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ABSTRACT

SIMULATION OF INDETERMINATE MULTI-POINT
IMPACT AND CONTACT WITH FRICTION

ADRIAN RODRIGUEZ, M.S.

The University of Texas at Arlington, 2010

Supervising Professor: Alan Bowling

This work presents a method for determining the post-impact behavior of a
rigid-body undergoing simultaneous, multiple impacts with friction. A discrete alge-
braic model is used with an event-driven function which finds impact events. In this
work, the indeterminate nature of the equations of motion encountered at impact are
examined. A velocity constraint is developed based on the rigid-body assumption to
address the equations and an impact law is used to determine the impulsive forces.
The slip-state of each contact point is then determined and appropriate methods are
used to resolve the post-impact velocities. Friction is treated as a complementarity
problem and a set complementarity conditions are formulated using Coulomb’s fric-
tion law. Additional constraints are composed in terms of a dissipation principle to
yield a solution for the post-impact tangential velocities. These works will be applied
to a simple planar model of a ball which is forced to impact a corner between the
ground and a wall. Computer simulations will be presented to demonstrate the post-
impact behavior of a rigid-body which experiences simultaneous, multiple impacts

with friction.
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CHAPTER 1
INTRODUCTION

A vast amount of work has been performed in the simulation of rigid-body im-
pact and contact. The theory governing rigid-body collisions extends to the treatment
of impact at multiple points with or without friction at the contact points [1, 2, 3]. Al-
though, very little work has been done on the study of multiple impacts with friction
when they occur simultaneously on a rigid-body [1, 4, 5, 6]. The equations of motion
result as an indeterminate system of equations in which the number of impact forces
are more than the number equations available. These impact forces must be solved
in order to determine the slip-state of each contact point. Thus, a method must be
utilized to overcome the indeterminacy of the equations of motion and motivate a
solution for the impact forces. This will allow for a calculation of the post-impact

velocities which dictate the behavior of the system after impact.

1.1 Model Description

A simple planar model of a ball with radius R is considered in this work and is
shown in Fig. 1.1. The model contains three degrees of freedom denoted by (1, Q-,
and )3. The ball’s position is indicated by the position vector Pna. The angular
rotation of the ball about the N3 direction is represented by J3. At the point of
impact, the ball is in simultaneous contact with the ground and the wall. Two force
components are present at each contact point which are depicted as Fi, Fs, F3, and

F4. One force is normal to the surface and the second is tangential to the surface
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caused by friction. The angle of impact, €, with respect to the ground is determined

by the velocity components of the ball, v, at the instant before impact.

Pna=Qi N +QaN,

WALL
N2 Va f:’)
Q2 9 F4
Q3
N N
Q Q" ' GROUND T—’ Fy

Figure 1.1. Simple Planar Model.

1.2 Methods Used

It is important to know the impulsive forces at impact to evaluate the slip-state
of each contact point. Appropriate methods can then be employed to resolve the post-
impact velocities. This work presents a unique method to overcome the difficulty of
calculating the impulsive forces as a result of the indeterminacy of the equations of
motion. Based on the rigid-body assumption, a velocity constraint can be enforced
to make the equations of motion determinate. An impact law is developed with the
implementation of the velocity constraint to calculate the impulsive forces. Friction at
the impact points is treated as a complementarity problem where a set of conditions
are formulated using Coulomb’s friction law [7]. These conditions along with the

known static and dynamic coefficients of friction define the sticking and slipping
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regions for the post-impact velocities in the tangential direction. A boundary exists
between the stick and slip regions known as the stick-slip transition which introduces
a discontinuity when evaluating the slip-state of a contact point. A Karnopp model
is adopted to address this discontinuity which helps smooth the transition between
the two regions [8]. The conditions introduced by the complementarity problem
only define the feasible range of values for the velocities, accelerations, and forces.
In order to acheive a solution for the post-impact tangential velocities, additional
constraints are needed [9]. Thus, a dissipation principle which minimizes a quantity
of interest is formulated to find the minimum feasible solution for the tangential
velocities [10, 11, 12]. The major developments made in this work are
e development of a velocity constraint which addresses the indeterminate nature
of the equations of motion
e derivation of an impact law with the use of the velocity constraint to determine
the impulsive forces
e demonstrate the post-impact dynamic behavior of a system which experiences
simultaneous, multi-point impact and contact with friction
The remaining paper will be organized as followed. Background will be presented
on the various approaches which have been pursued to analyze the impact problem
and the approach considered in this work. The problem statement for this work
will be stated and the development of a velocity constraint based on the rigid-body
assumption will be given. Next, a brief discussion of the derivation of an impact
law which uses the velocity constraint will be presented followed by the theory used
to resolve the post-impact velocities of the system. Then, the results of three cases
analyzed will be presented. The paper will end with some meaningful conclusions

drawn as a result of the cases which were considered.



