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ABSTRACT

MODELING ISOTROPIC ORGANS USING BEAM MODELS FOR THE HAPTIC

SIMULATION OF BLUNT DISSECTIONS OF BILE DUCT

Publication No. ______

Vishal Dalmiya, MS

The University of Texas at Arlington, 2007

Supervising Professor: Dr. Venkat Devarajan

Haptic modeling of organs using existing approaches is still not realistic and/or

real time. We propose and develop the mathematical foundation of a new approach to

modeling organs using beams. Beams are well known entities in Civil and Structural

engineering. We develop their mathematical properties in the context of organ

characteristics. The real time advantage arises from the fact that a single beam

implementation eliminates hundreds, if not thousands of mass springs from the

traditional mass spring models and, thousands of polygons from the finite element

method (FEM). Even more importantly, our derivation works for both large and small

deflections. This is important because we set out to simulate blunt cutting which
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requires models for large deflections. Our new model, when simulated and compared

with an FEM model provides comparable accuracy.



vii

TABLE OF CONTENTS

ACKNOWLEDGEMENTS....................................................................................... iii

ABSTRACT .............................................................................................................. v

LIST OF ILLUSTRATIONS..................................................................................... x

LIST OF TABLES..................................................................................................... xii

Chapter

1. INTRODUCTION……… ............................................................................. 1

1.1 Background………………................................................................. 1

1.2 Problem and overview of solution ……………….. ........................... 2

2. MASS SPRING MODEL.............................................................................. 4

2.1 Introduction…………......................................................................... 4

2.2 Working principle…………. .............................................................. 4

2.2.1 Euler’s method........................................................................... 6

2.2.2 Leap Frog method..................................................................... 7

2.2.3 Runge Kutta method ................................................................. 7

3. FINITE ELEMENT METHOD..................................................................... 9

3.1 Introduction………............................................................................. 9

3.2 Assembly…………............................................................................. 9

3.3 Modeling technique……… ................................................................ 10

4. RAYLEIGH ENERGY METHOD ............................................................... 12



viii

4.1 Rayleigh’s energy method applied to beams without axial loading ... 12

4.2 Rayleigh’s energy method applied to beams with axial loading ........ 14

5. MATHEMATICAL MODELLING FOR BLUNT DISSECTION .............. 17

5.1 Mathematical foundation for calculating deflection ........................... 17

5.1.1 Application of boundary conditions ......................................... 19

5.1.2 Rayleigh’s energy method ........................................................ 20

5.1.3 Work done by force P ............................................................... 20

5.1.4 Work done by force N .............................................................. 21

5.1.5 Strain energy due to bending .................................................... 24

5.1.6 Strain energy due to axial stretching ........................................ 25

5.2 Correction for shear energy………………………………………….. 25

5.3 Mathematical model for very large deflection with larger aspect ratio
……….…………………………………. …………………………… 26

5.4 Blunt Dissection………………………………………….................. 27

6. VALIDATION OF A PROPOSED BEAM MODEL AGAINST FEM...… 29

6. 1 Comparison of deflections between Beam Model and FEM for
rubber like material with large aspect ratio ....................................... 29

6.2 Some screen shots from ANSYS for section 6.1 ................................ 32

6.3 Comparison of large deflections between Beam Model and FEM for
rubber like material having very thin diameter and large
aspect ratio………………………………………………………………35

6.4 Some screen shots from ANSYS for section 6.3………………. ....... 36

6.5 Results for blunt dissection of bile duct …......................................... 38

6.6 Some screen shots from ANSYS using the properties of bile duct
and applying different forces …. .......................................................... 42



ix

6.7 Blunt Dissection …............................................................................. 54

7. MODELING OF AN ORGAN USING A BEAM MODEL………………. 58

8. CONCLUSION AND SUGGESTIONS FOR FUTURE WORK................. 61

REFERENCES .......................................................................................................... 62

BIOGRAPHICAL INFORMATION......................................................................... 65



x

LIST OF ILLUSTRATIONS

Figure Page

1.1 Video snapshot of blunt dissection of bile duct .............................................. 1

2.1 Mass spring model .......................................................................................... 5

4.1 Beam under the action of distributed force (q), concentrated force (P) and
moment (M) ..................................................................................................... 13

4.2 Beam undergoing both axial and transverse loading ...................................... 15

5.1 A simple beam undergoing large deflection ................................................... 17

5.2 Left half of the beam. ...................................................................................... 18

5.3 Calculation of N .............................................................................................. 22

5.4 Beam model for very large deflection and large aspect ratio.......................... 26

5.5 Blunt Dissection .............................................................................................. 28

6.1 Load Deflection curve for Beam Model vs. FEM for organ having rubber
like property..................................................................................................... 31

