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ABSTRACT 

KINEMATIC ANALYSIS OF A QUADRUPED ROBOT CAPABLE OF  

FUNCTIONING AS A MACHINING TOOL 

 

Raghu Mandayam Anand, M.S 

 

The University of Texas at Arlington, 2010 

 

Supervising Professor:  Panayiotis Shiakolas 

 Parallel robots have been proposed for some time now due to their potential 

advantages over serial robots for high load bearing, acceleration, stiffness and lower moving 

mass. Mobile parallel configurations, i.e. multi-legged walking vehicles have been and are the 

focus of continuous research.  

 This thesis attempts to provide insights into the kinematic analysis of a quadruped robot 

capable of both walking and more importantly functioning as a machining tool. The gait analysis 

of quadruped robots has been extensively investigated and is not the focus of this research; 

however the gait ability is considered in the presented analysis. Initially, the kinematic analysis of 

a three degree-of-freedom constrained parallel robot undergoing planar motion is discussed. The 

kinematic analysis of a planar robot provides the basic understanding of constrained cooperative 

manipulators and provides the foundation to extend the analysis to 3D space. The kinematics of a 

quadruped robot consisting of a fixed base and moving platform manipulated by four serial chain 

legs, with six degrees-of-freedom per leg, undergoing motion in 3D space is then developed. 

Although a completely general robot with six degree-of-freedom does not have a closed form 

solution, Pieper’s method is applied to solve the inverse kinematics problem. Three different 

configurations of the legs are analyzed and active and passive degrees of freedom are identified. 
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Finally, the solution to inverse kinematics to maintain desired position and orientation of the 

moving platform even when the quadruped legs are positioned on uneven terrain is presented 

and verified. The results of this thesis provide the foundations for investigating walking machining 

centers. 
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CHAPTER 1 

INTRODUCTION 

 Kinematics relates to the study of motion of bodies without regard to the forces/torques 

that cause the motion. The kinematics provides the formulation for describing the motion of rigid 

bodies and particles, and is used for the design of mechanisms. The manipulator kinematics is 

used to relate the joint variables to task space variables. Inverse kinematics of manipulators is 

formulated to find the joint variables for given task space coordinates whereas the forward 

kinematics is performed to find the task space coordinates for given joint variables [Sahin, 2006]. 

The study of the kinematics of the manipulators refers to all the geometrical and time-based 

properties of the motion. Kinematics is the fundamental aspect of robot design, analysis, control 

and simulation. The full kinematics model of a manipulator relates the motion of the body to the 

motion of the legs [Craig, 2005].  

1.1 Background 

The types of geometries for robot manipulators are classified into serial and parallel 

configurations [Kumar V and J.F. Gardner]. Robotic systems such as multi-legged vehicles, multi-

fingered grippers and cooperating manipulators are classified as parallel configurations [Al-Zaydi 

et al., 1997]. There are numerous parallel manipulators with different structure, different methods 

of actuation and different number of degrees of freedom (DOF). [Williams, 2001]. 

Multi-legged walking vehicles have been fascinating researchers since decades and 

much work has been devoted to the understanding processes of the motion planning and gait 

analysis. Several walking robots have been built that have four [Qi et al., 2009; Berns et al., 

1999], six [Go et al., 2006; G¨orner et al., 2006; Barnes, 1998; Gassmann et al., 2001; Pfeiffer et 

al., 1993] or even eight legs [Spenneberg et al., 2003]. The advantages of walking over wheeled 

locomotion are very attractive to the military envisioning scenarios for sending powered vehicles 
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where only soldiers on foot can now reach. Space associations have an interest in walking as a 

means of locomotion in space or on planets. The nuclear industry has an interest in using legged 

robots to perform tasks in hazardous environments [Barnes, 1998]. 

Extensive studies have been carried out in the field of parallel robots [Wang et al., 1999; 

Raghavan, 1993; Daniali et al., 1995]. The kinematic analysis of parallel manipulators is widely 

studied in literature due to its complexity that arises because of employing passive joints, in 

addition to active joints for moving the mobile platform of parallel manipulators. A parallel 

manipulator is made up of multiple serial chains acting together on a common end-effector. A 

parallel manipulator usually has cooperating sub-chains that are attached to the common end-

effector through kinematic joints. These joints may be actuated or may remain passive. The 

relationship between active and passive joints defines the motion of the end-effector [Collins, 

1997]. The difficulty in studying the kinematics of parallel manipulators is the complexity of the 

equations due to the large number of joints used in the manipulators. 

A major type of parallel robot architecture is the platform manipulator such as the well-

known Gough Stewart platform. This 6-degree-of-freedom platform is controlled by six prismatic 

legs, connecting the moving platform to the base [Williams et al., 2001]. Another type of parallel 

manipulator called the spherically actuated platform manipulator proposed by [Pendar et al., 

2007] has a different structure than others. The specific feature of this manipulator is that with 

only two legs it has 6 DOF. Each consists of a spherical joint at the base, a prismatic joint and a 

universal joint that attaches the manipulator leg to the platform. Only the spherical joints are 

actuated and the remaining joints are passive. Fewer legs leads to smaller required space for 

manipulator installation, decreases the chance of the leg’s collision during maneuver, and also 

means fewer moving parts [Pendar et al., 2007]. 
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1.2 Outline of Thesis 

In this research, the kinematics of a quadruped robot capable of both walking and 

functioning as a machining tool is analyzed. However, the main focus of this thesis is on the 

ability of the quadruped platform with an attached tool to follow a defined surface for machining 

purposes. The walking ability of the quadruped was also considered for the kinematic structures 

examined. Initially, the kinematic analysis of a three DOF constrained parallel robot undergoing a 

planar motion is discussed and verified through simulation. The kinematic analysis is then 

extended to 3D space by finding the solution to a quadruped robot consisting of a fixed base and 

a moving platform manipulated by four serial chain legs. The legs have the same kinematic 

configuration and each one has a total of six DOF. Three different configurations of the legs for 

platform manipulation namely SRRR, SRU and URS configurations are discussed. The solution 

to the inverse kinematics problem is discussed in detail for all three configurations and verified 

through simulation and their performance compared. The ability of the quadruped to perform 

machining when the legs are placed on uneven terrain is investigated through the SRRR 

configuration. 
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CHAPTER 2 

KINEMATIC ANALYSIS OF A PLANAR ROBOT 

2.1 Overview 

Generally, kinematic analysis of parallel mechanisms includes obtaining closed-loop 

equations from which the relation between the joint variables of the mechanism is obtained. The 

position of the mobile platform of a mechanism in terms of individual serial chains can be used to 

obtain the relation between the joint variables and the mobile platform position and orientation 

[Sahin, 2006].  

The kinematic analysis of a constrained parallel manipulator consisting of a moving 

platform connected to two serial chain legs undergoing a planar motion is presented in this 

chapter.  The role of the serial chain is to constrain the end-effector both actively and passively. 

The passive kinematic joints of the serial chain provide reaction forces that constrain the end-

effector within the workspace of the serial chain and each active joint induces controllable force 

on the end-effector. The overall kinematics of the parallel manipulator depends on the kinematics 

of the individual sub-chains [Collins, 1997]. The geometric constraints associated with the parallel 

manipulator are discussed in detail in section 2.4. 

A significant problem encountered in solving inverse kinematic equations is that of 

multiple solutions. The fact that a manipulator has multiple solutions can cause problems, 

because the system has to be able to choose one [Craig, 2005]. There are usually multiple sets 

of joint variables that will yield a particular Cartesian configuration. The criteria upon which to 

base a decision vary, but a reasonable choice would be the closest solution [Craig, 2005] or the 

allowable joint motion range. The term closest solution means the solution that minimizes the 
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amount that each joint is required to move to achieve the desired position and orientation in 

Cartesian space.  