CHAPTER 2
BACKGROUND

The classical treatment of rigid-body collisions has been extensively studied to
model and examine the impact characteristics. The two common approaches used
for modeling impact are known as a continuous and discontinuous method. The
continuous method does not stop the simulation and treats the impact as part of
the dynamics of the system. Hence, the impact forces are added to the dynamic
equations of motion at the time of the impact event [13]. The approach used in this
work splits the impact event into two regions: before impact and after impact. This
approach is referred to as a discontinuous method and it is assumed that the position
and orientation of the body does not change during the impact event which occurs
over a very short time period [13].

The integrator used in this simulation is Matlab’s ode45.m along with an event
function that captures when an impact event has occurred. An overview of the
numerical integration used to solve the ordinary, differential equations can be found
in Appendix A.1. The event function is triggered when a specified position is reached
and subsequently terminates the simulation. At that point, the post-impact velocities
of the impacting points are calculated algebraically and serve as the initial conditions
for when the simulation is restarted. Many different methods have been utilized for
determining the post-impact velocities. Some methods use an impulse-momentum
balance or discrete method to develop contact and impact laws which examine the
impulsive forces [2, 14, 15]. Others have used a direct analysis of energy absorption

and restitution but are insufficient alone when friction is involved [16, 17]. In this
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work, a discrete algebraic model is used along with the development of an impact law
as in [15] which examines the impulses and momenta of the system.

Dynamic modeling of systems involving simultaneous, multiple impacts with
friction yield equations of motion which are indeterminate with respect to the impact
forces [1, 4, 5, 6]. This indeterminacy is caused by a non-square Jacobian, which is
not invertible, and premultiplies the impact forces in the equations of motion. This is
problematic because the impact forces are needed to determine the state of sticking
or slipping at each impact and contact point. There are methods available which have
been used in the literature for addressing this situation. One simple method is to add
more degrees-of-freedom to the problem by considering elasticity in the bodies [1].
This is in contrast to rigid-body approaches, which directly consider the properties
of the non-square Jacobian.

For example, in [4], the QR factorization is used to determine the impact force
components which have the least effect on the system according to the elements in the
factorization. The impact forces having the least effect on the dynamics are removed,
set equal to zero, in order to allow a solution for the remaining components. In other
work, indeterminate contact forces are encountered for robotic manipulators when
multiple contact points are involved in grasping an object [5, 6]. These works examine
the static friction forces present at the contact points and determine the infeasibility
of some solutions. The authors intuitively develop force constraints based on the
situation-specific contact geometry of the grasped object to solve the indeterminate
equations. These methods are useful and provide a reasonable means to address the
indeterminacy of the equations.

In this work, an effort is made to develop a more general approach to addressing
contact force indeterminacy than in [5, 6], by using a velocity constraint that is more

consistent with the assumptions which form the basis for classical rigid-body impact
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analysis, in contrast to [4]. Any point on a rigid-body by definition remains the same
distance from all the other points on the body assuming that no deformations take
place [18]. Hence, it is possible to formulate a relationship between the contact points
on the rigid-body and express it in terms of velocities. This development is applied
in the derivation of an impact law which is used to calculate the impulsive forces
associated with impact [13, 19].

Friction at the impacting surface is examined as a complementarity problem
and a set of complementarity conditions using Coulomb’s friction law are established
to address the tangential velocities [7, 20]. This formulation determines the feasible
sticking and slipping regions based on the static and dynamic coefficients of fric-
tion. These feasible regions have also been known to depend on the angle of impact
[12, 21], and will be considered in this work. It has been noted in the literature
that a discontinuity arises in the stick-slip transition when using a complementarity
formulation [1, 3]. This discontinuity has been addressed by making the transition
continuous using a contact stress model [22, 23]. This cannot be applied in this work
which considers a rigid-body system. Instead, a Karnopp model is implemented in
this work to smooth the transition betweeen the stick and slip regions [8]. Additional
constraints are needed to yield a solution for the velocities in the tangential direction
[3, 21]. Thus, a dissipation principle is formulated such that a quantity of interest is
minimized and converges to a feasible solution. Here, the distance between the known
solution and the no-slip solution in the complementarity conditions is minimized as
n [12]. As a result, an optimization of the tangential velocity is accomplished and
a unique coefficient of friction is found based on the impulsive forces at the impact
point. The post-impact velocities can then be computed to simulate the post-impact

behavior of the system.



