture operating at 60 Hz. The results of the study were published 

in a paper in June 1962, and Krzycki concluded that the reason for low operating frequencies 

and low thrust production was due to the filling times. In 1986, Helman
5
 et al.

 
published a paper 

which explained the basic operational concepts and advantages of PDE. They designed the 

PDE in such a way that the detonation wave propagates into the combustor and then reflects 

back. They predicted that PDE could be widely used for space and atmospheric vehicles by 

2000. In the 1990s, Bussing
6
 performed experimental studies of single and multi combustor 

PDE using different fuels such as ethylene and hydrogen. Current research on PDEs is 

conducted using CFD. On January 31st, 2008, the first PDE-powered flight took off at the 

Mohave Desert Air and Space Port in California
7
. 

1.1 Thermodynamic Cycles 

1.1.1 Brayton Cycle 

 The Brayton cycle was proposed by George Brayton around 1870
8
. This cycle assumes 

constant pressure combustion (deflagration burning) and is the basis for all gas turbine engines. 

The T-s diagram of Brayton cycle is shown in Fig 1.1. In the Brayton cycle, first the free stream 

air that enters through the inlet is compressed isentropically from state (1-3). The compressed 
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air then enters the combustion chamber where the temperature is increased by an assumed 

constant pressure heat addition (combustion) from state 3 to 4. Then the gas from the 

combustion chamber is expanded isentropically in the turbine from state 4 to 5. The exhaust 

from the turbine is further expanded isentropically in a nozzle to ambient conditions from state 5 

to 6. The efficiency of the Brayton cycle is given by
9
 

ηth= 1-(To/T3) 

 

Fig 1.1   T – s diagram of Brayton cycle
9 

  1.1.2 Humphrey cycle 

 The Humphrey cycle is identical to the Brayton cycle except that the constant pressure 

heat addition process is replaced by a constant volume heat addition process.  The thermal 

efficiency of the Humphrey cycle is less than that of the PDE cycle. The thermal efficiency is 

given by
9
. 

𝜂𝑡𝑕 = 1 −  1 𝑞     1 + 𝛾𝑞 𝜑  
1

𝛾 − 1  

(1) 

where 𝑞  = f*hPR / CpTo 

(1a) 

𝜑 = T3/To 
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(1b) 

1.1.3 PDE Cycle 

The PDE cycle is identical to the Brayton cycle except for the combustion process. The 

ZND model for the PDE is shown
9
 from point 3 to 4 in Fig 1.2. In this process, the detonation 

wave is comprised of a shock wave which moves at the Chapman-Jouguet detonation velocity 

and increases the temperature and pressure (generally referred to as the von Neumann spike). 

Immediately following the shock wave, there exist regions where chemical reactions occur. This 

region is thicker than that of a shock wave. The shock wave heats up the reactants to such a 

high temperature that they react among themselves resulting in detonation. Since the thickness 

of the shock wave is very small, we assume limited reactions to occur within the shock wave 

region. Thus, the profiles of pressure, temperature and density parameters are flat in the region 

behind the shock front. This region is termed as the induction zone. After this zone, the reaction 

rate increases resulting in the properties of gas reaching an equilibrium state (at the end of 

reaction). This zone is termed as the reaction zone. The Taylor rarefaction wave, which follows 

the termination of the CJ region, is produced between the end of the reaction zone and 

boundary wall of the chamber. The amount of heat addition and the initial conditions determine 

the properties of shock wave from point 3-3a. The local Mach number at point 4 is determined 

by the Chapman-Jouguet condition. The detonation mixture is then expanded isentropically via 

a reflected expansion wave from the open end of the tube. The efficiency of the PDE cycle is 

given by
9
 

𝜂𝑡𝑕 = 1 −  
1

𝑀𝐶𝐽
2  

1 + 𝛾𝑀𝐶𝐽
2

𝛾 + 1
 

 𝛾+1 
𝛾

− 1 𝑞   

(2) 

where 𝑞  = f*hPR / CpTo 

(2a) 
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Fig 1.2   T-s diagram of PDE cycle
9 

The three ideal cycles are compared with respect to their T-s cycle diagram and thermal 

efficiency in the following figures. Note that a common compression from state 1 to 3 is 

assumed for all three cycles. 
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Fig 1.3 T-S diagrams of Brayton, Humphrey and PDE cycles
9 

 

Fig 1.4 Thermal efficiency of, Brayton Humphrey and PDE cycles
9 

From the above graphs we can conclude that the Ideal PDE cycle has a thermal 

efficiency advantage over the Brayton and Humphrey cycles. The thermodynamic cycle 
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efficiency of the PDE cycle is in the range of 0.4 to 0.8, which is higher than that of Brayton 

cycle
9
. 

1.2 Detonation Theory 

1.2.1 Deflagration 

Deflagration is basically a combustion wave moving with subsonic speed. The deflagration 

waves propagate at a speed on the order of 1-100m/s. The fires we see in our daily life is 

usually deflagration. It is easier to control deflagration waves than detonation waves. 

1.2.2 Detonation 

Detonation is basically a combustion wave moving at supersonic speed. The detonation wave 

consists of a shock wave which is very thin on the order of a few mean free paths of the gas 

molecules. Due to this fact, much of the reactions occur behind the shock wave region. The 

detonation wave propagate through the medium at a supersonic speed of about 2000 m/s. 

Detonation waves are generally modeled by the Chapman-Jouguet theory and the ZND 

theories. The main differences between the detonation and deflagration are listed in the Table 

1.1 below. 

Table 1.1 Differences between detonation and deflagration
10 
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1.2.3 Chapman- Jouguet Theory 

 

Fig 1.5 Schematic of stationary one-dimensional combustion wave
11 

By assuming steady one-dimensional flow in the detonation wave reference frame, and 

applying the continuity, momentum and energy equations to the control volume enclosing the 

detonation wave, we can obtain the following relations between the unburned and burned 

states
11

. 

𝜌1𝑢1 = 𝜌2𝑢2 = 𝑚  

(3) 

𝑝1 + 𝜌1𝑢1
2 = 𝑝2 + 𝜌2𝑢2

2 

(4) 

𝑕1 +
1

2
𝑢1

2 = 𝑕2 +
1

2
𝑢2

2 

(5) 

By combining the above obtained equations we obtain the Rankine-Hugoniot relation
11

. 