2.2 Planar Robot 

The schematic of a parallel manipulator consisting of a moving platform connected to two 

identical serial chain legs undergoing a planar motion is shown in Figure 2.1. Each leg is 

composed of three revolute joints and the joints connecting the rigid payload to the legs are 

considered passive. Hence the robot has four active and two passive joints. Figure 2.1 also 

shows the assignment of frames, joints and links of the parallel manipulator. The origin of the 

inertial coordinate system {B} is located at the base of the left leg. The coordinate system of the 

moving platform is located at point P and is parallel to the coordinate systems of the joints 

connecting the legs to the moving platform. 

 

Figure 2.1 Kinematic diagram of the planar robot 

2.2.1 Inverse Kinematic Analysis 

In this analysis, all angles for each leg in the manipulator will be found given desired 

position and the orientation of the end-effector, i.e. point P in this case, relative to the base {B}. 
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Each leg of the planar parallel manipulator is modeled with the modified Denavit-Hartenbeg 

(MDH) parameters. Table 2.1 presents the MDH parameters for the left and right legs with the 

payload. The homogeneous transformation matrix is derived based on the method described in 

[Craig, John J]. The MDH parameters can be determined sequentially from the base up by 

defining the link and joint parameters as follows: 

ai = the distance from current Z axis to the  next Z axis measured along current X axis; 

αi = the angle from current Z axis to the next Z axis measured about current X axis; 

di = the distance from current X axis to the next X axis measured along next Z axis; 

θi = the angle from current X axis to the next X axis measured about the next Z axis. 

Table 2.1 MDH parameters for the planar robot 

Current 
Frame 
(i-1) 

Next Frame 
(i) 

Joint 
Number 

ai-1 αi-1 di θi 

0 1 1 0 0 0 θ1 

1 2 2 L1 0 0 θ2 

2 3 3 L2 0 0 θ3 

3 P - 0.5*L3 0 0 0 

0 4 4 L0 0 0 θ4 

4 5 5 L4 0 0 θ5 

5 6 6 L5 0 0 θ6 

 

The individual joint homogeneous transformation matrix can be found by substituting 

each row of Table 2.1 into (2.1). The individual joint transformations are then concatenated to 

obtain the homogeneous transformation for the entire leg starting from the base frame to the point 

of interest using (2.2). Equation (2.3) gives the homogeneous transformation relating point P, the 

point of interest, to the base frame. 
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����1 � � cos 
� � sin 
� 0 ���1sin 
� cos ���1 cos 
� cos ���1 � sin ���1 ��� sin ���1sin 
� sin ���1 cos 
� sin ���1 cos ���1 �� cos ���10 0 0 1 � (2.1) 

� � �0 �10  .  �21  .  �32  .  ��3                 (2.2) 

��0 � ��123 �123 0 0.5�3�123 � �2�12 � �1�1�123 �123 0 0.5�3�123 � �2�12 � �1�10 0 1 00 0 0 1 � 
 

(2.3) 

Where �123 � cos�
� � 
� � 
� , ���� � sin�
� � 
� � 
� , ��� � cos�
� � 
�  and 

��� � sin�
� � 
�  

The first 3x3 submatrix of the �"#  matrix represents the orientation of the rigid platform 

relative to the base and the first three elements of the fourth column represent the position of 

point P relative to the base as a function of the joint variables and kinematic parameters. 

The inverse kinematics, in this case, is performed separately for both the left and the right 

legs given the desired orientation and position of the payload. Since the problem of solving 

inverse kinematics is a non linear one, there are no general algorithms which may be employed 

to solve for the joint angles. The simplest way to accomplish this is to equate the transformation 

matrix defining the desired position and orientation (2.4) with the homogeneous transformation 

matrix obtained from forward kinematics (2.3) and solves for the unknowns joint variables. 

�des�0 �  �&11 &12 &13 'x&21 &22 &23 'y&31 &32 &33 'z0 0 0 1 � 

(2.4) 

Equating  ��0 � �des�0  i.e (2.3) and (2.4), yields the following 

 ���� � &��      (2.5) 

���� � &��      (2.6) 

       '+ � 0.5�3 &11 � �2 �12 � �1 �1   (2.7) 
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      ', � 0.5�3 &21 � �2 �12 � �1 �1   (2.8) 

The right hand side of (2.7) and (2.8) are assigned to variables for ease of calculations according 

to � � �� ��� � �� ��     (2.9) 

- � �� ��� �  �� ��     (2.10) 

Squaring both (2.9) and (2.10) and adding them yields 

�2 � -2 � �12 � �22 � 2�1�2�2   (2.11) 

The cosine of 
� is found according to 

�� � ./01/2�34/03// �� 34 .3/     (2.12) 

In order for a solution to exist, the right hand side of (2.12) must have a value between -1 and 1 

and the sine of the angle yields two solutions 

�� � 561 � ���     (2.13) 

which yields the solution for 
�.  


� � 78�92�5��, ��      (2.14) 

The plus-or-minus sign in (2.14) leads to two possible solutions for 
�. The two solutions 

are checked for joint limit violations and if both are valid solutions, the one closest to the present 

manipulator configuration is considered. 

Having found θ2, (2.9) and (2.10) can be used to solve for θ1 by rewriting (2.7) and (2.8) in 

the form which is a function of unknown 
� and evaluated 
� 

� � :��� � :���     (2.15) 

- � :��� � :���     (2.16) 

where known expressions k1 and k2 are evaluated by 
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 :� � �� � ����     (2.17) 

:� � ����      (2.18) 

Simplifying yields ; � 78�92�:�, :�      (2.19) 

� � cos�
� � ;      (2.20) 

- � sin�
� � ;      (2.21) 

Combining (2.15) through (2.21) yields the solution for  θ1 
� � 78�92�-, � � ;                                                   (2.22) 

Combining (2.5), (2.6), (2.14) and (2.22) yields the solution for 
� 


� � 78�92�&��, &�� � �
� � 
�    (2.23) 

Having computed the joint angles of the left leg, the next step is to find the joint values for 

the right leg. Since the payload is a rigid platform, the position of the payload in contact with the 

wrist joint of the right leg, point P1, can be obtained from the forward kinematics of the left leg 

(given that the joint angles are known from inverse kinematics). Once this position P1 is known, 

the solution to the inverse kinematics of the right leg can be found in a similar approach as that 

for the left leg. Equation (2.24) gives the desired transformation matrix with the same orientation 

as that for the left leg but with a new position. Equation (2.25) gives the homogeneous 

transformation of point P1 (from Figure 2.1) relative to the base frame. 

�des�10 � �&11 &12 &13 '+1&21 &22 &23 ',1&31 &32 &33 '<10 0 0 1 �   (2.24) 

 

��10 � ��456 ��456 0 ?5�45 � ?4�4 � ?0�456 �456 0 ?5�5 � ?4�40 0 1 00 0 0 1 �  (2.25) 
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The above set of matrices are used to solve for the unknown joint variables 
@, 
A, 
B 

using similar approach as presented for the left leg. The inverse kinematics problem for the 

planar robot is complete once all the joint variables are computed for a given orientation and 

position of the rigid payload. 