CHAPTER 3
PROBLEM STATEMENT

3.1 Indeterminate Equations

A careful look at the equations of motion where the forces involved due to

impact must be considered,
Adq+b(q,q) +gla)=J"(@F +T (3.1)

where A is the mass matrix and .J is a Jacobian matrix that defines the velocity and
forces at the impact points. The generalized coordinates are included in q, while b,
g, F, and T are vectors of velocity, gravity, impact and external forces, respectively.

For the planar system of a rigid ball considered in this work, there are no

external forces present on the body. The equations of motion for this system take the

form of,
. F
mag 0 0 Q1 0 1 00 1
. Fy
0 ma O Q| t|mag|=]0 11 0 (3.2)
. F3
0 0 [TA; Q3 0 R 0 R O
Fy

where m 4 is the mass of the body, I Az is the moment of inertia, and g is gravity.
This gives three equations but four unknowns defined by Fi, Fs, F3,and Fy. It can
be concluded that these equations of motion are indeterminate with respect to the
impact forces. A unique method will be introduced in the following section which

seeks to overcome this obstacle.



3.2 Velocity Constraint

The theory of rigid-body dynamics will be examined in order to address the
problem proposed in Sec. 3.1. In this work, the system being considered is a rigid-
body where it is assumed no deformations take place. This assumption defines that
the distance between a point on the body will remain the same distance from all the
other points on the body [18]. This idea can be extended to examine the relationship
of the velocities between different points on a rigid-body. Consider the planar exam-
ple of a rigid ball illustrated in Fig. 3.1 with angular velocity, w, and points A, 1,
and 2 defined on the body.

N,

L.

GROUND )

Figure 3.1. Example of Planar Rigid Ball.

If the velocity of ball’s center of mass at point A is known, v, with respect
to an inertial reference frame, shown as N; and N in Fig. 3.1, then the velocity of

point 1 and 2 can be found by [18],

Vi :VA+V1/A (33)



and

where vy, is the relative velocity between points 1 and A and vy, is the relative
velocity between points 2 and A. These velocities can be defined as,
V]_/A:LOXPA]_ (35)
and
V2/A:Q)XPA2 (36)

The quantities Pa; and Pas shown in Fig. 3.1 are the position vectors from the
center of mass to the point of interest. By substituting (3.5) and (3.6) into (3.3) and

(3.4), then the complete expression of the velocities at point 1 and 2 can be obtained,
Vi=Va+wxPa; (3.7)

and

Vo =VaA +w X Pas (3.8)

Subtracting (3.7) from (3.8) to eliminate va, the relationship for the velocities be-

tween point 1 and 2 can be expressed as,
Vo — V1 = (w X PAz) — (w X PAl) (39)

Finally, by moving vy to the right side of (3.9) and combining the cross products, the

velocity of point 2 can be expressed as,
Vo = V] +w X (PA2_PA1> (310)

A careful look at the result in (3.10), shows that it can be simplified further. Using

vector addition,

Pa2 — Pa1 =Pi2 (3.11)
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such that (3.10) becomes,

Vg = V1 +w X P12 (312)

which provides a clear relationship between the velocities at point 1 and 2.

The result in (3.12) can be used to define the relationship between the velocities
at each contact point. The planar model introduced in Sec. 1.1 can be illustrated
as in Fig. 3.2, where the velocity of the rigid ball is defined by va and the contact

forces have been replaced by normal and tangential velocities at the contact points.

Va=QN;+Q, N, WALL

Vtz

GROUND —’ Vi

Figure 3.2. Relationship Between Contact Points.