6.2 Force is equal to 5 lbf...................................................................................... 32

6.3 Force is equal to 15 lbf.................................................................................... 33

6.4 Force is equal to 35 lbf.................................................................................... 34

6.5 Force is equal to 1 lbf...................................................................................... 36

6.6 Force is equal to 5 lbf …................................................................................. 37

6.7 Load deflection curve of Beam Model vs. FEM for bile duct ........................ 40

6.8 Normal force (N) vs deflection curve analysis in FEM for x = L................... 41



xi

6.9 Force is equal to 0.01 lbf................................................................................. 42

6.10 Force is equal to 0.05 lbf................................................................................. 43

6.11 Force is equal to 0.1 lbf................................................................................... 44

6.12 Force is equal to 0.11 lbf................................................................................. 45

6.13 Force is equal to 0.2 lbf................................................................................... 46

6.14 Force is equal to 0.4 lbf................................................................................... 47

6.15 Force is equal to 0.5 lbf................................................................................... 48

6.16 Force is equal to 0.75 lbf................................................................................. 49

6.17 Force is equal to 1.0 lbf................................................................................... 50

6.18 Force is equal to 1.5 lbf................................................................................... 51

6.19 Force is equal to 2.0 lbf................................................................................... 52

6.20 Force is equal to 2.5 lbf................................................................................... 53

6.21 Blunt Dissection Step 1 ................................................................................... 54

6.22 Blunt Dissection Step 2 ................................................................................... 54

6.23 Blunt Dissection Step 3 ................................................................................... 55

6.24 Blunt Dissection Step 4 ................................................................................... 55

6.25 Blunt Dissection Step 5 ................................................................................... 56

6.26 Blunt Dissection Step 6 ................................................................................... 56

6.27 Blunt Dissection Step 7 ................................................................................... 57

6.28 Blunt Dissection Step 8: Implementation of blunt dissection at P = 0.4
lbf……………................................................................................................. 57

7.1 All cross sections (left), after discarding (right side), key and driving
points (middle) ................................................................................................ 60



xii

LIST OF TABLES

Table Page

6.1 Percentage error in deflection for rubber like organ with large aspect
ratio ................................................................................................................. 30

6.2 Percentage error in deflection for thin and very long organ having rubber
like property .................................................................................................... 35

6.3 Percentage error in deflection between Beam model and FEM for bile
duct ……………………................................................................................. 39



1

CHAPTER 1

INTRODUCTION

1.1 Background

Dissection is a process of separation of the tissues with homeostasis [23].

Homeostasis is defined as the process of keeping the internals of living beings within

certain tolerable limits. Thus internal equilibrium of the body is maintained in

homeostasis which ensures proper functioning of the overall system. Blunt dissection

(Fig 1.1) of organs and tissues is a complex procedure in which we have to maintain a

precise control over the instrument in terms of applied force and its placement. It needs

good hand – eye coordination. The force required for dissecting a particular type of

tissue or organ also needs the knowledge about its properties. Inadvertent application of

a large force may cause excess bleeding and severe damage to connected tissues.

Fig 1.1 Video snapshot of blunt dissection of bile duct
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Dissection and manipulation of tissue or organ within a confined space requires

a two handed approach: one assisting and one dissecting. A passive assisting instrument

(usually a grasper) provides counter traction and exposure for the active dissecting

instrument. In our application, we usually deploy a hook like grasper (active dissecting

instrument) to implement blunt dissection (see figure 1.1). The grasper is placed almost

in the middle of the bile duct which needs to get dissected. Then, we gradually continue

to apply force in incremental steps till it tears the bile duct into two pieces.

1.2 Problem and overview of solution

Our research group’s extensive work with mass-spring models gives us a good

perspective on their use and shortcomings. Although mass-spring models have been

widely used for real time simulation [4] [5] [6] [7], this approach can give large error in

some cases. To overcome these errors Wang et al [16] [18] proposed a parameter

optimization scheme which however only works for small deflection. Our aim is to

simulate blunt dissection both in small and large deflection zone and so this approach

cannot be used in our case. The other popular method for haptic simulation is the Finite

Element Method (FEM) [2]. This method is very accurate but as of now, not achievable

in real time with high fidelity. It is the shortcomings of the above two approaches that

have led us to search for a completely new approach. We then came upon the use of

beam in Civil Engineering. It occurred to us that a beam may be suitable for organ

modeling. We believe the reason this has not been proposed before is because of the

classic problem of the lack of sufficient interaction among scientific disciplines. Civil

and Structural engineers have for decades studied beams, plates, etc. We have tried to
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use their fundamental approaches for the calculation of deflection to model blunt

dissection. The associated mathematical modeling, although complicated, do offer some

very attractive properties which we believe will be useful for modeling organs.