𝑝2 − 𝑝1 = 𝜌1𝑢1
2 − 𝜌2𝑢2

2 =
 𝜌1𝑢1 2

𝜌1

−
 𝜌2𝑢2 

2

𝜌2

=  
1

𝜌1

−
1

𝜌2

 𝑚 2 

(6) 

The Rayleigh line is a straight line obtained by connecting points corresponding to the 

initial and final states on a graph of pressure versus specific volume for a substance subjected 

to a shock wave and its relation is
11

. 
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𝜌1
2𝑢1

2 =
𝑝2 − 𝑝1

1 𝜌1 − 1 𝜌2 
= 𝑚 2 

(7) 

𝛾

𝛾 − 1
 
𝑝2

𝜌2

−
𝑝1

𝜌1

 −
1

2
 𝑝2 − 𝑝1  

1

𝜌1

+
1

𝜌2

 = 𝑞 

(8) 

𝑕2 − 𝑕1 =
1

2
 𝑝2 − 𝑝1  

1

𝜌1

+
1

𝜌2

  

(9) 

The study of deflagration and detonation waves can be understood by using the Hugoniot 

curve. 

 

Fig 1.6 Hugoniot curve
11 

The different regions in the Hugoniot curve are constructed using the Rayleigh lines 

drawn as a tangent line from point A to the Hugoniot curve with the tangency points U and L 
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which are called the Chapman-Jouguet points and also a vertical and horizontal line from point 

A which divides the Hugoniot curve in to 5 regions
11

. 

Region 1 is considered to be the strong detonation region where the pressure of the 

burned gases is greater than the C-J detonation wave pressure. When the gas passes through 

a strong detonation wave, the velocity of the gas decreases significantly from supersonic to 

subsonic speed, while the density and pressure of the gases increases. 

Region 2 is considered to be the weak-detonation region where the pressure of the 

burned gas is smaller than the C-J detonation wave pressure. When the gases pass through the 

weak detonation wave, the velocity of the gas decreases, but it is still supersonic. 

Region 3 is considered to be the weak deflagration region. When the gas passes 

through this region; the velocity increases from a subsonic velocity to a higher subsonic velocity, 

while the pressure in the burned gas zone is less than that of unburned gas zone. 

Region 4 is a strong deflagration region. When the burned gases pass through the 

strong deflagration region the velocity of burned gases is increased from subsonic to a higher 

subsonic speed. 

Region 5 is the region wherein the value of the velocity is obtained to be imaginary, 

derived from the Rayleigh expression. Therefore it is impossible to physically realize this region. 

1.2.4 ZND Theory 

The Zel‟dovich-von Neumann-Doring (ZND) theory is an extension of the classical 

Chapman-Jouguet theory. This theory assumes the flow to be one-dimensional in nature and 

steady in relation to the detonation front. The detonation wave comprises of a thin shock wave 

which moves at the detonation velocity, followed by a thicker region in which chemical reactions 

occur. It is also assumed that the thickness of the shock wave is usually in the order of a few 

mean free paths of the gas molecules, resulting in limited chemical reactions in the shock wave 

region. Fig 1.7 depicts the variation in the physical properties within the ZND detonation wave. 

In the region behind the shock front the profiles of temperature, density and pressure exhibit a 
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relatively flat nature. This region is termed the induction zone. After the induction zone, the 

chemical reaction rates increase greatly and the thermodynamic properties ultimately approach 

the equilibrium C-J state, in a region termed as the reaction zone. As the products expand, the 

temperature rises from the von Neumann state to the Chapman-Jouguet state and the pressure 

decreases in the reaction zone. Further, a rarefaction, known as the Taylor rarefaction wave, is 

produced between the end of the reaction zone and boundary wall of the chamber
11

. 

 

 

Fig 1.7 Schematic of variation of physical properties through a ZND detonation wave
11 
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CHAPTER 2 

ANALYTICAL MODEL OF PDE 

A pulse detonation engine is basically designed as a long cylindrical tube which is 

closed at one end and open at the other end. The PDE is provided with inlets for injecting fuel 

and oxidizer. The initial detonation wave is produced via the DDT process. The operation of the 

PDE can be understood by the Fig 2.1 given below which will be described later. 

 

Fig 2.1 Schematic of PDE cycle process
12

 

In the following sections, the model developed by Endo and Fujawara
13, 14

 is described. 
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2.1 Filling process 

The filling process involves filling up the PDE tube with the fuel-air mixture at a certain 

required velocity: see stage 2 of cycle in Fig 2.1. The time required for this process to occur 

should be minimized as even a small delay can ultimately decrease the cycle-averaged thrust 

and efficiency. The CJ detonation wave is ignited at the closed end, i.e. x=0 at time t=0, and 

immediately starts propagating towards the open end. The filling time can be computed using 

the following expression 

𝑡𝑓𝑖𝑙𝑙 =
𝑙𝑒𝑛𝑔𝑡𝑕 𝑜𝑓 𝑡𝑕𝑒 𝑡𝑢𝑏𝑒

𝑓𝑖𝑙𝑙𝑖𝑛𝑔 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦
=

𝐿

𝑣𝑓𝑖𝑙𝑙

 

(10) 

The fuel-oxidizer mixture is pumped into the detonation tube with a velocity termed as 

filling velocity vfill. If the flow velocity is higher, the filling time would be reduced which ultimately 

reduces the cycle time. 

 

Fig 2.2 Pressure and velocity distribution at t = 0
13 
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2.2 CJ Detonation Wave 

This is the process that occurs immediately after the filling process. When the fuel and 

oxidizer mixture ignites, the detonation wave is produced which propagates towards the open 

end of the tube from the location x = 0.When the detonation wave propagates towards the open 

end from the closed end, it also induces the gas downstream of the detonation wave to flow 

towards the open end. This behavior results since the detonation wave possesses the 

properties of a compression wave. The CJ surface of the detonation wave is located at the 

position x2 which is given by
13 

x2=DCJt 

(11) 

The properties of the CJ surface of detonation wave are given by
13 

  𝜌2 = 2  
𝛾2 + 1

2 𝛾2

 𝜌1 

(12) 

𝑝2 =  𝛾1𝑀𝐶𝐽
2 𝑝1  𝛾2 + 1   

(13) 

𝑢2 =  𝑎2 𝛾2 =  𝐷𝐶𝐽   𝛾2 + 1   

(14) 

The detonation wave consists of a shock wave that moves with the velocity of 

detonation wave. The peak pressure behind the shock wave is called von Neumann spike. The 

properties of the von Neumann spike are given by
13 

   ρN =
𝛾1+1

𝛾1−1
ρ1  

(15) 

PN =
2𝛾1

𝛾1 + 1
 𝑀2

𝐶𝐽𝑃1 

(16) 



 

 15 

The detonation wave propagates from the open end to the closed end with a velocity 

referred to as the CJ detonation velocity. The time required for the detonation wave to travel can 

be computed using the expression given by
13 

𝑡1

2
=

𝑙𝑒𝑛𝑔𝑡𝑕 𝑜𝑓 𝑡𝑕𝑒 𝑡𝑢𝑏𝑒

𝐶𝐽 𝑤𝑎𝑣𝑒 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦
=

𝐿

𝐷𝑐𝑗

 

(17) 

2.3 Taylor rarefaction wave 

As the detonation wave moves towards the open end, the gas flow between the C-J 

detonation wave and the closed end is decelerated to zero velocity to satisfy the solid wall 

boundary condition at the closed end of the tube. This ultimately results in generation of a 

rarefaction wave which follows the detonation wave
13

 which is shown in Fig 2.3. 