2.2.2 Verification Results of the planar robot 

The analysis in section 2.2.1 presents basic method for computing the kinematics of a 

planar robot undergoing a constrained motion. The desired equations to calculate the joint 

variables were implemented in MATLAB. Given a desired tool point, in this case, the position and 

orientation of the center of the rigid payload, the solution can be used to compute the joint angles 

necessary to follow the desired path. In this section, an example to verify the inverse kinematic 

solution is presented. A set of arbitrary points defining the coordinates of the center of the 

payload relative to the base is given in Table 2.3. Using these positions as the desired tool point 

and the link parameters in Table 2.2 as the kinematic inputs, the inverse kinematics solution is 

verified with the results shown in graphical form in Figure 2.2. A consistent set of units is used for 

the link parameters and degrees are used for the joint angles. 

Table 2.2 Link Parameters of the Planar Robot 

 Length 

L0 0.7 

L1 0.3 

L2 0.3 

L3 0.4 

L4 0.3 

L5 0.3 

 

Table 2.3 Arbitrary locations of the center of the payload 

Position X Y 

1 0.20 0.45 

2 0.35 0.55 

3 0.45 0.52 
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Figure 2.2 Schematic of verification of the planar robot 

2.3 Planar Robot with a Tool 

As an extension to the kinematic analysis of the planar robot, a tool piece is attached at 

the center of the rigid payload. The tool is assumed to always be perpendicular to the payload at 

all times i.e. the tool piece and the payload have the same orientation. The payload can be 

manipulated by the two serial chain robot arms to achieve the desired orientation and position of 

the tool. Figure 2.3 shows the schematic of the robot with the attached tool where the position of 

end of the tool is shown with T(x , y) at a distance �C relative to frame P and the frame T is 

always parallel to platform frame P.  
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Figure 2.3 Kinematic diagram of the Planar Robot with Tool 
 

Table 2.4 presents the MDH parameters for the left leg with the payload and the tool 

endpoint. The homogeneous transformation matrix relating the frames attached to the 

neighboring links by substituting the MDH parameters into (2.1) is found. Equation (2.27) gives 

the homogeneous transformation matrix relating the base frame to the tool tip. 

Table 2.4 MDH parameters of the Left Leg for the robot with tool 

Current 
Frame 

Next Frame 
Joint 

Number 
ai-1 αi-1 di θi 

0 1 1 0 0 0 
1 

1 2 2 L1 0 0 
2 

2 3 3 L2 0 0 
3 

3 P - 0.5*L3 0 0 -90 

P T - 0 0 - LT - 

 

��0 �  �10  . �21  . �32  . ��3  . ���     (2.26) 
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��0 � � �123 �123 0 �C�123 � 0.5�3�123 � �2�12 � �1�1��123 �123 0 ��C�123 � 0.5�3�123 � �2�12 � �1�10 0 1 00 0 0 1 �  (2.27) 

Solving the inverse kinematics, the homogeneous transformation matrix defining the 

desired orientation and position and (2.27) are equated. 

 �des�0 � ��0      (2.28) 

Where  

�des�0 � �&11 &21 &13 '+&21 &22 &23 ',&31 &32 &33 '<0 0 0 1 �    (2.29) 

 
Using the same approach presented in section 2.2.1 for the planar robot, the angles of all 

the six joints required to position and orient the tool as desired are computed. 

2.3.1 Verification Results of the planar robot with tool 

The inverse kinematic algorithm the attached tool is also verified through an example. A 

set of points defining the desired coordinates of the tool tip relative to the base is defined and 

given in Table 2.5. These points define a semi circle in 2D space. The semi circle is discretized 

into 3 points and the tool traces the discretized points. The link parameters for the manipulator 

are the same as the planar robot with an addition of the tool piece with length LT=0.1. With the 

link parameters as the kinematic input and coordinates of the tip of the tool piece as the desired 

position, the inverse kinematic algorithm is implemented and the results are shown schematically 

in Figure 2.4. The results verify the correctness of the algorithm implemented. 

Table 2.5 Coordinates of the tip of the tool piece 

Position X Y 

1 0.25 0.30 

2 0.35 0.42 

3 0.45 0.35 
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Figure 2.4 Verification of the planar robot with tool  
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2.4 Kinematic Constraints 

 As stated in section 2.1, the role of the serial chain is to constrain the end-effector both 

actively and passively with the passive kinematic joints providing the reaction force to constrain 

the end-effector within the workspace of the serial chain and the active joint inducing controllable 

motion on the end-effector.  

 In Figure 2.1, both the robot legs are attached to the rigid payload and the motion of the 

system is defined for the position and orientation of the payload. The configuration coordinate 

vector can be partitioned into left (L), right (R) and platform (P) configuration coordinates 

[Subbarao et al., 2001]. The manipulator has a total of seven DOF, one for each of the active 

joints which accounts for four degrees-of-freedom as the joints connecting the serial chain legs to 

the platform are passive, one for the orientation of the platform and the Cartesian coordinates (x, 

y) accounts for two degrees-of-freedom. The geometric constraints arising by attaching the left 

and right wrists to the platform are: �1 cos 
1 � �2 cos�
1 � 
2 � 0.5�3 cos�
1 � 
2 � 
3 � �+ � 0   (2.30) 

 �1 sin 
1 � �2 sin�
1 � 
2 � 0.5�3 sin�
1 � 
2 � 
3 � �, � 0   (2.31) 

 �4 cos 
4 � �5 cos�
4 � 
5 � 0.5�3 cos�
4 � 
5 � 
6 � �+ � �0 � 0  (2.32) 

 �4 sin 
4 � �5 sin�
4 � 
5 � 0.5�3 sin�
4 � 
5 � 
6 � �, � 0   (2.33) 

 

These four geometric constraints effectively reduce the seven degrees-of-freedom of the system 

to only three degrees-of-freedom [Subbarao, et al., 2001]. 
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CHAPTER 3 

KINEMATIC ANALYSIS OF A QUADRUPED ROBOT 

3.1 Overview 

The kinematic analysis of a planar robot provides the basic understanding of constrained 

cooperative manipulators and provides the foundation to extend the analysis to 3D space. In this 

chapter, the kinematic analysis of a quadruped consisting of a fixed base and moving platform 

manipulated by four serial chain legs with six DOF per leg undergoing motion in 3D space is 

presented. The solution to the inverse kinematics problem for three different configurations of the 

legs namely URS (U – Universal, R – Revolute, S – Spherical), SRRR (S – Spherical, R – 

Revolute) and SRU (S – Spherical, R – Revolute, U – universal) configurations are discussed in 

detail and verified through simulation. 