Deflection in Civil engineering could map to deflection in soft tissues. We will later

show that this model works in real time like the mass spring models and with good

accuracy like FEM, thus combining the desirable properties of both methods while

avoiding the shortcomings of both. Our research aims at simulating blunt dissection of

bile duct real time with good fidelity. Our beam model fits perfectly into the purpose.
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CHAPTER 2

MASS SPRING MODEL

2.1 Introduction

Mass spring model has been in use for a long time for simulating the force

deflection response for many types of tissues and organs [4] [5] [6] [7]. This model is

an accumulation of several masses connected to each other with the help of springs. The

mass spring model works on the basic principles of Newton’s second law of motion. In

the following section, we give a brief overview of how the mass spring model is utilized

for real time simulation.

2.2 Working principle

Fig 2.1 below describes a simple mass spring model. It consists of mass (mi) at

node i and connected to adjacent mass (node j) through spring ki,j.
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Fig 2.1 Mass spring model

Whenever a force is applied to any vertex (also called node), we use the general

equation of dynamics to determine the deflection at that particular node and also the

propagation effect of this force to other nodes present in the model. This governing

equation can be written as:

itotalii F
dt

dx

dt

xd
m ,2

2

=+ λ (2.1)

where im is the mass corresponding to that particular node, iλ is the damping

coefficient and itotalF , is the total force acting at particular node i. itotalF , consists of

forces which are applied to the particular node externally ( iextF , ) and also the forces

exerted on it due to the connected adjacent springs internally ( iFint, ). Hence, we can

write itotalF , as



6

iiextitotal FFF int,,, += (2.2)

Generally, the forces acting internally on the node are calculated using the

knowledge of the position of that particular node along with its adjacent nodes. First,

the displacement vector is calculated between two adjacent nodes. This displacement

vector 





 −

→→

ij xx in turn is the stretched length of the spring connecting both the nodes

(node i and j in this case). Knowing this displacement vector and the un-deformed

length jil , of the spring, the internal force can be calculated using the following

equation:

→→

→→

=

→→

−







 −






 −−= ∑
ij

ij

nj
jiijjii

xx

xx
lxxkF

,..,1
,,int, (2.3)

Where jik , is the spring constant between nodes i and j and iFint, is the total

internal force acting on the node i due to its adjacent nodes j = 1, 2 …n.

Once we know the total force acting on a particular node, we can then use

several integration methods to calculate the position and velocity of that node at a

particular instant. Few popular methods are discussed below:

2.2.1. Euler’s method

Euler method of numerical integration for any node with mass m and total force

Ftotal from step t1 to t2 can be mathematically written as:

)()()( 111 thvtxhtx +=+ (2.4)

m

tvtF
htvhtv total )()(

)()( 11
11

λ−
+=+ (2.5)
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The above numerical integration is not very accurate and as a result may lead to

instability.

2.2.2. Leap Frog method

This is an improvement to Euler method and the position and velocity can be

mathematically expressed as

m

tvtF
h

h
tv

h
tv total )()(

)
2

()
2

( 11
11

λ−
+−=+ (2.6)

)
2

()()( 111

h
thvtxhtx ++=+ (2.7)

This provides better accuracy and stability compared to Euler method.

2.2.3. Runge Kutta method

Runge Kutta method of numerical integration is also widely used for finding the

positions and velocities of a particular node at different instants. There are two popular

techniques for implicit integration, which are the second order and fourth order

integration schemes. We are not going to discuss the details of the implementation of

Runge Kutta method here. However, the main advantage of these advanced schemes is

that the error in computation decreases helping in increasing stability of the system

while allowing larger steps for simulation.

Besides the above mentioned popular techniques for numerical integration, there

are other schemes like Verlet, Richardson, etc. Accuracy and stability of the mass

spring model are important. However, one must ensure that the process is real time. So

there is always a trade off between accuracy and computation time. A great deal of

research has been done to reduce the computation time for simulation without incurring
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instability [7] [12] but correct parameter optimization for the mass spring model to

make it work in large deflection still remains a problem. This was one of our

motivations for our research.
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CHAPTER 3

FINITE ELEMENT METHOD

3.1 Introduction

Finite Element Method (FEM) [2] is a very popular technique of subdividing a

continuous structure into substructures or elements. Each element in turn consists of

nodes. There are two fundamental principles that are followed in the finite element

analysis. First is the condition of compatibility and second is the condition of

equilibrium. By compatibility, we mean that the nodes of two elements stay together

where they are joined. And by equilibrium, we mean that any node of an element in the

finite element analysis should be under equilibrium under the action of different

external forces and moments. Following these two basic principles of compatibility and

equilibrium and given different applied forces, moments and boundary conditions, we

can compute the deflection and other entities acting on the particular node.

3.2 Assembly

In finite element analysis, we define the relation between externally applied

forces on nodes and the deflection of the nodes using a stiffness matrix. So when we are

assembling two or more elements, we need to identify the important nodes in the

assembly. Once we achieve that, we draw the free body diagram of each node and look

for the compatibility and equilibrium conditions of each node to find the stiffness
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matrix. Knowing the stiffness matrix, for given values of external forces, moments or

deflections, we can find the unknown reaction forces, deflections, etc.