 

Fig 2.3 Pressure distribution at 0< t< t1
13 

The properties at the front boundary of the rarefaction wave are identical to the 

properties of CJ surface of the detonation wave. The time taken by the trailing edge of the 

rarefaction wave to reach the end of the detonation tube is given by
13 
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𝑡1 =
𝑙𝑒𝑛𝑔𝑡𝑕 𝑜𝑓 𝑡𝑕𝑒 𝑡𝑢𝑏𝑒

 
𝐷𝑒𝑡𝑜𝑛𝑎𝑡𝑖𝑜𝑛 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦

2
 

=
𝐿

 
𝐷𝑐𝑗

2
 

 

(18) 

The rear boundary of rarefaction wave is located at the position x = x3. The location of 

x3 is given by the expression
13 

𝑋3 =  𝐷𝐶𝐽

𝑡

2
 

(19) 

The properties of the rear boundary of rarefaction wave are given by the following expressions
13 

𝑎3 =  
𝐷𝐶𝐽

2
 

(20) 

𝜌3 = 2  
𝛾2 + 1

2𝛾2

 

𝛾2+1
𝛾2−1

𝜌1 

(21) 

𝑝3 =  
 
𝛾2 + 1

2𝛾2
 

𝛾2+1
𝛾2−1

2

𝛾1

𝛾2

𝑀𝐶𝐽
2𝑝1 

(22) 

                                                                   U3 = 0 

(23) 

The distribution of the gas dynamic properties within the Taylor rarefaction wave are 

given by the following relations
13 

 

𝜌 =  
1

𝛾2

+
𝛾2 − 1

𝛾2

𝑥

𝑥2

 

2
𝛾2−1

𝜌2 

(24) 
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𝑝 =  
1

𝛾2

+
𝛾2 − 1

𝛾2

𝑥

𝑥2

 

2𝛾2
𝛾2−1

𝜌2 

(25) 

𝑢 = 𝑢2 −
2

𝛾2 + 1

𝑥2 − 𝑥

𝑡
= −𝑎 +

𝑥

𝑡
 ≤

1

𝛾2

𝑎  

(26) 

𝑎 = 𝑎2 −
𝛾2 − 1

𝛾2 + 1

𝑥2 − 𝑥

𝑡
 

(27) 

2.4 Reflected rarefaction wave 

At time t = t1 the Taylor rarefaction wave reaches the open end and the burned gases 

will occupy the entire tube. The pressure distribution in the tube at time t = t1 is shown in Fig 2.4. 

 

Fig 2.4 Pressure distribution at time t=t1
13 

When the rarefaction wave exits the tube a reflected rarefaction wave propagates back 

into the tube from the open end and moves towards closed end within the time t1 < t < t2. The 

time t2 is given by
13 

𝑡2 =
4𝐿

𝐷𝐶𝐽

 

(28) 

The properties of gas inside the reflected rarefaction wave are given by following expressions
13 
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𝜌 =  1 +
𝛾2 − 1

𝐷𝐶𝐽

𝐿 − 𝑥

𝑡 − 𝑡𝐼

 

2
𝛾2−1

𝜌𝑒𝑥  

(29) 

𝑝 =  1 +
𝛾2 − 1

𝐷𝐶𝐽

𝐿 − 𝑥

𝑡 − 𝑡𝐼

 

2𝛾2
𝛾2−1

𝑝𝑒𝑥  

(30) 

𝑢 = 𝑢𝑒𝑥 −
2

𝛾2 + 1

𝐿 − 𝑥

𝑡 − 𝑡𝐼

= 𝑎 −
𝐿 − 𝑥

𝑡 − 𝑡𝐼

 ≤ 𝑎  

(31) 

𝑎 = 𝑎𝑒𝑥 +
𝛾2 − 1

𝛾2 + 1

𝐿 − 𝑥

𝑡 − 𝑡𝐼

 

(32) 

where 

𝜌𝑒𝑥 =
𝛾2 + 1

𝛾2

𝛾2+1
𝛾2−1

𝜌1 

(32a) 

𝑝𝑒𝑥 =
𝛾1

𝛾2

2𝛾2
𝛾2−1 𝛾2 + 1 

𝑀𝐶𝐽
2𝑝1 

(32b) 

𝑢𝑒𝑥 = 𝑎𝑒𝑥 =
1

𝛾2 + 1
𝐷𝐶𝐽  

(32c) 
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Fig 2.5 Pressure distribution at time t = t2
13 

2.5 Exhaust process 

This process exhausts the burned gas from the open end of the tube. Endo and 

Fujiwara
13

, assumed the pressure decreases linearly with time, until it reached ambient 

conditions. In a subsequent paper
14

, the pressure at the closed end is assumed to decay 

exponentially as the front boundary of reflected rarefaction wave reaches the closed end which 

is shown in Fig 2.6. The exhaust phase ends when the thrust density decays to pressure p1.  

         When the reflected rarefaction wave reaches the closed end of the tube the velocity at the 

closed end is u = 0. At this case using the continuity equation and differentiating Euler‟s 

equation by x we obtain the following equations
14 

𝑑𝑃𝑤

𝑑𝑡
= −𝛾2    𝜕𝑢

𝜕𝑥
 
𝑥=0

  𝑃𝑤  

(33) 

and 

  𝜕𝑢

𝜕𝑥
 
𝑥=0

 
2

= −
1

𝜌3

    𝜕
2𝑃

𝜕𝑥2
 
𝑥=0

    
𝑃3

𝑃𝑤

 

1
𝛾2 

 

(34) 
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Using the approximation 

 𝜕
2𝑃

𝜕𝑥2
 
𝑥=0

 =  −𝜆2  
𝑃𝑤

𝐿2
 

(35) 

where 

𝜆 =  
2𝑘𝐼𝐼𝐼   𝛾2

 𝛾2 + 1 𝑘𝐼𝐼𝐼 − 2𝑘𝐼𝐼𝐼
 

(35a) 

We obtain the following equation 

𝑑𝑃𝑤

𝑑𝑡
=  −𝜆 𝛾2  

𝑃3

1
 2𝛾2  

𝐿  𝜌3

 𝑃𝒘
𝒌𝑰𝑰+𝟏 

(36) 

When t = t2, Pw = P3.  Then the relation for Pw is given by
14 

𝑃𝑤 =  𝑃3  

1
𝛾

4 𝛾2

𝛾2 − 1
𝑡𝐶𝐽

 𝑡 − 𝑡𝑝𝑙𝑎𝑡𝑒𝑎𝑢  +
1
𝛾

4 𝛾2

𝛾2 − 1
𝑡𝐶𝐽

 