The serial chain legs in each configuration are kinematically identical to each other and 

the kinematics is independently performed for each leg. Figure 3.1 shows the schematic of the 

quadruped robot consisting of a fixed base and a moving platform. A tool is attached at the center 

of the platform and is always perpendicular to the platform and hence has the same orientation as 

the platform. The rigid platform forms a plane in 3D space and the orientation of every point on 

the platform is the same as that of the platform itself. The base of each of the four legs could be 

at some arbitrary distance from each other. The legs are kinematically modeled using MDH 

parameters. The position of each leg where it attaches to the rigid platform relative to the tool on 

the platform is obtained from the transformations using the MDH parameters. The position and 

orientation of each leg relative to the base frame is then calculated and the inverse kinematics is 

solved for each leg. As with the inverse kinematic analysis of the planar robot, the problem of 

multiple solutions is encountered while solving the inverse kinematics of the quadruped robot.  
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Figure 3.1 Schematic of the quadruped robot 

3.2 URS Configuration 

Figure 3.1 illustrates a platform manipulator consisting of a fixed base and a moving 

platform connected by four identical URS serial chain legs. Each leg has six DOF corresponding 

to six revolute joint variables. The universal and revolute joints control the position of the platform 

while the spherical joint controls the orientation of the rigid platform. The spherical joint connects 

the platform to the legs of the quadruped. The kinematic implementation of the spherical joint is 

illustrated in Figure 3.2.  
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Figure 3.2 Arrangement of the ball joint URS configuration 

3.2.1 Kinematic Analysis 

The kinematic analysis of the quadruped robot is developed and presented in this 

section. The robot kinematic diagram is given in Figure 3.3 which shows the assignment of 

frames, joints and links of the quadruped. The base coordinate system {B} is located at the base 

of the first leg. The end-effector coordinate system is defined such that it is parallel to the base 

coordinate system when the orientation of the platform is zero. L1 and L2 are the fixed distances 

between the joints of the leg. L3 and L4 are the fixed distances to the center of the platform from 

the edges where the spherical joint attaches to the platform and LT is the fixed length of the tool 

piece attached at the center of the platform. Each leg of the quadruped robot is modeled with 

MDH parameters. The MDH parameters for the first leg are given in Table 3.1. 
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Figure 3.3 Kinematic diagram of the first leg URS configuration 

Table 3.1 MDH parameters of the first leg URS configuration 

Current 
Frame 

(i-1) 

Next Frame 
(i) 

Joint 
Number 

ai-1 αi-1 di θi 

0 1 1 0 -90 0 180+θ1 

1 Aux1 - 0 -90 0 -90 

Aux1 2 2 0 90 0 θ2 

2 3 3 L1 0 0 θ3 

3 4 4 L2 -90 0 θ4 

4 5 5 0 90 0 θ5 

5 6 6 0 -90 0 θ6 

6 Aux2 - LP1 0 0 -90 

Aux2 P - -LP2 0 0 0 

P T - 0 0 -LT 0 
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 ��0 �  �10  . �7D+11  . �27D+1  . �32  . �43  . �54  . �65  . �7D+26  . ��7D+2  . ���   (3.1) 

Once the MDH parameters are established, the individual link transformations can be 

computed. The desired homogeneous transformation matrix relating the tool to the base is then 

evaluated by concatenating the individual link transformations as given in (3.1). This 

transformation ��0  is a function of all the joint variables. 

The leg kinematics can be analyzed independently, and thus the inverse kinematics 

problem for the quadruped can be divided into four separate problems, one for each leg while 

considering the constraints imposed by the position and orientation of the rigid platform 

manipulated by the legs. However, the solutions computed for all the four legs must comply with 

the position and orientation of the tool piece. The rigid payload forms a plane in 3D space and 

when it is oriented arbitrarily, the orientation at every point on the plane formed by the payload is 

the same. Thus, the orientation of all the robot legs where they attach to the payload is the same. 

Also, since the location of the tool piece on the rigid payload is known, the position where the 

robot legs attach to the payload relative to the tool piece frame can be computed as shown in 

(3.2). Equation (3.3) is used to compute the position of each robot leg attachment point at the 

payload relative to the base. Once the position and the orientation for each leg are known, the 

inverse kinematics can be computed separately for each leg. 

��1� � �  �"�� �"�01 � ; ��2� � ��0.5 �4�0.5 �301 �; ��3� � ��0.5 �40.5 �301 �; ��4� � �0.5 �40.5 �301 � (3.2) 

��E0 � ��0  . ��E�  where j=1,2,3,4    (3.3) 

The inverse kinematics for manipulators with six DOF in which three consecutive axes 

intersect at a point is analyzed by employing Pieper’s method [Pieper, 1968]. The last three axes 

intersect, thus the origins of link frames {4}, {5} and {6} are all located at a single point of 

intersection. This point is given in base coordinates as  
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0�4FGH � � .10 � .21 � .32 3�4FGH � I'J�'K�'L�1 M = �������� � ����������� � ����������� � ������1 �  (3.4) 

 

Squaring, adding and simplifying the expressions for '+1and '<1 yields 

N'+12 � '<12 �  �2�23 � �1�2    (3.5) 

Simplifying ',1 and (3.5) further yields 

'+12 � ',12 � '<12 � �12 � �22 � 2�1�2�3  (3.6) 

This expression is function only of joint variable 
3, thus the cosine of 
3 is estimated by  

�� � OP4/ 0OQ4/ 0OR4/ 2�34/03// �343/    (3.7) 

In order for a solution to exist, the right hand side of (3.7) must have a value between -1 and 1 

and the sine of 
3 could be estimated by 

�3 � 5N1 � �32     (3.8) 

giving 
3 � 78�92�5�3, �3      (3.9) 

 Two possible solutions are obtained for 
3 corresponding to the plus-or-minus sign in 

(3.17). Although both the solutions provide the desired position of the platform, the joint range is 

high and outside joint limits when the positive sign of the angle is considered as compared to the 

negative sign of the angle. The solution implemented uses the negative sign for the angle for the 

rest of the analysis. Having found θ3 the next step is to solve for θ2 using the known positions '+1,  ',1 and '<1.  

N'+12 � '<12 �  �2�23 � �1�2 � �2:1 � �2:2   (3.10) 
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 ',1 � �2�23 � �1�2 � �2:1 � �2:2    (3.11) 

Where expressions for k1 and k2 as functions of known 
� could be evaluated according to  :1 � �3�2 � �1     (3.12) 

:2 � �3�2      (3.13) 

; � 78�92�:�, :�       (3.14) 

Simplifying this set of equations 

N'+12 � ',12 � sin �
2 � ;      (3.15) 

Absolute values of the roots are considered for the analysis ',1 � STU �
2 � ;       (3.16) 

Solving for θ2 yields 


2 � 78�92 VN'+12 � '<12 , ',1W � ;   (3.17) 

Using '+1and '<1 and knowing θ2 , one could solve for θ1 according to �1 � '+1�23�2��2�1     (3.18) 

�1 � '<1�23�2��2�1     (3.19) 


1 � 78�92��1, �1                  (3.20) 

The computation of remaining joint angles θ4, θ5 , θ6 completes the solution procedure. 

Since these axes intersect, these joint angles affect the orientation only of the last link. This can 

be computed based on the rotation portion of the desired homogeneous transformation alone. 

Having computed the first three joint angles, the orientation of link frame {4} relative to the base 

can be computed. The desired orientation of {6} differs from this orientation by only the action of 
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the last three joints. The elements of the desired orientation matrix G60  are provided in Appendix 

A. 

G60 � G 40 . G64       (3.21) 

G64 � G�140  . G60     (3.22) 

where  

G40 � I�1�23 ��1 �1�23�23 0 ��23�1�23 �1 �1�23M    (3.23) 

On simplification 

   GB@ � X��@�B � �B�A�@ ��B�A�@ � �@�B ��@�A�B�A�@ � �B�@ ��B�A�@ � �B�@ ��@�A�B�A ��B�A �A Y  (3.24) 

Using the orientation expressions in (3.24), one could solve for 
4, 
5 and 
6 according to 

 
@ � 78�92� G�# ��, G�# ��     (3.25) 


A � 78�92�� G���# , G�# �� �A⁄     (3.26) 


B � 78�92�� G�# ��, G�# ��     (3.27) 

3.2.2 Verification Results of the URS Configuration 

The solution to the inverse kinematic problem is verified using two examples one for 

verifying the position of the end-effector when the platform is parallel to ground and another when 

the platform is oriented arbitrarily in 3D space. The link parameters which constitute the kinematic 

input to the problem for both examples are the same and given in Table 3.2. 