3.3 Modeling technique

In the finite element method, given a structure we can create a model in a lot of

different ways. We can use beams, trusses, plates, shells, tetrahedral and other

elements to model any object. The modeling is very important because the accuracy of

results obtained depends on the number of elements and interpolation points within an

element. To increase accuracy, we can increase the number of elements in the mesh

(called the h – method) or increase the number of interpolation points within a particular

element (called p – method). Usually, if we use less number of elements or interpolation

points within a mesh than the required number, there will be considerable error in the

results obtained from such modeling techniques. The denser the meshing and

interpolation points, the faster the results converge to the theoretical values. However

the computation time becomes very high. In our application, accuracy is important but

on the other hand computation burden is also of significant importance as we want the

system to work real time. The computational time also depends on whether the solution

is linear or non-linear. Non – linear solutions are used for large deflections and their

convergence time is considerably high as compared to the computation of small

deflection given the same number of elements and interpolation points forming the

model. For all these reasons FEM is not suitable for our application because a real time,

large and accurate deflection is not feasible using this approach. However, in some

cases, when there is no topology change, i.e. cut and suturing operation, it is possible to
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obtain real – time deformations by using pre-computation [10] because the stiffness

matrix in the FEM scheme does not change.
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CHAPTER 4

RAYLEIGH ENERGY METHOD

This chapter describes a method applied to the analysis of beams. Although this

is well known in Civil and Structural Engineering, since this is one of the central

concepts used in our own organ modeling, we provide this introduction to non – civil

engineering readers. 

4.1 Rayleigh’s energy method applied to beams without axial loading

Rayleigh method [3] is very often used in analyzing static and dynamic behavior

of beams under bending. In our application which is based on simulating blunt

dissection, we deal with the static problem. At first we will cite the use of this method

to determine the static behavior of the beam under simple bending. In blunt dissection,

the beam is however also subjected to axial forces which we will cover later, in section

4.2 of the chapter.

Under the action of forces and moments it happens quite often that the

coefficients of the deflection curve of the beam is unknown. A deflection curve of a

beam can be written in the form

∑
=

=
n

i
iic xfav

1

)( (4.1)

Usually we can find most of the coefficients of the deflection curve using the

boundary conditions acting on the beam. However, one of the coefficients is unknown,

which we can find that using the Rayleigh’s energy approach.
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To illustrate the idea, we start with a simple example. The following equations

though are not the results for simulating blunt dissection but help build up the basic

concept needed later.

Let us consider a beam with uniform loading denoted by q(x). As shown in the

figure 4.1 below if we consider a small element dx, the force acting on the element is

given by q(x)dx. Considering that the beam deflects in the positive y direction by vc(x),

the total work can be evaluated as

∫=
L

cq dxxvxqW
0

)()(
2

1
(4.2)

Fig 4.1 Beam under the action of distributed force (q), concentrated force (P) and
moment (M)

Besides the distributed load we can also have concentrated load as in our

application of blunt dissection. The work done due to a concentrated load can be simply

evaluated as

[ ]
pxxcp xvPW == )(

2

1
(4.3)

where P is the concentrated load acting at a distance of xp along the horizontal

direction.
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For a concentrated moment M, the total work would be

Mxx

c
M dx

xdv
MW

=




=

)(

2

1
(4.4)

where the slope of the beam
dx

xdvc )(
is evaluated at x = xM

After calculating the work done due to distributed load, concentrated load and

moment, we need to determine the amount of bending energy that is stored in the beam

due to bending. The bending energy of the beam can be determined as [3] 

∫ 







=

L
cz

B dx
dx

vdEI
U

0

2

2

2

2
(4.5)

After evaluating the total work done due to the concentrated load, the

distributed load and the moment and the bending energy, we can equate them to find

one of the unknown coefficients in {ai} which finally will help determine the deflection

in the beam under the action of different forces and moments. Thus, we have

BMqp UWWW =++ (4.6)

The solution obtained using the above method is only approximate in nature

and, its accuracy depends on how closely the assumed shape matches the actual shape.

Also, the assumed shape must meet all the boundary conditions of the beam.

4.2 Rayleigh’s energy method applied to beams with axial loading

In section 4.1 we did not consider the effect of axial loading. We focused on the

effect of transverse loading on beam. When an axial load (N) acts on the beam accurate

results are complex and difficult to derive. In these cases, Rayleigh’s [3] has suggested
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an approximate way of calculating the deflection curvature introducing the concept of

coupling effect.

This concept can be well illustrated using the following example. In figure 4.2

assume that there is an axial force N acting on the end of the un-deformed beam AB.