1
𝑘𝐼𝐼

 

 

(37) 

The flow field parameters of the reflected rarefaction wave just before the arrival of the 

front boundary at the closed end are given by
14 

 𝜌 𝑑𝑥
𝐿

0

= 𝜌3  1 −  
2

𝛾2 + 1
 

𝑘𝐼𝐼𝐼

  𝐿 

(38) 

  𝜌𝑢  𝑥=𝐿 =  
2

2
𝛾2−1 

 𝛾2 + 1 𝑘𝐼𝐼𝐼
 𝜌3  𝐷𝐶𝐽  

(39) 

Using these parameters we obtain the following equation
14 
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𝑑𝑃𝑤

𝑑𝑡
  

𝑡=𝑡2

= − 
2

2
𝛾2−1 

 𝛾2 + 1 𝑘𝐼𝐼𝐼 − 2𝑘𝑚
 
𝛾2𝑃3

𝑡𝐶𝐽

 

(40) 

The thrust density Pw is given by
14 

𝑃𝑤 =

 
 

 
𝑝3                                                               0 ≤ 𝑡 ≤ 𝑡𝐼𝐼 

𝑝3  
𝑘𝐼𝑉𝑡𝐶𝐽

 𝑡 − 𝑡𝐼𝐼 + 𝑘𝐼𝑉𝑡𝐶𝐽

 

2𝛾2
𝛾2−1

                          𝑡𝐼𝐼  ≤ 𝑡 ≤  𝑡𝐸𝑥𝑕𝑎𝑢𝑠𝑡      

  

  

(41) 

Where                                                                                                  

 𝑘𝐼𝑉= 

 

  
 

2  𝛾2
𝛾2+1

2𝛾2
 

𝛾2+1
𝛾2−1

−1 

𝛾2
𝛾2−1

2𝛾2

 

  
 

 

(42) 

 

Fig 2.6 Pressure on the thrust wall as a function of time
14 
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2.6 Purging process 

The purging process involves pumping of air in to the detonation tube at high velocities 

which purges residual combustion products from the tube so that a fresh fuel/oxidizer mixture 

can be injected into the tube by the time t=tcyc. If the length of the tube is L and the purge 

velocity Vpurge, the time taken for the process to complete is given by the following expression 

tpurge= L / Vpurge 

With higher purge velocities, lower purge times and faster cycle times can be accomplished. 

The impulse density per one cycle is given by
14 

𝐼𝑐𝑦𝑐 =   𝑝𝑤𝑑𝑥
𝑡𝑒𝑥 𝑕𝑎𝑢𝑠𝑡

0

= 𝐾𝐼𝐼𝑝3𝑡𝐶𝐽  

(43) 

where 

𝐾𝐼𝐼 = 2  
𝛾2 + 1

2𝛾2

 

−
𝛾2+1
𝛾2−1

2
 

+  
 𝑘𝐼𝑉 

𝛾2 + 1
𝛾2 − 1

  

 
 
 
 
 
 
 
 
 
 

1 −

 

 
 
 
 
 
 
 

𝐾𝐼 − 2  
𝛾2 + 1

2𝛾2
 

−
𝛾2+1
𝛾2−1

2
 

2   𝛾2
𝛾2 + 1

2𝛾2
 

𝛾2+1
𝛾2−1

− 1 

𝛾2
𝛾2 − 1

2𝛾2

+ 1

 

 
 
 
 
 
 
 

−
𝛾2+1
𝛾2−1

 
 
 
 
 
 
 
 
 
 

 

(43a) 

and 𝑘𝐼𝑉=   
2  𝛾2

𝛾2+1

2𝛾2
 

𝛾2+1
𝛾2−1−1 

𝛾2
𝛾2−1

2𝛾2

  

(43b) 

        𝐾𝐼 =

2   𝛾2
𝛾2 + 1

2𝛾2
 

𝛾2+1
𝛾2−1

− 1 

𝛾2
𝛾2 − 1

2𝛾2

  
1

2

𝛾1

𝛾2

 

𝛾2−1
2𝛾2 𝛾2 + 1

2𝛾2

𝛾2+1
2𝛾2

𝑀𝐶𝐽
2
𝛾2−1
2𝛾2 − 1 + 2  

𝛾2 + 1

2𝛾2

 

−
𝛾2+1
𝛾2−1

2
 

 

(43c) 
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The specific- Impulse 𝐼𝑠𝑝  is given by
14 

𝐼𝑠𝑝 =
𝐼𝑐𝑦𝑐

∅𝜌1𝐿𝑔
 

(44) 

where ∅ = equivalence ratio 
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CHAPTER 3 

ANALYTICAL ANALYSIS OF PDE 

 The analytical analysis of the PDE has been studied based on the analytical model 

given by Takuma Endo and Toshi Fujiwara
13 

in Chapter 2. A spreadsheet is prepared in order to 

analyze the PDE performance. 

3.1 Initial Conditions 

The governing initial free stream conditions are selected in accordance with the desired fuel 

and oxidizer mixture. Table 3.1 gives the different initial condition parameters chosen in the 

design of PDE. The fuel and oxidizer selected for the analysis are H2 and O2. 

Table 3.1 Initial conditions chosen for PDE analysis 

 

 

 

 



 

 25 

3.2 CJ conditions 

CEA is a program which calculates the concentration of chemical equilibrium products 

(chosen from any set of reactants) and determines the thermodynamic and transport properties 

of the mixture. The CEA program is used instead of the Takuma Endo and Toshi Fujiwara
13

 

relations to calculate the Chapman-Jouguet detonation parameters. The Cj conditions obtained 

from CEA code are show in the Table 3.2. 

Table 3.2 CJ conditions from NASA CEA code 

 

3.3 Von Neumann spike 

The point at which the Rayleigh line intersects with the Hugoniot of the unreacted 

explosive is termed as the Von Neumann spike. The important parameters such as pressure, 

temperature, density ratios are calculated at this point which are shown in the Table 3.3. 

 

 

 

Table 3.3 Von Neumann spike conditions 
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* - with respect to moving shock reference frame 

3.4 End wall conditions 

The properties of the gas at the rear boundary of the rarefaction wave are calculated 

and are shown in the Table 3.4 which characterizes the gas in the region o<x<xL. 

Table 3.4 End wall conditions 

 

 

 

3.5 Detonation Taylor rarefaction wave 
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The state of flow inside the rarefaction wave is determined as shown in the Table (3.5). 

Also, the velocity, pressure, temperature and density distributions are shown within the time 

0<t<t1. 

𝑡1

2
= time when detonation wave is at exit of tube  

𝑡1 = time when Taylor rarefaction wave exits tube. 