 A set of points defining the coordinates of the tool tip of the URS configuration is given in 

Table 3.3. The orientation of the platform is considered as zero. The distance between all four 

legs on the ground is considered same. The inverse kinematic algorithm is implemented for the 

given desired position of the tool tip and the results are shown in Figure 3.4.  This result ensures 
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the correctness of the methodology and algorithm implementation for the inverse kinematics of 

the URS configuration quadruped.  

 

Table 3.2 Link Parameters for the URS Configuration 

Link Length 

L0 0.5 

L1 0.3 

L2 0.3 

LP1 0.15 

LP2 0.15 

LT 0.1 

 

Table 3.3 Coordinates of the tool tip for URS Configuration 

Position X Y Z 

1 -0.157 0.28 0.26 

2 -0.162 0.32 0.30 

3 -0.166 0.36 0.27 

 

 

Figure 3.4 Schematic of position verification of the tool tip for URS Configuration 
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The orientation of the platform was obtained using the forward kinematics of the first leg 

by giving arbitrary orientations to the platform while maintaining the position of the point P where 

the tool piece attaches to the platform constant. The transformation matrix obtained was used as 

the desired homogeneous transformation matrix for the quadruped. The inverse kinematic 

algorithm was employed to compute the joint angles for all four legs. The algorithm was verified 

by using calculated joint angles for each leg to obtain the homogeneous transformation matrices 

for the corresponding leg. The desired transformation matrix and the individually evaluated 

homogeneous matrices of each leg were compared. The desired and calculated matrices for 

each leg were the same indicating the correctness of the algorithm and its implementation. Three 

sets of desired orientations T1, T2 and T3 were tested with results shown in Figure 3.5.  

�� � � 0.9856 �0.1505 0.0766 �0.15080.1654 0.9515 �0.2591 0.4255�0.0338 0.2680 0.9627 0.25270 0 0 1 � 

�� � � 0.9750 �0.1715 0.1407 �0.16360.1950 0.9650 �0.1750 0.4087�0.1058 0.1981 0.9744 0.25030 0 0 1 � 

�� � � 0.9530 �0.2261 0.2012 �0.17570.2279 0.9735 0.0142 0.3708�0.1991 0.0323 0.9794 0.24930 0 0 1 � 
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Figure 3.5 Schematic of orientation verification of the platform for URS Configuration 

 

3.3 SRRR Configuration 

The platform manipulator consisting of a fixed base and a moving platform connected by 

four SRRR (S-spherical, R-revolute) serial chain legs is shown in Figure 3.6. The tool piece 

attached at the center of the payload and is always assumed to be perpendicular to the payload. 

The three revolute joints on each leg are to be used for the robot to walk and control the position 

the moving platform when positioned statically over a terrain [Kim et al., 2005]. The spherical joint 

attached at the base of each leg is passive and influences the orientation of the platform. The 

platform manipulator has six degrees-of-freedom. By controlling the revolute joint variables, 

general Cartesian poses (positions and orientations) may be reached. The arrangement of the 
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spherical joint connected at the base of each leg is the same as the URS configuration and 

enables it to undergo yaw, roll and pitch rotations.  

3.3.1 Kinematic Analysis 

The inverse kinematics of the SRRR configuration based quadruped robot is presented in 

this section. The robot kinematic diagram is given in Figure 3.6. The origin of the base frame {B} 

is located at the base of the first leg. L1, L2 and L3 are the fixed distances between the joints of 

the leg. LP1 and LP2 are the fixed distances to the center of the platform. The platform manipulator 

is designed with symmetry for all four legs, so lengths LP1 and LP2 appear also in the analysis of 

the remaining three legs. The MDH parameters for the first leg are given in Table 3.4.  

 

Figure 3.6 Kinematic diagram of the first leg SRRR configuraion 
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Table 3.4 MDH parameters of the First Leg SRRR Configuration 
 

Current 
Frame 

(i-1) 

Next Frame 
(i) 

Joint 
Number 

ai-1 αi-1 di θi 

B 0 - 0 0 0 0 

0 1 1 0 0 0 θ1+90 

1 2 2 0 90 0 θ2+90 

2 3 3 0 90 0 θ3 

3 4 4 L1 -90 0 θ4 

4 5 5 L2 0 0 θ5 

5 6 6 L3 -90 0 θ6 

6 Aux1 - LP1 0 0 -90 

Aux1 P - -LP2 0 0 0 

P T - 0 0 -LT 0 

 

��̂ �  �0̂  . �10  . �21  . �32  . �43  . �54  . �65  . �7D+16  . ��7D+1  . ���    (3.28) 

The individual link transformations can be computed once the MDH parameters are 

established. The desired homogeneous transformation matrix relating the tool attached to the 

platform and the base can be evaluated by multiplying individual link transformations. 

Since all the legs are considered to be kinematically identical, the inverse kinematics 

problem is solved separately for all four legs. The given Cartesian space must be reached by all 

four legs. In order to solve the inverse kinematics for each leg, the transformation matrix relating 

the base to the point where the leg attaches with the platform �B#  must be computed. Given the 

desired transformation matrix, �"_ , �B#  can be computed as. 

�"_ � �#_  �B#  �"B                  (3.29)  

 �B# � �2�#_   �"_   �2�"B       (3.30) 

where from Figure 3.6  

�#_ � �1 0 0 00 1 0 00 0 1 00 0 0 1�     (3.31) 
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�"B � � 0 1 0 �"��1 0 0 �"�0 0 1 00 0 0 1 �    (3.32) 

The inverse kinematics for manipulators with six DOF in which the first three consecutive 

axes intersect at a point is analyzed by employing Pieper’s method [Pieper, 1968]. By inverting 

the resultant homogeneous transformation matrix �B#  , the solution becomes analogous to the 

case where the last three axes intersect. The origins of the frames {1}, {2} and {3} are all located 

at a single point of intersection and this point is given in base coordinates as 'J �  ���@A�� � �A�� � �� �B   (3.33) 

'K �  ��@A�� � �A�� � �� �B   (3.34) 

'L �  �@A�� � �A��    (3.35) 

Squaring, adding and simplifying equations (3.33), (3.34) and (3.35) yields 

�6'J� � 'K� � �� � � 'L� � ��� � ��� � 2�����@   (3.36) 

This expression is function only of joint variable 
@, thus 
3 is evaluated by 

 �@ � �NOP/0OQ/23` /0OR/2�34/03// �343/   (3.37) 

In order for a solution to exist, the right hand side of (3.37) must have a value between -1 and 1. 