Fig 4.2 Beam undergoing both axial and transverse loading [3] 

Rayleigh first considered the axial stretching of the beam due to this axial force

N such the beam expanded in the longitudinal direction by 1Bδ to the point B’. After that

assume a transverse force is applied to the middle of the beam which brings about the

bending in the beam causing it to move from point B’ to B” by a distance 2Bδ as shown

in figure 4.2. This distance multiplied by the axial force gives the coupling effect (WCN)

between bending and axial force N. Thus, the modified total work done (WN) to axial

force N can be written as

2

2

2

1
BN N

AE

LN
W δ−= (4.7)

where
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2BCN NW δ= (4.8)

and

dx
dx

dy
dx

dx

dy
dxdxds

L

B ∫∫∫∫∫ 












−


















+=−


















+=−=

0

2/122/12

2 111δ (4.9)

Rayleigh’s approach can therefore be used for axial forces by incorporating the

effect of equation 4.7 in equation 4.6. Thus, this approach comes very handy in

simulating blunt dissection, where we have some axial force acting on the beam as will

be discussed in chapter 5. The concept of coupling between axial and transverse force is

very significant in our application.
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CHAPTER 5

MATHEMATICAL MODELING FOR BLUNT DISSECTION

5.1 Mathematical foundation for calculating deflection

In this section and the following sections, we describe our original work of

deriving a beam model to simulate an organ. We start with a hypothetical beam (see

figure 5.1 below) on which the total force is equal to 2P acting at the center in the

transverse direction. The beam represents a duct – like organ and 2P represents the

force exerted by a grasper in the hands of a surgeon. Also the length of the beam is

assumed to be 2L.

As can been be seen from figure 5.1, since the beam is symmetric about its

Fig. 5.1 A simple beam undergoing large deflection
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center both in terms of boundary conditions and geometry, we can work with one half

of the beam for the derivation (see figure 5.2 below). This is a standard practice in Civil

and Mechanical Engineering.

Thus, in figure 5.2, the beam is anchored at the left end denoted by A. The other

end is free to move in the transverse direction under the action of force P (due to

symmetry one-half of the total force is considered). The term vc denotes the vertical

deflection of the beam at a particular position x of the beam. This is the deflection that

we are interested in calculating and, in real life would represent the deflection of the

organ due to grasping and pulling.

Fig. 5.2 Left half of the beam.

We can now examine some of the boundary conditions that will aid in deriving a

mathematical equation to calculate the deflection. Firstly, the deflection at the point A

can be taken to be zero, since it is fixed. Also, the slope at A is clearly zero (always true

for cantilever type beams). As we are working with one-half of the beam due to the

symmetry, the slope at the right end of the beam segment turns out to be zero. Taking

into account these boundary conditions, we start with an assumed deflection curve and
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determine its coefficients by using these boundary conditions and the Rayleigh’s energy

method [3].

In the following derivations, we assume a cubic curve for the vertical deflection

(vc) of the beam. The equation of the curvature can therefore be written as

3
3

2
210 xaxaxaavc +++= (5.1)

where vc is the vertical displacement at a distance x from the origin and a0, a1, a2

and a3 are the constants to be determined.

This is a well understood assumption in Civil Engineering [3]. This model is

also feasible for the following practical reasons. Firstly, in this cubic curve (see

equation 5.1), we have four unknowns. Three of these unknowns can be determined

using the boundary conditions stated above. We will then be left with one unknown

which can be determined using the Rayleigh’s energy method [3].

5.1.1. Application of boundary conditions

We have both vertical displacement and slope equal to zero at x = 0, hence we

evaluate both a0 and a1 to be zero.

00,0at 0 =⇒== avx c (5.2)

00,0at 1 =⇒== a
dx

dv
x c (5.3)

The third boundary condition, we have that the slope at x = L is equal to zero.

Therefore

0320,at 2
32 =+⇒== LaLa

dx

dv
Lx c



20

L

a
a

3

2 2
3 −=⇒ (5.4)

Substituting for a0, a1 and a3 in equation 5.1, we have

)
3

2
(

3
2

2 L

x
xavc −= (5.5)

5.1.2. Rayleigh’s energy method

It may be recalled that the basic principle of Rayleigh’s energy method is to

equate the total external work done on the beam to the total internal strain energy stored

in the beam. We can calculate the work done due to transverse force P (see equation

5.8), the coupling effect of the axial force WCN (see equation 5.16) and the strain energy

due to bending (see equation 5.20). We can now solve for a2 by the Rayleigh’s energy

approach using the following equation.

ABCNAp WUWWW +=−+ (5.6)

Knowing a2, we can determine the deflection of the beam at any position x given

a transverse force P.