Table 3.5 Properties of Taylor rarefaction wave 

 

The variation of pressure with respect to length of the PDE tube for the time  𝑡 =
𝑡1

2
 is 

shown in the Fig 3.1. 
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Fig 3.1 Variation in pressure at  t =
t1

2
 as detonation wave exits tube 

The variation of pressure with respect to length of the PDE tube for the time 𝑡 =  𝑡1 is 

shown in the Fig 3.2. 

 

Fig 3.2 Variation in pressure at 𝑡 =  𝑡1as Taylor rarefaction wave exits tube 
 

The variation of density with respect to length of the PDE tube for the time  t =
t1

2
 is 

shown in Fig 3.3. 
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Fig 3.3 Variation in density at  t =
t1

2
 as detonation wave exits tube 

The variation of density with respect to length of the PDE tube for the time 𝑡 =  𝑡1 is 

shown in Fig 3.4. 

 

Fig 3.4 Variation in density at 𝑡 =  𝑡1 as Taylor rarefaction wave exits tube 

The variation of temperature with respect to length of the PDE tube for the time  t =
t1

2
 is 

shown in Fig 3.5. 
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Fig 3.5 Variation in temperature at  t =
t1

2
 as detonation wave exits tube 

The variation of Temperature with respect to length of the PDE tube for the time 𝑡 =  𝑡1 

is shown in Fig 3.6. 

 

Fig 3.6 Variation in temperature at 𝑡 =  𝑡1 as Taylor rarefaction wave exits tube 
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3.6 Exhaust gas 

A reflected rarefaction wave propagates from the open end to the closed end causing 

the burned gas to exhaust through the open end. The properties of the front boundary of the 

reflected rarefaction wave as calculated by the Takuma Endo and Toshi Fujiwara
13

 model are 

summarized in Table 3.6 below.
   

Table 3.6 Exhaust gas conditions 

 

3.7 Reflected rarefaction wave 

The distribution of the gas dynamic properties within the reflected rarefaction wave is 

determined in this section. The parameters such as pressure, temperature, density distributions 

are calculated as shown in Table 3.7. 
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Table 3.7 Properties of reflected rarefaction wave 

 

The variation of pressure with respect to length of the PDE tube at 𝑡 =  𝑡1 +  
𝑡2−𝑡1

2
 is 

shown in Fig 3.7. 

 

Fig 3.7 Variation in pressure at 𝑡 =  𝑡1 +  
𝑡2−𝑡1

2
 during reflected rarefaction wave 
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The variation of pressure with respect to length of the PDE tube at 𝑡 = 𝑡2 − 𝑡1 is shown 

in Fig 3.8. 

 

Fig 3.8 Variation in pressure at 𝑡 = 𝑡2 − 𝑡1 during reflected rarefaction wave 

The variation of density with respect to length of the PDE tube at 𝑡 =  𝑡1 + 
𝑡2−𝑡1

2
 is 

shown in Fig 3.9. 

 

Fig 3.9 Variation in density at 𝑡 =  𝑡1 +  
𝑡2−𝑡1

2
 during reflected rarefaction wave 
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The variation of density with respect to length of the PDE tube at 𝑡 = 𝑡2 − 𝑡1 is shown in 

Fig 3.10. 

 

Fig 3.10 Variation in density at 𝑡 = 𝑡2 − 𝑡1 during reflected rarefaction wave 

The variation of temperature with respect to length of the PDE tube at 𝑡 =  𝑡1 +  
𝑡2−𝑡1

2
 is 

shown in Fig 3.11. 

 

Fig 3.11 Variation in temperature at 𝑡 =  𝑡1 + 
𝑡2−𝑡1

2
 during reflected rarefaction wave 
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The variation of temperature with respect to length of the PDE tube at 𝑡 = 𝑡2 − 𝑡1 is 

shown in Fig 3.12. 

 

Fig 3.12 Variation in temperature at 𝑡 = 𝑡2 − 𝑡1 during reflected rarefaction wave 

3.8 Blow down process 

The pressure at the closed end decays after the arrival of the front boundary of the 

rarefaction wave at the closed end. Table 3.8 shows results of the blow down process. 

Table 3.8 Properties of Blow down process 

 

The variation of pressure with respect to time during the blow down process is shown in 

Fig 3.13. 
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Fig 3.13 Variation in pressure during blow down process 
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CHAPTER 4 

NOZZLE DESIGN 

4.1 Theory of method of characteristics 

 The method of characteristics is often used to design two-dimensional exhaust 

nozzles. A characteristic curve is defined as the path of propagation of physical disturbances. 

These physical disturbances are propagated along Mach lines.  In a supersonic flow, these 

Mach lines are called the characteristic lines
15

.  

The slope of the characteristic lines for 2-D steady, planar flow is given by
15

  

 
𝑑𝑦

𝑑𝑥
 

𝑐𝑕𝑎𝑟
=

− 𝑢𝑣 𝑎2 ±  M2 − 1 

 1 −  𝑢2 𝑎2   
       

(45) 

By observing the value of M in the above equation the flow properties can be 

determined. For M>1, two real characteristics pass through each point in the flow field. For M=1, 

one real characteristic passes through each point in the flow field and for M<1, the 

characteristics are imaginary
15

. Since the characteristics are imaginary for subsonic steady flow, 

the method of characteristics technique is employed only for supersonic steady flows
15

.  

Consider the streamline geometry, as shown in the Fig 4.1, for a steady, two-

dimensional supersonic flow. 
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Fig 4.1 Streamline geometry
15 

Real characteristic lines are obtained from  
𝑑𝑦

𝑑𝑥
 

𝑐𝑕𝑎𝑟
. Examining these lines for the 

supersonic flow, the slope of the characteristic line is given by
15 

𝑑𝑦

𝑑𝑥
= tan θ+  µ 

(46) 

The above equation is represented graphically as shown in Fig 4.2. At each point along 

the streamline, which makes an angle θ with respect to x-axis as shown in Fig 4.2, two 

characteristics; one at an angle µ above the streamline and one at an angle µ below the 

streamline, passing through A. These lines are also called Mach lines. The characteristic given 

by angle θ+µ is called the C+ characteristic while the characteristic given by angle θ-µ is called 

the C- characteristic
15

. 
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Fig 4.2 Schematic of left and right running characteristics
15 

The compatibility equations are the equations which govern the variation of the flow 

properties along the characteristic line. The compatibility equations are given by
15 

𝑑𝜃 = − 𝑀2 − 1
𝑑𝑉

𝑉
    𝑎𝑙𝑜𝑛𝑔 𝑡𝑕𝑒 𝐶− 𝑐𝑕𝑎𝑟𝑎𝑐𝑡𝑒𝑟𝑖𝑠𝑡𝑖𝑐  

(47) 

𝑑𝜃 =  𝑀2 − 1
𝑑𝑉

𝑉
      𝑎𝑙𝑜𝑛𝑔 𝑡𝑕𝑒 𝐶+ 𝑐𝑕𝑎𝑟𝑎𝑐𝑡𝑒𝑟𝑖𝑠𝑡𝑖𝑐  

(48) 

The Prandtl-Meyer function v(M)  can be obtained by integrating the above equations
15

. 