The terms vy and vy in (3.12) contain the normal and tangential velocities of

the contact points at the ground and wall, respectively, such that,

Ung Utl 0 R
vy | = vm |+ 0 | X]|R (3.13)
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The subscripts n and t distinguish between normal and tangential velocities and

w = Q3 Nj. The cross product in (3.13) can be carried out to give,

Unsy Uty —R Q3
Uty - Uny + R Q3 (3 14)
0 0 0

which gives two expressions in the N; and Ny directions as is expected for the planar
system being considered. The first two equations in (3.14) can be summed to produce

a relationship among the velocities at the contact points,
Uny + Vg = Vgy + Uy (3.15)
or
Uny + Uy — Uy — Upy =0 (3.16)

The relation in (3.16) demonstrates the coupling between the velocities at the contact
points. Any of the velocities can be defined as a function of the others and thus, a
constraint can be formulated. In this way, the rigid-body assumption has allowed for
the definition of a constraint which can be applied to the equations of motion to make

them determinate. This procedure will be demonstrated in the following section.

3.3 Constraint Implementation

The dual nature of the impact Jacobian expresses the relationship between

velocities and forces,

9= w | =J4q F=| m, (3.17)

where v; and w; are the translational and angular velocity of the i impact point.

The f; and m; terms are the force and moment acting on the body at the " impact
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point. For the planar model of the rigid ball examined in this work, the velocities of

the contact points can be expressed in 9 as,

Utl

Uny

9 = (3.18)

Ut2

Unsy

where the subscripts ¢ and n denote tangential and normal, respectively. The sub-
script 1 is for ground contact and 2 is for wall contact.

The velocity constraint obtained in (3.16) will be used to constrain one of the
tangential velocities and focus the analysis on the other contact point. Consider an
example where the wall contact point is examined and the tangential velocity at the
ground, vy, is constrained. This is accomplished by expressing v, in terms of all the
other velocities such that,

Uty = —Upy + Uty + Uny (3.19)

Substituting the expression in (3.19) for the first entry in (3.18) gives,

(U —Up, + Vg, + Up, -1 11
Un,
Unl Unl 1 0 0 '
9 = = = Uty (320)
UtQ UtQ 0 1 0
Un,
o || Uy | [ oo ’

where the coefficients of v,,, v,, and v,, have been extracted and put into matrix
form. Thus, an expression for the velocities of the impact points and its subset in
(3.20) is given by,

9=z (3.21)
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where z* is a permutation matrix containing the velocity constraint and 9" contains
the remaining velocities. Recall from (3.17) the relationship between the velocities of

the impact points and the generalized velocities,
v=Jq (3.22)

A similar expression can be obtained to express the remaining set of velocities and
the generalized velocities as,

v =J"q (3.23)
where J* is a constrained Jacobian matrix. By substituting (3.22) and (3.23) into
(3.21), gives,

Jq=2z"J"q (3.24)
such that,

J =z J (3.25)

The expression in (3.25) represents the relationship between the original Jacobian and
the constrained Jacobian, given by z*. Based on the dual nature of the Jacobian, an
expression can be obtained to represent the constraint in terms of the contact forces

by taking the transpose of (3.25),
JE =T T (3.26)

Revisiting the equations of motion presented in Sec. 3.1, where there are no velocity

terms and external forces, then
Ad+g(a)=JT"(a) F (3.27)

The result in (3.26) can be substituted in (3.27) to implement the constraint developed
to give,

Aq+g(q)=J"(q) F* (3.28)
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where

F*=z"F (3.29)

The term F* contains a constrained set of impact forces. Hence, the equations of
motion have been converted to become determinate and are represented in (3.28).
The difficulty of calculating the impact forces is overcome with the implementation
of the constraint which was developed in Sec. 3.2. In the following section, the
analysis will be extended to calculate the impulsive forces and evaluate the slip-state

at the impact points.



CHAPTER 4
RESOVLING POST-IMPACT VELOCITIES

4.1 Impact Law

The developments made in Sec. 3.3 can be used to calculate the impulsive
forces. It is important to know what the impulsive forces are to evaluate the slip-
state of each contact point. Using the expression for the equations of motion obtained
in (3.28) from Sec. 3.3, a definite integration of the dynamic model over a short time
period € yields,

t+e t+e
| Gare@a- [ @@ (1.1

which gives,

A(dlt+e —dat))=J7 p’ (4.2)

Multiplying both sides by the inverse of the mass matrix gives,
at+e) —q(t)=A" J7 p’ (4.3)

in which m < n making it an underconstrained system of equations. The two un-
knowns in (4.3) are q(t+¢€) and p*. Not all of the terms in q contribute to the impact

forces contained in p*. Recall the expression obtained in (3.23),
9 =Jq (4.4)

Thus, the contributing terms in ¢ can be expressed as the velocities of the impact

points with the use of (4.4),

I (t+e) -9 () =J At JIp* (4.5)

15
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resulting in a one-to-one mapping between the velocities and forces involved at impact.