5.1.3. Work done by force P

The total work done due to force P is given by

cP PvW 5.0= (5.7)

In figure 5.2, the force P acts at the end of the beam i.e. at x = L. Therefore we

have
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Lx

p L

x
xPaW

=








−= )

3

2
(

2

1 3
2

2

2
2

6

1
PaL= (5.8)

5.1.4. Work done by force N

The normal force N as described in figure 5.2 is dependent on the amount of

stretching the beam undergoes due to applied transverse load P. We can describe the

effect of this normal force in terms of work done as the sum of two components, the

work done due to axial stretching WA and its coupling effect with that of the bending [3]

which increases with deflection. Since we are equating the external work done to the

internal strain energy, we need not find the work done WA explicitly as the term will

appear on both sides of the equation. The other term due to coupling effect needs to be

calculated as this term only appears in the work done side and doesn’t contribute to

internal energy. The total work done due to normal force N can thus be derived as the

following equation:

dx
dx

dv
qNWW

L
c

AN ∫
















−



















+−=
0

2

1
2

11 (5.9)

where q is a factor used to account for the influence of N in computing the

work, which we will discuss in detail later in this section. The second term in equation

5.9 involving the integral is an approximate value for the coupling effect WCN. WCN is

essentially the work done by the normal force N due to the bending effect. The value of

N is determined using the following relation (see figure 5.3) [1]
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dl
L

AE
N = (5.10)

For a small slope the work done due to coupling effect can be evaluated using

the following step:

Fig. 5.3 Calculation of N

After deflection and the resulting stretching, the new length of the beam L’ can

be obtained as

∫∫ 
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For a small slope 1<<
dx

dvc , equation 5.11 can therefore be simplified to the case

∫∫ 
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where only the first order Taylor series expansion term is retained.
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Change in length of the beam like tissue is given by

∫ 
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where from equation 5.5, we have
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Substituting equation 5.14 in equation 5.13, we have
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Therefore, the coupling energy is derived as
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The parameter q plays a vital role in making this mathematical model work for

comparatively large deflection. It is observed that for a small deflection range we need

to take q as 1.0 because the change in N is comparatively small for small deflections.

But as we increase the transverse force and hence the deflection, a value of between 0.5

~ 0.4 is found to work well. This is explained in greater detail in chapter 7. Correct
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selection on the value of q gives us a beam model results that has the same accuracy as

a detailed FEM model.

5.1.5. Strain energy due to bending

Now we evaluate the internal energy stored in the beam due to bending. This

denoted by U, was shown in chapter 4 as:

∫=
L

z
z

dxM
EI

U
0

2

2

1
(5.17) 

Once again, we assume the slope to be small which implies 1<<
dx

dvc

Even when the slope is small, the deflections can be large. In equation 5.6 we

have assumed more bending energy than the actual bending energy with this

approximation. On the other hand the coupling energy (WCN) is assumed to be less than

what it would be in reality. So even with the assumption of small slope our derivation

works well even for larger deflections as the extra bending energy considered

compensates the less coupling energy considered. This qualitative statement will be

backed with quantitative numbers in chapter 7.

Now, we calculate the total bending energy as
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Substituting equation 5.19 into equation 5.18 we can derive bending energy as
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5.1.6. Strain energy due to axial stretching

The strain energy stored due to axial stretching is same as WA. This helps us

finding the coefficient a2 without determining WA. This is because the same term

appears both in the work done and the strain energy and hence is not required to

determine a2.

5.2 Correction for shear energy

The vertical displacement does depend on the shear forces but the magnitude of

effect is function of the aspect ratio (ratio of length to the diameter of the beam). For

long, thin beams (large aspect ratio) the effect is negligible as compared to the case of

short thick beam (smaller aspect ratio)[2]. Since we are essentially working with a large

aspect ratio in our application, we have not considered the effect of shear. However, we

can now consider its effect and make the necessary corrections to equation 5.6. For very

thin beams under very large deflection, we have proposed to neglect the bending effect

of the beam and simply formulated the deflection using the axial stretching as described

in the following section 5.3.
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5.3 Mathematical model for very large deflection with larger aspect ratio

For very large deflection and for thin diameters, the bending effect of the beam is

negligible compared to that of axial stretching (see figure 5.4). In this case, we can

ignore the curvature and represent the beam with straight lines.

Fig. 5.4 Beam model for very large deflection and large aspect ratio.

The spring constant of the beam can be derived as

L

AE
k = (5.21) 

 
The relation between the tension T in the beam and the applied transverse force

P is given by the following equation (see figure 5.4)

δ
δ 22 +

=
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T (5.22) 

 
The change in length is given by

LLl −+=∆ )( 22 δ (5.23) 
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Therefore considering only axial stretching, we have

( )LLklkT −+=∆= )( 22 δ (5.24) 

 
Equating equations 5.22 and 5.24, we can find the load displacement curve for

large deflection. The final relationship can be derived as
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5.4 Blunt Dissection

The videos that we obtained for blunt dissection clearly revealed that the bile

duct ruptured under the action of a large axial and bending force [24]. We used this

observation to set thresholds for axial and bending forces needed for rupture of the

simulated organ.

The total axial strain can be formulated as

L

l
a

∆
=ε (5.26) 

 
Where LLl −′=∆ and can be calculated using equation 5.13. 