𝜃 + 𝑣 𝑀 = 𝑐𝑜𝑛𝑠𝑡 = 𝐾−          𝑎𝑙𝑜𝑛𝑔 𝑡𝑕𝑒 𝐶− 𝑐𝑕𝑎𝑟𝑎𝑐𝑡𝑒𝑟𝑖𝑠𝑡𝑖𝑐  

(49) 

𝜃 − 𝑣 𝑀 = 𝑐𝑜𝑛𝑠𝑡 = 𝐾+          𝑎𝑙𝑜𝑛𝑔 𝑡𝑕𝑒 𝐶+ 𝑐𝑕𝑎𝑟𝑎𝑐𝑡𝑒𝑟𝑖𝑠𝑡𝑖𝑐  

(50) 
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These compatibility equations provide a relation between the magnitude of velocity and 

direction along the characteristic lines
15

. 

4.1.1 Internal Flow 

By knowing the flow field conditions at two points in the flow, the conditions at the third 

point can be found as shown in Fig 4.3. If the values of ν1, θ1 and ν2, θ2 are known at point 1 

and point 2 respectively, the conditions at point 3 can be determined. The location of point 3 is 

at the intersection of C- characteristic (through point 1) and C+ characteristic (through point 2)
15

. 

 

Fig 4.3 Internal points 

For points 1 and 2, the K_ and K+ are given by
15 

K_= θ1+ν1 

(51) 

K+=θ2 - ν2 

(52) 

Using K_ and K+, we can calculate θ3, ν3, µ3, and slopes λ_3, λ+3 

θ3= ½[(K_) 1+ (K+) 2] 

(53) 

ν3= ½[(K_) 1- (K+) 2] 

(54) 
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µ3 =  sin−1  
1

𝑀
  

(55) 

λ_3= tan µ + 𝜃  

(56) 

λ+3= −tan µ − 𝜃  

(57) 

Hence, the flow conditions at point 3 are determined from the conditions at 1 and 2.  

4.1.2 Wall point 

By knowing the conditions at a point near a wall, the values of the flow variables at the 

wall can be determined. Consider that the flow is known at point 4 .The C- characteristic passes 

through point 4 where the value of K- is known. At point 5, the C- characteristics from point 4 

intersect the wall. Hence the K_ value at point 5 is given by
15 

K_4 = K_5= θ5+ν5 

(58) 

4.1.3 Wave cancellation 

 

Fig 4.4 Wave cancellation
15 

The portion of the nozzle where ϴw is increasing is known as the expansion region. The 

point where 𝛳𝑤 = 𝛳𝑤𝑚𝑎𝑥
 is called an inflection point. In the portion downstream of 𝛳𝑤𝑚𝑎𝑥

 the 
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expansion waves generated in the expansion region will be cancelled because the 𝛳𝑤  

decreases in this region until the contour become parallel to the x-axis. The region downstream 

of 𝛳𝑤𝑚𝑎 𝑥
 is known as a simple region because the expansion waves are cancelled at the wall

15
.  

4.1.4 Position of points 

The position of points can be obtained by solving two linear algebraic equations which 

intersect at the point of attention
16

. 

 

Fig 4.5 Location of points
16 

𝑌 − 𝑌1 = 𝑚1 𝑋 − 𝑋1  

(59) 

𝑌 − 𝑌2 = 𝑚2 𝑋 − 𝑋2  

(60) 

𝑋 =
 𝑚2𝑋2 − 𝑌2 −  𝑚1𝑋1 − 𝑌1 

𝑚2 − 𝑚1

 

(61) 

𝑌 = 𝑚2 𝑋 − 𝑋2 + 𝑌2 

(62) 
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As the characteristic lines are curved, the slopes m1 and m2 need to be corrected. This 

can be achieved by averaging the Mach slope of the previous point with the Mach slope of new 

point. 

 

Fig 4.6 Corrected slopes for location of points
16 

 

m1= ½(λ_1 +λ_3) 

(63) 

m2 = ½ (λ+2 +λ+3) 

(64) 

For the upper surface  

 

Fig 4.7 Location of upper surface points
16 
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              𝑚1 =
1

2
 tan 𝜃 𝑖,𝑛+1 + tan 𝜃 𝑖+1,𝑛+1   

(65) 

𝑚2 = 𝜆+ 𝑖+1,𝑛  

(66) 

4.1.5 Labeling 

 

Fig 4.8 Labeling of nozzle contour
16 

The origin will be the initial turning point of the flow. Each node will have two indexes. 

Node (i,j) is the node where the i-th reflection C+ characteristic intersects the j-th C_ 

characteristic. 

4.2 Stagnation Properties of Isentropic Flow 

Isentropic flow is a flow which is both adiabatic ad reversible
15

. The ratio of total to static 

temperature, pressure and density are given by
15 

𝑇𝑜

𝑇
= 1 +

𝛾 − 1

2
𝑀2 

(67) 

𝑝𝑜

𝑝
=  1 +

𝛾 − 1

2
𝑀2 

𝛾  𝛾−1  

 

(68) 
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𝜌𝑜

𝜌
=  1 +

𝛾 − 1

2
𝑀2 

1  𝛾−1  

 

(69) 

4.3 Area –Mach number relation 

The 1-D Area-Mach number relation for a nozzle is given by
15 

 

 
𝐴

𝐴∗
 

2

=
1

𝑀2
 

2

𝛾 + 1
 1 +

𝛾 − 1

2
𝑀2 

 𝛾+1  𝛾−1  

  

(70) 

The Mach number distribution for a desired area ratio can be obtained by using the 

Newton Rhapson Method
17

.  

𝐹 𝑀 ≡
1

𝑀
  

2

𝛾 + 1
  1 +

 𝛾 − 1 

2
𝑀2  

𝛾+1
2 𝛾−1 

−
𝐴

𝐴∗
 

(71) 

For a desired area ratio, at the correct Mach number F(M) = 0. Expanding F(M) in 

Taylor‟s series about some arbitrary Mach number M(j) . 