Solving for p* gives,
(JAT T (95t + €) — 9(t)) = p* (4.6)

The impulsive forces for all the contact points can then be obtained by removing the

constraint previously used by,

where,

Thus, the impact law can be stated as,
p =27 (ALY 9t + €) — 97 (1)) (4.9)

Using the formulation demonstrated above, it is possible to calculate all the impul-
sive forces at impact. The difficulty of dealing with equations of motion which are
indeterminate is overcome with the application of a velocity constraint based on the
rigid-body assumption. This approach will be used herein to calculate the impulsive

forces and provide a basis for determining the slip-state of each contact point.

4.2  Complementarity Conditions

In this work, friction is treated as a complementarity problem. The complemen-
tarity formulation defines the range of values for velocities, accelerations, and forces
at the impact points. For the case in the normal direction, the velocity of the impact

point undergoes a change in direction as it approaches zero. Thus, the acceleration
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must be checked to ensure that contact was made given by the second expression in

(4.10).

v, (1) <0 impact or contact

Un, (t) < 0 contact
() =0 and (4.10)

Up, (t) > 0 separation

Un,

(3

| Uni (t)>0 separation

After contact has been detected, the post-impact velocity in the normal direc-
tion is simply determined with the use of Newton’s COR which is a function of the
normal velocity before impact. Hence, the post-impact normal velocity takes the form

of,
U, (t+ €) = —ep, U, (1) (4.11)

such that 0 <e,, <1 and e,, # 0 is used to model rebound.
The use of Coulomb’s friction law establishes a set of complementarity condi-
tions for the tangential velocity at the impact point. The post-impact velocity must

satisty,
(
v, =0 and 0, =0 then ||| < s |f,]

¢ v, =0and o, #0 then ||f,] = s [f, (4.12)

L Ut #0 then HftzH = Hd ’fnz

where the first relation is the no-slip condition, the second describes the stick-slip
transition, and the last relation defines slipping.

The static, us, and dynamic, pg, coefficients of friction used in (4.12) define the
regions for sticking and slipping in the tangential direction. The boundary between

sticking and slipping can be visualized by a friction cone as in Fig. 4.1.
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Figure 4.1. Friction Cone.

Past work has also discovered that the angle of impact has an effect on the
feasible regions for sticking and slipping [12, 21]. This will be considered in this work
by varying the angle of impact for the system. It is important to note the transition
region which exists between sticking and slipping which is known as the stick-slip
boundary. This boundary presents a discontinuity when determining the slip-state of
each contact point. This discontinuity cannot be eliminated but only be attenuated.
In this work, a Karnopp model is implemented which helps smooth the transition
between the sticking and slipping regions [8].

The complementarity conditions (4.12) can also be represented in terms of im-

pulses as in [9],
(

vy =0and ¢, =0 then [py,|l < o [pol

vy, =0 and vy, #0 then |py, (4.13)

[ v, 70 then | p |l = wa |pn,
Similarly, the first relation defines the no-slip condition, the second expression is

the stick-slip transition, and the third defines slipping. The tangential velocities are
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initially assumed to be zero and the impulsive forces are calculated at each contact
point to check the no-slip condition. If the no-slip condition is violated, then it will
be clear that the contact point is slipping such that none of the tangential COR’s
are known. Any assumptions made about the state of the contact point would be
incorrect because of the simultaneous solution obtained from the system of equations.

Only the feasible regions are for sticking and slipping have been defined thus
far. A unique solution exists for the case when all the contact points stick. In order
to obtain a solution when at least one of the contact points slip, then additional

constraints are needed which will be discussed in the following section.

4.3 Dissipation Principle

The developments made in Sec. 4.2 only define the feasible range of values
for velocities, accelerations, and forces at the contact points. In order to resolve the
post-impact velocities when slip occurs, then additional constraints are needed. A
dissipation principle is formulated which utilizes the no-slip condition presented in
the complementarity conditions. This condition which is the first relation in (4.13)

has been modified to be,

H Ps;
Dn;

> (Ot + ) (4.14)

where the static coefficient of friction has been replaced by a general one, and

0 < p,, ground contact

(4.15)

0 > p,, wall contact
for i € {1,...,m}. The condition in (4.15) ensures that the impacting point does not
penetrate the surface. The y; obtained in (4.14) is uniquely calculated by p;, and p,,

which are functions of 9(t + ¢).
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The dissipation principle used in this work considers the coefficients of friction
and restitution and determines their feasibility. If these coefficients are found to
be infeasible, then the dissipation principle ensures a feasible p is achieved. This
is accomplished by minimizing the distance from the known solution to the no-slip

solution defined as,

a-|"- . (4.16)