�@ � 561 � �@�     (3.38) 


@ � 78�92�5�@, �@      (3.39) 

 The plus-or-minus sign in (3.39) leads to two different solutions for 
@. Considering the 

limits on joints and the solution closet to the present manipulator configuration, the solution with 

negative sign of the angle is considered as the joint range is low as compared to the solution with 

the positive sign of the angle. Hence, the solution when the negative of the sine of the angle is 
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used for the remaining analysis and the other solution is discarded. Having found 
@, (3.35) and 

(3.36) can be used to solve for 
A 

6'J� � 'K� � �� � �@A�� � �A�� � �A:� � �A:�   (3.40) 

'L � �@A�� � �A�� � �A:� � �A:�    (3.41) 

Where expression for k1 and k2 functions of known 
@ could be evaluated and used to find an 

angle ; 

:� � �@�� � ��     (3.42) 

:� � �@��      (3.43) 

; � 78�92�:�, :�      (3.44) 

Simplifying this set of equations and solving for 
A yields 


A � 78�92a'L , 6'J� � 'K� � ��b � ;   (3.45) 

Using 'J and 'K and knowing 
@ and 
A one could solve for 
B according to 

�B � OP2�cde340ce3/03`     (3.46) 

�B � OQ�cde340ce3/03`     (3.47) 


B � 78�92��B, �B      (3.48) 

The computation of remaining joint angles 
�, 
�, 
� completes the solution. Since these axes 

intersect and affect only the orientation of the manipulator, they can be computed based on the 

rotation portion of the desired homogeneous transformation alone. The orientation of link frame 

{3} relative to the base can be computed having evaluated the last three joint angles. The 

elements of the desired orientation matrix G60  are provided in Appendix B. 
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 G60 � G 30 . G6�       (3.49) 

Equation (3.49) can also be expressed as G�# � GB# G2�B�      (3.50) 

GB� � X �@A�B ��@A�B ��@A��B ��B 0��@A�B �@A�B ��@AY    (3.51) 

G�# � X���� � ������ ���� � ������ ��������� � ������ ���� � ������ �������� ����� �� Y   (3.52) 

Using G�#  one could solve for 
�, 
�, 
� according to 


� � 78�92�� G�# ��, G�# ��     (3.53) 


� � 78�92� G���# , G�# �� ��⁄      (3.54) 


� � 78�92�� G�# ��, G�# ��     (3.55) 

3.3.2 Verification Results of the SRRR Configuration 

 As in section 3.2.3, one example each for the position of the tool tip and the orientation of 

the platform are presented to verify the inverse kinematic solution. The same link parameters 

used for URS configuration is used for the verification of the SRRR configuration except for an 

additional link parameter of L3=0.1. Table 3.5 gives a set of points defining the coordinates of the 

tip of the tool attached to the platform. Figure 3.7 shows the schematic results of the quadruped 

robot for desired positions of the tool piece.  
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Table 3.5 Coordinates of the tool tip for SRRR configuration 

Position X Y Z 

1 -0.166 0.437 0.252 

2 -0.170 0.410 0.215 

3 -0.185 0.362 0.251 

 

 

Figure 3.7 Schematic of position verification of the tool tip for SRRR configuration 

The orientation of the platform is obtained using the same approach used for URS 

configuration by substituting arbitrary joint values into the forward kinematics algorithm of the first 

leg while maintaining the position of the point on the platform where the tool piece attaches 

constant. Three sets of desired orientations T1, T2 and T3 were tested. Figure 3.8 shows the 
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schematic results for the arbitrary orientations of the platform for the SRRR configuration in 3D 

space. These results ensure the correctness of the algorithm and its implementation. 

�� � � 0.9933 �0.1131 0.0213 �0.14820.1114 0.9914 0.0682 0.2985�0.0288 �0.0653 0.9974 0.27570 0 0 1 � 

�� � � 0.9887 �0.1433 0.0432 �0.15260.1340 0.9761 0.1707 0.2780�0.0667 �0.1630 0.9843 0.27830 0 0 1 � 

�� � � 0.9824 �0.1762 0.0613 �0.15620.1553 0.9544 0.2549 0.2612�0.1034 �0.2409 0.9650 0.28220 0 0 1 � 

 

Figure 3.8 Schematic of orientation verification of the platform for SRRR configuration 
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3.4 SRU Configuration 

The parallel platform manipulator presented in Figure 3.9 consists of a fixed base and a 

moving platform connected by four identical SRU (S-spherical, R-revolute and U-universal) serial 

chain legs. As with the SRRR configuration the tool piece is attached at the center of the platform 

and is always perpendicular to it. The spherical joint attached at the base of each leg influences 

the orientation of the platform and is considered passive. The platform manipulator has six DOF 

and by controlling the active revolute and universal joints. The assembly of the spherical joint at 

the base of each leg is the same as that for the URS configuration.  

3.4.1 Kinematic Analysis 

The robot kinematic diagram with the assignment of frames is given in Figure 3.9. Similar 

to the URS configuration, the origin of the base frame {B} is located at the base of the first leg. L1 

and L2 are the fixed distances between the joints of the leg. LP1 and LP2 are the fixed distances to 

the center of the platform from the edges where the universal joint connects to the platform. The 

MDH parameters for the first leg are given in Table 3.6.  
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Figure 3.9 Kinematic diagram of the first leg SRU configuration 

Table 3.6 MDH parameters of the First Leg SRU Configuration 

Current 
Frame 
(i-1) 

Next Frame 
(i) 

Joint 
Number 

ai-1 αi-1 di θi 

B 0 - 0 0 0 0 

0 1 1 0 0 0 θ1+90 

1 2 2 0 90 0 θ2+90 

2 3 3 0 90 0 θ3 

3 4 4 L1 -90 0 θ4 

4 5 5 L2 0 0 θ5 

5 6 6 0 -90 0 θ6 

6 Aux1 - LP1 0 0 -90 

Aux1 P - -LP2 0 0 0 

P T - 0 0 -LT 0 
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 ��̂ �  �0̂  . �10  . �21  . �32  . �43  . �54  . �65  . �7D+16  . ��7D+1  . ���     (3.56) 

 Equation (3.56) represents the homogeneous transformation matrix relating the tool tip to 

the base of the first leg for the SRU configuration. This transformation is computed by multiplying 

the individual link transformations obtained from the established MDH parameters.  

 The kinematic structure of the SRU configuration is similar to the SRRR configuration 

discussed in section 3.3. The only difference being, SRU configuration uses a 2 DOF universal 

joint where the robot leg attaches to the platform instead of two revolute joints offset by a distance 

of L3. The same algorithm employed for SRRR configuration is used for solving the inverse 

kinematics of the SRU configuration. Since the axis of the last two joints for the SRU 

configuration intersects, the offset distance L3 between the last two joints of the SRRR 

configuration is considered zero. No singular conditions were obtained by equating L3 to zero and 

hence the kinematic analysis is not repeated in this section. 

3.4.2 Verification of the SRU Configuration 

The coordinates of the tip of the tool is defined by a set of points as given in Table 3.7. 

Figure 3.10 shows the verification results for the quadruped robot given the desired positions of 

the tool piece in 3D space. The same kinematic link parameters used for SRRR configuration is 

used here with the exception that L3 is equated to zero. 

Table 3.7 Coordinates of the tool tip for SRU Configuration 

Position X Y Z 

1 -0.164 0.375 0.290 

2 -0.171 0.345 0.290 

3 -0.177 0.315 0.289 
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Figure 3.10 Schematic of position verification of the tool tip for SRU configuration 

The desired homogeneous transformations are given by T1, T2 and T3 are obtained by 

substituting arbitrary joint values into the forward kinematics algorithm of the first leg while 

maintaining the position of the point on the platform where the tool piece attaches constant. 

Figure 3.11 shows the verification results for the arbitrary orientations of the platform for the 

quadruped robot in 3D space. These results ensure the correctness of the algorithm and its 

implementation. 