Therefore, the normal stress
Nσ can be evaluated using isotropic organs as

εσ EN = (5.27)

Also the total bending stress Bσ can be evaluated using the flexure formula [3],

which is also a well known equation in Civil engineering.

z

Z
B I
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where c is the maximum surface distance from the neutral axis of the beam.

Hence blunt dissection (see figure 5.5) takes place when

Τ>+ BN σσ (5.29)

where Τ is the threshold force value for the dissection to take place.

Fig. 5.5 Blunt Dissection

In addition to the normal stress a bending stress is acting on the cross sectional

area. This bending stress is at its highest value at the surface of the duct. The bile duct

will therefore, first tear at the surface.
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CHAPTER 6

VALIDATION OF A PROPOSED BEAM MODEL AGAINST FEM

In this chapter, we perform a validation of the proposed beam model. We

assume the beam model can represent a long and tubular organ. Therefore, the material

properties such as the Young’s modulus and Poisson ratio are chosen to match such an

organ. Thereafter, the deflections of such an organ are calculated using the equations

derived so far for the beam. Simultaneously, the same organ is modeled using an FEM

approach. This is typically performed by inputting appropriate parameters into a well

known FEM program called ANSYS. ANSYS requires that we specify the number of

elements, material properties and whether or not linear or non – linear analysis should

be used. In our case, due to the nature of the deflection, non – linear analysis is the

correct choice.

6.1 Comparison of deflections between Beam Model and FEM for rubber like material
with large aspect ratio

We first applied our model to simulate deflections in a material which behaves

like rubber. For the typical simulation results below, the length of the half -beam is

taken to be 1 inch, diameter 0.4 inch, Young’s modulus as 1500 psi (corresponding to

rubber), Poisson ratio 0.3 and for different values of P. The deflection at x = 1 inch is

compared between our method (Beam Model) and FEM – the non real time gold

standard for accuracy.
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The finite element analysis was performed using 40 beam elements. The largest

error corresponds to the high load is approximately 9.5% between beam model and

FEM model (see Table 6.1).

Table 6.1 Percentage error in deflection for rubber like organ with large aspect ratio

In figure 6.1, we illustrate side by side the deflections obtained for the beam and

FEM (simply a plot version of the table).



31

Fig 6.1 Load Deflection curve for Beam Model vs. FEM for organ having rubber like
property

It should be pointed out that our modeling efforts are geared towards providing

a sense of touch (haptic effect) to the surgeon performing the surgery. A 10% difference

between what a surgeon would feel in a simulator versus what he is supposed to feel in

actual surgery is unlikely to be an issue. Mass spring models, presently used to provide

such feedback could be off by as much as 100%.



32

6.2 Some screen shots from ANSYS for section 6.1

Figure 6.3 illustrates a typical output of the ANSYS code that generates the

FEM model. In this case P is equal to 5 lbf. Non – linear analysis is used. DMX is the

deflection. The same nomenclature is followed for the rest of the snapshots shown

hereafter.

Fig 6.2 Force is equal to 5 lbf
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Fig 6.3 Force is equal to 15 lbf
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Fig 6.4 Force is equal to 35 lbf
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6.3 Comparison of large deflections between Beam Model and FEM for rubber like
material having very thin diameter and large aspect ratio

For very thin beams and a large aspect ratio with material properties same as

that of a rubber (as considered in section 6.1), we modeled the organ neglecting the

bending effect as described in section 5.3. We took the diameter as 0.1 inch in this case

with all other parameters the same as section 6.1. We compared the results with FEM

and our approach had a maximum error of 7.22%.

Table 6.2 Percentage error in deflection for thin and very long organ having rubber like
property
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6.4 Some screen shots from ANSYS for section 6.3

Fig 6.5 Force is equal to 1 lbf
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Fig 6.6 Force is equal to 5 lbf
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6.5 Results for blunt dissection of bile duct

We used published data from [15] for the estimation of material properties and

dimensions (especially diameter) of a bile duct on which the blunt dissection is actually

being carried out. We found that for this simulation(see Table 6.3 and figure 6.8), we

can take the length of the half beam to be 1 inch, diameter 0.35 inch, Young’s modulus

as 45 psi, Poisson ratio of 0.3. For different values of P, the deflection at x = 1 inch is

compared between our method (Beam Model) and FEM. The finite element analysis

once again used 40 beam elements. The maximum error calculated came out to be

around 11%. As already stated in section 5.1.4. , q = 0.5 in comparatively large

deflection gives satisfactory results.
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Table 6.3 Percentage error in deflection between Beam model and FEM for bile duct
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Fig 6.7 Load deflection curve of Beam Model vs. FEM for bile duct
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In the following figure 6.9, we have shown the variation of the normal force

versus the deflection at the end of the beam. This validates our earlier statement in

section 5.1.4, where we took the linear variation of N and chose to work with a value of

q between 0.5 ~ 0.4. It is evident from the figure below that the assumption makes sense

and, as a result the deflection of beam model follows the FEM results closely in figure

6.8.