0 vy, (t +€)

subject to a complementarity condition which allows expressions for the nonconvex

feasible region as,

min obj := d’'d (4.17)
(ve,(t+e))
subject to
Py, Pi — 14 Py, = 0 (4.18)
0 < pp, ground contact
(4.19)
0 > p,, wall contact
where,
(AT 9 (4 e) — 9 () = p (4.20)
min (:udv H’fz) = Hmin, (421)
(s’
for i € {1,...,m}. The objective function used here performs like a maximum dis-

sipation principle by minimizing the value of the tangential velocity. The decision

variables used in the optimization are contained within (4.17). The constraint in
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(4.18) has been modified and represents the no-slip condition from the complemen-
tarity conditions in (4.13). The constraints shown in (4.19) ensure the contact point
does not penetrate the contacting surface. The relation in (4.20) shows how the
impulsive forces are calculated according to the impact law developed in Sec. 4.1.
The constraint in (4.21) ensures the smaller quantity between p4 and py, is used in
the Karnopp model in (4.22). The value of py, corresponds to the coeflicient of fric-
tion when v;, = 0. For this work, vy = 1.4 x 107*m/s and a = 1 such that when
v || & 1 X 1073, p; & fynin. Similarly, when |Jvg,|| & 0, p; &~ p,s. In this way, the
discontinuity in the stick-slip transition is addressed.

Using this formulation, the feasible post-impact tangential velocity of the con-
tact point can be resolved. The feasible solution for the tangential velocity at the
other contact point is calculated using the velocity constraint. This solves for all the
post-impact velocities which are used as the initial conditions before restarting the
simulation. A depiction of the post-impact dynamic behavior can be realized and

three cases considered will be presented in the following section.



CHAPTER 5
SIMULATION RESULTS

In the following cases considered, the coefficient of restitution is 0.5 and the
value of ps and pg are 0.5 and 0.25, respectively. The results of three cases are

presented.

5.1 Case 1: Angle of impact, # ~ 60°
In the first case examined, the ball impacts the corner at approximately 60°
with respect to the ground. The initial parameters are listed in Table 5.1 for this

case.

Table 5.1. Case 1: Initial Parameters

Position @ Q2 Q3
0m 5m 0 rad

Velocity Ql QQ Qg
4m/s O0m/s O0rad/s

The no-slip condition in (4.13) was used to check for slip after calculating the
impulsive forces and the result indicated that the contact points were slipping. For
this case, the wall contact point is examined based on the steep angle of impact and
the constraint is enforced on the tangential velocity at the ground. By finding a
feasible tangential velocity at the wall, then the velocity constraint in (3.16) can be
used to determine the soluton for the tangential velocity at the ground.

It is necessary to determine what feasible values for the tangential velocity at

22
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the wall lie in the stick region, if any exist, or in the region for slipping. The u vs.
v plot shown in Fig. 5.1 was used to depict the location of these feasible regions.
The curve represents the constraint in (4.18) when it is equal to zero and the region
below the curve satisfies this constraint. The dotted line across the plot is p1y and
defines the value of 1 when the curve crosses the v; = 0 line. The line which extends
from the intersection of the curve and py down to the value of ps defines the feasible
stick region. Lastly, the shaded region on the left side of the plot is infeasible and is

imposed by the constraint in (4.19) for wall contact.

L "

feasible

50

Figure 5.1. Case 1: p vs. vy for e = 0.5.

The results from this plot can be interpreted to indicate that since v; = 0 lies in
the infeasible region, then the wall contact point must slip. The tangential velocity
can only approach but never be zero. Hence, the region below the curve and to the
right of the infeasible region defines the feasible slip region and the range of feasible
tangential velocities. The optimization was started in this feasible region to obtain

the minimum tangential velocity at the wall. The post-impact normal velocities were
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then resolved using Newton’s COR and the tangential velocity at the ground was
calculated using the velocity constraint developed in this work. The simulation was

then restarted with these velocities serving as the initial conditions.

Figure 5.2. Simulation Results for Case 1.

The overall simulation of the ball for Case 1 is illustrated in Fig. 5.2. The
curve in the figure depicts the translation of the ball’s mass center throughout the
simulation, before and after impact. The ball obtains a negative angular rotation
after impact which is consistent with the fact that the contact points slip as result of
the impact.