�� � �0.9939 �0.1076 0.0241 �0.16590.1077 0.9000 �0.4221 0.24620.0237 0.4221 0.9061 0.28550 0 0 1 � 

�� � � 0.9696 �0.2371 0.0600 �0.17310.2446 0.9404 �0.2360 0.2089�0.0004 0.2435 0.9699 0.27270 0 0 1 � 
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�� � � 0.9264 �0.3729 0.0506 �0.17120.3750 0.9260 �0.0412 0.1700�0.0315 0.0572 0.9978 0.26710 0 0 1 � 

 

Figure 3.11 Schematic of orientation verification of the platform for SRU configuration 

3.5 SRRR Configuration on uneven terrain 

In this section the kinematic analysis of a quadruped robot whose legs are placed on 

uneven terrain is presented. The general type of terrain may be defined as a surface in which the 

heights of the surface points are not constant such as slopes, ditches, holes, obstacles etc. [Lee 

et al., 1988]. The terrain model used in this study is in such a way that the terrain surface under 

each leg is at a different height from the base frame {B}. The quadruped robot used for this 

analysis is the SRRR Configuration, the kinematics of which is analyzed and verified through 
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similar procedures as those presented for the three configurations where the legs are positioned 

on the same plane.  Figure 3.12 presents the schematic of the SRRR configuration with the base 

and the robot coordinate systems. The robot coordinate system is fixed to the robot leg located 

on the terrain surface at a height of L01 from the base {B}. 

 

Figure 3.12 Kinematic diagram of the SRRR configuration on uneven terrain 

3.5.1 Kinematic Analysis 

 The origin of the base frame {B} is located on the ground and the origin of the robot leg is 

fixed on an elevated surface as shown in Figure 3.12. The MDH parameters for the elevated leg 

are given Table 3.8. 
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Table 3.8 MDH parameters for SRRR configuration on uneven terrain 

Current 
Frame 

(i-1) 

Next Frame 
(i) 

Joint 
Number 

ai-1 αi-1 di θi 

B 0 - 0 0 L01 0 

0 1 1 0 0 0 θ1+90 

1 2 2 0 90 0 θ2+90 

2 3 3 0 90 0 θ3 

3 4 4 L1 -90 0 θ4 

4 5 5 L2 0 0 θ5 

5 6 6 L3 -90 0 θ6 

6 Aux1 - L4 0 0 -90 

Aux1 P - -L5 0 0 0 

P T - 0 0 -LT 0 

 

��̂ �  �0̂  . �10  . �21  . �32  . �43  . �54  . �65  . �7D+16  . ��7D+1  . ���    (3.57) 

 Although the legs are positioned on uneven terrain, the given Cartesian pose �"_ , must 

be reached by all four legs. Since the SRRR configuration is used, the kinematic analysis is the 

same as discussed in section 3.3. The transformation matrix �0̂  provides the relation between 

the terrain frame {B} and the base of the joint frame {0} The solution to the inverse kinematics 

problem is solved and the results are verified through simulation. 

3.5.2 Verification of SRRR Configuration on uneven terrain 

 Two examples are demonstrated for verifying the analysis. The same link parameters 

used for SRRR configuration is used in this analysis. Additional parameters L01, L02, L03 and L04 

are included for defining the terrain on which the robots legs are positioned.  

 In the first example, a set of points defining the coordinates of the tip of the tool are used 

as the desired position of the end-effector is given in Table 3.9. The orientation of the platform is 

considered zero i.e., the platform is parallel to the ground. For the terrain, the robot legs one and 

two are assumed to placed on the elevated surface and the robot legs three and four are placed 

on the ground. The verification results in Figure 3.13 shows that the surface of the platform is 

held parallel to the ground even when the legs of the quadruped are positioned on uneven terrain. 

This verifies the correctness of the inverse kinematic algorithm. 
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Table 3.9 Coordinates of the tool tip for example 1 

Position X Y Z 

1 -0.15 0.3 0.27 

2 -0.2 0.3 0.27 

3 -0.25 0.3 0.27 

 

 

Figure 3.13 Schematic of quadruped on uneven terrain example 1 

In the second example, the robot legs two and four are placed on an elevated terrain and 

the legs one and three are placed on the ground. Table 3.10 gives the coordinates to be reached 

by the end-effector. The orientation of the platform is held parallel to the ground. The verification 

results shown in Figure 3.14 ensures of the correctness of the algorithm and implementation of 

the inverse kinematics problem for a quadruped robot whose legs are positioned on uneven 

terrain.  
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Table 3.10 Coordinates of the tool tip for example 2 

Position X Y Z 

1 -0.15 0.3 0.27 

2 -0.2 0.35 0.32 

3 -0.25 0.3 0.3 

 

 
 

Figure 3.14 Schematic of quadruped on uneven terrain example 2  
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3.6 Workspace 

The applicability of robotic manipulators depends strongly on the characteristics of their 

workspace [Waldron et al., 1981]. The workspace of a robotic manipulator generally, is the total 

volume swept out by the end-effector as the manipulator executes all possible motions. The 

workspace is determined by the geometry of the manipulator and the limits of the joint motions 

[Siciliano et al., 2008]. 

In robotics literature, the workspace is often classified into two parts, a reachable 

workspace and a dexterous workspace. The reachable workspace is the entire set of points 

reachable by the end-effector, whereas the dexterous workspace consists of those points that the 

end-effector can reach with an arbitrary orientation [Hong et al., 2000]. 

One of the main drawbacks of parallel robots is their small workspace. The workspace 

analysis is usually more complex than for serial robots, especially if the platform has more than 3 

DOF and hence, a simple graphical representation of the workspace is not feasible. In general, 

the workspace of parallel robots is restricted by the limitations on the range of motion of the joints 

and the mechanical interferences between the bodies of the mechanism (legs, base, and 

platform) [Siciliano et al., 2008]. 

Iterative methods were used to compute the workspace of each leg by starting from the 

base of the robot leg where the origin of each robot leg is positioned, and then by computing the 

next workspace by sweeping selected points of the current workspace through next joint range, 

until the end-effector is reached. The intersection of the workspaces of all four robot legs is 

essentially the reachable workspace that the end-effector traces in 3D space. 
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3.7 Comparative analysis of the quadruped robots 

In sections 3.2 – 3.5, the kinematic analyses of the three quadruped configurations were 

presented. The analyses and the simulation results proved that the algorithm employed to solve 

the inverse kinematics was correct and the quadruped robot (all three configurations) achieved 

the desired position and orientation in Cartesian space including the positioning of the robot legs 

on uneven terrain. The inverse kinematics problem has a wide range of applications in robotics. 

Most of the high level problem solving about the physical world is posed in Cartesian space. 

However, the quadruped needed to be controlled is actuated in joint space. Inverse kinematics 

maps the Cartesian space problem into the robot’s joint space [Siciliano et al., 2008]. 

Present day robotic systems may be classified, generically, into two major areas, 

manipulation robotics and mobile robotics [Silva et al., 2007]. This thesis attempts to combine 

both the areas and provide an insight into the kinematic analysis of a quadruped robot capable of 

both walking and more importantly functioning as a machine tool. Hence the mobility and the total 

motion of the tool tip when it traces the surface of a 3D object for each configuration are 

compared. 

3.7.1 Walking Ability 

 Legged locomotion vehicles present superior mobility in natural terrains, since these 

vehicles may use discrete footholds for each foot. Legged vehicles may move over irregular 

terrain, by varying the configuration of their legs in order to adapt themselves to surface 

irregularities. In addition, feet may establish contact with the ground at selected points in 

accordance with the terrain conditions. For these reasons, legs are inherently adequate systems 

for locomotion over irregular ground. The legs are used both to provide locomotion and 

manipulate the platform and an attached tool when the robot is not walking [Silva et al., 2007]. 