𝐹 𝑀 = 𝐹 𝑀 𝑗   +  
𝜕𝐹

𝜕𝑀
 

 𝑗  
 𝑀 − 𝑀 𝑗   +

 
𝜕2𝐹
𝜕𝑀2 

 𝑗  
 𝑀 − 𝑀 𝑗   

2

2
+ ⋯ 𝑂 𝑀 − 𝑀 𝑗   

3
 

(72) 

Then solving the above expansion for M 

𝑀 = 𝑀 𝑗  +

𝐹 𝑀 − 𝐹 𝑀 𝑗   −

 
 
 
  

𝜕2𝐹
𝜕𝑀2 

 𝑗  
 𝑀 − 𝑀 𝑗   

2

2
+ ⋯ 𝑂 𝑀 − 𝑀 𝑗   

3

 
 
 
 

 
𝜕𝐹
𝜕𝑀

 
 𝑗  

 

(73) 
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As F(M) = 0 at correct Mach Number 

𝑀 = 𝑀 𝑗  −

𝐹 𝑀 𝑗   +

 
 
 
  

𝜕2𝐹
𝜕𝑀2 

 𝑗  
 𝑀 − 𝑀 𝑗   

2

2
+ ⋯ 𝑂 𝑀 − 𝑀 𝑗   

3

 
 
 
 

 
𝜕𝐹
𝜕𝑀

 
 𝑗  

 

(74) 

Neglecting the higher order terms 

𝑀 = 𝑀 𝑗  −
𝐹 𝑀 𝑗   

 
𝜕𝐹
𝜕𝑀

 
 𝑗  

 

(75) 

4.4 Thrust 

The thrust is the force produced by the propulsion system acting up on the flight 

vehicle. Assuming a quasi one-dimensional flow, the thrust equation for the PDE nozzle is given 

by 

𝐹𝑛𝑜𝑧𝑧𝑙𝑒 = 𝐼2 − 𝐼3 

(76) 

The thrust from the PDE chamber is given by 

𝐹𝑃𝐷𝐸 = 𝐼1 − 𝐼2 

(77) 

Where, 

𝐼1 =  𝑃1  𝐴1 1 + 𝛾𝑀1
2  

   (77a) 

𝐼2 =  𝑃2  𝐴2 1 + 𝛾𝑀2
2  

 (77b) 
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𝐼3 =  𝑃3  𝐴3 1 + 𝛾𝑀3
2  

(77c) 

The total thrust for the PDE is given by 

𝐹 = 𝐹𝑃𝐷𝐸 + 𝐹𝑛𝑜𝑧𝑧𝑙𝑒  

(78) 

4.5 Mass flow rate 

The mass flow rate through a nozzle is given by
18 

𝑚 =
𝐴𝑃𝑡

 𝑇𝑡

 
𝛾

𝑅
𝑀  1 +

𝛾 − 1

2
𝑀2 

−
𝛾+1

2 𝛾−1 
 

(79) 

4.6 Exit velocity 

The velocity at the exit of the nozzle is given by
18 

𝑉𝑒 = 𝑀𝑒 𝛾𝑅𝑇𝑐  
1

1 +
𝛾 − 1

2
𝑀𝑒

2
  

(80) 

where 

𝑇𝑐 = combustion chamber temperature 

𝑀𝑒= Mach number at the exit of the nozzle 

4.7 Thrust coefficient 

The thrust coefficient is a non-dimensional thrust parameter which is obtained when the 

thrust is divided by product of total pressure and throat area. The thrust coefficient is given by
19 
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𝐶𝐹 = 𝛾 
2

𝛾 − 1
 

2

𝛾 + 1
 

𝛾+1
2 𝛾−1 

  1 −  
𝑃𝑒

𝑃𝑜

 

𝛾−1
𝛾

 +
𝐴𝑒

𝐴𝑡𝑕

 
𝑃𝑒

𝑃𝑜

−
𝑃𝑎

𝑃𝑜

  

(81) 

4.8 Overexpanded flow 

The nozzle is generally designed for a particular nozzle pressure ratio. When the nozzle 

pressure ratio is varied below the design point nozzle pressure ratio during the off design 

condition the nozzle is overexpanded. In this process flow separation can occur in the nozzle 

because of an oblique shock wave entering in to the nozzle and causing boundary layer 

separation. The thrust coefficient actually increases over that predicted by inviscid theory which 

assumes the coalescence of oblique shock waves at the nozzle exit coalescing into a normal 

shock that enters the nozzle as the nozzle pressure ratio is reduced. The thrust coefficient 

during overexpansion of the nozzle is given by
19 

𝐶𝐹 = 𝛾 
2

𝛾 − 1
 

2

𝛾 + 1
 

𝛾+1
2 𝛾−1 

  1 −  
𝑃𝑠

𝑃𝑜

 

𝛾−1
𝛾

 +
𝐴𝑠

𝐴𝑡𝑕

 
𝑃𝑒

𝑃𝑜

−
𝑃𝑎

𝑃𝑜

  

(82) 

Where 𝑃𝑠= pressure at the shock-induced separation point 

           𝐴𝑠= area at the separation point 

The pressure at the separation point 𝑃𝑠 is given by
20 

𝑃𝑠

𝑃𝑎

= 0.583  
𝑃𝑎

𝑃𝑐

 
0.195

 

(83) 

The area at the separation point As is given by 

𝐴𝑠

𝐴∗
=

1

𝑀𝑠

 
2

𝛾 + 1
 1 +

𝛾 − 1

2
𝑀𝑠

2  

𝛾+1
2 𝛾−1 

 

(84) 
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Where 

𝑀𝑠 =  
2

𝛾 − 1
  

𝑃𝑐

𝑃𝑠
 

𝛾−1
𝛾

− 1   

(85) 
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CHAPTER 5 

RESULTS 

5.1 Design of nozzle contour for Pe = Pa= 1 atm 

A supersonic nozzle is designed based on the method of characteristics as explained in 

Ref 15. The code is implemented in MATLAB and is designed for two design point conditions for 

Pe= Pa = 1.0 atm and Pe= Pa = 0.1 atm. The  properties at the open end of the PDE as the 

detonation wave exits the PDE tube are taken as the initial input parameters for designing the 

nozzle contour. 

Table 5.1 Properties at open end of the PDE for Pe = Pa = 1.0 atm 

Combustion chamber  temperature 3100 (k) 

Combustion chamber  pressure 2.2 (atm) 

Ambient  Pressure 1 (atm) 

Ambient Temperature 300 (k) 

Mach number 1 

 

The nozzle contour for the selected input parameters with the number of characteristics 

lines n=50 for the design point Pe = Pa = 1.0 atm is shown in Fig 5.1. The area ratio of the 

nozzle contour obtained by using the method of characteristics is 1.1. 
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Fig 5.1 Nozzle contour for the design point Pe = Pa = 1.0 atm. 

The variation of Mach number for the design point Pe = Pa = 1.0 atm is shown in Fig 5.2 below. 

 

Fig 5.2 Variation of Mach number for the design point Pe = Pa = 1.0 atm 
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The nozzle thrust value obtained during the Taylor rarefaction wave process and the 

reflected rarefaction wave process by using the difference in impulse function 𝐼 =  𝑃 𝐴 1 + 𝛾𝑀2  

between the nozzle entrance and nozzle exit is 1503.3 N. The thrust at the end wall of PDE is 

calculated using the values of pressure and the area at the closed end. The pressure at the end 

wall P = 6.5 atm. The end wall pressure P = 6.5 atm remains constant during the Taylor 

rarefaction and the reflected rarefaction processes. The thrust values at the end wall of the PDE 

are shown in Table 5.2 below. 