It was also useful to examine the total energy of the system during the impact
event to ensure there were no energy gains. In Fig. 5.3, the potential, kinetic, and
total energy of the system are plotted throughout the simulation. The total energy
of the system decreased with no uncharacteristic energy gains, which was consistent

with what was expected for an impact.
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Figure 5.3. Energy Consistency for Case 1.

5.2 Case 2: Angle of impact, § ~ 30°

The second case considered in this work, examined the ball impacting the corner
at approximately 30° with respect to the ground. The initial paramters used for this

case are listed in Table 5.2.

Table 5.2. Case 2: Initial Parameters

Position Ql QQ Q3
Om 1.5m Orad

Velocity ¢4 Q2 Qs
8m/s Om/s 0rad/s

The impulsive forces were calculated to check the no-slip condition and it was
found that the contact points were slipping. Unlike the approach taken in Case 1, the
ground contact point was examined to find a feasible solution, while the tangential
velocity at the wall was constrained. The p vs. v; plot shown in Fig. 5.4 was then

used to locate the feasible sticking and slipping regions.
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051 : o

feasible
-50 -40 -30 -20 -10 0 10 20 30 40 50

Figure 5.4. Case 2: u vs. vy for e = 0.5.

The constraints depicted in the plot are similar to Fig. 5.1 observed in Case 1,
except for the shaded region imposed by the impenetrability constraint. In this case,
it is on the right side of the plot since the constraint in (4.19) for ground contact was
being considered. From Fig. 5.4, it was concluded that a feasible solution for sticking
existed because v; = 0 lies in the feasible region. This region is below the curve
defined by the constraint in (4.18) and to the left of the infeasible region imposed
by the normal impulsive force. Hence, the optimization was started in this feasible
region and the tangential velocity at the ground was minimized to approach v; = 0.

The post-impact normal velocities were resolved using Newton’s COR and the
tangential velocity at the wall was calculated using the velocity constraint. These
velocities served as the initial conditions when the simulation was restarted. The
result of the overall simulation for Case 2 is illustrated in Fig. 5.5.

The curve in the figure represents the translation of the ball’s mass center
throughout the simulation. Since a feasible stick solution for the tangential velocity at
the ground was achieved, the angular velocity of the ball was positive after impacting

the corner.
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Figure 5.5. Simulation Results for Case 2.

The total energy of the system for this case was also examined and is plotted
in Fig. 5.6. The total energy decreased and there were no energy gains as a result of

the impact. The plot results were consistent with what was expected for impact.

5.3 Case 3: Angle of impact, § ~ 45°
The final case considered in this work, examined the ball impacting the corner
at approximately 45° with respect to the ground. The initial conditions used for this

case are listed in Table 5.3.

Table 5.3. Case 3: Initial Parameters

Position Ql QQ Qg
Om 15m Orad

Velocity @y Q2 Q3
4m/s O0m/s 0rad/s
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Figure 5.6. Energy Consistency for Case 2.

This case was unique in the sense that it was approached using two different
methods. The methods used in Case 1 and 2 were applied, in which the tangential
velocity at the ground and wall were constrained independently, and the solutions
were compared. The plot of p vs. v; for the method used in Case 1, where the

tangential velocity at the ground was constrained is shown in Fig. 5.7.

___________________ T ——— & i
0.8 \\
06

04
02
20 30 40 5

feasible
-50 -40 -30 -20 -10 0 10

Figure 5.7. Case 3: p vs. v; for e = 0.5 for wall contact.
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For this method, the plot depicted a feasible stick solution since the tangential

velocity at the wall can approach the v; = 0 line. The optimization was started
in this feasible region to obtain the feasible tangential velocity at the wall. Then,
the tangential velocity at the ground was calculated using the velocity constraint
and Newton’s COR was used for the normal velocities to obtain all the post-impact
velocities before restarting the simulation. The results of the simulation are shown in

Fig. 5.8 for Case 3 when the tangential velocity at the ground was constrained.

at J
35} 1
3l J
25} 1

= 2t J
CN I
1t J
05} 1
0 *
-2 -1 0 1 2 3 4

Figure 5.8. Simulation Results for Case 3: v;, at ground is constrained.