The gait generation for quadruped robots having the SRRR configuration has been 

successfully demonstrated having four legs with three DOF active joints and a passive spherical 

ankle joint for each leg [Kim et al., 2005] . 
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 The SRU configuration is similar to the SRRR Configuration except for the two DOF 

universal joint at the top where it attaches to the rigid platform instead of a revolute joint. The gait 

capabilities of robots having a universal joint at the top have been studied and implemented. The 

quadruped robot described in [Shkolnik et al.] has a universal joint at the hip and a revolute joint 

at each knee. It is capable of achieving stable locomotion over irregular terrains. 

 Although the URS configuration performs accurately as a machining tool by achieving the 

desired position and orientation, the gait analysis of this configuration should be further 

researched - no examples could be identified in the literature. Then, active and passive joints 

required to achieve locomotion and machining ability could be identified. 

3.7.2 Total motion of the Quadruped 

In this section, the total motion of the three quadruped robots, URS, SRRR, SRU, is 

analyzed when the tool traces a predefined 3D surface. Figure 3.15 illustrates a semi cylinder 

positioned under the platform with the surface discretized into 14 points. The platform remains 

parallel to the ground while the end-effector traces the discretized points on the surface of the 

semi cylinder.  

The total motion of each joint over the defined set of points is calculated as the absolute 

value of the sum of the difference between joint angles of two successive points traced by the tool 

on the surface. The total motion of each leg is calculated as the sum of the total motion of each 

joint of the corresponding leg. The total motion of entire quadruped is then calculated as sum of 

total motion of each robot. The equations describing this are shown below 

 

f9�. gT�98 hT8�T9 � i j
k,l0� � 
k,ljmn."nopqr2�
ls�  

(3.58) 

f9�. GTtT8 hT8�T9 � i f9�. gT�98 hT8�T9mn.unopqrsB
ks�  
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(3.59) 

�T8�?. vD��. hT8�T9 � i f9�. GTtT8 hT8�T9mn.3wxrs@
ys�  

(3.60) 

 

Figure 3.15 Path traced by the tool tip 

 The total motion of the quadruped was obtained by evaluating the already presented 

inverse kinematic algorithm for each configuration when the tool traces a predefined 3D surface. 

The total motion of each joint, each leg and each configuration was then calculated from the 

results of the inverse kinematic algorithm using the equations (3.58) – (3.60) and tabulated. Two 

cases for each configuration were evaluated; a) total motion when the link parameters are 

changed and b) total motion when the distance between the legs is changed. 

Table 3.11 Total motion with original link length and distance between legs 

Configuration Leg 1 Leg 2 Leg 3 Leg 4 Leg 5 

URS 623 624 623 622 2492 

SRRR 701 700 700 702 2803 

SRU 703 703 704 703 2813 

 

Table 3.12 Total motion with 85% of original link length 

Configuration Leg 1 Leg 2 Leg 3 Leg 4 Leg 5 

URS 674 675 675 676 2700 

SRRR 751 752 751 753 3007 

SRU 747 747 747 748 2989 
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Table 3.13 Total motion with 115% of original link length 

Configuration Leg 1 Leg 2 Leg 3 Leg 4 Leg 5 

URS 589 587 589 589 2354 

SRRR 683 683 684 683 2733 

SRU 697 697 697 696 2787 

 

 The total motion of the quadrupeds decreases with the increase in link lengths for the 

given 3D surface. URS configuration generates the least total motion for the given 3D surface. 

SRU configuration has the least total motion of the three configurations. 

Table 3.14 Total motion with 90 % of original distance 

Configuration Leg 1 Leg 2 Leg 3 Leg 4 Leg 5 

URS 658 658 657 656 2629 

SRRR 729 730 731 730 2920 

SRU 761 760 760 760 3041 

 

Table 3.15 Total motion with 115 % of original distance 

Configuration Leg 1 Leg 2 Leg 3 Leg 4 Leg 5 

URS 609 607 609 608 2433 

SRRR 640 641 641 640 2562 

SRU 646 645 645 644 2580 

 

 The change in leg spacing has the same effect as the change in link parameters when all 

the configurations are considered i.e., the total motion of the quadruped robots decrease with the 

increase in distance between the legs. URS configuration has the least total motion when the 

distance between the legs is changed. From the results it is observed that the total motion for 

SRRR and SRU configurations are in close proximity owing to the fact that the kinematic 

structures of these two configurations are similar. However, the SRU configuration has the 

highest total motion for both the cases when all the configurations are compared. 
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 The results suggest the need for further analysis by optimizing the kinematic parameters 

for better performance when the quadruped is positioned statically over a terrain for manipulation 

purposes. 
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CHAPTER 4 

CONCLUSIONS 

4.1 Conclusions 

The planar collaborative robot was used as the starting point to extend to 3D. A 

quadruped (4-legged robot) carrying a platform was kinematically modeled to investigate its ability 

as a walking machine tool for large structures. Three configurations capable of walking gait were 

investigated for machining ability, URS, SRRR, and SRU. All configurations were able to correctly 

produce machining paths when the work piece is positioned in their workspace. 

The inverse kinematics for the quadruped platform was verified for both position and 

orientation control for all three configurations. The inverse kinematics analysis was also verified 

for the case of uneven terrain locations for the legs of the quadruped. The effect of changing 

kinematic parameters, link lengths and spacing between legs on the total motion requirements for 

all configurations was studied.  

4.2 Recommendations for Future Work 

The recommendations for future work with developed methodologies are, 

• The link parameters i.e., link lengths and the leg spacing can be optimized to 

minimize motion requirements. 

• Static force analysis should be performed considering maximum reaction 

machining force and weight of whole device. 

• Dynamic and machining reaction force analyses should be performed. 

• The whole device should be optimized considering the kinematic, machining, and 

dynamic parameters. 
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• Algorithms to automatically identify the optimum leg spacing for tracing a desired 

3D surface should be developed to minimize motion requirements and force 

carrying ability for a given device. 
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APPENDIX A 

 
 

DESIRED ORIENTATION MATRIX FOR URS CONFIGURATION 
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The desired orientation matrix G60  the URS configuration is given by 

 

GB# � X&�� &�� &��&�� &�� &��&�� &�� &��Y 
where &�� � ��z�����B�A�@ � ���B�@ � ����B�A{ � ����B�A�@ � �B�@  
&�� � �����B�A�@ � �B�@ � ����B�A &�� � ��z�����B�A�@ � ���B�@ � ����B�A{ � ����B�A�@ � �B�@  
 

 &�� � ���z�����B�@ � �B�@�A � ����B�A{ � ����B�A�@ � �B�@  
&�� � ������B�@ � �B�@�A � ����B�A &�� � ���z�����B�@ � �B�@�A � �B�A���{ � ����B�A�@ � �B�@  
 &�� � ����A��� � �A�@��� � ���A�@ 
&�� � �����@�A � ����A 
&�� � ����A��� � �@�A��� � ���A�@ 
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APPENDIX B 

 
 

DESIRED ORIENTATION MATRIX FOR SRRR CONFIGURATION 
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The desired orientation matrix G60  the SRRR configuration is given by 

 

GB# � X&�� &�� &��&�� &�� &��&�� &�� &��Y 
where 

 &�� � �Bz�@A������� � ���� � �@A����{ � �B����� � ������  
&�� � �Bz�@A����@ � ������ � �����@A{ � �B������� � ����  
&�� � �B������@A � ���@A � �B���� 
 &�� � �Bz�@A������� � ���� � �@A����{ � �B����� � ������  
&�� � �Bz�@A����� � ������ � �@A����{ � �B������� � ����  
&�� � �B������@A � ���@A � �B���� 
 &�� � �@A���� � �������@�@A 
&�� � �@A������� � ���� � �@A���� 
&�� � ������@A � ���@A 
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