Fig 6.8 Normal force (N) vs deflection curve analysis in FEM for x = L
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6.6 Some screen shots from ANSYS using the properties of bile duct and
applying different forces

Fig 6.9 Force is equal to 0.01 lbf
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Fig 6.10 Force is equal to 0.05 lbf



44

Fig 6.11 Force is equal to 0.1 lbf
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Fig 6.12 Force is equal to 0.11 lbf
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Fig 6.13 Force is equal to 0.2 lbf
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Fig 6.14 Force is equal to 0.4 lbf
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Fig 6.15 Force is equal to 0.5 lbf
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Fig 6.16 Force is equal to 0.75 lbf
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Fig 6.17 Force is equal to 1.0 lbf
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Fig 6.18 Force is equal to 1.5 lbf
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Fig 6.19 Force is equal to 2.0 lbf
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Fig 6.20 Force is equal to 2.5 lbf
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6.7 Blunt Dissection

Equations from (5.1) to (5.29) in chapter 5 were used to implement the blunt

dissection based on the parameters described in section 6.5 and the phenomenon was

simulated in real time using VC++ and OpenGl. We show the different steps in the

blunt dissection from figure 6.21 to figure 6.28. Figure 6.28 shows the rupturing of the

organ under the action of stress (bending plus axial) when it is more than the threshold.

Fig 6.21 Blunt Dissection Step 1

Fig 6.22 Blunt Dissection Step 2
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Fig 6.23 Blunt Dissection Step 3

Fig 6.24 Blunt Dissection Step 4



56

Fig 6.25 Blunt Dissection Step 5

Fig 6.26 Blunt Dissection Step 6
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Fig 6.27 Blunt Dissection Step 7

Fig 6.28 Blunt Dissection Step 8: Implementation of blunt dissection Step at P = 0.4 lbf
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CHAPTER 7

MODELING OF AN ORGAN USING A BEAM MODEL

Now that we have validated the mathematical model of an organ, we investigate

some practical aspects of using the model in the actual simulation of an organ. One of

the key factors in simulation is to keep the computational burden under control so as to

enable the real time implementation. For bile duct, constant circular cross sections of

our beam model can be assumed. But this may not be true for other organs. Hence we

have developed a new method for representing organs graphically hereafter.

Cross-sectional images have been traditionally used to create models of organs

[9]. But these spline based methods are computationally expensive. In figure 7.1, on the

left hand side we illustrate a long and tubular organ. Our intent now is to use the beam

equations developed in the previous chapter to simulate an organ in a computer. Our

graphical representation of a beam essentially consists of key and driving points (see

figure 7.1). For calculating the coordinates of these points, we first take several cross-

sections of the organ and find the edges of the cross-section using an edge detector

algorithm. Once the edge points have been located, we fit two 6th order curves of the

form
6

6
5

5
4

4
3

3
2

21 xaxaxaxaxaxaay o ++++++= , one to the top half and the

other to the bottom half of the cross-section using least squares fitting. The particular

cross-section can now be represented simply by two equations, instead of a large

collection of points.
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Now we attempt to compress the information needed to store the model using

the following strategy. If the cross-section of the organ does not change over a certain

length, no information needs to be stored for that length of the organ. A set of equations

can effectively be used to represent a section of the organ as long as the root mean

square error between the first set of equations and the equations after a small distance

of the organ remains below a certain threshold. We can thus reduce the number of

cross-sections and points to create the model.

Computational burden to simulate large deflection and hence the blunt

dissection using the proposed approach will be much less than any other conventional

method because once we calculate the deflection of the axis of symmetry all other

points can be evaluated using a proper transformation matrix instead of computing a

stiffness matrix [2] or per node analysis [5].
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Fig 7.1 All cross sections (left), after discarding (right side), key and driving
points (middle)

We conclude therefore, that given the mathematical model developed in the

thesis, supported by the validation and the initial evaluation of a graphical

representation of an organ using this approach, a real time simulation is entirely

feasible.
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CHAPTER 8

CONCLUSIONS AND SUGGESTIONS FOR FUTURE WORK

Our beam model will be the first of its kind which can simulate in large and

small deflection real time with a precision. Also as the number of key and driving points

reduced using our method of organ modeling, the simulation becomes faster. The

numerical solution for the complex equation (5.6) works in real time with less than 4

iterations to converge. We use standard numerical methods like Newton’s – Raphson

method to iterate and solve.

Future work should attempt to complete a graphical and haptic simulation of a

tubular organ within the large surgical framework developed at Virtual Environment

Laboratory (VEL), UTA. This could be a part of the present Inguinal Herniorrhaphy.

Secondly, deformation of any odd shape organ is important which may not be

necessarily tubular in shape.
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