Table 5.2 Thrust values at the end wall of the PDE 

Taylor rarefaction process (end wall) 5334.7 (N) 

Reflected rarefaction  process (end wall) 5334.7 (N) 

 

The total thrust of a PDE is given by adding the thrust obtained from PDE tube and the 

thrust obtained from the nozzle during the Taylor rarefaction wave and reflected rarefaction 

wave. The total thrust values obtained during the two phases are shown in Table 5.3 below. 

Table 5.3 Total thrust values during Taylor and reflected rarefaction process (Pe= Pa = 1.0 atm) 

Taylor rarefaction process 6838 (N) 

Reflected rarefaction process 6838 (N) 

 

The thrust during the blow down process is calculated by taking three pressure values 

from Table 3.8 and calculating the thrust coefficient corresponding to that pressure. The thrust 

coefficient values obtained during the blow down process are shown in Table 5.4 below. When 

the pressure P = 1.6 atm the nozzle is overexpanded and there will be a shock formation due to 

that as the nozzle is operating below the design point pressure ratio. The thrust coefficient value 

during the overexpansion is calculated by using the equation 82. 
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Table 5.4 Thrust coefficient values for the design point Pe = Pa = 1 atm 

Pressure Thrust coefficient 

6.5 atm 1.166 

3.7 atm 0.9980 

1.6 atm 0.6402 

 

The thrust obtained from the thrust coefficient values are shown in Table 5.5 below. 

Table 5.5 Thrust values during the blow down process for Pe = Pa = 1 atm 

Thrust coefficient Thrust  

1.166 6220.3 N 

0.9980 3030.6 N 

0.6402 840.7 N 

 

The average total thrust during the blow down process of is 3363.9N. The average total 

thrust during the one PDE cycle (neglecting the purge and refill parts of the cycle where the 

thrust would be essentially zero) is found out to be 5100.9 N. 

5.2 Design of nozzle contour for Pe = Pa = 0.1 atm 

The nozzle contour for the selected input parameters with the number of characteristics 

lines n=50 for the design point Pe = Pa = 0.1 atm is shown in Fig 5.3. The area ratio of the 

nozzle contour obtained by using the method of characteristics is 2.99. The properties at the 

open end of PDE shown in Table 5.6 are taken as the initial input parameters for designing the 

nozzle contour. 
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Table 5.6 Properties at open end of the PDE for Pe = Pa = 0.1 atm 

Combustion chamber  temperature 3100 (k) 

Combustion chamber  pressure 2.2 (atm) 

Ambient  Pressure 0.1 (atm) 

Ambient Temperature 300 (k) 

Mach number 1 

 

 

Fig 5.3 Nozzle contour for the design point Pe = Pa = 0.1 atm 

The variation of Mach number for the design point Pe = Pa = 0.1 atm is show in Fig 5.4 

below 
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Fig 5.4 Variation of Mach number for the design point Pe = Pa = 0.1 atm 

The nozzle thrust value obtained during the Taylor rarefaction wave process and the 

reflected rarefaction wave process by using the difference in impulse function 𝐼 =  𝑃 𝐴 1 + 𝛾𝑀2  

between the nozzle entrance and nozzle exit is 3921.3 N. The thrust values at the end wall of 

the PDE are shown in Table 5.2. 

The total thrust of a PDE is given by adding the thrust obtained from PDE tube and the 

thrust obtained from nozzle during Taylor rarefaction wave and reflected rarefaction wave. The 

total thrust values obtained during the two phases are shown below in Table 5.7 below. 

Table 5.7 Total thrust during Taylor and reflected rarefaction process for Pe = Pa = 0.1 atm 

Taylor rarefaction process 9256 (N) 

Reflected rarefaction process 9256 (N) 
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The thrust during the blow down process of one PDE cycle is calculated by taking three 

pressure values from Table 3.8 and calculating the thrust coefficient corresponding to that 

pressure. The thrust coefficient values obtained during the blow down process are shown in 

Table 5.8 below. 

Table 5.8 Thrust coefficient values for the design point Pe = Pa = 0.1 atm 

Pressure Thrust coefficient 

6.5 atm 1.33 

3.7 atm 1.29 

1.6 atm 1.23 

 

The thrust values obtained from the thrust coefficient are shown in table 5.9 below. 

Table 5.9 Thrust values during the blow down process for Pe = Pa = 0.1 atm 

Thrust coefficient Thrust 

1.33 7095.3 N 

1.29 3938.62 N 

1.23 1619.2 N 

 

The average total thrust during the blow down process of is 4217.7 N. The average total 

thrust during the one PDE cycle is found out to be 6736.8 N. The total thrust during the two 

design point considerations are shown in Table 5.10 below. 

Table 5.10 Total thrust during design point pressures 

 

 

 

Design point (Pe = Pa = 1 atm) 5100.9 N 

Design point (Pe = Pa = 0.1 atm) 6736.8 N 



 

 57 

CHAPTER 6 

CONCLUSION AND FUTURE WORK 

An analytical cycle analysis for the PDE was performed using a spreadsheet. The 

properties of the PDE cycle at different stages have been studied. The properties at different 

stages of the PDE cycle can be obtained by simply varying the fuel and oxidizer mixture and the 

initial free stream conditions. The distribution of gas properties during the Taylor rarefaction 

wave, reflected rarefaction wave and blow down segment of the PDE cycle are calculated. The 

graphs of pressure, temperature and density distributions along the length of the PDE tube are 

plotted to study the behavior of the Taylor rarefaction wave and reflected rarefaction wave. The 

average PDE pressure and temperature variations with time during the blow down phase are 

also calculated. The spread sheet is implemented in such a way that it can be further extended 

for future study. 

A supersonic two-dimensional nozzle is designed by using the method of 

characteristics. An accurate nozzle contour can be obtained by increasing the number of 

characteristics lines. The average values of nozzle thrust for one PDE cycle are calculated 

analytically using the impulse function and thrust coefficient. The variation of PDE thrust with 

the change in altitude is studied by designing the nozzle for two design points. 

Future work 

The code can be used to optimize the design of the PDE chamber and nozzle. The 

PDE can be integrated with a gas turbine compressor and turbine; otherwise it can be 

integrated in the bypass flow of a conventional turbofan engine so that the spreadsheet can be 

extended and the properties of the PDE can be further investigated. A computational analysis 

can be done by considering different types of nozzles. The study of shock waves that may be 
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formed during overexpansion operation of the nozzle and interaction between the nozzle 

exhaust stream and the surrounding aerodynamic flow field should be investigated. 
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