Based on the method used for Case 1, the ball leaves the corner after impact
with a negative angular velocity. This was consistent with the fact that the wall
contact point sticks, while the contact point at the ground slips. The total energy
of the system for this case was plotted throughout the simulation and is shown in
Fig. 5.9. The plot illustrates there was a significant amount of energy loss due to the

impact at the corner with no energy gains.
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Figure 5.9. Energy Consistency for Case 3: vy, at ground is constrained.

Next, the method used in Case 2 was applied to analyze this case. For this
method, the tangential velocity at the wall was constrained and the ground contact

point was examined. The p vs. v; plot shown in Fig. 5.10 depicts the feasible regions

for sticking and slipping.

_______________ ur

: | feasible
20 30 40 50

Figure 5.10. Case 3: p vs. v for e = 0.5 for ground contact.
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It was apparent from the plot that the region for sticking at the ground was
attainable for this method as well. The tangential velocity can approach v; = 0 which
motivated a solution for sticking at the ground. The same procedure was followed to
optimize the tangential velocity at the ground. The post-impact velocities were then
resolved and used as the initial conditions for restarting the simulation.

The result of the simulation for Case 3 when the tangential velocity at the wall
was constrained is illustrated in Fig. 5.11. The simulation depicted the ball leaving
the corner with a positive angular velocity given that the ground contact point sticks.
The results from using this method were inconsistent with the results obtained from
the first method used. The first method simulated the ball with a negative angular
rotation, while the second method resulted in a positive angular rotation. It was
concluded that the two simulations were feasible solutions but that neither one was
unique. Thus, the application of the method developed in this work allow for the
determination of two feasible solutions which serve as reliable approximations for the

post-impact behavior of the system.

Figure 5.11. Simulation Results for Case 3: v, at wall is constrained.
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For completeness, the total energy of the ball was examined for this method

which is shown in Fig. 5.12. The system remained energetically consistent throughout

the impact event. The ball lost a significant amount of its total energy at impact with

no energy gains.

Figure 5.12. Energy Consistency for Case 3: vy, at wall is constrained.
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CHAPTER 6
CONCLUSIONS

In this work, the post-impact behavior of a ball in simultaneous, multi-point
contact with friction was examined. The equations of motion of the system were
indeterminate with respect to the impact forces. A velocity constraint based on the
rigid-body assumption was developed and applied to the equations to make them
determinate. The derivation of an impact law was formulated to calculate the impul-
sive forces, allowing for the slip-state of each contact point to be evaluated. Friction
was treated as a complementarity problem and a set of complementarity conditions
using Coulomb’s friction law were established to treat the velocities in the tangential
direction when slip occurs. A Karnopp model was adopted to smooth the disconti-
nuity encountered in the stick-slip transition when determining sticking or slipping.
Finally, an objective function was formulated to perform like a maximum dissipation
principle which minimized the distance from the known solution to the no-slip so-
lution and considered the coefficients of friction and restitution and evaluated their
feasibility. In this way, the post-impact velocities were resolved and the dynamic
behavior of the ball was simulated. The results of three cases of a ball impacting a
corner at multiple contact points with friction were presented. It was concluded that
the developments made in this work give solutions which are not unique but provide

two feasible solutions that approximate the post-impact behavior of the system.
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APPENDIX A

OVERVIEW OF NUMERICAL INTEGRATION

34



35

A.1 Overview of Numerical Integration
The simulation of rigid-body impacts requires a numerical integration of the

equations of motion which describe the system,
Aq+b(q,q) +gla) = J (qQF +T (A.1)

Revisiting the characteristics of a discrete algebraic model described in Sec. 2,
the simulation must be stopped at the time of impact. The post-impact velocities
are then resolved algebraically before restarting the simulation, in which the updated
velocities will serve as an inital condition.

Consider numerically integrating (A.1) by first converting it into two first order

differerential equations,

q=u g=nu (A.2)
such that
q
X — _ / % dt (A.3)
u At
¢ u
e | ] 2 (A.4)
u Ail(JTF+1"—b—g)

Using an Euler numerical integration of x

q(t) qa(to) + At u(to)

u(ty) _ u(ty) + At u(ty) (A.5)
q(t1) u(ty)

u(ty)




and at time ¢,

(t2)
(t2)
1(t2)

(t2)

Ne)

c

Qo

c

t2

q(ty) + At u(ty)
u(t) + At u(ty)

u(ts)

36

It is assumed that at time ¢y the two points impact, stick, and do not rebound such

that for all ¢ > 0, q(t;) = q(to). This implies that ¢(ty) = u(te) = 0.
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